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Essentially nothing found here is original except for a few mistakes and misprints here and
there. These lecture notes are based on material from the following books: H. Royden ”Real
Analysis”, L. Evans and R. Gariepy ”Measure Theory and Fine Properties of Functions”,
J. Duoandikoetxea ”Fourier Analysis”, and M. Pinsky ”Introduction to Fourier Analysis and
Wavelets”.

1 Basic measure theory

1.1 Definition of the Lebesgue Measure

The Lebesgue measure is a generalization of the length /(1) of an interval I = (a,b) C R. We
are looking for a function m : M — R, where M is a collection of sets m in R such that:

(i) mE is defined for all subsets of R, that is M = 2%,
(ii) For an interval I we have m([) = [(I).

m(E,).

n

)

)
(iii) If the sets E,, are disjoint then m(U,E,) = >
(iv) m is translationally invariant, that is, m(E + x) = mE for all sets £ € M and = € R.

The trouble is that such function does not exist, or, rather that for any such function m
the measure of any interval is either equal to zero or infinity. Let us explain why this is so. We
will do this for the interval [0, 1) but generalization to an arbitrary interval is straightforward.
Given z,y € [0,1) define

Jr+y, ifr+y<l1,
w@y_{ery—L if o4y > 1,

and for a set £ C [0,1) weset E@y={r€[0,1): z=edy for some e € E}.

Lemma 1.1 Assume (i)-(iv) above. If E C [0,1) is a set and y € [0,1), then we have
m(E ®y) =m(E).
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Proof. Let E; = EN[0,1 —y) and F; = EN[l —y,1), then £, and E, are disjoint, and the
same is true for £y @y = E; +y, and Es @y = Es + (y — 1), so that

Eaoy=(E10y)U(E0y).
In addition, we have
m(E®y) =m(E1®y)+m(E,@y) = m(E1+y)+m(Ex+(y—1)) = m(Er) + m(E) = m(E),

and we are done. O

Let us introduce an equivalence relation on [0, 1): z ~ y if z—y € Q. Using axiom of choice
we deduce existence of a set P which contains exactly one element from each equivalence class.
Set P; = P®q;, where g; is the j-th rational number in [0, 1) (we write QN[0,1) = {q1, ¢2, .. .}).
Note that the sets P; are pairwise disjoint: if x € BN P}, then = p; ® ¢; = p; © q;, S0 p; ~ p;
and thus p; = p;, and @ = j, since P contains exactly one element from each equivalence class.
On the other hand, we have

0.1 =P,

j=1

and each P; is a translation of P by ¢;, hence m(P;) = m(P) for al i, according to (iv). On
the other hand, (iii) implies that

m([0,1)) =m (U Pn> => m(P,
n=1 n=1
Thus, we have m([0,1)) = 0 if m(P) = 0 or m([0,1)) = +oo if m(P) > 0. Therefore, if we
want to keep generalization of the length of an interval not totally trivial we have to drop one
of the requirements (i) - (iv), and the best candidate to do so is (i) since (ii)-(iv) come from
physical considerations.
Let us now define the (outer) Lebesgue measure of a set on the real line.

Definition 1.2 Let A be a subset of R. Its outer Lebesque measure m*A = inf > I(I,) where
the infimum is taken over all at most countable collections of open intervals {I,} such that
AecUyl,.

Note that we obviously have (i) m*(0) = 0, and (ii) if A C B then m*(A) < m*(B). The
condition that I, are open intervals is not so important for the definition of the Lebesgue
measure but will be important for general measures later.

Proposition 1.3 If I is an interval then m*(I) = I(I).

Proof. (1) If I is either an open, or a closed, or half-interval between points a and b then we
have m*(I) < l(a —e,b+¢) =b—a+ 2¢ for all € > 0. It follows that m*(I) < b — a.

(2) On the other hand, to show that m*([a,b]) > b — a, take a cover {I,,} of [a,b] by open
intervals. We may choose a finite sub-cover {.J;}, j = 1,..., N which still covers [a,b]. As
I C UL, J; we have Z [(J;) > b— a. Therefore, m*[a, b] > b — a and thus, together with
(1) We see that m*([a, b]) b—a.

(3) For an open interval (a,b) we simply write m*(a,b) > m*[a+¢&,b—¢] > b—a — 2¢ for
all € > 0 and thus m*(a,b) > b —a. O



Proposition 1.4 Let A, be any collection of subsets of R, then
UAL) <) m*(Ay). (1.1)

Proof. If m*(A;) = oo for some j then we are done. If m*(4;) < 4+oo for all j € N, then

for any € > 0 we may find a countable collection {/ ,gj )} of intervals such that A; C U/, ,Ej ) and

k=1 k=1
Then we have
A=A cUr?,
J gk
and so
m*(A) < S 1) <3 ( “(A;) 2—]) —c+ Zm
Jk J

As this inequality holds for all € > 0, (1.1) follows. O
Corollary 1.5 If A is a countable set then m*(A) = 0.

This follows immediately from Proposition 1.4 but, of course, an independent proof is a much
better way to see this.

Definition 1.6 A set G is said to be Gy if it is an intersection of a countable collection of
open sets.

Proposition 1.7 (i) Given any set A and any € > 0 there exists an open set O such that
A CO and m*(O) < m*(A) +¢.
(1t) There ezists a set G € Gs such that A C G and m*(A) = m*(G).

Proof. Part (i) follows immediately from the defition of m*(A). To show (ii) take open sets

O,, which contain A such that

m(4) 2 m(0,) -

and set G =), O,. Then G € G5, A C G, and
m*(A) <m*(G) <m*(0,) <m*(A)+1/n for all n € N,

hence m*(A) = m*(G). O



1.2 A general definition of a measure

Recall that 2% i the collection of all subsets of set X.

Definition 1.8 A mapping p* : 2% — R is an outer measure on a set X if
(i) (@) =0, pu(S) >0 forall S C X.
(i) p*(A) <302, w*(Ay) whenever A C |Jpo, Ag.

The term "outer” in the above definition is not the best since we do not always assume that
w* comes from some covers by open sets but we will use it anyway:.

Definition 1.9 An outer measure p* defined on a set X is finite if u*(X) < +oc.

Definition 1.10 Let p* be an outer measure on X and let A C X be a set. Then p*|a, a
restriction of u* to A is the outer measure defined by u*|a(B) = p*(AN B) for B C X.

Examples. (1) The Lebesgue measure on R.

(2) The counting measure: the measure u#(A) is equal to the number of elements in A.

(3) The delta measure on the real line: given a subset A C R, we set u(A) =1if 0 € A and
u(A)=0if 0 ¢ A.

Measurable sets

Now, we have to restrict the class of sets for which we will define the notion of a measure (as
opposed to the outer measure which is defined for all sets). The following definition is due to
Caratheodory.

Definition 1.11 A set A C X is p-measurable if for each set B C X we have
p(B) = w (AN B) + p*(A°N B).

It goes without saying that if A is a measurable set then so is its complement A°.
Note that we always have

p(B) < p (AN B) + p*(A°N B)
so to check measurability of A we would need only to verify that
W' (B) > p*(AN B) + " (A1 B)

for all sets B C X.
Remark. If A is a measurable set we will write ;(A) instead of p*(A).

Sets of measure zero

Lemma 1.12 If u*(E) = 0 then the set E is measurable.
Proof. Let A C X be any set, then AN E C E, so
p(ANE) < p'(E) =0,
while AN E° C A and thus
i (A) 2 (AN E9) = (AN E9) +0 = (AN EY) + (AN ),

and thus the set F is measurable. O



Measurability of unions and intersections of measurable sets

Lemma 1.13 If the sets Ey and Fy are pi-measurable then the set E1UFEs is also pi-measurable.
Proof. Let A be any set. First, as F5 is measurable, we have
W (ANVES) = (AN ES) 0 By) 4+ it (A 1 ES) 1 ES). (1:2)
On the other hand, we have the set identity
AN(E1UEy)) = (ANE)U(ANE{NE,),

so that
W(AN (By U By) < 5" (AN By) + (AN ES (1 By). (1.3)

Now, we use measurability of E; together with (1.2):

W (A) = (AN Ey) 4 (A0 ES) = (A0 By) 4 (A1 E) 0 Ba) + (AN ES) 0 ES).
We replace the first two terms on the right by the left side of (1.3):

w(A) =2 p (AN (EyU Ep)) + p (AN EY) N EY) = ' (AN (EyU Ey)) + 1™ ((AN (Er U Ey)°),

and thus 4 U E5 is measurable. O
As a consequence, the intersection of two measurable sets F; and Ejs is measurable because

its complement is:
(Ey N Ey)° = EYU ES,

as well as their difference:
Ey\ Ey,=E NES.

The next lemma applies to finite unions but will be useful below even when we consider
countable unions.

Lemma 1.14 Let A be any set, and let Fy,..., E, be a collection of pairwise disjoint p-
measurable sets, then

(AN (U, E; Z“ ANE). (1.4)

Proof. We prove this by induction. The case n = 1 is trivial. Assume that (1.4) holds for
n — 1, then, as F,, is measurable, we have

P (ANUL E;) = p (AN (UL E;) 0 Ey) +u (AN (U? Ei) N EY)
W (ANE,) 4+ p* (AN (UE,) Z“ (ANE).

The last equality above follows from the induction assumption while the second one uses
pairwise disjointness of F;. O



The o-algebra of measurable sets

Definition 1.15 A collection M of sets is a o-algebra if the following conditions hold:
(0) The empty set O is in M.
(i) If Ae M and B € M then AUB € M.
(i1) If A € M then its complement A° =R\ A is also in M.

(iii) If Ay, As, ..., Ay, ... € M then )7 A, € M.

A collection M which satisfies only (0)-(ii) above is called an algebra of sets.

Note that (i) and (ii) imply that if A € M and B € M then AN B € M because of the
identity (AN B)¢ = A°U B°. The same is true for countable intersections.

Theorem 1.16 Let p be an outer measure, then the collection M of all pu-measurable sets is
a o-algebra.

Proof. Let E be the union of countably many measurable sets E;. Then so are the sets E;
defined inductively by F; = E;, and

Then the sets Ej are disjoint and their union is the same as that of Ej:
E =U,E; = U;E;.
Now, take any set A and set

F,=|JE cE.
j=1
The set F;, is measurable, and so
p(A) = p (ANE,) +p (ANEY) =2 (AN E,) + p' (AN E°).
As the sets Ej are disjoint, we may use Lemma 1.14 in the right side above:

pHA) 2D (AN E)) + pr (AN E).

J=1

As this is true for all n we may pass to the limit n — 400 to obtain

WA 2 S AN E) + (AN EY) (15)



However, by sub-additivity we have
WANE) = 1 (AN (U E) = 1 (U(AN ) < Zu

Using this in (1.5) we get
p(A) = p (AN E) + p* (AN E°).

Therefore, the set E is measurable. As we already know that if A is a measurable set then so
is A, it follows that M is a o-algebra. O

Remark. The restriction of 4 to the o-algebra of measurable is called a measure. In the sequel
we will freely use the word "measure” for an outer measure whether this causes confusion or
not. We will denote by m the Lebesgue measure on the real line.

Examples of measurable sets

Lemma 1.17 Any interval of the form (a,+00) is Lebesque measurable.

Proof. Let A be any subset of R and set A1 = AN (a,+00) and Ay = AN (—00,al. We need
to verify that
m*(A) > m*(Ay) + m*(Asg). (1.6)

If m*(A) = +oo then there is nothing to do. If m*(A) < 400 then for any ¢ > 0 there exists
a countable collection of open intervals {I,,} so that A C U, I,, and

A)+e>> U

Then we simply set I/, = I, N (a,00) and [/ = (—00,a + €/2™) — this is to keep I/ an open
interval. Then we have
Al g Unlr/u A2 g Unlga

A <) UL, mT(A) < ) UI).

thus

It follows that

m* (A1) + m*(A,) <Z (1)) + 1(I")] <Z ) +e/2") < m*(A) + 2.

As e > 0 is arbitrary, (1.6) follows. O

Definition 1.18 The Borel o-algebra in R™ is the smallest o-algebra of R™ which contains
all open sets.

Corollary 1.19 FEvery Borel set in R is Lebesque measurable.



Countable additivity

Proposition 1.20 Let p be a measure and let {E;} be a collection of pairwise disjoint mea-

surable sets, then
«(Us) - Soue
j=1 j=1

Proof. First, sub-additivity implies that
7 (U Ej) <> u(Ey)
j=1 j=1
Thus, what we need to establish is
7 (U Ej) > ulEy). (1.7)
j=1 j=1

However, if all F; are measurable and pairwise disjoint, we have, according to Lemma 1.14,
with A = X, the whole measure space, for any n € N

j=1 J=1
As this is true for all n € N, (1.7) follows. O

Limit of a nested sequence of sets

Proposition 1.21 Let the sets E; be measurable, £, 1 C E, for alln > 1, and pE; < +oo,

then
E | =1 E; 1.8
M(Q j> Jim p(Ey). (1.8)
Proof. Let £ = ﬂ;’il E; and define the annuli F; = E; \ E;+1. Then we have
E\E=|JF;,
j=1
and all sets [} are disjoint. It follows from Proposition 1.20 that
W(Er\ E) Z (F (1.9)
On the other hand, as F C E; so that F; = (E1 \ £) U E, the same proposition implies that
p(Er\ E) = p(Er) — p(E) and, similarly, p(F;) = p(E;) — p(Ej41). Using this in (1.9) leads

to
D n

p(Er) — p(E) = Z(M(EJ) — W(Ej1) = nETOOZ(N(Ej) — 1(Ejt1)
= lm (p(Er) = p(Bnpr) = p(Er) — lim p(Ey).

Now, (1.8) follows immedaitely. O



Limit of an increasing sequence of sets

Proposition 1.22 Let the sets E; be measurable, E, C E,.1 for alln > 1, then

]Egloo,u (G ) (1.10)

Proof. Let us write

M»

(Eri1) = )+

Ej) Eﬁ%=ME0+§:u@%a\@) (1.11)

J:1

We used in the last step the fact that E; C Ej4q. Now, let & — +oo in (1.11) and use the
fact that the sets £, \ E; are pairwise disjoint, together with countable additivity of x from
Proposition 1.20

kkffooﬂ(Ek) p(Er) + ZM(EJ'H \ Ej) = p (El U <U(Ej+1 \ EJ))) =K (L:J1 Ej) )

Jj=1 Jj=1

which is (1.10). O
Exercise. The set P defined after Lemma 1.1 is not measurable.

1.3 Regular, Borel and Radon measures on R"

Definition 1.23 (i) A measure p on R"™ is regular if for each set A C R" there exists a
pu-measurable set B such that A C B and p*(A) = u(B).

(ii) A measure p is Borel if every Borel set is p-measurable.

(i1i) A measure p on R™ is Borel reqular if p is Borel and for each set A C R™ there exists a
Borel set B such that A C B and p*(A) = u(B).

(iv) A measure p is a Radon measure if p is Borel reqular and pu(K) < +oo for each compact
set K C R™.

Example. 1. The Lebesgue measure is a Radon measure.
2. o-function is a Radon measure.

Increasing sequences of sets

Theorem 1.24 Let p be a regular measure, and let Ay C Ay, C ... C A, C ... be an
increasing sequence of sets which need not be measurable. Then

hm w(Ag) = (U Ak) . (1.12)

Proof. Since the measure p is regular, there exist measurable sets C}, such that A, C C} and
W (Ax) = p(Cy). Set
B, =()Cj,

J=k

9



then A, C By C By, since for any j > k we have the inclusion A, € A; C C;. Moreover,
as p*(Ag) = p(Cy) > p(By), we have p*(Ax) = u(By). Let us pass to the limit, using
Proposition 1.22 for the increasing sequence of measurable sets By:

hm w(Ay) = hm wu(By) = (UB ) w* ([j Aj> :

On the other hand, we have the trivial inequality

(AR < pt <U A; )
for each k£ € N and thus (1.12) holds. O

Restriction of a regular Borel measure

Restriction of a regular Borel measure to a set of finite measure is a Radon measure:

Theorem 1.25 Let pu be a regular Borel measure on R™. Suppose that the set A is u-
measurable and p(A) < +o0o. Then the restriction u|a is a Radon measure.

Proof. Let v = pu|4, then clearly v(K) < pu(A) < 400 for any compact set K. If B is a Borel
set and S is any set, then, as p is a Borel measure, and hence B is u-measurable, we have

v'(S) = (ANS)=p ((ANS)NB)+u* (AN S)NB°) =v*(SNB)+ v (SN B°).

Thus, any Borel set B is v-measurable, and measure v is Borel.
It remains to show that v is Borel regular. Since p is Borel regular, there exists a Borel
set B such that A C B and u(A) = u(B) < +00. As both A and B are measurable, we have

w(B) = p(A) + (B \ A),
and thus p(B\ A) = 0. Choose a set C' C R", then, since A is measurable,

pp(C)=p (CNB)=p (CNBNA)+ p*(CNBNA°
=p (CNBNA)+p(CN(B\A) <p(CNA) +p"(B\A) = p (CNA) = p7[a(C),

and thus pu|5(C) = p|%4(C) for all sets C. Therefore, without loss of generality we may assume
that A is a Borel set. If A is a Borel set, take any set C' C R"™. Then there exists a Borel set

E such that u(F) = u*(ANC)and ANC C E. Take the set D = EU(R™\ A), then D is
Borel (this is why we needed to reduce to the situation when A is a Borel set), C' C D and

v(D) = u(D A A) = u(E N A) < u(B) = p*(AN C) = 1*(C) < v(D).

As a consequence, v(D) = v*(C') and thus v is Borel regular. O

10



Approximation by open and closed sets

The following result is a generalization of the results on approximation of sets by open and
closed sets for the Lebesgue measure. In particular, it shows that any Radon measure is
both an ”"outer” and an ”inner” measure in an intuitive sense, and can be constructed as an
extension from the open sets.

Theorem 1.26 Let i be a Radon measure, then
(i) for each set A C R"™ we have

w(A) =inf{u(U): ACU, U open}. (1.13)
(i) for each p-measurable set A we have
w(A) =sup{u(K): K C A, K compact.} (1.14)

We begin with the following lemma which addresses the statement of the theorem for the
Borel sets.

Lemma 1.27 Let yu be a Borel measure and B be a Borel set.

(1) If u(B) < +oo then for any € > 0 there exists a closed set C' such that C C B and
wB\C) <e.

(ii) If p is Radon then for any ¢ > 0 there exists an open set U such that B C U and
w(U\ B) < e.

Proof. (i) Take a Borel set B with p(B) < +00, and define the restriction v = u|p. As at
the beginning of the proof of Theorem 1.25, we deduce that v is a Borel measure. In addition,
v is a finite measure as p(B) < +00. Let F be the collection of all y-measurable subsets A
of R™ such that for any € > 0 we can find a closed set C' C A which is a subset of A and
v(A\ C) < e. Our goal is to show that B € F. To do this we define G as the collection of all
sets A such that both A € F and A° € F. It is sufficient to show that

G contains all open sets and is a o-algebra. (1.15)

Then it would follow that G contains all Borel sets, hence, in particular G contains B and
thus so does F. Hence, we set out to prove (1.15).
Step 1: Closed sets. The first trivial observation is that F contains all closed sets.
Step 2: Infinite intersections. Let us now show that if the sets A; € F forall j =1,2,...,
then so is their intersection: A =N, A; € F.
To show that, given ¢ > 0, using the fact that A; € F, we choose the closed sets C; C A;
€

so that
V(Aj \ C]) < g

Then the closed set C'=N32,C; C A and, moreover,

V(A\C>SV<GA \c) Z (A;\ C))

j=1

(1.16)

Therefore, indeed, A € F.
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Step 3: Infinite unions. Next, we establish that if the sets A; € F for all j = 1,2,...,
then so is their union: A =J;Z, A; € F.
Choose the sets C; as in (1.16), then, as v(A) < +oo we have, using Proposition 1.21,

fi—‘
érB
T
N
/
CS
;s.
—
T8
Q
|
T
-
}

”C8

J=1 Jj=
U(Aj \Cj) <) v
-1 j=1
Therefore, there exists mg € N so that
mo
v( A\ () <,
j=1

and the set C' = [J/, Cj is closed.

Step 4: collection G contains all open sets. If O is an open set then O¢ is closed and
thus O°¢ € F automatically by Step 1. But any open set can be written as a countable union
of closed sets, hence by Step 3 collection F contains all open sets, hence, in particular, our
set O. Thus, both O and O¢ are in F, so O € G.

Step 5: G is a o-algebra. Obviously, if A € G then A° € G as well. Therefore, we only
need to check that if Ay, Ag,..., Ap,... € G then A = U2 A; € G. But A € F by Step 3,
while Step 2 implies that

A = ()49
j=1

is in F as well, and thus A € G.

Steps 1-5 imply that G is o-algebra containing all open sets, and hence G contains all Borel
sets and, in particular, it contains the set B.

(ii) Now, we prove the second part of Lemma 1.27. Let B be a Borel set and let U, =
U(0,m) be an open ball around x = 0 of radius m. Then u(U,, \ B) < +o0 as u is Radon.
We may then apply part (i) to the Borel set Uy, \ B and find a closed set C,,, C U,, \ B with

e (Un \ B)\ Cn) <

Then B C C¢ and U,, N B C U, \ Cy,, so that

£
2m

B=JWnanB) < |JUn\C) =
m=1 m=1

and

w(U\ B) = (

and we are done O.
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Proof of Theorem 1.26

(i) We begin with the first part of the theorem. If p*(A) = +oo the statement is obvious,
just take U = R", so we assume that p(A) < +oo. If A is a Borel set then (i) holds because
of part (ii) of Lemma 1.27. If A is not a Borel set then, as p is a Borel regular measure there
exists a Borel set B such that A C B and p*(A) = p(B). Then, once again we may apply
part (ii) of Lemma 1.27 to see that

inf {u(U): ACU, U open} > p*(A) = u(B) =inf {u(U): B C U, U open}
>inf{u(U): ACU, U open},

which implies (1.13).

(ii) Now, we prove (1.14). First, assume that A is a g-measurable set and p(A) < +oo.
Then the restriction v = p|4 is a Radon measure, as follows from Theorem 1.25, hence the
already proved part (i) of the present Theorem applies to v. Fix ¢ > 0, then we apply (1.13)
to the set A°, with v(A°) = 0, and find an open set U such that A° C U and v(U) < €. The
set C' = U¢ is closed, C C A and

u(A\C) =v(C%) =v{U) <e.

It follows that

u(A) =sup{u(C): C C A, C closed} if u(A) < +o0. (1.17)
If A is p-measurable and p(A) = +oo define the annuli Dy, = {z: k—1 < |z| < k} and split
U (AN Dy).
Observe that .
+oo = pu(A Z w(AN Dy),
k=1

while p(A N Dy) < 400 since p is a Radon measure. We can use (1.17) to find closed sets

Cr € AN Dy, such that .

2_k’
and consider the closed sets G,, = U}_;C}. Note that, as all C}, are pairwise disjoint,

Z“ (C) >Z( (AN Dy) —2—116) (1.18)

As, by Proposition 1.22, we have

(AN Dy)\ Ck) <

n

+oo = p(A) = lim p(Ui_;(ANDy)) = lim Z (H(AN Dy)),

n—-+00 n—-+oo
k=1

we deduce from (1.18) that lim,, ;- 1(G,) = +00 = u(A). Therefore, (1.17) actually holds
also if p(A) = +o00. What remains is to replace the word ”closed” in (1.17) by ”compact”.

13



This is simple: if u(A) < 400 given € > 0 take a closed set C' C A such that u(C) > p(A) —¢
and write C' = U, Cy, with Cy, = C N U(0,k). Then each Cy is a compact set, Cy, C A,
and p(C') = limy_, 4o p4(Ck) because of Proposition 1.22 again. Hence, there exists a positive
integer kg so that p(Cy,) > u(A) — ¢, and (1.14) follows. If p(A) = +oo we can do the same
procedure by first choosing closed sets C,, C A with u(C,,) > n for n € N, and then writing
C,, = U, Cpi, with compact sets Cp, = C,, N B(0,k) C A. We finish by choosing k,, large
enough so that u(C, N B(0, k,) > n and noticing that p(A) = +o0o = sup,, (Cpr, ). O

2 Measurable functions

2.1 Definition and basic properties

Recall that a function is continuous if pre-image of every open set is open. Measurable
functions are defined in a similar spirit. We start with the following observation.

Proposition 2.1 Let f : R® — R be a real-valued function defined on a measurable set. Then
the following are equivalent.

(i) For any o € R the set {z: f(x) > a} is measurable,

(i1) For any o € R the set {z: f(z) > a} is measurable,

(i1i) For any a € R the set {z : f(x) < a} is measurable,

(iv) For any a € R the set {x : f(x) < a} is measurable.

Proof. First, it is obvious that (i) and (iv) are equivalent, and so are (ii) and (iii). If we
write

{o: fla)>a}=Jz: fl2) 2 a+1/n}

we see that (ii) implies (i), and, similarly, we get that (iv) implies (iii). O
This leads to the following, somewhat more general definition. Let X be a set, Y a
topological space and assume that p is a measure on X.

Definition 2.2 A function f : X — Y is p-measurable if for each open set U C Y, the
pre-image f~1(U) is p-measurable.

For real-valued functions it suffices to check that pre-images of the half intervals (o, +00) are
all open in order to establish measurability of a function.

The next proposition gives some basic properties of measurable functions which are neither
surprising nor particularly amusing.

Proposition 2.3 If f,g: X — R are measurable functions and c € R is a real number then
the following functions are also measurable: cf, f+c, f+ g, f — g and fg.

Proof. (1) To see that f 4+ ¢ is measurable we simply note that

{z: fl#)+c<a}l={z: f(z)<a-—c}.
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(2) For measurability of ¢f with ¢ > 0 we observe that {z : cf(x) < a}={z: f(x) < a/c},
and the case ¢ < 0 is not very different.
(3) To show that f + g is measurable we decompose

{z: f@)+g@)<at=J{z: fl@)<a-r}n{z: glx)<r}].

reQ

(4) The function f?(x) is measurable because for o > 0 we have
fo: f@)>a}={o: f(@)>a}U{z: f@2)<ah,

and the case o < 0 is not that difficult.
(5) Finally, the product fg is measurable because

f(x)g(m) _ (f+g)2 ; (f _9)2’

and the right side is measurable by (1)-(4) shown above. O

The next theorem is certainly not true in the world of continuous functions: point-wise
limits of continuous functions may be quite discontinuous but limits of measurable functions
are measurable:

Theorem 2.4 If the functions fi, fa,..., fn,... are all measurable then so are
gu(x) = sup fi(x). qulx) = inf fy(x), g(x) = sup fu(x), q(x) = inf f, (x).
1<j<n SJsn n n
as well as

s(x) = limsup f,(z) and w(x) = liminf f,(z).

n—00 n—00

Proof. For g,(z) and g(x) we can write

{gn(x) > a} = [J{fi(2) > o}, {g(2) > a} = | J{f(x) > a},

j=1 j=1

which shows that g, (z) and g(x) are both measurable, and ¢, (z) are g(x) are measurable for
a similar reason. Now, for s(z) we use the representation

s(a) = timsup f,() = inf (sup i(0)),

n—oo k>n

and see that s(z) is measurable by what we have just proved. The function w(x) is measurable
for a similar reason. O

The next result gives a very convenient representation of a positive function as a sum of
simple functions. We denote by x4 the characteristic function of a set A:

[0, ifzé¢ A
XA(x)_{1, if z € A.
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Definition 2.5 A measurable function f(x) is simple if it takes at most countably many
values.

Theorem 2.6 Let a non-negative function f be p-measurable. Then there exist p-measurable

sets Ay such that

k=1

(2.1)

?rl»—k

Proof. Set

and continue inductively by setting

1 k—1
Ay = { f@)> 5+ .XAJ.@:)}.

Clearly, we have, for all k:

and thus .
f) 2 3 o) (2.2

If f(z) = 400 then x € Ay, for all k, hence
Z pXa (@) i f(z) =

On the other hand, (2.2) implies that if f(z) < +oo then x ¢ Ay, for infinitely many k, which
means that

S

-1 k—1

Xa, () < f(z) < ‘

Sl

.
Il

for infinitely many k. This implies that (2.1) holds also for the points where f(z) < +oo. O
Remark. Note that this proof works with 1/k replaced by any non-negative sequence a; > 0
such that both ay — 0 as k — +oo and ) ;- ay = +00.

2.2 Lusin’s and Egorov’s theorems

Lusin’s theorem says, roughly speaking, that any measurable function coincides with a con-
tinuous function on a set of large measure. The catch is that you do not have a control of
the structure of the set where the two functions coincide. For instance, the Dirichlet function
which is equal to one at irrational numbers and to zero at rational ones coincides with the
function equal identically to one on the set of irrational numbers which has full measure but
lots of holes.
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Extension of a continuous function

As a preliminary tool, which is useful in itself we prove the following extension theorem.
Generally, extension theorems deal with extending ”good” functions from a set to a larger set
preserving ”goodness” of the function. The following is just one example of such result.

Theorem 2.7 Let K C R" be_a compact set and f 1 K - R™ be continuous. Then there
exists a continuous mapping f : R™ — R™ such that f(x) = f(x) for all z € K, and

|f(z)| < supyek | f(y)| for all z € R™.

Proof. The proof is very explicit. We take m = 1 but generalization to m > 1 is immediate.
Let U = K°¢ be the complement of K. Given z € U and s € K set

|z — s|
— 9 = 21 )
ug() max{ ist(z, K)’O

For each s € K fixed the function us(z) is continuous in € U, 0 < u(z) < 1 and us(z) = 0 if

|z — s| > 2dist(z, K') which happens when z is "close” to K. On the other hand, for a fixed x

close to 0K the function us(z) vanishes for s which are far from s, which realizes the distance

from x to K. When z is "far” from K, us(z) is close to 1, that is, us(z) — 1 as |z| — +oc.
Now, take a dense set {s;} in K and for z € U define an averaged cut-off

ol@)=3 us; 5@.

J=1

Note that for € U the function o(x) is continuous because u,, () are continuous and by the
Weierstrass test. Moreover, for any z € U there exists s;, such that |z — s;,| < 2dist(z, K)
since {s;} are dense. Therefore, u,, (¥) > 0 and thus o(x) > 0 for all € U. Let us also set
normalized weights of each point s;

() = 2Us (%)
vj(z) o(z)

Note that

Zvj (z) =1 (2.3)

for all z € U. Finally, we define the extension of f(z) to all of R" by

=N f(z), r € K,
70 ={ g oo, et - i 24
The idea is that for x ”far” from the boundary of K the extension is not very difficult, the
problem is with x close to K and for those z the function f(x) is defined as a weighted
average of f(s;) with the bigger weight going to s; which are close to .

Let us check that f(z) is continuous. The series in (2.4) for € U converges uniformly
because 0 < ug, (z) < 1, the function o(x) is continuous and |f(s;)| < M since f is a
continuous function, s; € K, and the set K is compact. As each individual term f(s;)v;(z) is
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a continuous function, the uniform convergence of the series implies that f (x) is continuous
at z € U.

Now, let us show that for each # € K we have f(z) = lim,_, f(y). Given ¢ > 0 use uniform
continuity of the function f on the compact set K to choose § > 0 so that |f(z) — f(2')]| < ¢
as soon as |r — 2’| < § and z,2’ € K. Consider y € U such that |y — x| < 6/4. Then if
|z — si| > 0 we have

0 <o — sl <[z —yl+ |y — sl

thus
30
ly — si| > ZZQIJJ—yI,

and hence ug, (y) = vk(y) = 0 for such s;. Therefore, we have |f(x) — f(sx)| < € for all sy
such that v (y) # 0, and we may simply estimate, using (2.3):

1Fy) = F@)] =D v f(si) = D) f(@)] <Y o)l f(@) — flse)l <e.

k=1 k=1 k=1

Therefore, the function f(x) is continuous everywhere. The claim that | f(z)| < sup,cx |f(y)|
for all z € R™ follows immediately from the definition of f(x) and (2.3). O

Lusin’s Theorem

Lusin’s theorem says that every measurable function coincides with a continuous function on
an arbitrarily large set.

Theorem 2.8 Let u be a Borel reqular measure on R™ and let f : R™ — R™ be p-measurable.
Assume A C R™ is a p-measurable set with p(A) < +oo. For any e > 0 there exists a compact
set K. C A such that u(A\ K.) < ¢ and the restriction of the function f to the compact set
K. is continuous.

Proof. As usual, it is sufficient to prove this for m = 1. We will construct a compact set
K. on which f(x) is a limit of a uniformly converging sequence of continuous functions and
is therefore itself continuous on K,.. To this end for each p € N take half-open intervals
By =17/27,(j +1)/2P), j € Z and define the pre-images A,; = AN (f1(B,;)). The sets A,
are j-measurable and A = U2, A); for each p fixed. Let v = u|a be the restriction of 1 to
the set A, then v is a Radon measure so there exists a compact set K,; C Ap; such that

€
V(Apj \ Kpj) < BIIEk

and thus
€
j=1

Now, we choose N(p) so that
N(p)

T A\U
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and set D, = U _(1)Kpj Then the set D, is compact. For each p and j define the function
gp(z) = 3/2” for x € Kpy;, 1 <j<N(p). As the compact sets K,; are pairwise disjoint, they
are all a finite distance apart and thus the function g,(z) is continuous on the set D, and,
moreover, we have

U@)—%@ﬂ<%ﬂdaﬂx€Dp (2.5)

Finally, set K. = M2, D). Then the set K. (which depends on ¢ through the original choice
of the sets K,,;) is compact, and

WA\ K) < ii (A\ D,)

Moreover, (2.5) implies that the sequence gp(x) converges uniformly to the function f(x) on
K. and thus f is continuous on the set K.. O
A direct consequence of Theorems 2.7 and 2.8 is the following.

Corollary 2.9 Let i and A be as in Lusin’s theorem. Then there exists a continuous function

f: R* = R™ such that p{z € A: f(x) # f(z)} <e.

We note that if f(z) is a bounded function: |f(z)| < M, then f(z) can be chosen so that
|f(x)] < M as well — this follows from the last statement in Theorem 2.7.

Egorov’s theorem

Egorov’s theorem shows that a point-wise converging sequence converges uniformly except
maybe on a small set.

Theorem 2.10 Let i be a measure on R™ and let the functions f, : R™ — R be pu-measurable.
Assume that the set A is p-measurable with u(A) < +oo and fr, — g almost everywhere on
A. Then for any € > 0 there ezists a p-measurable set B. such that (i) u(A\ B:) < ¢, and
(i) the sequence fi converges uniformly to g on the set B..

Proof. Define a nested sequence of "bad” sets
¢y =U{es o) - gl > 3.}
k=j
then C; ;11 C Cy; while N%2,Cj; = 0 and so, as pu(A) < +oo, we have
lim i (AN Cyj) = p(AN(NZ,C35)) =0
for each 7 € N. Then there exists NN; such that
p(ANCin,) < =

Set
B = A\ (VL Cin),
then p(A\ B) < € and for each x € B and for all n > N; we have

1
fal) = g@)] < 5

hence f,(z) converges uniformly to g(z) on the set B. O
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3 Integrals and limit theorems

Definition of the integral

Here we will define the Lebesgue integral as well as integral with respect to other measures.
The main difference with the Riemann integral is that the latter is not very stable under
taking limits of functions simply because point-wise limits of continuous functions can be
extremely bad and not Riemann integrable. The definition of the Lebesgue integral, on the
contrary, makes it very stable under limits.

Definition 3.1 A function f(x) is simple if it takes countably many values.

For a simple, measurable and non-negative function f(z) > 0 which takes values y; > 0:
Fl@) = yixa, (@), (3.1)
J
with p-measurable sets A;, we define

[ F@dn = S uiu s ) = Yl 32

Compared to the Riemann integral we simply turn our head sideways and compute the area
as in (3.2). This makes a world of difference and also allows the sets A; to be just measurable,
and thus have a rather complicated structure which would rule out Riemann integrability of
f(z) of the form (3.1).

If f(z) is simple and measurable, we write f = f* — f~, where fT = max(f,0) and
f~ =max(—f,0). If either

/f+d,u < +00,

or

/fd,u < +00,

[ tdn= [ rran- [ £an

The next proposition is the key step in the definition of the Lebesgue integral

then we set

Proposition 3.2 Let f be a bounded function defined on a measurable set E with uF < +00.

In order that .
/ fdu = inf/wdu:sup/gédu ::/fdu
f<y f>e "

where the infimum and the supremum are taken over all measurable simple functions ¢ < f
and Y > f, respectively, it is necessary and sufficient that f be measurable.
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Proof. (1) Let f be a bounded measurable function, with |f(z)| < M for all z € E. Choose
a mesh step M /n and consider the pre-images

k—1)M kM
.mz{x:L——L—<ﬂ@§——},
n n
with —n < k < n, then

E:OEk

k=—n
and each set Fj is measurable. Consider the simple approximants

n

v =3 M@, o= B ),

k=—n k=—n

so that ¢, (x) < f(z) < 9, (x) for all z € E. Then we have

0< [vu- [ 0= uE
[ sau= [ ran (33)

(2) On the other hand, if (3.3) holds then for every n there exist measurable simple functions
¢n < f and ¢, > f such that

and thus

1
[ = o< - (3.4
Set
w* = infwna (b* = sup ¢n7
then ¢* and ¢* are both measurable and ¢* < f < 1*. Consider the set

A={z € E: ¢"(x) <y*(x)} = U{x ceE: ¢"(x) <y*(x) — %} = U Ag.

Given any k € N note that for n large enough we have ¢, (x) < ¥,(x) — 1/k on the set Ay
and thus, as ¥, — ¢, > 0, we have

é%@—é%WZé%ﬁ%WQ/b%—MWZM?)

Combining this with (3.4) and letting n — +o00 we conclude that p(Ag) = 0 for all k. Thus,
¢* = ¢* = f except on a set of measure zero, hence the function f is measurable. O
Proposition 3.2 motivates the following.

Definition 3.3 Let f be a bounded measurable function defined on a measurable set E with

ul < 400 then
/ﬂm=M/ww,
FE E

with the infimum taken over all simple functions ¢ > f.
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The next step in the hierarchy is to define the integral of a non-negative function.

Definition 3.4 If f > 0 is a non-negative measurable function defined on a measurable set

E we define
[ sdn=su [ na
E h<fJE

with supremum taken over all bounded simple functions h that vanish outside a set of finite
measure.

This gives way to the general case.

Definition 3.5 A non-negative measurable function f defined on a measurable set E is inte-
grable if fE fdp < +00. A measurable function g defined on a measurable set E is integrable
if both gt = max(g,0) and g— = max(0, —g) are integrable.

Bounded convergence theorem

We now set to prove several theorems which address the same question: if a sequence f,(x)
converges point-wise to a function f(x), what can we say about the integral of f(x)? Let us
point out immediately two possible sources of trouble. One example is the sequence of step
functions f,(x) = Xnnt1](®), and another is the sequence g, () = nX[—1/(2n),1/27)(2). Both
fu(z) and g,(x) converge point-wise almost everywhere to f(x) = 0 but

/an(ib’)dib’ = /Rgn(x)dx =140= /Rf(x)dx.

This shows two possible reasons for the integrals of f,, to fail to converge to the integral of
f(z): escape to infinity in case of f,(x) and concentration in the case of g,(z).

Bounded convergence theorem deals with the situation when neither escape to infinity nor
concentration is possible.

Theorem 3.6 Let f, be a sequence of measurable functions defined on a measurable set
E with pE < 4o00. Assume that f, are uniformly bounded: there exists M > 0 so that
|fu(z)| < M for alln and all x € E. Then if f,(x) — f(x) point-wise almost everywhere on
E then

/fd,u: lim [ f.du. (3.5)
E T JE

Proof. This is trivial if f,, converges uniformly to f on the set E. In general, given any
e > 0 we may use Egorov’s theorem to find a set A. such that u(A.) < ¢, and f,, converges
uniformly to f on the set E\ A.. Then for large enough n we have

/ (fn—f>du‘§ [ U= gl [ 1= Sl < enE)+ 2000(A0) < () + 2010),
E E\A. Ac

and (3.5) follows. O

22



Fatou’s Lemma

Fatou’s lemma tells us that in the limit we may only lose mass, which is exactly what happened
in the two examples (concentration and escape to infinity) mentioned at the beginning of this
section.

Theorem 3.7 Let f, be a sequence of non-negative measurable functions which converges
point-wise to a function f on a measurable set E, then

/fd,ugliminf/fndu. (3.6)
E n—+too Jg

Proof. Let h be a bounded non-negative simple function which vanishes outside a set £ with
uE" < 400 and such that h < f on E. Set h,(x) = min{h(z), f,(z)}, then h,(x) — h(z) on

E. Then we have, applying the bounded convergence theorem to the sequence h,, on the set
/.

/ hdp :/ hdp = lim hpdp < liminf [ f,dp < lim inf/ fndp.
E B B B E

Taking the supremum over all such functions h we arrive to (3.6). O
It is very important to keep in mind that Fatou’s lemma does not generally hold for
functions which may take negative values.

The Monotone Convergence Theorem

Fatou’s lemma says that you cannot gain mass in the limit. If the sequence f, is increasing
you can hardly lose mass in the limit either.

Theorem 3.8 Let f,, be a non-decreasing sequence of non-negative measurable functions de-
fined on a measurable set E. Assume that f, converges point-wise to f almost everywhere on

E, then
/fd,u: lim /fndu.
E n—+oo J g

Proof. This is an immediate consequence of Fatou’s lemma. O
The monotone convergence theorem has a very simple but useful corollary concerning
term-wise Lebesgue integration of a series of non-negative functions.

Corollary 3.9 Let u, be a sequence of non-negative measurable functions defined on a mea-
surable set E and let f(x) = " uy(x). Then

/Efd,u:f;/Eun(x)du.

Proof. Apply the monotone convergence theorem to the sequence of partial sums f,(z) =

Z?:l uj(x). O
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Lebesgue Dominated Convergence Theorem

All the above convergence theorems are part of the Lebesgue dominated convergence theorem.

Theorem 3.10 Let the functz’ons fn be measurable and defined on a measurable set E. As-
sume that |f,(z)] < g(z), [p9(x)dp < 400, and fy(x) — f(x), both almost everywhere on

E. Then we have
/fd,u: lim /fnd,u. (3.7)
E n—+oo Jp

Proof. As g — f, > 0 a.e. on F, Fatous’ lemma implies that

/(g — [)dp < lim inf/(g — fa)dp. (3.8)
E E
Moreover, the fact that |f,| < g implies that the limit f is integrable, hence it follows from
(3.8) that
/ gdp —/ Jdu < / gdp — limSUP/ Jndpt,
E E E E
and thus

limsup/fndug/fd,u.
E E

On the other hand, similarly we know that g 4+ f,, > 0, which implies

/gd,u+/fduﬁ/gdu+liminf/fndu,
E E E E
/fd,ugliminf/ fndps.
E E

Absolute continuity of the integral

and thus

Now, (3.7) follows. O

Proposition 3.11 Let f > 0 and assume that

/ fdp < +o0.
E

Then for any € > 0 there exists 6 > 0 so that for any measurable set A C E with u(A) < o

we have
/ fdu < e.
A

Proof. Suppose that this fails. Then there exists g > 0 and a sequence of sets A, C F so
that u(A,) < 1/2" but
/ Jdp > eo.
A"L
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Consider the functions g,(z) = f(z)xa,(z), then g,(x) — 0 as n — oo except for points x
which lie in infinitely many A,,’s, that is,

xeAié(gHJ.

However, for any n we have

e}

> 1
Aj) <D mA) < o
n j=n

It follows that p(A) = 0 and thus g,(x) — 0 a.e. on E. Now, set f,, = f — gn, then f,, >0
and f,, — f a.e., so Fatou’s lemma can be applied to f,:

/fd,ugliminf/fndug/fd,u—limsup/gnd,ug/fd,u—so,
E E E E E

which is a contradiction. O

u(A)§u<

Convergence in probability

Definition 3.12 A sequence of measurable functions f, converges in probability to a function
f on a set E if for every ¢ > 0 there exists Nsuch that for alln > N we have

p(x € B: |fule) - fla) 2 ) <e.

It is quite easy to see that convergence in probability need not imply point-wise convergence

anywhere: take a sequence
"1
Sp = <E %> (mod1)

k=1
and consider the functions

¢ (.CE) — { X[Sn,8n+1}(l‘)> 1f O S Sn < sn-i—l S 1
" X[0,5m:](T) + X (), 10 < 8041 <5, < L.

Then ¢, — 0 in probability but ¢,(x) does not go to zero point-wise anywhere on [0, 1].
Nevertheless, convergence in probability implies point-wise convergence along a subsequence.

Proposition 3.13 Assume that f,, converges to f in probability on a set E. Then there exists
a subsequence f,, which converges to f(x) point-wise a.e. on E.

Proof. For any j we can find a number N; such that for any n > N; we have

A(erWﬂ@—hWNE%)gé.

Define the bad sets



then for x ¢ Dy = U2, E; we have

1

£) = Fvn(@)] < 5

for all j > k and thus fy,(z) — f as j — oo for all x ¢ D = N2, D;. However, we have
w(D) < u(Dy) < 1/2! for all k and thus u(D) = 0. O

4 Differentiation and Integration

We will now address for some time the question of when the Newton-Leibnitz formula

/fwwx—ﬂw—ﬂ@ (4.1)

holds. Recall that we denote by m(E) the Lebesgue measure of a set £ C R on the line.

4.1 Differentiation of Monotone Functions
The Vitali lemma

Definition 4.1 We say that a collection J of non-trivial closed intervals on the real line
forms a fine cover of a set E if for any € > 0 and any point x € E there exists an interval I
in the collection J such that x € I and m(I) < e.

Vitali’s lemma allows us to find a finite sub-covering by pairwise disjoint balls that covers
a very large fraction of a set.

Lemma 4.2 (Vitali’s lemma) Let E C R with m*(E) < 400 and let J be a fine cover of
the set E. The for any ¢ > 0 there exists a finite subcollection of pairwise disjoint intervals

{L,...,In} in J such that
N
m* (E\(U 5)) <e.

Jj=1

Proof. Let O be an open set with m(0O) < +oo which contains £: E C O. Such set exists
since m*(F) < +oo. As O is an open set and J is a fine cover of E, if we consider the
collection J' of intervals in J which are contained in O, the new cover J’ is still a fine cover
of E. Hence, we may assume from the start that all intervals in J are contained in O. Choose
any interval I; and assume that the intervals I, Iy, ... I,, have been already chosen. Here is
how we choose the interval I,,.;. Let k, be the supremum of the lengths of intervals in J
that do not intersect any of Iy, Is,...1,. Then k, < m(O) < +oo and, moreover, if k, = 0
then £ C U_,I;. Indeed, if k, = 0 and x € E, = END,, D, = (U?lej)c then as D,, is
open and J is a fine cover, there exists a non-trivial interval I € J such that I C D¢ which
contradicts k, = 0. Hence, if k, = 0 for some n then F C U}‘:J ; and we are done. If k, >0
for all n take the interval I, 4, disjoint from all of [; with 1 < j < n such that [(1,,41) > k;,/2.
This produces a sequence of disjoint intervals I, such that

> (1) < m(0) < +oo. (4.2)
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Given € > 0 find N such that .
S i) <§
j=N+1
and set
N
R=E\|JI.
j=1

We need to verify that m*(R) < . For any point € R there exists an interval I € J such

that = € I and [ is disjoint from all intervals {I;, I5, ..., Iy }. Furthermore, if for some n the
interval [ is disjoint from intervals {I;, I5,...I,} then we have
U(I) < kp <20(Ln41). (4.3)

However, (4.2) implies that {([,) — 0 as n — 400, thus / must intersect some interval I,
with n > N because of (4.3). Let ng be the smallest such n, then I(1) < k,,—1 < 2I(1,,).
Since x € I and [ intersects I,,,, the distance from = to the midpoint of I,,, is at most

Z(Im) 5l<]n0—1)

(1) + 5 5

IN

Hence, z lies in the interval fno which has the same midpoint as I,,, and is five times as long
as I,,. Therefore, the set R is covered:

[e.9]
Rc |J I,
n=N+1

and thus

m*(R) < i I(I,) <5 i I(I,) < e,

and we are done. O

As we have not yet defined the Lebesgue measure in R” we do not state the analog of
Vitali’s lemma for dimensions n > 1. Nevertheless, the proof of Vitali’s lemma shows that
the following statements hold which do not use the notion of the Lebesgue measure.

Corollary 4.3 Let F be any collection of nontrivial closed balls in R™ with
sup{diamB : B € F} < +oc.

Then there exists a countable sub-collection J of disjoint balls in F such that

UBc U B

BeF BeJg

where B is a ball concentric with B but five times its radius.
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Corollary 4.4 Assume that F is a fine cover of a set A by closed balls and
sup{diamB : B € F} < +oc.

Then there exists a countable sub-family J of disjoint balls in F such that for each finite
subset {By, ..., B,} C F we have

awUsme U »
k=1 BeJ\{Bx,....Bn}

The next corollary uses the Vitali lemma repeatedly. Here we have to refer to the n-
dimensional Lebesgue measure. The reader may either set n = 1 or use the geometric
intuition.

Corollary 4.5 Let U C R" be an open set and 6 > 0. There exists a countable collection of
disjoint closed balls in U such that diamB < ¢ for al B € J and

m(U\LJB):O. (4.4)

BeJg

Proof. We first find disjoint closed balls By, ... By n, C U so that

m (U\jL:JIBLj) < m(3U)7

and set
N1
U, =U\|JB.
j=1

The set U, is still open and we can find disjoint closed balls By 1, ..., By n, C U so that

m (Ul \ Lj BQJ) < @

j=1

Continuing this procedure leads to a sequence of disjoint balls B, so that (4.4) holds. O

A key point in the proof of Vitali’s lemma was the fact that the Lebesgue measure is
doubling. This means that there exists a constant ¢ > 0 so that for any ball B(z,r) we
have a bound m(B(z,2r)) < em(B(z,r)). Such property is not true in general, for arbitrary
measures. A difficult extension of Vitali’'s lemma and in particular of Corollary 4.5 is the
Besikovitch theorem that we will encounter soon which will establish this corollary for non-
doubling measures.
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One-sided derivatives

Let us go back to the question of when (4.1) holds. First, we need the definition of the
derivative and we begin with the definition of left and right derivatives.

Definition 4.6 Let f be a real-valued function defined on the real line, then

D+f(:L‘) — lim sup flz+h)— f(-l")’ D~ f(x) = limsup flz)— f(x—h)
hl0 h hl0 h
D, f(z) = hl}lll%nf flot hf)L — f(x)7 D_f(z) = h%%)nf J(x) = ;;(x — h).

If DY f(x) = D™ f(x) = Dy f(x) = D_f(x) # oo then we say that f is differentiable at the
point x € R.

We now show that a monotonic function has a derivative almost everywhere with respect to
the Lebesgue measure.

Theorem 4.7 Let f be an increasing function on an interval [a,b]. Then f'(x) exists almost
everywhere on [a,b] with respect to the Lebesque measure and is a measurable function.

Proof. We will show that the sets where any pair of derivatives are not equal has measure
zero. For instance, let

E={x: DT f(z) > D f(x)}.

We can write E as a countable union:

E = U E.s, E.s={x: DT f(x)>r>s>D f(x)},

r,s€Q

and we will show that m*(E,;) = 0 for all r,s € Q. Let [ = m*(E,;) and given £ > 0 enclose
E.s in an open set O, E,., C O, with mO < [ + . For each x € E,, there exists an arbitrary
small interval [x — h,z] C O such that f(z) — f(z — h) < sh. Using Vitali’'s lemma we can
choose a finite subcollection {1y, ..., Iy} of such disjoint intervals whose interiors cover a set
A= (UN_I°)NE,, with | —e <m(A) <l +e. It follows that

S @) = flan —ha)] <5 hy < s(l+e). (4.5)

Next, take any point y € A, then y € I,, for some n, and, as A C E,, there exists an arbitrary
small interval [y, y + k] C I, such that f(y + k) — f(y) > rk. Using Vitali’s lemma again we
may choose intervals {.J, ..., Jy} such that Jy, ..., Jyy C UY_ I, and

M

m*(A\ | JJ) <e.

=1

As a consequence,
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and thus

M M
> Fn k) = flyn) >k > (1= 22). (4.6)
n=1 n=1
On the other hand, each interval J; is contained in some interval I, and f is increasing so
that for each p:
> (Fly+ha) = F(wi)) < fxp) = flap — hy).

JkCIp

Summing over p and taking into account (4.5) and (4.6) we conclude that s(l+¢) > r(l —2¢).
= 0 for all

As this is true for all ¢ > 0, and r > s it follows that [ = 0 so that m*(E,)
r,s € Q, and thus m*(F) = 0.

Now that we know that f’(z) exists a.e. let us show that f'(x) is a measurable function.
Let us extend f(z) = f(b) for x > b and set

o) =n e+ 1)~ o). (@7)
Then
() = Jim gu(2) (45)

almost everywhere and thus f'(x) is measurable as a limit of measurable functions. O

Integral of a derivative of a monotone function

We are now ready to establish the Newton-Leibnitz inequality for monotone functions.

Theorem 4.8 Let f(x) be an increasing function on an interval [a,b], then f'(x) is finite
almost everywhere on |a,b], and

/ F(@)de < f(b) - f(a). (4.9)

Proof. The function f'(x) is measurable according to Theorem 4.7 hence the integral in the
left side of (4.9) is well defined. Let us define the approximations g,(x) by (4.7), once again
with the convention f(x) = f(b) for x > b, then g,(x) > 0, thus f'(x) > 0 by (4.8), and,
moreover, Fatou’s lemma implies that

/ab f'(x)dr < liminf /ab gn(2)dz = liminf /ab” {f(x n l) _ f(x)} da

n
b+1/n a+1l/n b+1/n a+l/n

:limninf n / f(b)dx —n / f(z)dz glimninf n / f(b)dx —n / f(a)dx
- 18 Fla). a b a

and (4.9) follows. As a consequence of (4.9) we also conclude that f'(z) is finite a.e. O
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4.2 Functions of bounded variation and absolute continuity

Let a = 29 < 11 < ... < Tpp1 < T, = b be a partition of an interval [a,b]. For a fixed
partition we define

p= _[f(m) = flae)ler n=>> [flzx) = flar)l-. t=n+p=>_|f(xr)— flz)l.

The total variation of a function f over an interval [a,b] is T[f] = supt, where supremum is
taken over all partitions on [a,b]. Similarly, we define N’[f] = supn and P°[f] = sup p.

Definition 4.9 We say that f has a bounded total variation on [a,b] and write f € BV |a, b
if TP[f] < +o0.

The simplest example of function of bounded variation is a monotonic function on [a,b] as
T°[f] = | f(b) — f(a)| for monotonic functions. It turns out that all functions in BV|a,b] are
a difference of two monotonic functions.

Theorem 4.10 A function f has a bounded variation on an interval [a,b] if and only if f is
a difference of two monotonic functions.

Proof. (1) Assume that f € BV[a,b]. We claim that
f(x) = fla) = Pyf] = N [f]. (4.10)
Indeed, for any partition a = xo < z1,... < 2, = 2 we have
p=n+ f(x) = fla) < NG[f] + f(z) = f(a),

so that P*[f] < NZ[f]+ f(x)— f(a). Similarly, one shows that N?[f] < P*[f]— (f(x)— f(a))
and (4.10) follows. It remains to notice that both functions u(x) = P?[f] and v(z) = NZ[f] are
non-decreasing to conclude that any BV function is a difference of two monotonic functions.

(2) On the other hand, if f(z) is a difference of two monotonic functions: f(z) = u(x) —
v(x), then for any partition of the interval (a,b) we have

Zlf(x Q7z1|<z:|u _ule|+2|vxl —?)(;L’Z 1)|
—Z ) — u(zi) +Z v(z;) — v(2i_1)) = u(b) — u(a) + v(b) — v(a),

so that f € BV]a,b]. O
An immediate consequence of Theorem 4.10 is the following observation.

Corollary 4.11 If a function f has bounded variation on an interval [a,b] then f'(x) ezists
a.e. on |a,b].
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Differentiation of an integral

Theorem 4.12 Let f € L'[a,b] be an integrable function, and

Fa) = [ s
then F'(x) = f(x) a.e.

Proof. First, Proposition 3.11 implies that the function F(z) is continuous. Moreover, F'
has bounded variation on [a, b] since for any partition of [a, b] we have

n " T b
ZIF@Z-)—F(:UZ-,ll SZ/ !f(t)]dtg/ | f(t)|dt.

We need the following basic lemma.

Lemma 4.13 If f € L'[a,b] is integrable and

/xf(s)ds — 0 (4.11)

for all € [a,b] then f(t) =0 a.e. on [a,b].

Proof of Lemma 4.13. Suppose that f(x) > 0 on a set E with mE > 0. Then there exists
a compact set I’ C E such that mF > 0. Let O = [a,b] \ F, then

O:/abf(t)dt:/Ff(t)dtJr/Of(t)dt.

/ f(t)dt <0,
0]

and thus, as O is a disjoint union of open intervals, there exists an interval («, 3) C O such
that

It follows that

B
/ F#)dt <0,

which contradicts (4.11). O

We continue the proof of Theorem 4.12. Let us first assume that the function f is bounded:
|f(z)] < K for all € [a,b]. As we already know that F' has bounded variation, the derivative
F'(z) exists a.e. on [a,b] and we only need to show that F'(x) = f(x) a.e. Consider the
approximations of F’(z):

T n) — T z+1/n
e ]

These functions are uniformly bounded: |f,(z)] < K and f,(x) — F(x) a.e. The bounded
convergence theorem implies that for all = € [a, b] we have

/ “PWdt = tim [ fu(t)dt = lim [n / M et - / " pdt| = Fle) - Fla),

n—oo n—oo
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The last step above follows from the continuity of the function F(¢). Now, Lemma 4.13
implies that F'(z) = f(z) a.e. on [a,b)].

Finally, consider the situation when f € L'[a,b] but is maybe unbounded. Without loss
of generality we may assume that f > 0. Consider the cut-offs ¢, (z) = min{f(z),n}. Then
f — g, > 0, thus the functions

Gulw) = [ (1 =g

are increasing, hence G/, (x) > 0 a.e. As the functions g, are bounded for each n fixed, we
know from the first part of the proof that

d T

— L(2)dt = g,

7| et =g.@)

almost everywhere. It follows that F'(x) = G}, (x) + gn(x) > gn(x) and, in particular, F'(x)
exists almost everywhere. Passing to the limit n — oo we deduce that F'(z) > f(x) a.e.
which, in turn, implies that

/ab F'(z)dz > /abf(x)dx _ F(b) - F(a).

However, as f > 0, the function F' is non-decreasing and thus

/b Fl(2)dz < F(b) — Fla).

Together, the last two inequalities imply that

b b
/ F'(z)dz = F(b) — F(a) = / f(t)dt.
Since F'(z) > f(x) a.e. we conclude that F'(z) = f(x) a.e. O

Absolutely continuous functions

Definition 4.14 A function f : [a,b] — R is absolutely continuous if for any ¢ > 0 there
exists 6 > 0 such that for every finite collection {(z;, )} of non-overlapping intervals with
vy e — 2] < 8 we have

S 1) - f)] <=

Note that absolute continuity of a function f on [a, b] implies that f has a bounded variation
on [a,b]. To see this, simply take oy in the definition of absolute continuity that corresponds
to e = 1 and split [a, b] into a finite number of collections of non-overlapping intervals, each
of the total length less than dy.

Another simple observation is that Proposition 3.11 implies that every indefinite integral

F(z) = F(a) + / ")t (4.12)
33



with f € L'[a, b] is absolutely continuous. Our goal is to show that every absolutely continuous
function is the indefinite integral of its derivative, that is, the Newton-Leibnitz formula holds
for absolutely continuous functions.

Theorem 4.15 A function F(z) is an indefinite integral, that is, it has the form (4.12) with
f € LYa,b] if and only if F is absolutely continuous.

Proof. As we have mentioned, absolute continuity of the indefinite integral follows immedi-
ately from Proposition 3.11. Now, let F'(z) be absolutely continuous, then, as we have noted
above F' has bounded variation on [a,b] and thus can be written as F(z) = Fi(z) — Fy(x),
where both of the functions F; and F; are increasing. Hence, F'(z) exists a.e. and |F'(z)| <
F{(z) + Fj(zx) so that

/ P ()| < / Fl(2)dz +/ Fi(x)dz < Fy(b) — Fi(a) + F>(b) — Fy(a),

thus F’(z) is integrable on [a, b]. Consider its anti-derivative

G - [ V() de,

then G(z) is absolutely continuous and G'(xz) = F'(x) a.e. as follows from Theorem 4.12. Set
R(z) = F(z) — G(z), then R(x) is absolutely continuous and R'(z) = 0 a.e. Let us show that
R(z) is actually a constant (and thus is equal identically to F'(a)). This will finish the proof
of Theorem 4.15. To this end we take a point ¢ € [a,b] and consider the set A of measure
m(A) = ¢ — a such that f'(z) =0 on A. Given € > 0 for any z € A and every n < N(z) we
choose h,(z) < 1/n so that

|f(x+ h,(z) = f(x)] < ehp(x). (4.13)

This produces a fine covering of A by intervals of the form I,(z) = [z,z + h,(z)]. Vitali’s
lemma allows us to find a finite collection Iy(xy) = [zk, yx], & = 1,..., N which covers a set
of measure (¢ —a — §(€)/2), where d(¢) is ¢ in the definition of absolute continuity of the
function R(x) corresponding to ¢, that is, if we set yo = a and zx,1 = ¢, we have

N
> Jarar — yil < 6. (4.14)
k=0

Then, we can estimate, using (4.13) and (4.14):

N

[R(e) = R(a)| <Y [f(un) = Flae)l + D |f(@rn) = flge)l < e(b—a) +e.

k=1 k=1

As e > 0 is arbitrary, we deduce that R(z) = R(a) for all ¢ € [a,b]. O

A common way to re-phrase Theorem 4.15 is to say that every absolutely continuous
function is the integral of its derivative — this identifies functions which satisfy the Newton-
Leibnitz formula.
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5 Product measures and Fubini’s theorem

The following definition is motivated by high school geometry.

Definition 5.1 Let pu be a measure on a set X and v a measure on'Y , then the outer product
measure p X v of a set S C X XY is

(1 x v)"($) = int (Zu(Aj)v(Bj>> ,

with the infimum taken over all sets A; C X, B; C'Y such that S C |J;Z,(A; x By).

Our goal in this section is to prove basic statements familiar from the calculus course regarding
the connection between the iterated integrals and integrals over the product measure.

Let F be the collection of sets S C X x Y for which the iterated integral can be defined,
that is, the characteristic function ys(x,y) is p-measurable for v-a.e. y € Y and the function

s(y) = /X ys(@,9)du(e)

is v-measurable. For each set S € F we define

(5) = [ | [ xsteant)| vt

Note that if U C V and U,V € F then p(U) < p(V). Our eventual goal is to show that F
includes all @ x v-measurable sets and that (u x v)(S) = p(S) for such sets. The first trivial
observation in this direction is that all sets of the form A x B, with a u-measurable set A and
a v-measurable set B, are in F and

pldx B) = [ wA)dvly) = w(Aw(B)

From the way area is defined in elementary geometry we know that the next level of complexity
should be countable unions of such sets:

Py = {U<Aj x B;): Aj C X is p-measurable, and B; C Y is I/—measurable} :

j=1

Note that every set S = (J;Z,(A4; x B;) € Py is in F. The point is that, using further
subdivision of A; and B, such S can be written as a disjoint countable union with

Then for each y the cross-section {z : (x,y) € S} is an at most countable union of
p-measurable disjoint sets, and

/X xs(z,y)dp, = /X ZXAJ- (z)xB,(y)du, = Zu(Aj)xBj (y)
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is an v-integrable function, thus S € F. Moreover, if S = (J;2,(A; x B;) € P is a disjoint

union then .
= Z 1(A;)v(Bj)
j=1

Next, we note that for each set U C X x Y its outer measure can be approximated as in
elementary geometry:

(uxv)*(U) =inf{p(S): UC S, Se€P}. (5.1)
Indeed, this is somewhat tautological: if U C S = J;Z,(A; x B;) € Py then

o) = [ ([ xstwmas ) v, < [ < / ZXA d%) v, = Zu

As (uxv)*(U) is the infimum of all possible right sides above, by the definition of the product
measure we have

inf p(5) < (u xv)*(U).

On the other hand, any such S can be written as a disjoint union and then
Zu > (% v)"(U).

again by the definition of the product measure. Hence, (5.1) holds. Now, we can show that
a product of two measurable sets is measurable.

Proposition 5.2 Let a set A C X be u-measurable and a set B C'Y be v-measurable. Then
the set A x B C X XY is u X v measurable.

Proof. Take a set S = A x B such that A is y-measurable and B is v-measurable. Then S
is in Py, thus in P; so that

(1 xv)*(5) < u(A)w(B) = p(S) < p(R)

for all R € P; containing S. It follows from (5.1) that (u x v)*(A x B) = u(A)v(B). Let us
show that A x B is u x v-measurable. Take any set 7' C X x Y and a P;-set R containing
T. Then the sets RN (A x B)¢ and RN (A x B) are both disjoint and in P;. Hence,

(1 xv) (TN (AX B)) + (uxv) (TN (Ax B)) < p(RN(AX B)) + p(RN (A X B)) = p(R),
because if R and @ are in P, RNQ = () then p(RUQ) = p(R) + p(Q). Taking infimum over

all such R and using (5.1) we arrive to
(1 x V)T A (A x BY) + (5 x V)(T 1 (A % B)) < (1 x v)(T),

and thus A x B is a measurable set. O
Once again, following the motivation from approximating areas in elementary geometry
we define sets that are countable intersections of those in P;:

Pr={[)S; S;€Pi}.

j=1
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Proposition 5.3 For each set S C X x Y there exists a set R € Py NJF such that S C R
and p(R) = (u x v)*(5).

Proof. If (u x v)*(S) = +oo it suffices to take R = X x Y, so we may assume that
(i x v)*(S) < 400 without loss of generality. Using (5.1) choose the sets R; € P; such that
S C R, and
. 1
PR < (1 X )" () + -

Consider the sets R = (2, R; € Py and Q. = ﬂ;f:l R; and note that

Xr(w,y) = lim xq,(z,y).

As each R; € F, the functions xq, (z,y) = xr, (2,9) ... Xg, (%, y) are p-measurable functions
of x for v-a.e. y. Therefore, there exists a set Sy C Y of full v-measure such that yg(z,y)
is p-measurable for each y € Sy fixed. Moreover, as p(R;) < +oo (so that for v-a.e y the
function xg(z,y) is p-integrable) and xo, (z,y) < xr,(z,y), we have for v-a.e. y

el = [ e i)duta) = i pu(0). pu(o) = [ oo u)dta).

and thus pgr(y) is v-integrable and R € F. As pr(y) < p1(y), it also follows that

) = [ putyits) = [ Jim p)ivts) = Jim | pul)viy) = Jim Q). 62)

k=oo Jy
However, (5.2) implies that
p(R) = lim p(Qx) < (u x )" (5).
On the other hand, since S C @) we know that (u x v)*(S) < p(Qx) and thus p(R) =
(1% V) (S). O
Corollary 5.4 The measure p X v s reqular even if p and v are not regqular.

Proof. Proposition 5.2 implies that each set in P, is measurable, while Proposition 5.3
implies that for S € Py we have (u x v)(S) = p(S). The same proposition implies then that
the measure p X v is regular. O

Definition 5.5 A set X is o-finite if X = Uj’;l By and the sets By are p-measurable with
1(Br) < +o0.

Theorem 5.6 (Fubini) Let a set S C X X Y be o-finite with respect to the measure pu X v.
Then the cross-section Sy, = {z : (z,y) € S} is p-measurable for v-a.e. y, the cross-section
Sy ={z: (v,y) € S} is v-measurable for p-a.e. x, u(Sy,) is a v-measurable function of vy,
and v(S;) is a p-measurable function of x. Moreover,

(e 0)(8) = | (S,)dvy = [ (S (53
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Proof. If (1 x v)(S) = 0 then there exists a set R € P, such that S C R and p(R) = 0.
Since xg(z,y) < xr(x,y) it follows that S € F and p(S) = 0.
Now, let S C X X Y be pu x v-measurable and (u x v)(S) < +oo. Then there exists
R € Py, such that S C R and (u x v)(R\ S) = 0, thus, by the above argument, p(R\ S) = 0.
This means that
p(x: (z,y) € 5) = p(x: (z,y) € R)
for v-a.e. y and thus, as R € Py implies (1 X v)(R) = p(R),

(0 0)(S) = (e V)(R) = plR) = [ e (won) € R = [ e (.9) € )i
which is (5.3).
Finally, assume that S is a o-finite set and (@ x v)(S) = +00. Then S can be written as
a countable union S = (J7Z, B; of (1 x v)-measurable sets B; with (u x v)(B;) < +o00. We
may assume without loss of generality that all B; are pairwise disjoint so that by what we
have just proved

(0 0)(8) = S0 % 0)(B) =3 [ tas (o) € Bytv = [ S o (o) € By
~ [ @) e UBav = [ ta s a9) € Sy

so that the claim holds also for such o-finite sets .S. O
Fubini’s theorem has a corollary also known as Fubini’s theorem.

Corollary 5.7 Let X XY be o-finite. If f(z,y) is (1 X v)-integrable then the function

ply) = /X f(.y)d(z)

is v-integrable, the function
q(x)z/f(flf,y)dl/(y)
Y

15 p-measurable and

fd(uXV):/

Y

p(y)dv(y) = / o(@)d(z). (5.4)

XxY X

Proof. This follows immediately from Theorem 5.6 if f(x,y) = xs(z,y) with a (u x v)-
measurable set S. If f > 0 use Theorem 2.6 to write

f(:c,y) = XAk<:C7y)

NE
T =

e
Il

1
and then use Corollary 3.9 to integrate this relation term-wise leading both to

1

Ez/(y C(x,y) € Ap),

NE

/Y F o y)dv(y) =

£
Il

1
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if we integrate only in y, and also to

XxY k

- fromo)

fd,U/XI/:Zl/LXV (Ag) = Z%/ y: (z,y) € Ap)du(x)
k=1

which is (5.4). O

6 The Radon-Nikodym theorem

6.1 The Besicovitch theorem

The Besicovtich theorem is a tool to study measures 1 on R” which do not have the doubling
property. The idea is to bypass having to control the measure ,u(B) in terms of u(B) as in
the proof of Vitali’s lemma. Here the doubling property means the following: there exists a
constant C' > 0 so that for any z € R™ and r > 0 we have

1

aH(B(a, 2r)) < p(B(z,r)) < Cu(B(z, 2r)).

In dealing with measures which may not have this property the following theorem is extremely
helpful

Theorem 6.1 (The Besicovitch theorem.) There exists a constant N(n) depending only on
the dimension with the following property: if F is any collection of closed balls in R™ with

D =sup {diamB| B € F} < 400

and A is the set of centers of balls B € F then there exist Ji, Ja, - . . , In() such that each Jj,
1s a countable collection of disjoint balls in F and

The key point here is that we do not have to stretch the balls as in the corollaries of Vitali’s
lemma — the price to pay is that we have several collections 7y, 72, ..., In@m), and a ball
from a collection J; may intersect a ball from another collection J; if @ # j. However, this
is not that important since the number N(n) is a universal constant depending only on the
dimension n.

Corollary 6.2 Let pu be a Borel measure on R™ and F any collection of non-degenerate
closed balls. Let A denote the set of centers of the balls in F. Assume that p(A) < 400
and inf{r : B(a,7) € F} =0 for all a € A. Then for each open set U C R™ there exists a
countable collection J of pairwise disjoint balls in F such that UBej B CU and

p(ANU)\ | B) =0. (6.1)

BeJg
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Proof. Let N(n) be the number of required collections in the Besicovitch theorem and take
0 =1—1/(2N(n)). Then, using the Besicovitch theorem we may find a countable collection
J of disjoint balls in 7y = {B: B € F, B C U, diamB < 1} such that

(AnU)N B) > ANU).
BeJg
Therefore, using the increasing sets theorem, we may choose a finite sub-collection By, . .., By,

of J such that

1
(AmU UB >_2N() (ANU).

It follows that

v ((Arw) \ <UBj>> < (1- gy ) HAND)

Applying the same reasoning to the set Uy = U \ (UMl B; ) and the collection

Fo={B: BeF, BCU, diamB <1}

we get a finite set of balls By, 11, ..., By, such that

M((AﬂUz)\( Lj Bj)) < (1—ﬁ(n)> n(ANUs).

j=M1+1

It follows that

u((AﬁU)\(EBﬁ): <(AﬂU2)\(' | Bj)>§(1—2N1(n))u(AﬂU2)

=1 j=Mi+1
1 2
— ANU
< ( SN (n)) 1 )
Continuing this procedure, for each k we obtain a finite collection of balls By, ..., By, so that

<AmU UB) ( %)ku(mz]).

Then the collection J = {By, By, ..., By, ...} satisfies (6.1). O

6.2 The proof of the Besicovitch theorem

The proof of this theorem proceeds in several technical steps. Step 1 is to reduce the problem
to the situation when the set A of the centers is bounded. Step 2 is to choose the balls
By, Bs,...,B,,...— this procedure is quite similar to that in Vitali’s lemma. Step 3 is to
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show that the balls we have chosen cover the set A. The last step is to to show that the
balls B, can be split into N(n) separate sub-collections Ji, k = 1,..., N(n) such that each
Ji itself is a collection of pair-wise disjoint balls. For that one has to estimate how many of
the balls By, ..., By_1 the ball By, intersects — it turns out that this number depends only on
the dimension (and not on k, the set A or anything else) and that is the number N (n) we are
looking for. The crux of the matter is in this estimate and it is not trivial.

Reduction to counting the number of balls a given ball B, may
intersect

Let us first explain why our main interest is in estimating how many of the ”preceding” balls
By, ..., B;_1 the ball By, intersects.

Lemma 6.3 Let By, Bs,...,B,,... be a countable collection F of balls in R™. Assume that
there exists M > 0 so that each ball B, intersects at most M balls out of {By, By, ..., B,_1}.
Then the collection F can be split into (M + 1) sub-collections Ji, Jo, - - ., Tv+1 So that each
Tm 1s a collection of pair-wise disjoint balls and

~ M+1 B
U B = U U B.
BeF J=1 BeJ;

Proof. Let us prepare M + 1 "baskets” Ji, Jo, ..., Ju+1. We put By, into these baskets in
the following way: B; goes into the basket J;, B, into Js, and so on until BM+1 which goes
into Jar11. After that we proceed as follows: assume the balls B, ..., By, were already put
into baskets. Take the ball B;, — by assumption only M out the M + 1 baskets may contain
a ball Bj, j =1,...,k —1 which intersects Bj,. Hence at least one basket contains no balls
which intersect By — this is the basket that By is put in (if there are several such baskets we
just put By, into one of such baskets, it does not matter which one). Then we go to the next
ball By, and so on. O

Reduction to a bounded set of centers A

Assume that we have proved the Besicovitch theorem for the situation when the set of
centers A of all balls B € F is bounded. Assume now that A is unbounded. Set D =
sup {diamB| B € F} and let

Ay=An{z: 3D(l—1) < |z| < 3DI}, I > 1,

be the sets of centers in annuli of width 3D. Then cover each A; by disjoint collections
{jl(l), ey J ]E,lgn)} of balls in F — this is possible since all A; are bounded sets. The point is

that if a ball By is in one of the collections jp(l) covering the set A;, and a ball Bs is in one of

the collections $(m) Cc_)vering the set A,, v&iith |TCL — 1| > 2, then B; and B, do not intersect.
The reason is that if By = B(x1, R;) and By = B(xs, Ry) then

@1 €{x: 3D(1—1)— D/2 < |z| < 3Dl + D/2}
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while
zg € {x: 3D(m—1)—D/2 <|z| <3Dm+ D/2},

thus, |7, — 25| > 2D > diam B, + diamB,. Therefore, if we double the number N (n) needed
to cover a bounded set we can set up the baskets as in the proof of Lemma 6.3 and cover an
unbounded set A by 2N (n) countable collections of disjoint balls.

Remark. From now on we assume that the set A is bounded.

Choosing the balls
Recall that D = sup {diamB| Be ]—"} < +00 — s0 we may choose a ball B; € F with radius

.3 D
r - =
=4 9

After that, if the balls By, k = 1,...,j — 1 have been chosen, choose B; as follows. Let

A=A\ B

be the subset of A not covered by the first (; — 1) balls. If A; = (), stop and set the counter
J = j (note that even in that case we are not done yet — the balls Bj may intersect each other
and we still have to distribute them into N(n) baskets so that balls inside each basket do not
intersect). If A; # () choose B; = B(aj,r;) such that a; € A; and

3 _
r; > Z—lsup{r: Bla,r) € F, a € Aj}.

Note that we do not care whether the ball B(aj,rj) is contained in the set A;, but only if
aj € A;. If A; # 0 for any j we set the counter J = oco.

Facts about the balls

We now prove some simple properties of the balls By, that we have chosen. First, we show
that a ball B; chosen after a ball B; can not be "much larger” than B;.

Lemma 6.4 If j > i then r; < 4r;/3.

Proof. Note that if j >4 then A; C A; — hence, the ball B; was "a candidate ball” when B;
was chosen. Thus, i
r; <sup{r: Bla,r) € F, a € A},
and so ; ;
ri > Ssup {r: Bla,r) € F, a € A} > 7,

as claimed. O )
The next lemma shows that if we shrink the balls B; by a factor of three, the resulting
balls are disjoint — without having to put them into any kind of separate sub-collections.
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Lemma 6.5 The balls B (a,r;/3) are all disjoint.

Proof. Let j > i, then the center a; is not inside the ball B; by construction as A; N B; = .
Therefore, we have |a; — a;| > r;, and using Lemma 6.4 this leads to

| > r1+2n +2 3 -I— 7"2-_'_?"]-
a; — a; rN=—=+—> =4 = r_— = > — 4 =,
J 3 3 73 3 4" 3 2 3 3

This implies that the balls B(a;,r;/3) and B(a;,7;/3) do not intersect. O
Next, we prove that if we have chosen infinitely many balls in our construction then their
radius tends to zero.

Lemma 6.6 If J = oo then lim;_, o 1; = 0.

Proof. Since A is a bounded set, all a; € A and D < +o0, the set

U (a,7;/3)

is bounded. However, all the balls B (a;,7;/3) are disjoint by Lemma 6.5 and thus

o0
Z 7] < +o0.
=1

Therefore, r; — 0 and we are done. O B
The next lemma shows that the balls B; cover the whole set A of centers of all balls in
the collection F.

Lemma 6.7 We have y
U B (aj,rj).

Proof. If J < oo this is obvious — the only reason we can stop at a finite J is if the whole set A
is covered by U‘j]:1 B(aj,r;j). Suppose J = oo and let a € A be a center of a ball B(a,r) € F.
Assume that a is not in the union |32, B(a;,r;). Lemma 6.6 implies that there exists j such

that r; < 3r/4. This is a contradiction: the point a is not in the set | J/_] B(a;,7;), hence
the ball B(a,r) was ”a candidate ball” at stage j and its radius r satisfies r > 4r,/3 — this is
impossible. Hence, no point in A can fail to be in the set U;’il B(aj,r;), and we are done. O

Estimating the ball intersections

The rest of the proof is devoted to the following proposition.

Proposition 6.8 There exists a number M, which depends only on dimension n so that each
ball By, intersects at most M, balls B; with indices j less than k.
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This proposition together with Lemma 6.3 completes the proof of the Besicovitch Theorem.
Hence, all we need to is to prove Proposition 6.8. The proof is rather technical. We will do
it in two steps. Given m € N we will split the set of preceding balls Bj, j=1...,m—1,
into the "good” ones which do not intersect B,, and the "bad” ones that do. Further, we
split the "bad” ones into ”small” (relative to B,,) and ”large” balls. Next, we will estimate
the number of small bad balls by 20". Estimating the number of "large” balls is the final and
more daunting task.
To begin we fix a positive integer m and define the set of bad preceding indices

In={j: 1<j<m-1,, BN B, #0}.
Out of these we first consider the ”small bad balls”:

Kyn=L,0{j: r; <3rp}.

Intersecting small balls

An estimate for the cardinality of K, is as follows.
Lemma 6.9 The number of elements in K, is bounded above as |K,,| < 20™.

The main point of this lemma is of course than the number 20™ depends only on the dimension
n and not on m or the collection F.

Proof. Let j € K,, — we will show that then the smaller ball B(a;,7;/3) is contained in
the stretched ball B(a,, 57,,). As Lemma 6.5 tells us that all the balls of the form B(a;,r;/3)
are disjoint, it will follow that

’
5t > L. 6.2
However, as j < k, we know from Lemma 6.4 that r; > 3r,,/4, and thus (6.2) implies that

> (1) S0 = it

5n
" An3n An

vV
N
J S

n
m

and thus |Kp,| < 20". Thus, we need to show only that if j € K, then B(aj,7;/3) C

B(ay,5ry). To see that take a point x € B(aj,7;/3), then, as B; and B,, intersect, and
rj < 31y, we have

T 4
|z — an| < |z —a;| + |a; — ap| §§]+rj+rm:grj+rm§4rm+rm§5rm.

Therefore, x € B(ay,, 57,,) and we are done. O

Intersecting large balls

Now we come to the hardest part in the proof — estimating the cardinality of the set P, =
I \ K, that is, the number of balls B; with indices j smaller than m which intersect the
ball B, = B(a,,ry,) and have a radius r; > 3r,,.
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Proposition 6.10 There exists a number L, which depends only on dimension n such that
the cardinality of the set P, satisfies |P,,| < Ly,.

We will assume without loss of generality that the center a,, = 0. The key to the proof of
Proposition 6.10 is the following lemma which shows that the balls in the set P, are sparsely
distributed in space.

Lemma 6.11 Let i,j € P,, with i # j, and let 6 be the angle between the two lines (a;,0)

and (a;,0) that connect the centers a; and a; to a,, =0. Then 6 > cos™! % =0y > 0.

Before proving this technical lemma let us finish the proof of Proposition 6.10 assuming the
statement of Lemma 6.11 holds. To this end let 7y > 0 be such that if a point x € R" lies on
the unit sphere in R”, |z| = 1, and y, 2 € B(x,7,) are two points in a (small) ball of radius
ro around x then the angle between the lines connecting the points y and z to zero is less
than 6y from Lemma 6.11. Choose L,, so that the unit sphere {|z| = 1} € R" can be covered
by L, balls of radius rg but not L, — 1. Then Lemma 6.11 implies that |P,,| < L,. Indeed,
if i,j € P, then, according to this lemma, the rays connecting a; and a; to a,, = 0 have an
angle larger than 6y between them and thus they may not intersect the same ball of radius rg
with the center on the unit sphere. Therefore, their total number is at most L,,. O

The proof of Lemma 6.11

By now the whole proof of the Besicovitch theorem was reduced to the proof of Lemma 6.11.
Let i and j be as in that lemma and assume without loss of generality that |a;| < |a;|. Let
us denote by 0 the angle between the lines (a;,0) and (a;,0). Lemma 6.11 is a consequence
of the following two lemmas. Recall that we need to prove that # can not be too small —
it is bounded from below by cos™'(61/64). The first lemma says that if # is smaller than
cos™1(5/6) then the point a; is in the ball B; (recall that we are under the assumption that
la;| < |a;]), and thus j > i.

Lemma 6.12 [f cos > 5/6 then a; € B;.

The second lemma says that if a; € B; then the angle 6 is at least cos™1(61/64) — this finishes
the proof of Lemma 6.11.

Lemma 6.13 [fa; € Bj then cosf < 61/64.

Proof of Lemma 6.12. First, we know that 4,7 < m — hence, a,, ¢ B; U Bj — this follows
from how we choose the balls B,,. As a,, = 0 this means that r; < |a;| and r; < |a;|. In
addition, the balls B,, and B; intersect, and so do the balls B,, and B;, hence |a;| < 7, + 74,
and |a;| <1, +r;. Moreover, as i,j € P,, we have r; > 3r,, and r; > 3r,,. Let us put these
facts together:

3rm <1 < |ag| <141,
3y <1 < laj| <141,
|ai| < ay.

We claim that
la; — a;| < la;| if cos@ > 5/6. (6.3)
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Indeed, assume that |a; — a;| > |a;|. Then we have

|a;|* + |a;|* — |a; — a |ai|? |ail 1
2lail|a;l = 2]agl|aj| T 2]a;| T

5
cost = < 5
which contradicts assumptions of Lemma 6.12. Therefore, |a; — a;| > |a;| is impossible and
thus |a;—a;| < |a;|. This already implies that a; € B(a;, |a;|) but we need a stronger condition
a; € B(aj,7;) (recall that r; < |a;| so the ball B(a;,r;) is smaller than B(a;, |a;])).
Assume that a; ¢ B; — we will show that this would imply that cosf < 5/6, which would
be a contradiction. As a; ¢ B;, we have r; < |a; — a;|, which, together with (6.3) gives

cosf — Jail* + la;[* — |a; — a;? _ ai " (laj| = la; — aj|)(|aj| + |a; — a;])
2[ai||a;| 2|a;] 2|as||a;|
< L (laj| — la; — a;])2|a;| < L |a;] — la; — a4 < 1 o[ —r < Lo rtrmm=m
2 2|ail|a;] 2 |a| 2 T 2 T
1o 115
-2 r, 2 3 6

This contradicts the assumption that cosf > 5/6, hence a; ¢ Bj is impossible and the proof

of Lemma 6.12 is complete. O
The last remaining step in the proof of the Besicovitch theorem is the proof of Lemma 6.13.

Proof of Lemma 6.13. First, we claim that

8lay]

0 <l|a; — aj| + |a;| — |a;] < (1 —cos®). (6.4)
As by the assumptions of Lemma 6.13 we have a; € B; we must have ¢ < j — this follows from
the way we chose the balls B;. Since i < j, we also have a; ¢ B;, and thus |a; — a;| > 7,
which implies (we also use our assumption that |a;| < |a;| in the computation below)

0 < 19— gl +lail —la| _Jai —aj +ail —[aj| | |ai — ay| + |ay| — Jas|
- |a;] - |a;] |a; — ail
Cai —a;? = (lai] = la))?  2|agl|a;](1 —cos)  2|a;|(1 — cosb)
|a;]|a; — aj] |a;l|a; — a;] |a; — aj]
< 2(r; + 1) (1 — cos 6) < 2-4r;(1 —cos0) _ 8(1 — cosb)
- T - 3r; 3 ’

so (6.4) holds. ) )
Now, we can show that cosf < 61/64. Once again, as a; € B; we have i < j and a; ¢ B,
so r; < la; —a;| <rj, and as i < j we have r; < 4r;/3. Therefore, we have

]ai—aj|+|ai|—|aj|Zn—i-n—(rj—krm):2ri—7‘j—rm22~er—rj—§]:E]
1 3 T; 1 1
=53 (1 3) 2 5l 2 gl
Returning to (6.4) it follows that
1 8la,
§|aj|§ ‘§]|(1—0089)»
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and thus cosf < 61/64. This finishes the proof of Lemma 6.13 and hence that of the Besi-
covitch theorem! O

Exercise 6.14 Find the best N(n) in dimensions n =1 and n = 2. Warning: it is not very
difficult in one dimension but not at all simple in two dimensions.

6.3 Differentiation of measures

Let 1 and v be two Radon measures defined on R™. The density of one measure with respect
to another is defined as follows.

Definition 6.15 We define

: V(B($7T)) . D,
— lim sup ——=—=, if wW(B(xz,r)) >0 for all r > 0,
Dta) = MNP u(Blar) P20
+00, if W(B(x,ro) =0 for some ry > 0,
" (B(z.r)
v(B(z,r _
lim inf ————=, if w(B(x,r)) >0 for all v > 0,
Duw) = B Be TP 20
+00, if W(B(x,ro) =0 for some ry > 0,

If Eﬂv = D, v < +oo then we say that v is differentiable with respect to p and D,v is the
density of v with respect to p.

Our immediate program is to find out when D,v exists and when v can be recovered by
integrating D,v, as with functions.

Theorem 6.16 Let ;1 and v be Radon measures on R™. Then D,v exists and is finite a.e.
Moreover, D,v is a pi-measurable function.

Proof. First, it is clear that D,v(x) in a ball B(0, R) would not change if we restrict the
measures p and v to the ball B(0,2R). Hence, we may assume without loss of generality that
the measrues p and v are both finite: u(R"),v(R") < 4o0.

Lemma 6.17 Let v and pu be two finite Radon measures on R™ and let 0 < s < +o0, then (i)

AC{zr eR": D,v < s} implies v(A) < su(A), and (i) A C {x € R": D,v > s} implies
v(A) > su(A).

Proof of Lemma 6.17. Let A be as in (i) and let U be an open set containing the set
A. Then for any ¢ > 0 and any € A we may find a sequence r,(x) — 0, as n — +o0,
such that v(B(z,,(x)) < (s + &)u(B(x,r,(x)) and B(x,r,(x)) C U. The balls B(x,r,(z)),
r € A, n € N, form a collection F satisfying the assumptions of Corollary 6.2 since v is a
finite measure. Hence, we may choose a countable sub-collection J of pairwise disjoint balls

such that
v (A\ U B) = 0.

BeJ
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It follows that

v(A) <Y w(B) < (s+e) Y u(B) < (s+e)uU).
BeJ BeJg

Taking infimum over all open sets U containing the set A we obtain that v(A) < su(A). The
proof of part (ii) is almost identical. O

Returning to the proof of Theorem 6.16 consider the set [ = {z : D,v(z) = +oo}. Then
for all s > 0 we have su(I) < v(I), which means that u(I) = 0, as v(I) < v(R") < +o0.
Moreover, for any b > a if we set Ry = {v : D,v < a <b < ﬁuu}, we have, using
Lemma 6.17:

bu(Rap) < v(Rap) < api(Rap),

thus p(Re) = 0. It follows that D,v(z) exists and is finite p-a.e. It remains to show that the
function D,v(x) is p-measurable.

Lemma 6.18 For each x € R™ and r > 0 we have limsup u(B(y,r)) < p(B(x,r)) and

Yy—x

limsup v(B(y,r)) < v(B(z,1)).

Yy—x

Proof of Lemma 6.18. Let y, — = and set f(2) = Xg(y,.»(2). We claim that

lim sup fk(z) < XB(IE,T’)(Z)' (65)

k—o0

Indeed, all we need to verify is that if 2 ¢ B(x,r) then limsup;_ ., fx(z) = 0. However,

as U = (B(z,r))¢ is an open set, and y, — z it follows that for k large enough we have
z ¢ B(yk,r), and thus (6.5) holds. It follows that

liminf(1 = fe(2) > 1= Xp@n(2),

and thus, by Fatou’s lemma, we have

[ a0 < tint [ (0 pioan

B(xz,2r) k—o0 B(x,2r)

This is nothing but

p(B(x, 2r)—p(B(z, 7)) < lim inf[pu(B(x, 2r)) —pu(B(yx, 7))] = p(B(x, 2r))—limsup u(B(yx, 7)),

k—o00 k—o0

and thus p(B(z,r)) > limsup, . u(B(yx,7)). O
All that remains to finish the proof of Theorem 6.16 is to notice that Lemma 6.18 implies

that the functions f,(x) = u(B(z,r)) and f,(z) = v(B(x,r)) are upper semi-continuous and
thus p-measurable for all » > 0 fixed. Therefore, the derivative

1 Sulwsr)
SRRy

is also p-measurable. O
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6.4 The Radon-Nikodym theorem

Definition 6.19 We say that a measure v is absolutely continuous with respect to a measure
w and write v < p if for any set A such that u(A) = 0 we have v(A) = 0.

Theorem 6.20 Let p and v be Radon measures on R"™ and assume that v is absolutely con-
tinuous with respect to p. Then for any p-measurable set A we have

V(A):/AD“V(]I)d/L. (6.6)

Proof. Let A be a p-measurable set. We claim that A is also v-measurable. Indeed, there
exists a Borel set B such that A C B and u(B\ A) = 0. As v < p it follows that v(B\ A) =0
so that B\ A is v-measurable, and, as B is a Borel set, B is also v-measurable. Writing
A=BnN(B\ A)° we see that A is, indeed, v-measurable.

Set now Z = {z : D,yv(zr) =0} and [ = {x : D,v(xr) = +oo}. Then u(I) = 0 by
Theorem 6.16 and thus v(I) = 0. Moreover, for any R > 0 we have v(Z N B(0,R)) <
su(ZN B(0, R)) for all s > 0 by Lemma 6.17. It follows that v(Z N B(0, R)) = 0 for all R > 0
and thus v(Z) = 0. Summarizing, we have

v(Z) = /Z(Duy)d,u =0, andv(l)= /I(Duy)d,u = 0. (6.7)

The rest is done with the help of Lemma 6.17. Consider a p-measurable set A, fix ¢t > 1
and decompose A as A =J'*_ A, JZ|JI, with

Ap={z: t" < Dyw(z) <t™}.

Then each A,, is a p-measurable set, hence it is also v-measurable. Moreover, as v(Z) =
v(l) =0, we have

“+oo “+o00 “+00
VA= Y ) € 3D A <Y (A <t [ (D),
m=—o0 m=—o00 m=—o00 A
and
+o0o +oo 1 +oo 1
VA = Y vlAn) 2 Y A =5 3 (A 2 ¢ [ (D

where A = J/™ A, = A\ (ZU]I). Passing to the limit ¢ — 1 and using (6.7) to replace

m=—00

A by A as the domain of integration we obtain (6.6). O

6.5 The Lebesgue decomposition

Definition 6.21 We say that two Radon measures i and v are mutually singular and write
w L v if there exists a Borel set B such that u(R"\ B) = v(B) = 0.

49



Theorem 6.22 (The Lebesque Decomposition) Let i and v be Radon measures on R™. Then
(1) there exist measures vy < p1 and vs L p so that v = v, + vy, and (it) D,v(x) = D, Vae()
and D,vs =0, both for p-a.e. x so that for each Borel set A we have

V(A) = /A (Do) + vy(A). (6.8)

Proof. As before, since both p and v are Radon measures we may assume that p(R") < oo
and v(R™) < 4o00. If one or both of these measures is not finite we would simply restrict both
p and v to balls B(0, R) and let R — +o0 at the end of the proof.

We will define v,. and v as v,. = v|p and vs = v|pe with an appropriately chosen Borel
set B. Consider the collection

F={ACR", ABorel, u(R"\ A) =0.}

The set B should be, in measure-theoretical sense, the smallest element of F. To this end
choose By, € F such that
1
< i —
v(By) < inf v(A) + 7,
and set B = (),—, By. Then

u(R™\ B) < f: (R™\ By) =0, (6.9)

and thus B € F and B is the smallest element of F in the sense that v(B) = infacx v(A).

Note that (6.9) implies that v, = v|ge is mutually singular with p. Let us show that v,. =
v|p is absolutely continuous with respect to p. Let A C R™ and assume that p(A) = 0 but
v!.(A) > 0. Take a Borel set A’ such that A C A’, and u(A’) = 0, while v,.(A") > v:.(A) >0
and consider A = BN A’. For A we still have, using (6.9),

u(A) = p(A') = w(A'n BY) =0, (6.10)

and

Vae(A) = 1ge(A) > 0. (6.11)
Now, (6.10) implies that B' = B\ A € F but (6.11) means that

v(B') = v(B) — v(A) < v(B),

which is a contradiction. Therefore, v,. is absolutely continuous with respect to pu.

Finally, let z > 0, consider the set C, = {z : D,vs > z}, and write C, = C., U C? with
C.=C.NB,C!=C,Nn B Then u(C?) = 0 since B € F, while Lemma 6.17 implies that
2p(CL) < vs(CL) < vs(B) = 0. It follows that D,vs = 0 p-a.e., which, in turn, means that
D,v = D,v,. p-a.e. Now, Theorem 6.20 implies that (6.8) holds. O
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The Lebesgue-Besicovitch theorem

Given a function f we define its average over a measurable set E with u(FE) > 0 as

][Efduz ﬁ[ﬁﬁﬁm

A trivial observation is that for a continuous function f(z) we have

][ fdy = f(z).

B(z,r)
The following generalization is much less immediately obvious.

Theorem 6.23 Let j1 be a Radon measure and assume that f € L} (R™ du), then

loc

r—0 B(z,r

lim fdu = f(z) for p-a.e. x € R™. (6.12)
)

Proof. The proof is surprisingly simple based on the Radon-Nikodym theorem. Let us
defined the measures v4 as follows. For a Borel set B we set

ve(B) = / frdp, (6.13)
B
with f, = max(f,0) and f- = max(—f,0), and for an arbitrary set A define
vi(A) =inf(ve(B): A C B, B Borel).

Then v, and v_ are Radon measures, absolutely continuous with respect to pu, thus

vi(A) = / D,vidp, v_(A) = / D,v_dp (6.14)
A A
for all p-measurable sets A. Together, (6.13) and (6.14) imply that
D,vy = fi pae. (6.15)

Indeed, consider, for instance, the set S = {z: fi(z) > Dyvy(z)} = ,cq S With
Sg={z: fi(z) — D,vi(x) > q}.

The set S, is p-measurable, and

[ (= D= ans).
thus p(S,) = 0 so that u(S) = 0 as well. Using (6.15) we get

i f =l s (B ) = v (B(a.r)] = Dy = Do = fo = f- = .

r—0 B(z,r) THOILL B iL',?")

for p-a.e. x. O
The Lebesgue-Besicovitch theorem has several interesting corollaries.
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Definition 6.24 Let f € L} (R™, du) with 1 < p < +oo. A point x is a Lebesgque point of f

loc

tim £ [£(y) — £(a)Pdu, =
=Y J B(x,r)
Corollary 6.25 Let p1 be a Radon measure on R", 1 < p < 400 and let f € L} (R" du)
with 1 < p < 400, then
lim +  [f(y) = f(z)[Pdp, =0 (6.16)
=Y J B(z,r)

for p-a.e. x € R™.

Proof. Let {; be a countable dense subset of R then for each j fixed we have

lim 1F(y) = &lPdpy = [f(x) = &I (6.17)

r—0 B(z,r)
for p-a.e. © € R". Hence, there exists a set S of full measure, u(R"\ S) = 0 so that (6.17)

holds for all j for x € S. Next, given z € S and € > 0 choose §; so that |f(z) — &P < /27,
then we have

lim sup][ |f(y) — f(x)|Pdu,

r—0 B

B(z,r)

< op-t limsup][ |f(y) — &|Pduy, + 2p11imsup][( | & — f(@)|Pdpy, <0+e=c¢,
B(x,r

r—0 B

B(z,r) r—0

and, as € > 0 is arbitrary, (6.16) holds. O
The next corollary describes the ”density” of measurable sets.

Corollary 6.26 Let E C R™ be Lebesgue measurable, then

. |B(x,r)NE|l _

lEI(I]W =1 fOT' a.e. r € E,
" Blz,r)N B

. z,r)N _

lll)I(I)W = OfOT' a.e. T ¢ E.

Proof. This follows immediately from the Lebesgue-Besicovitch theorem applied to the
function f(z) = xg(z). O

7 Signed measures

7.1 The Hahn decomposition

Definition 7.1 A signed measure v on a o-algebra B is a function defined on sets from B
that satisfies

(i) v assume only one of the values +00 and —oc.
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(1) v(0) =

(111) v (U;’il Ej> = > 2 V(E)) for any sequence Ej of disjoint sets in B and the series
converges absolutely.

Definition 7.2 A set A is positive with respect to a signed measure v if A € B and v(E) > 0
forall E C A.

Proposition 7.3 Let E be a measurable set, 0 < v(E) < +o0, then there exists a positive
set A C E with v(A) > 0.

Proof. If F is not positive we construct a sequence of sets Ay, ..., A, ... as follows. Let n; be
the smallest integer so that £ contains a subset A; with v(A4;) < —1/ny. Then, inductively,
having chosen Ay, ..., Ax_1 choose Ay as follows. Set Fy_; = E \ (Uk I A;) and let ny, be
the smallest integer so that Ej_; contains a subset @ with v(Q) < —1 /nk Finally, take
Ay, C Ey_q with v(Ay) < —1/ny. This procedure can be continued unless at some step kg the
set Ly, is positive. In that case we are done, as

ko—1

v(Ey,) = Zu (E) > 0.

On the other hand, if we never stop, we set A = E\ U2, 4;. Note that, since v(E) > 0, we

have
Z v(Aj)] < +o0,

and thus n; — +o0 as j — +oo. Moreover, A can not contain a subset S of negative measure
because in that case we would have v(S) < —1/(n; — 1) for a large enough k£ which would
give a contradiction. O

Theorem 7.4 Let v be a signed measure on X. Then there exists a positive set A and a
negative set B so that X = AJ B.

Proof. Assume that v omits the value +o0o and set A = sup{v(A) : A is a positive set}.
Choose positive sets A; such that v(A;) > A —1/j and set A = |J7Z, A;. Since A is a union
of positive sets, A is positive itself. Therefore, v(A) = v(A;) + v(A\ A4;) > A —1/j for all
j € N, and thus v(A) = A\. No subset S of the set B = A® can have positive measure for if
v(S) > 0, S contains a positive subset S" with v(S") > 0 by Proposition 7.3. Then the set
A" = AU S would be positive with v(A") > A which would contradict the definition of A.
Hence, the set B is negative. O

Corollary 7.5 Let v be a signed measure on X. There exists a pair of mutually singular
measures vt and v~ such that v =v*T —v~.

Proof. Simply decompose X = AU B as in Theorem 7.4, set vt = v|4 and v v|p and
observe that both v+ and v~ are measures (and not signed measures). O

We will denote by |v| = v + v~ the total variation of the measure v. The decomposition
v = vt — v~ shows that Radon-Nikodym theorem applies to signed measures as well, that is,
we say that v < p if u(A) = 0 implies that v7(A) = v~ (A) = 0. In that case we may use the
Radon-Nikodym theorem to write v*(S) = [, fTdu, v=(S) = [4 f~dp, and v(S) = [, fdu
with f = ft— f~.
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7.2 The Riesz Representation Theorem in L?

Recall that a linear functional F': X — R acting on a normed linear space X is bounded if
there exists a constant C' > 0 so that |F'(z)| < C||z||x for all x € X, and

[F]l = sup |F(z)].

ll=flx=1

An example of a bounded linear functional on LP(R") is
F(f)= [ [fgdz,
Rn
where g € LY(R") and ||F|| < ||g||r« — this follows from the Hélder inequality. It turns out

that for 1 < p < 400 all bounded linear functionals on LP have this form.

Theorem 7.6 Let p be a Radon measure, 1 < p < 400, and F : LP(R" du) — R be
a bounded linear functional. Then there ezists a unique function g € LI(R", du), where
1/p+1/q = 1, such that F(f) = [z f(x)g(x)dp for any function f € LP(R™ du), and
IEN = llgllze-

Proof. The proof is long but straightforward. First, we construct the only candidate for the
function g rather explicitly in terms of the functional F'. Then we check that the candidate
g lies in LI(R™, dp), and, finally, we verify that, indeed, both F(f) = [ fgdu and ||F| =

g1l 2o ap)
First, we assume that p is a finite measure: p(R") < 400 so that f = 1 lies in all

LP(R™, dp). For a p-measurable set E let us set v(E) = F(xg). The linearity and boundedness
of F', and finiteness of y imply that v is a signed measure with

(E) < I Fllllxelle < IFI(E]P < IF @] (7.1)

Let us decompose v = v+ — v~ as in Corollary 7.5, and also use the Hahn decomposition of
R™ relative to v: R™ = AU B, so that v supported in A, and v~ supported in B. Then (7.1)
implies that

vH(E) = (AN E) = [W(AN B)| < ||F|[(An E)YP < ||F|[[u(E)], (7.2)

and thus v (and also v~ by the same argument) is absolutely continuous with respect to p.
Therefore, v has the Radon-Nikodym derivative g(z)

V(E) = /E gdps,

and using (7.2) we conclude that
1|zt @y = v (R) + w7 (R") < 2|1 F | (1(R™)"7,

thus g € L'(R", du).

o4



Let us now show that g € LY(R", du), where 1/p+ 1/q = 1. It follows from the definition
of g that for any simple function ¢ which takes only finitely many values we have

F(o) = [ dodu (7.3)

Since F' is a bounded linear functional and as for 1 < p < 400 any simple function ¢ €
LP(R™ du) of the form

Y(r) = Z ajxa, ()

Jj=1

with disjoint sets A; can be approximated by

Un(e) = 3 (@)

that is, || — ¥n|lzr — 0 as N — 400, (7.3) holds for all simple functions ¢» € LP(R", du)
and not only those that take finitely many values. Assume that 1 < p < 400 and let ¢, be a
point-wise non-decreasing sequence of simple functions which take finitely many values such
that ¥n'? — |g|. Set ¢, = (¥,)"Psgn g, then

1/p
||¢n||LP = (/¢ndﬂ) s

/%wz/%Wszmewwmgﬂmmm:/mwi

1/p
= F(¢w) < |IF16alr < I ( / %du> .

1/q
( / ¢ndu> < |IF|

[ 1o < 171 (7.4

by the Monotone Convergence Theorem, hence g € LY(R", du) and || g a@n,any < ||F-
In order to finish the proof, note that, as g € LY(R", du), the linear functional

thus

It follows that

and thus

ﬂﬂz/mw
is bounded: [|G|| < ||g||za. Moreover, G(¢) = F(¢) for any simple function in LP(R™, dpu).

As simple functions are dense in this space, and both G and F are bounded functionals, it
follows that G(f) = F(f) for all f € LP(R",du), thus

Nﬁz/ﬁ@
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for all f € LP(R™,dp). Hence, ||F|| < ||g||rs, which, together with (7.4) implies that ||F|| =

gllza-
When the measure p is not finite, consider the balls B = B(0, R) and the restrictions

pr = pt| gy Define also the bounded linear functionals Fr(f) = F(fxps;). Then

[Fr(O < IFINfXRlr@an = [FI e @ dun),

so that Fj is a bounded linear functional on LP(R,dug). It follows that there exists a unique
function gr € LY(R, dug) such that

Fr(f) :/ngduR,

and ||gr|lLam.dur) = [[Frll < ||F||. We may assume without loss of generality that gr vanishes
outside of B(0, R). Given R' > R’ the natural restriction of Fg to LP(R,dug~) coincides
with Frs. Then uniqueness of the kernel g~ implies that gp/(x) = grv(x) for x € B(0, R").
Hence, we may pass to the limit R — oo and Fatou’s lemma implies that the limit g(x) is in
LY(R™, dy) with ||g]| ragnau) < || F|. Taking f = |g|%Psgn g we note that

F(f) = / 91%dp < IF I f oo any = IF 1190 Fatgn gy

which means that ||g||a@n,au) < || F]| and thus || g ze@nr,a = [|F]]-
It remains only to show that for p = 1 we have || F|| = ||g|| o (rn 4y, and it suffices to show
that || g/ Lo @n,au)y < ||F||. Take any € > 0 and consider the set
Ae ={z: |g(@)] > (1 = )llgll L~ @ram }-

Then p(A;)

> 0 so we can choose a subset B. C A with 0 < p(B.) < 4o00. Consider the
function f.(x) =

(sgn g)xB. (), then
F(f.) = /fagdu = /B lgldp > (1 = &) |9l o n,awyi(Be) = (L = )l|gll oo mr dpy || fe | 21 (R )

thus || F|| > (1 — €)||g|| Lo (n,dp)- Letting e — 0 we obtain the desired inequality. O

7.3 The Riesz representation theorem for C.(R")

Theorem 7.7 Let L: C.(R";R™) — R be a linear functional such that for each compact set
K we have
sup{L(f) : fe€ C.(R"R™), |f| <1, suppf C K} < 4o0. (7.5)

Then there exists a Radon measure g on R™ and a p-measurable function o : R™ — R™ such

that (i) |o(z)| =1 for p-a.e. x € R™, and (i) L(f) :/ (f-o)dp for all f € C.(R";R™).

Rn

Proof. Define the variation measure by
pr(V) =sup{L(f) : f € C(R"R™), [f| <1, suppf C V'}
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for open sets V' and for an arbitrary set A C R” set
w'(A) =inf{u(V): ACV, Vis open}.

Our task is to show that p and an appropriately defined function o will satisfy (i) and (ii).
We will proceed gingerly in several steps. First, we need to show that u is actually a Radon
measure. Next, for f € CF ={f € C.(R"): f > 0} we will define a functional

A(f) =sup{L(g) : g € C.(R";R™), |g] < f}. (7.6)

It turns out that A is actually a linear functional on CF(R™). Moreover, we will show that A
has an explicit form

M) = | fdp. (7.7)

RTL

The function o will come about as follows: for every unit vector e € R™, |e| = 1, we define a
linear functional A\, on C.(R™) by

Ae(f) = L(fe). (7.8)
We will extend A, to a bounded linear functional on L'(R", du) and use the Riesz represen-
tation theorem for L*(R", du) to find a function o, € L>=(R") so that

/ Joedp

for all f € LY(R",du). Finally we will set o(z) = >
basis for R™. Then for any f € C.(R™;R™ we have

=2 L ei)es) = 3 Ay (fres) = D / (f - €)%,y = / (f - o)dp,

and we would be done.

Step 1. As promised, we first show that p is a Radon measure. Let us check that pu is
a measure: we take open sets V;, j > 1, and an open set V' C U;; V;. Choose a function
g € C.(R) with |g(x)] <1 and K, = supp g C V. Since K, is a compact set, there exists k
so that K, C U?:l V. Consider smooth functions ¢; such that supp ¢; C V; and

i1 0¢;(z)e;, where e; is the standard

k

Zgj(m) =1on K,

j=1
k
Then g =} ;_, 9, so, as [g(¢;)| < 1 on Vj and supp ¢; C Vj:

k

< D IL(9G) < 3 u(Vi)

Since this is true for all functions g supported in V' with [g| < 1, we have p*(V) < > 772, p*(Vj).
Next, let A and A;, j > 1 be arbitrary sets with A C U°° A;. Given € > 0 choose open sets
Vj such that A; C V; and pi*(A;) > p*(V;) —¢/27. Then A C V :=J:2, V; and thus

H(4) i ( 5)‘”2“

nMg
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As this is true for all € > 0 we conclude that y is measure.
To see that u is a Borel measure we use the following criterion due to Caratheodory.

Lemma 7.8 Let i be a measure on R™. If p*(A|J B) = p*(A) +pu*(B) for all sets A, B C R"
with dist(A, B) > 0 then p is a Borel measure.

We postpone the proof of the Caratheodory criterion for the moment as it is not directly
related to the crux of the matter in the proof of the Riesz representation theorem.
Now, if U; and U, are two open sets such that dist(Uy, Uz) > 0 then

p (U U Uz) = p*(Ur) + p(Uz) (7.9)

simply be the definition of p. Then for any pair of sets A; and A, with dist(A;, A2) > 0 and
we can find sets V] and V, with dist(V;, V3) > 0 which contain A; and As, respectively. Then,
for any open set V' containing A; U Ay we can set Uy = VNV, Uy = VN Vs, then (7.9) implies
that
p (V) = p (Uh) + p*(Uz) = p* (A1) 4 1" (Az),

thus p*(A; U Ag) > p*(A1) + u*(Asz), and the measure p is Borel. The definition of u as
an outer measure immediately implies that ;s is Borel regular: for any set A we can choose
open sets Vj containing A such that p(V) < p*(Ax) + 1/k, then the Borel set V = (2, Vi
contains A and (V) = p*(A). Finally, (7.5) and the definition of p imply that pu(K) < +oo
for any compact set K and thus p is a Radon measure.

Step 2. Next, in order to show that A, introduced in (7.8) is a bounded linear functional,
consider first the functional A defined by (7.6) on CF(R™). Let us show that A is linear, that
is,

A fr+ f2) = A f1) + A(fa)- (7.10)

Let f1, fo € CF(R™), take arbitrary functions gy, g2 € C.(R"; R™) such that |g1| < f1, |g2] < fo
and consider g7 = gisgn(L(g1)), g5 = gosgn(L(g2)). Then |g] + gb| < fi + f2, and thus

|L(g1)| + | L(g2)] = L(g1) + L(95) = L(g} + g5) < A(f1 + f2).
It follows that

A(f1) + A(f2) S Afr + fa), (7.11)

so that A is super-linear. On the other hand, given g € C.(R™;R™) such that |g| < f1 + f2
we may set, for j = 1,2:

fitz)g(x) .
0i(@) = { ey @)+ ) >0
; if fi(z) + f2(z) =0.
It is easy to check that g; and g, are continuous functions with compact support. Then, as
g = 0 where f; + fo =0, we have g = g1 + ¢, and |g;(z)| < fj(x), j = 1,2, for all z € R. It
follows that
[L(9)| < [L(g1)] 4 |L(g2)| < A(f1) + A(f2),

thus A(f1 + f2) < A(f1) + A(f2), which, together with (7.11) implies (7.10).
Step 3. The next step is to show that A has the explicit form (7.7).
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Lemma 7.9 For any function f € CH(R™) we have

A(f) = / fn (7.12)

Proof. Given f € CIF(R") choose a partition 0 = tq < t; < ... < ty = 2Hf||Loo with
0 <t;—t_1 <eandso that u(f~'{t;}) =0for j =1,...,N. Set U; = f~'(¢;_1,t;), then
U, is a bounded open set, hence p(U;) < co. As p is a Radon measure, there exist compact
sets K; C U; with u(U; \ K;) < ¢/N. There also exist functions g; € C.(R";R™) with
lg;| < 1, supp ¢g; C Uj, and |L(g;)| > 1(U;) —e/N, as well as funcions h; € CF(R"™) such that
supp h; C U;, 0 < h; < 1 and h; =1 on the compact set K; Usupp g;. Then h; > |g;| and
thus /\( i) > |L(g;)] > u(U )—5/]\7 while A(h;) < u(Uj) since supp h; C U; and 0 <h; <L
Summarizing, we have

u(U;) = = < Mhy) < p(Uy),

Consider the open set
N

A={o: f@)(1- hyw) >0},

j=1
then

u(A) = p (U(Uj \ {h; = 1}> <Y U\ K;) <e

J=1

This gives an estimate

MF = £ Y h) =sup {IL(9)] : g € CRMR™),[g] < £(1 =D h) ]

j=1

<sup{|L(g)] : g€ CUBRME™).lgl < [ flliwxa } = 7 lies(4) < .
It follows that v
Z (fhy) +ellflljz= < ZW ) +ellflline
j=1 7=1

and

N N N
> DM 2 Dt (wlU) = ) = Y teaplU3) = 22
j=1 = j=1

As a consequence,

N

‘A(f) - /n fdu‘ <Y (ty = ti-)p(U;) + 3¢ fllj < ep(suppf) + 3| f |z,

J=1

and thus (7.12) holds. O
Step 4. We now construct the function o.

59



Lemma 7.10 There exists a p-measurable function o : R™ — R™ such that

L) = [ (7-on (7.13)

Proof. For a fixed vector e € R” with |e| = 1 and f € C.(R") define A\.(f) = L(fe), Then
Ae is a linear functional on C.(R™) and

[Ae(N)] <sup{|L(g)] : g € Ce(R™R™), [g] < [f[} < A(f]) = [ [fldp. (7.14)

RTL

Thus, A, can be extended to a bounded linear functional on L'(R™, du), hence by the Riesz
representation theorem for LP-spaces there exists o, € L>(R™, du) such that

Ae(f) = | foedp. (7.15)

R’I’L

Moreover, (7.14) implies that, as a bounded linear functional on L'(R", du), A, has the norm
| Aell < 1. Therefore, ||oc||poomn,au < 1 as well. Setting

m
o= E Te; €5,
Jj=1

where ¢e; is the standard basis in R™ we obtain

m

L) = U e =3 [ (7 eondu= [ (7-o)in

Jj=1

which is (7.13). O
Step 5. The last step is

Lemma 7.11 The function o defined above satisfies |o| =1 p-a.e.

Proof. Let U be an open set, pu(U) < 400 and set o'(z) = o(z)/|o(z)| where o(z) # 0, and
o'(x) = 0 where o(z) = 0. Using Theorem 2.3 and Corollary 2.9 we may find a compact set
K; C U such that u(U \ K;) < 1/j and ¢’ is continuous on K. Then we can extend o’ to
a continuous function f; on all of R™ so that |f;| < 1. Next, since K is a proper compact
subset of an open set U we can find a cut-off function h; € C.(R") such that 0 < h; < 1,
hj =1on K; CU, and h; = 0 outside of U. This produces a sequence of functions g; = f;h;
such that |g;| <1, supp g; € U and g¢; - 0 — |o| in probability on U. Using Proposition 3.13
we may pass to a subsequence j; — +00 so that g;, -0 — |o| p-a.e. in U. Then, as |g;| <1,
lo| < v/m and p(U) < +00, bounded convergence theorem implies that

[ ol = tim [ (g5 o)d = Jim Ligy) < (0, (7.16)

— 400

by the definition of the measure . On the other hand, for any function f € C.(R";R™)
supported inside U with |f| <1 we have

1) = [ (- odn< [ loldn
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thus
U)§/|a\du. (7.17)
U

Putting (7.16) and (7.17) together we conclude that |o| = 1 p-a.e. in U.
Step 6. Finally, we prove the Caratheodory criterion, Lemma 7.8. Let p satisfy the
assumptions of this lemma and let C' be a closed set. We need to show that for any set A

W) = 1 (ANC) + 1 (AN C). (7.18)
If p*(A) = +o0 this is trivial so we assume that p*(A) < +o00. Define the sets
C, ={z e R": dist(z,C) < 1/n}.

Then the distance dist(A \ C,, AN C) > 1/n, thus, by the assumption of Lemma 7.8,

p(ANCy) + p(ANC) = ((A\ Cn) U (ANC)) < p*(A). (7.19)
We claim that
Jim p7 (AN Cn) = p*(AN O). (7.20)

Indeed, consider the annuli

1
Ry, = {:CEA el < dist(z,C) <

j

As C is closed, we have R"\ C' = |J,=, Ri. Moreover, dist(Ry, R;) > 0 if [k — j| > 2, hence

iﬂ*(ng) = u*< Lmj R2k> < 1 (A),

k=1

?vl»—

and

ij: (Rok—1) = p <LmJRQk; 1) < u*(A),

k=1
both for all m > 1. It follows that >~ u*(R;) < +o0. In that case

(A\C) = (A\ Cy) U(URk)

thus
pHANC,) < pf(A\C) < p (AN C) + i (Re),

and (7.20) follows. Passing to the limit n — 400 in (7.19) with the help of (7.20) we obtain
(7.18). Therefore, all closed sets are p-measurable, thus the measure p is Borel. O
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8 The Fourier transform on the circle

8.1 Pointwise convergence on S'

Given a function f € L'(S') (here S! is the unit circle), or equivalently, a periodic function
f € L0, 1], we define the Fourier coefficients, for k € Z:

f(k) = / f(@)e 2k g

Trivially, we have | f(k)| < ||f||z: for all k € Z. The Riemann-Lebesgue lemma shows that an
L'-signal can not have too much high-frequency content and f(k) have to decay for large k.

Lemma 8.1 (The Riemann-Lebesgue lemma) If f € LY(SY) then f(k) — 0 as k — +oc.
Proof. Note that

1 1 1
R . . 1 4
flk) = / f(z)e 2™k dy = —/ f(x)e~2rik(@+1/(2k) gy — —/ flx — —2k)6*2””“"”dx,
0 0 0

and thus

As a consequence, we have

. 1 /[t
o< |

hence f(k) — 0 as k — 4oc0. O
A simple implication of the Riemann-Lebesgue lemma is that

f@) = fle—57)

/01 f(z)sin(mx)dx — 0

as m — oo for any f € L'(S!). Indeed, for m = 2k this is an immediate corollary of
Lemma 8.1, while for an odd m = 2k + 1 we would simply write

1 1
/ f(x)em'@k-‘rl)xdx — / f(x)eWiIQQkadaj,
0 0

and apply this lemma to f(z) = f(x)e™™.
In order to investigate convergence of the Fourier series

io: f'(k)e%rikz

k=—o00

let us introduce the partial sums

N
Sxfla)= 3 Jlk)ere.
k=—N
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A convenient way to represent Sy f is by writing it as a convolution:

Snf(z) = /0 f£) > et = /0 Flz —t)Dy(t)dt.

k=—N

Here the Dini kernel is

N ) ) . . ) e2mi2N+1)E
DN(t) _ Z e27mkt _ e—27ert(1 + 62mt + e47rzt 4.+ e47r2Nt> _ 6—271'2NtW
k=—N
627Ti(N+1/2)t _ e—27ri(N+1/2)t sm((2N 4 1)7Tt)

emit — e—mit B sin(7t)

The definition of the Dini kernel as a sum of exponentials implies immediately that

/1 Dy(t)dt =1 (8.1)

for all N, while the expression in terms of sines shows that

[Dn(t)] <

< < .
~ sin(md)’ o< ftl=1/2

The ”problem” with the Dini kernel is that its L'-norm is not uniformly bounded in N.
Indeed, consider

1/2
Ly = / D (8)]dt. (8.2)
~1/2
Let us show that
lim Ly = +o0. (8.3)
N——+4o00

We compute:

1/2 | o 1/2 .
I — 2/ |sin((2N + 1)7Tt)|dt > 2/ |sin((2N + 1)7Tt)|dt
0 0

| sin 7rt| |rt]

N+1/2 |
dt — 2/ deou)
0

T

1
sinwt it

1/2
— 2/0 |sin((2N + 1)mt)|

>ENZI/1|Sm—m|dt+O(1)>Clo N+ 0O(1)
_7Tk0 o t+k - & ’

which implies (8.3). This means that, first, the sequence Dy does not form an approximation
of the delta function in the usual sense, that is Dy does not behave like a kernel of the form
on(t) = No(Nt), with ¢ € L'(S'), and, second, that (8.1) holds because of cancellation
of many oscillatory terms, and not because Dy is uniformly bounded in L!(S'). These
oscillations may cause difficulties in the convergence of the Fourier series.
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Convergence of the Fourier series for regular functions

Nevertheless, for "reasonably regular” functions the Fourier series converges and Dini’s crite-
rion for the convergence of the Fourier series is as follows.

Theorem 8.2 (Dini’s criterion) Let f € L'(S) satisfy the following condition at the point x:

there exists 6 > 0 so that
/ flx+1) = f(z)
|t <6 t

then limy_.o Sy f(z) = f(z).

Proof. Let § > 0 be as in (8.4). It follows from the normalization (8.1) that

dt < 400, (8.4)

1/2
Suf(@) - fla) = [ e =0 = sIDy ey (8.5)
B o)~ F(a sin((2N + 1)7t) ) (s sin((2N + 1)7t)
g |/ o =8) = F) dt+é<t|[1/2[f( RO e X

Consider the first term above (with the change of variables t — (—t)):

_ ) — (e sin((2N + 1)7t) B 1/2 o )
" _AK&U(I o= @) sin(t) dt_/_l/ggr(t) (2N + 1)7t)dt,

with
flz+t) = fz)

sin(7rt)

Yz (t) =

Assumption (8.4) means that, as a function of the variable ¢, and for = fixed, g, € L'(S!).
The Riemann-Lebesgue lemma implies then that I; — 0 as N — +oo. The second term in
(8.5) is treated similarly: the function

r4(t) = flz ;zzﬁ_t)f(x)stuglm] (t)

X[=5,6)(t)-

is uniformly bounded by a constant C'(0) which depends on ¢, thus the Riemann-Lebesgue
lemma, once again, implies that

I = /|1526 g:(t)sin((2N + 1)wt)dt,

vanishes as N — 0 with 0 > 0 fixed. O
Another criterion for the convergence of the Fourier series was given by Jordan:

Theorem 8.3 (Jordan’s criterion) If f has bounded variation on some interval (x — &,z +0)
around the point x then

lim Sy f(r) = 3 [f() + fa)] (5.6

N—+400
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Proof. Let us set + = 0 for convenience. As f has a bounded variation on the interval
(—0,9), it is equal to the difference of two monotonic functions, and we can assume without
loss of generality that f is monotonic on (—d,6), and also that f(0%) = 0. Let us write

1/2

1/2
Snf(0) = f(=t)Dy(t)dt :/0 [f () + f(=1)| D (t)dt.

~1/2
Given € > 0 choose § > 0 so that 0 < f(t) < € for all t € (0,9), then the first term above may
be split as

1/2 1/2

F(0) D ()t = /0 T 0D+ [ D@t = 1+ 11,

0 é

Then
1/2
1= [ f0 Dyt — 0
)

exactly for the same reason as in the corresponding term I, in the proof of Theorem 8.2, since
the function g(t) = f(t)/sin(nt) is uniformly bounded on the interval [d,1/2].

In order to treat I; we recall the following basic fact: if h is an increasing function on [a, b
and ¢ is continuous on [a, b] then there exists a point ¢ € (a, b) such that

/abh(x)¢ /¢ Vdz + h(a,) / o( (8.7)

To see that such ¢ € (a,b) exists define a function

b) / () + h(as) IR
) | ey > / " h(e)p(z)de,

n(b) = h(as) / ola)de < / h()(x)dz,

thus there exists ¢ € [a,b] as in (8.7). Therefore, as f(0") = 0, we have, with some ¢ € (0, 9):

Il = / F(ODu(B)dt = £(5) /  Da(t)dt

" in(m(2N £ 1)) [ L i} dt‘ +

sinwt Tt

M -
/ sin(rt) dt‘ — C < +oo,
0

7t

then 7 is continuous and

while

and

[ o <]
/ 1
—Jo

sinwt  wt

7t

dt + sup
M>0
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with the constant C' > 0 independent of §. It follows that |II;| < Ce for all N € N. This
shows that for a monotonic function f:

/
/1 Qf(t)DN(t)dt — f(07), as N — +oo0.
0

A change of variables ¢ — (—t) shows that then for a monotonic function f we also have:

1/2
/0 F(=H)Dx(t)dt — F(07),
and (8.6) follows. O

The localization principle

The Fourier coefficients are defined non-locally, nevertheless it turns out that if two functions
coincide in an interval (z —J, 2+ ) then the sums of the corresponding Fourier series coincide
at the point x. More precisely, we have the following.

Theorem 8.4 (Localization theorem) Let f € L*(S') and assume that f =0 on an interval
(x —6,x+6). Then
lim Sy(z) = 0.

N—oo

Proof. Under the assumptions of Theorem 8.4 we have
Sy f(z) = / F — ) D (£)dt = / g (1) sin((2N + 1)) dt,
s<t<1

where the function A .
x JR—

L (t) = —F——=

9:(t) sin(7rt)

is in L'(S') as a function of ¢ for each x fixed, because of the cut-off around ¢ = 0. It follows
from the Riemann-Lebesgue lemma that Sy f(z) — 0 as N — +oo. O

Xs<p<1(t)

The du Bois-Raymond example

In 1873, surprisingly, du Bois-Raymond proved that the Fourier series of a continuous function
may diverge at a point. In order to prove his theorem we need first a result from functional
analysis.

Theorem 8.5 (Banach-Steinhaus theorem) Let X be a Banach space, Y a normed vector
space and let {T,} be a family of bounded linear operators X — Y. Then either sup, || Ta| <
+00, or there exists © € X so that sup,, ||Taz|ly = +00.

Proof. Let ¢(z) = sup, ||Twz|ly and let V,, = {x € X : ¢(x) > n}. Each function
da(z) = ||Ts(x)||y is continuous on X, thus the set V}, is a union of open sets, hence V,, itself
is open. Let us assume that Vy is not dense in X for some N. Then there exists zo € X and
r > 0 such that ||x|| < r implies that xo+x ¢ V. Therefore, ¢(zo+2) < N for all such x, thus
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|To(zo+2)|ly < N forall z € B(0,r) and all a. As a consequence, ||T,|| < (||Tazolly +N)/r
for all a.

On the other hand, if all sets Vi are dense, then Baire Category Theorem implies that the
intersection V = M,—, Vs, is not empty. In that case taking z, € V we observe that for any
n there exists a, with || T, zolly > n = (n/||zollx)||®ollx, thus || Ty, || > n/||zo|lx and thus
sup, || 7| = +o0. O

Theorem 8.6 There exists a continuous function f € C(S') so that its Fourier series di-
verges at x = 0.

Proof. Let X = C(S') and Y = C, and define Ty : X — Y by

1/2

Tnf=Snf(0)= f(t)Dn(t)dt

~1/2
Then
1/2
Tl < Ly = [ Do)l
~1/2
and, moreover, as Dy changes sign only finitely many times, we may construct a sequence

of continuous functions f such that f¥ — [Dy| pointwise as j — oo, |f¥] < 1 and
I Tn f¥| > Ly — 1/j. It follows that ||Ty|| = Ly. Recall (see (8.3)) that

lim Ly = +o0. (8.8)
N—+o0

With (8.8) in hand we may use the Banach-Steinhaus theorem to conclude that there exists
f € C(S') such that |Syf(0)] — +00 as N — +oo. O

Kolmogorov showed in 1926 that an L!-function may have a Fourier series that diverges at
every point. Then Carelson in 1965 proved that the Fourier series of an L?-function converges
almost everywhere and then Hunt improved this result to an arbitrary L for p > 1.

8.2 Approximation by trigonometric polynomials
The Cesaro sums

In order to ”improve’ the convergence of the Fourier series consider the corresponding Cesaro
sums

ot (@) = 5 > S (r) = / F(t) Fx(x — t)dt

where Fly is the Fejér kernel

Fy(t) = —— 3" Dy(t) = Z sin(m(2k + 1)¢) sin(rt)

— T 1;sin2(7rt) Z [cos(2mkt) — cos(2m(k + 1)t]
_ 1 1 sin®(7(N +1)t)
= AN L D) [1—cos(2m(N + 1)t] = N7l sl
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The definition and explicit form of Fjy show that, unlike the Dini kernel, Fy is non-negative

and has L'-norm

/1 Fy(0)|dt = 1.

Moreover, its mass outside of any finite interval around zero vanishes as N — +o00:

lim Fn(t)dt =0 for any 6 > 0.
N—oo [s<|t|<1/2

This improvement is reflected in the following approxtmation theorem.

Theorem 8.7 Let f € LP(SY), 1 < p < oo, then
L
Moreover, if f € C(S"), then
Jim flonf = fllog = 0.
Proof. We use the Minkowski inequality, with the notation fi(z) = f(z —t):
1/2
o (@) = @) = [ [f =) = )P,

1/2
thus

lowf = fll, < /

-1

1/

[t| <o o<[t|<1/2
= I3 + 115
Recall that, for f € LP(S'), with 1 < p < +o0o we have
|fe — flp = 0ast—0.

(8.9)

(8.10)

(8.11)

(8.12)

2
0= Sl Fwde = [ 5= flEodes [ 5= FlEs(o
/2

(8.13)

Hence, in order to estimate the first term above, given € > 0, we may choose ¢ so small that

| fe — fllp < e forallt € (—4,9),
then
1/2
1% ] <5/ Fn(t)dt =¢.

1/2
Given such 0 we choose N. so large that for all N > N, we have

/ Fr(t)dt < e.
s<lil<1/2

(8.14)

This is possible because of (8.10). The second term in (8.13) may then be estimated as

<2l [ Pt <2,

<[t<1/2

Now, (8.11) follows. in order to prove (8.12) all we need to do is replace (8.14) with the

corresponding estimate in C(S') and repeat the above argument. O

Theorem 8.7 has a couple of useful corollaries. First, it shows that the trigonometric

polynomials are dense in LP(S'):
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Corollary 8.8 Trigonometric polynomials are dense in LP(S') for any p € [1,+00).

Proof. This follows immediately from (8.11) since each oy f is a trigonometric polynomial,

for all N and f. O

Corollary 8.9 (The Parceval identity) The map f — f is an isometry between L*(S') and
12

Proof. The trigonometric exponentials {e*"**} k € Z, form an orthonormal set in L*(S'),
which is complete by Corollary 8.8, hence they form a basis of L*(S') and the Fourier coeffi-
cients of f € L*(S') are the coefficients in the expansion

fla) =" f(k)e**,
keZ
so that

SO ) = / (@) Pde, (8.15)

keZ
by the standard Hilbrt space theory used here for L*(S'). O

Corollary 8.10 Let f € L*(S), then ||Syf — fll2 — 0 as N — +o0.
Proof. This is a consequence of Corollary 8.9:
1SwF = FIZ = ISwFIB + 1FI2 = 2(Sn f, £) = ISwAIB + £ = 2(Sw f, S /)
= [I£1* = [ISn fll3 = 0,

as N — +o0 by (8.15). O
Another useful immediate consequence if Theorem 8.7 is

Corollary 8.11 Let f € L*(S') be such that f(k) =0 for all k € Z. Then f = 0.

Ergodicity of irrational rotations

Corollary 8.11 itself has an interesting implication. Let T, : S — S' be a shift by a number
a: To(z) = (r + a)mod 1. The map T, is invertible and preserves the Lebesgue measure:
m(R) = m(T,(R)) for any Lebesgue measurable set R C S'. It turns out that for « ¢ Q
this map is ergodic, that is, if R C S! is an invariant set of T,, that is, if T,(R) = R, and
R is measurable, then either m(R) = 1 or m(R) = 0. Indeed, let a be irrational and R be a
T,-invariant set. Then the characteristic function yg of the set E is also invariant, that is,
X%(z) == xr(r + a) = xr(z). (8.16)

On the other hand, the Fourier transform of x% is
1 1
Xr(k) = / Xr(w + a)e 0 dy = / Xr(x)e 2D de = (k) e*mre,
0 0
Comparing this to (8.16) we see that
XR(k,)e%m’ka — )A(R(k)
for all k € Z, which, as « is irrational, implies that yg(k) = 0 for all & # 0, hence xg is

equal almost everywhere to a constant. This constant can be equal only to zero or one. In
the former case R has measure zero, in the latter its measure is equal to one.
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9 The Fourier transform in R"

Given an L'(R")-function f its Fourier transform is

i) = / f(x)e 2y

Then, obviously, f € L®(R"), with ||f|z < ||f||z:. Moreover, the function f(€) is continu-
ous:

F6) = 5(€) = [ ) (e3¢ 2 ) o -

as & — &, by the Lebesgue dominated convergence theorem since f € L*(R™). The Riemann-
Lebesegue lemma is easily generalized to the Fourier transform on R", and

Jim f(g) =0.

9.1 The Schwartz class S(R")

For a smooth compactly supported function f € C°(R") we have the following remarkable
algebraic relations between taking derivatives and multiplying by polynomials:

af

o (€) = 2mig f(9), (9.1)
and )
N of

(=2mi)(;1)(€) = 5¢-(€). (92)

This motivates the following definition.

Definition 9.1 The Schwartz class S(R™) consists of functions f such that for any pair of
multi-indices o and (3

Pas(f) = sup [z*D° f(z)| < +o0.

As C°(R™) lies inside the Schwartz class, the Schwartz functions are dense in L'(R™).
Convergence in S(R™) is defined as follows: a sequence ¢, — 0 in S(R™) if

Jim pas(or) =0 (9:3)
for all multi-indices «, 3. Note that if ¢, — 0 in S(R"), then all functions
(@) = 2° D¢ ()

converge to zero as k — 400 not only in L>°(R") (which is directly implied by (9.3)) but also
in any LP(R"), 1 < p < +00 because

|waﬁ|pd$ < ]wo‘ﬁ\pdx +2 de < Crlpasl? +2C" | P
’ " S " w>1 1+ |z = YnlPag nlPa/Bl"

with o/ = a + (n+ 1)/p and the constants C,, and C), that depend only on the dimension n.
The main reason to introduce the Schwartz class is the following theorem.
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Theorem 9.2 The Fourier transform is a continuous map S(R") — S(R™) such that

[ @iz = [ f)g@r (9.4

and

fo) = [ Fleermesac (95
for all f,g € S(R™).
Proof. We begin with a lemma that is one of the cornerstones of the probability theory.
Lemma 9.3 Let f(x) = e ™7 then f(z) = f(z).

Proof. First, as
— 2 _ 2 _ 2
f(x) = el emmleal® - pmmlenl®

so that both f and f factor into a product of functions of one variable, it suffices to consider
the case n = 1. The proof is a glimpse of how useful the Fourier transform is for differential
equations and vice versa: the function f(x) satisfies an ordinary differential equation

u' + 2zu = 0, (9.6)

with the boundary condition u(0) = 1. However, relations (9.1) and (9.2) together with (9.6)
imply that f satisfies the same differential equation (9.6), with the same boundary condition

A

f(0) = 0. It follows that f(z) = f(z) for all z € R. O
We continue with the proof of Theorem 9.2. Relations (9.1) and (9.2) imply that if f, — 0
in S(R™) then for any pair of multi-indices «,

sup [£°D7 f(€)] < C|[D* (2" fi)l|r — 0,

reR™

thus f, — 0 in S(R") as well, hence the Fourier transform is a continuous map S — S.
The Parceval identity can be verified directly using Fubini’s theorem:

| J@g@)dr= | f@)g(©e T deds = | [(©)g(€)de.

R2n Rn

Finally, we prove the inversion formula using a rescaling argument. Let f, g € S(R™) then
for any A > 0 we have

Wit = [ s = [ o= [ g (5)de

Rn R2n

Multiplying by A™ and changing variables on the left side we obtain

(3 ae= [ fe (g) de.

Letting now A — oo using the Lebesgue dominated convergence theorem gives

10) [ aards =00) [ Fepic (0.7

R

71



for all functions f and g in S(R"). Taking g(z) = e ™ in (9.7) and using Lemma 9.3 leads
to

f(0) = . f()de. (9.8)

The inversion formula (9.5) now follows if we apply (9.8) to a shifted function f,(z) = f(z+vy),
because
W& = | flaty)e ™ de = STV (Q),
so that
fW) =50 = | Ode= [ (e,
which is (9.5). O

The Schwartz distributions

Definition 9.4 The space S'(R™) of Schwartz distirbutions is the space of linear functionals
T on S(R™) such that T(¢y) — 0 for all sequences ¢, — 0 in S(R™).

Theorem 9.2 allows us to extend the Fourier transform to distributions in S'(R™) by setting
T(f) =T(f) for T € S'(R") and f € S(R™). The fact that T'(f;) — 0 for all sequences f; — 0
in S(R™) follows from the continuity of the Fourier transform as a map S(R") — S(R™), hence
T is a Schwartz distribution for all T € &'(R"). For example, if &, is the Schwartz distribution
such that do(f) = f(0), f € S(R™), then

~

d0o(f) = f(0)= [ flx)dz,

]Rn

so that 6(€) = 1 for all € € R™.

Similarly, since differentiation is a continuous map S(R") — S(R™), we may define the

distributional derivative as - of
il — 7 =L
8ZE j (f) (8x j ) ’

for all T'e S'(R") and f € S(R™) — the minus sign here comes from the integration by parts
formula, for if T" happens to have the form

1,6)= | f@gl)da.

with a given g € S(R"), then

7(50) = | st = [ a5t @

!/

For instance, in one dimension dy(x) = 1/2(sgn(x))’ in the distributional sense because for

any function f € S(R) we have

(sgn)’, f) = —(sen, f') = — / sen(z) f/(x)dz = / f'(@)dz ~ / f(@)de = 2£(0) = 260, f).

72



9.2 The law of large numbers and the central limit theorem

The law of large numbers and the central limit theorem deal with the question of how a
sum of the large number of identically distributed random variables behaves. We will not
discuss them here in great detail but simply explain how the Fourier transform is useful in
this problem. Let X be a sequence of real-valued independent, identically distributed random
variables with mean zero and finite variance:

E(X,) =0, E(X2) =D < +oo. (9.9)

Let us define X4 Xt L x
Zy =t 12 o (9.10)
n

Recall that if X and Y are two random variables with probability densities px and py, that

E(/(X)) = / f(@)px(@)dr, E(f(X)) = / J(@)py (@)de

then the sum Z = X + Y has the probability density

pa(x) = (px % py)(x) = / px( — y)py (v)dy.

On the other hand, if X has a probability density px, the variable X, = X/\ satisfies

P(X) € A) = P(X € \),

/APXA(I')CII = //\Ap(:r;)dx,

which means that px, (z) = Ap(A\z).
Going back to the averaged sum Z,, in (9.10) it follows that its probability density is

so that

pu(x) = n[px *px *...px] (nx),

with the convolution above taken n times. The Fourier transform of a convolution has a
simple form

F*9)(e / FW)gle — y)e " dudy = / F)g(2)e T E D dzdy = FE)5(6). (9.11)

Hence, the Fourier transform of p,, is



we have px(0) = 1. Since X has mean zero,

Py (0) = —2mi / xpx (z)dz =0, (9.12)
R
and the second derivative at zero is
P (0) = (—2mi)? / *px (z)dx = —47*D. (9.13)
R

We can now compute, with the help of (9.12) and (9.13), for any £ € R:

27r2D|§|2>n _

n2

lim p,(£) = lim (1

n—oo n—oo

As a consequence, for any test function f € S(R) we have

Mﬂawz/V@mmwxz4f@m@ﬂ¢ﬁéf@%=fm»

Thus, the random variable Z, converges in law to a non-random value Z = 0. This is the
weak law of large numbers.

In order to get a non-trivial limit for a sum of random variables we consider ”the central
limit scaling”:

Xi+Xo+...+ X,
vn '

As we did for Z,,, we may compute the probability density ¢, for R,:

qn(7) = \/ﬁ[px *Px % ... Dx] (\/593),

o= ()

We may also compute, point-wise in & € R” the limit

2 2\
- )
n

R, =
and its Fourier transform is

lim ¢,(¢) = lim (1

n—oo n—oo

which is now non-trivial. This means that, say, for any function f(z) € C.(R) we have

EUWO%%/f®e%@W&,

thus R, converges in law to a random variable with the Gaussian probability density

—|&12/(2D
q(x) :/627ri£-:v6—27r2D§|2d§:/627Ti§~z/\/27rD6—7r|§2 dg§ _ e~ KIP/ ).
vV 2rD V2rD

This is the central limit theorem.
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9.3 Interpolation in LP-spaces

A simple example of an interpolation inequality is a bound that tells us that a function f
which lies in two spaces LP°(R", du) and LP*(R™, du) has to lie also in all intermediate spaces
LP(R™, dp) with pp < p < py. Indeed, if p = apy + (1 — a)p1, 0 < a < 1, then, by Hoélder’s

inequality,
« l—a
Jureeieman < ([irran) (fiora)

The Riesz-Thorin interpolation theorem

The Riesz-Thorin interpolation theorem deals with the following question, somewhat moti-
vated by above. Let (M, u) and (N,v) be two measure spaces and consider an operator A
which maps LP°(M) to a space L®(N), and also LP*(M) to a space L?(N). More precisely,
there exist operators Ay : LP°(M) — L®(N) and A; : LP*(M) — L% (N) sothat A = Ay = A,
on LP(M) N LP*(N). The question is whether A can be defined on LP(M) with py < p < p1,
and what is its target space. Let us define p; € (po,p1) and ¢; € (qo, ¢1) by

1 t 1—-t 1 t 1-1

—=—+ , —=—+
ygs y41 DPo qt q1 qo

0<t<l, (9.14)

as well as
ko = [ Allroany—roo vy, k1 = | Al 2o (a)— o ().

Theorem 9.5 (The Riesz-Thorin interpolation theorem) For any t € [0,1] there exists a
bounded linear operator Ay : LP*(M) — L%(N) that coincides with A on LP°(M) N LP* (M)
and whose operator norm satisfies

[ Al e ay—rae vy < g kL. (9.15)

Before proving the Riesz-Thorin interpolation theorem we mention some of its implications.
We already know that the Fourier transform maps L'(R") to L>°(R™) and L*(R") to itself.
This allows us to extend the Fourier transform to all intermediate spaces LP(R") with 1 <
p<2

Corollary 9.6 (The Hausdorff-Young inequality) If f € LP(R™) then its Fourier transform
N / . 1 ]. A
f e LP(R™) with p + P Land ||fllr < | flle-

Proof. We take py = 1, p1 = 2, g9 = 00, ¢4 = 2. Then for any t € [0, 1] the corresponding p;
and ¢; are given by
R S G
pe 1 2 2" q 2
which means that 1/p,+1/q, = 1, as claimed. Furthermore, as ||f||z2 = ||f|| .2 by the Parceval
identity and || f]|e < ||f]lz1, it follows that || f||zr—pe < 1. O

The next corollary allows to estimate convolutions.
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Corollary 9.7 Let f € LP(R") and g € LY(R"), then f*g € L"(R™), and

1f > gllr < N flleellgllLs, (9.16)

with ] 11
e (9.17)

r P q

Proof. We do this in two steps. First, fix g € L'(R"). Obviously, we have

1 * gl < / |f (@ = y)llg()ldydz = || fll [l s, (9.18)
and
1f > gllzee < ([ fllzeellgllzr- (9.19)
The Riesz-Thorin theorem applied to the map f — f * g implies then that
1f *glle < llgllel[ fllze, (9.20)

which is a special case of (9.16) with ¢ = 1 and = p. On the other hand, Hélder’s inequality

implies that
1 1
1 % glleee < ([ flleellgll Lo PRI (9.21)

Let us take pg = 1, g9 = p, p1 = p’ and ¢; = oo in the Riesz-Thorin interpolation theorem
applied to the mapping g — f x g, with f fixed. Then (9.20) and (9.21) imply that, for all
t €10,1],

1 > gllr < 1 fllzellgl Lo,

with

I 1 11—t t

q m 1 p’
and

1 1 1—t¢ t

_:_:—+_

r qt p o0

It follows that ¢t = 1 — p/r, thus

L _q_Pyytg_p_p _hgor
c=1-a-Da-h=Lra- o

which is (9.17). O
The next example arises in microlocal analysis. Given a function a(z,¢) € S(R*") we
define a semiclassical operator

A(r,eD)f = / 0 r, 2€) F(€)d.

Corollary 9.8 The family of operators A(x,eD), 0 < e < 1, is uniformly bounded from any
LP(R™), 1 < p < +o0, to itself.
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Proof. Let us write
A(x,eD)f = / P (2, o€) f(€)dE = / AETEEYG (1 ) F(¢)dEdy = / (2, 9)f (e+ey)dy,

where a(x,y) is the Fourier transform of the function a(z,§) in the variable £. It follows that

[A(z,eD) fllzee < [If|lze sup / a(z,y)|dy = Cr(a)|| fllLe,
rxeR™
and

JA(z,eD) || < / @, )| f @+ ey)ldyde < / (sup [a(z y))| (@ + ey)|dydz

z€R"

= 1l / (sup [a(z,y))dy = Co(a)|| 1.

ZGR"
The Riesz-Thorin interpolation theorem implies that for any p € [1,4o00] there exists Cp(a)
which does not depend on € € (0, 1] so that ||A(z,eD)||pr—rr < Cp. O
The three lines theorem

A key ingredient in the proof of the Riesz representation theorem is the following basic result
from complex analysis.

Theorem 9.9 Let F(z) be a bounded analytic function in the strip S = {z: 0 < Rez < 1},
such that |F(iy)| < mo, |F(1+iy)| < my, with mg,my; >0 for ally € R. Then

|F(x 4 dy)| <mi“m? forall 0<2<1,y€R. (9.22)
Proof. It is convenient to set F(2)
z
Fi(z) = ———,
my "My

so that |Fi(iy)| <1, |[Fi(1 +iy)| <1 and F) is uniformly bounded in S. It suffices to show
that |F'(z+1iy)| < 1 for all (z,y) € S under these assumptions. If the strip S were a bounded
domain, this would follow immediately from the maximum modulus principle.

Assume first that Fy(z+iy) — 0 as |y| — +oo, uniformly in = € [0, 1]. Then |Fy(x+iM)| <
1/2 for all y with |y| > M, and M > 0 large enough. The maximum modulus principle implies
that |Fi(x + iy)| < 1 for |y| < M, and, since, |Fi(z + iy)| < 1/2 for all y with |y| > M, it
follows that |Fi(x +iy)| < 1 for all (z,y) € S.

In general, set

Go(2) = Fi(z)e® D/,

then
2
|G iy)] < |Fi(iy)le=v D" <1,

and
|G, (14 1y)| < Fi(1+idy)le™ <1,
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but in addition, G,, goes to zero as |y| — 400, uniformly in z € [0, 1]:
|Gn($ +Zy)’ < |F1(Z)|e(:c2_y2_1)/n < Coe_yz/n’

with a constant Cj such that |Fi(z)| < Cp for all z € S. It follows from the previous part of
the proof that |G, (z)| < 1, hence

|Fy(z)] < etv?)/n.
for all z € S and all n € N. Letting n — +oo we deduce that |Fi(z)| < 1forall z € §. O

The proof of the Riesz-Thorin interpolation theorem

First, let us define the operator A on LP*(M) with p, as in (9.14). Given f € LPt(M) we
decompose it as

f(x) = filz) + folx), fi(x) = flo)xip<(),  fol@) = f2)X)f121(T).

Then, as p; < py:

‘/mwmzfumems/vmews/vmm=M@“
M M M M

and, as py < py:

L/%WWZ/VWWMWS/VWWNWS/VWMZM%H
M M M M

so that fi € LP*(M) and f, € LP°(M). As A is defined both on LP°(M) and LP* (M), we can
set

Af = Afi + Afo.

We need to verify that A maps LP (M) to L%(N) continuously. Note that the norm of a
bounded linear functional L; : L¥ (M) — R,

Li(g) = /M fodu, fe IP(M),

is | Lyll = [[fllzs, for all p € [1, +o0], with

1 1

p 7

=1.

To see that, for f(z) = | f(x)]e’® simply take g(z) = |f(z)[P/? exp{—ia(z)} for 1 < p < +oo0,
g(x) = exp{—ia(x)} for p =1, and g(z) = xa.(z) exp{—ia(z)}, where A. is a set of a finite
measure such that |f(z)] > (1 —¢)||f|r~ on A for p = +00. We conclude that

1 1
Ifllr = sup (/]fgdu, Tyl
lgll, =1 M p P
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For an operator mapping L” to LY we have the corresponding representation for its norm:

|Allzrary—zovy = sup  [|Afllaovy = sup / (Af)gdv. (9.23)
Iflloe (any=1 Iflip(ary=1 J N
loll 1 =1

We will base our estimate of the norm of A : LP*(M) — L%(N) on (9.23) . Moreover,
as simple functions are dense in LP¢(M) and L9%(N), it suffices to use in (9.23) only simple

functions f and g with || f|| e (ar) = HQHLQQ(N) =1, of the form
f@) =2 ase™xa, @), gly) =D e Wxp,(y), w€M, yeN, (9-24)
j=1 =1

with a;,b; > 0, p-measurable sets A; and v-measurable sets B;. Since 0 < ¢t < 1, neither p,
nor ¢, can be equal to 400, hence u(A;), v(B;) < +0oo.
Let us now extend the definition of p; and ¢; to all complex numbers ( with 0 < Re ¢ < 1:
1 1-¢ (¢ I 1-¢ ¢ I 1-¢ ¢

0", w Q@ w70 @ 4

Fix t € (0,1) and a pair of (complex-valued) functions f € LP*/(M) and g € L%(M) of the
form (9.24). Consider a family of functions

u(z,¢) = Y a Ve @y, (2), w(y,¢) =Y bH OBy (y),
j=1 j=1
with x € M, y € N and 0 < Re ( < 1. Note that, when ¢ = ¢,
u(z,t) = f(x) and v(y,t) = g(y). (9.25)

As both 1/p(¢) and 1/¢'(¢) are linear in ¢, the functions u(z, () and v(z, () are analytic in ¢
in the strip S = {¢: 0 < Re ¢ < 1}. Since u(z, () and v(y, () are simple functions of  and
y, respectively, vanishing outside of a set of finite measure for each ( € S fixed, they lie in
LPo (M) N LP (M), and L% (M) N L% (M), respectively. Therefore, we can define

n m

F(¢) = /N (Au)(y, Q)v(y, Odv = 3 3 al POt/ a© /N (A,)(y)e W xp, (y)dv,

j=1 k=1
with W) (z) = @y 4 (z). According to (9.23) and (9.25) , in order to prove that
| Al e (ary—rae vy < ky'kY, (9.26)

it suffices to show that
F(t)] < kYUK (9.27)

The function F'(¢) is analytic and bounded in the strip S, as, for instance, for { = n + i€,
0<n<L

aptC/p1+pt(1—C)/po
J

a

a;:m/m—l—pt(l—n)/po < Cj < +00.

pt/p@)‘ _
J
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On the boundary of the strip S we have the following bounds: along the line n = 0, for z = ¢,

1/po
[w(z, i) || Lro(ary = ( XA, (m)dp)

n 1/po
= ( /M > la” xAj(x)du> = |l =
7j=1

1/q5
|v(y, i€) Hqu(N) </ Z j(y)dy)

m 1/p0
_ 14 @/
= (/N;W xBj(y)dV> = llall oy 0vy =
It follows that

[EGE)] < [1(Aw) @) oo ) [V Lag oy < I1AT oo a1y L0 () [0 (G| oo () [0 GED | ) < Fo-
Similarly, along the line { = 1+i£ we have ||u(z, 1+i§)||Lri () < 1 and ||v(z, 1+2§)||Lq/1(N) <1,
which implies that |F/(1 4 i£)| < k;. The three lines theorem implies now that |F(n+i&)| <
ko "7, hence (9.27) holds. O

[pe(i€) /p1+pe (1—i€) /po]po

and

b[qt Zf)/q1+qt(1 Zf)/‘]o]‘]o

9.4 The Hilbert transform

The Poisson kernel

Given a Schwartz class function f(z) € S(R") define a function

u(z,t) = / e U f (&) de, >0, xeR™M

The function u(z,t) is harmonic:
Ayu=0in R =R" x (0, +00),
and satisfies the boundary condition on the hyper-plane ¢ = 0:
u(z,0) = f(z), = e€R"

We can write u(x,t) as a convolution

u(z,t) =Pox f = /B(:c —y)f(y),
with
B(g) = e,

and
t

" (2 + |z[2) D/
Here the constant n depends only on the spatial dimension.

P(z)=C,
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The conjugate Poisson kernel

In the same spirit, for f € S(R) define u(x,t) = P, x f, set z = x + it and write
e = [emsigensie= [T feenies [ foei
Consider the function v(z) given by
iv(z) = /O " fe)ermisede - / io f(&)er=de.

As the function

u(z) + iv(z) = / " fe)emicde

is analytic in the upper half-plane {Imz > 0}, the function v is the harmonic conjugate of w.
It can be written as

o(z) = / (—isgn(€))e >4 (€)™ de = Q, « f,

with
Qt(f) = —isgn(f)e_%ﬂﬂ, (9.28)
and 1z
QW =rm

The Poisson kernel and its conjugate are related by
1
P(z) +1Qi(x) = ———,
t( ) Qt( ) 7T($—|—Zy)

which is analytic in {Imz > 0}. The main problem with the conjugate Poisson kernel is that
it does not decay fast enough at infinity to be in L'(R) nor is regular at x = 0 as t — 0.
The principle value of 1/x

In order to consider the limit of @, as t — 0 let us define the principal value of 1/x which is
an element of S’(R) defined by

P.Vé(qﬁ) = lim " %dw, 6 € S(R).
This is well-defined because
Pv.Lg) = o@) =00y, [ 22y,
L |z|<1 x lo>1 &
thus
PV.2(9)] < CUI0 i + l7]i),

and therefore P.V.(1/x) is, indeed, a distribution in &’'(R). The conjugate Poisson kernel Q;
and the principal value of 1/x are related as follows.
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Proposition 9.10 Let Q; = then for any function ¢ € S(R)

x
T2 + 2’

~PVL0) =l [ Qo
Proof. Let .
Ui(z) = 5Xt<\x|(x>
so that
PN.(0) = lim [ wn(a)of

Note, however, that

/ (7Qu(2) — ty(2))p(x)da = / v(x) o[ @),

R x? + 12 || >t T
xd(x) / [ x 1]
= dx + - — d 9.29
/|z<t 2 + 12 x| >t 2 + 12 T ¢($) v ( )

- xo(tx) t*p(x) B zo(tw) o(tx)
N /|z<1 2 +1 du /|$|>t x(z? + t2)dx N /|$|<1 2 +1 du /z|>1 x(z? + 1>dx.

The dominated convergence theorem implies that both integrals on the utmost right side
above tend to zero as t — 0. O

It is important to note that the computation in (9.29) worked only because the kernel
1/z is odd — this produces the cancellation that saves the day. This would not happen, for
instance, for a kernel behaving as 1/|z| near x = 0.

The Hilbert transform

Motivated by the previous discussion, for a function f € S(R), we define the Hilbert transform
as

Hf@)zngh*ﬂxrzlhm ey,

Tem0y>e Y

It follows from (9.28) that
HJ(€) = lim Qu(&)f(€) = —isgn(€) f(€). (9:30)

Therefore, the Hilbert transform may be extended to an isometry L?(R) — L?*(R), with
IH fllc> = flle2, H(Hf) = —f and

[N @9tz =~ [ ) (9.31)

The following extension of the Hilbert transform to LP-spaces for 1 < p < oo is due to
M. Riesz.

Theorem 9.11 Given 1 < p < oo there exists C, > 0 so that

Hfllee < Cpllfllze for all f € LP(R™). (9.32)
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Proof. We first consider p > 2. It suffices to establish (9.32) for f € S(R). Consider a
smaller set R
So={f€S8: Je>0such that f(&) =0 for [{| < e}.

Let us show that Sy is dense in LP(R). Given any f € S we'll find a sequence g, € Sy such
that || f — gnllLr — 0 as n — +oo. For p = 2 this is trivial: take a smooth function y(§) such
that 0 < x(&) <1, x(§) =0 for || < 1, x(§) =1 for [¢] > 2, and set

() = / 2 f(¢)y (n€) de

so that y
If = gnll7e < / 1£(€)[?dE — 0 as n — +o0. (9.33)
—2/n
On the other hand, for p = 400 we have
2/n
I ~gull < [ 1F@IdE = 05— 4oc. (9.3
—2/n

Interpolating between p = 2 and p = +00 we conclude that
If = gnllzr — 0 as n — +oo (9.35)

for all p > 2, hence Sy is dense in LP(R) for 2 < p < 400
Given f € Sy, Hf(§) = —i(sgn) f(€) is a Schwartz class function (there is no discontinuity
at £ = 0), thus Hf is also in S(R). We may then write

P@*:U+4Hﬂ@ﬁ=/ﬁwﬂ@@»ﬂ@¥mws:2émﬂaémma

R

and consider its extension to the complex plane:

p(z) =2 / " Fe)emiede.

The function p(z) is holomorphic in the upper half-plane {Img > 0} and is continuous up to
the boundary y = 0. Since f € Sy there exists € > 0 so that f(§) = 0 for [¢| < e. Thus, p(z)
satisfies an exponential decay bound

p(2)] < 2¢7 Y| fllLr, = =2 +iy. (9.36)

Integrating p*(z) along the contour Cr which consists of the interval [—R, R] along the real
axis and the semicircle {z? + y* = R?, y > 0}, and passing to the limit R — 0 with the help

of (9.36) leads to
R

lim (f(z) +iH f(2))*dz = 0.

R—+o00 _R

As both f and H f are in Sy, the integral above converges absolutely, hence
/(f(x) +iH f(z))*dz = 0.
R
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The real part above gives
/R (HLf(2))do = / =) + 2@ HD s <2 [ P@H o
< [ere)+ 5 HD )

hence

/R (H f(z))dz < 4 / £ (x)dz, (9.37)

for any function f € Sy. As we have shown that Sy is dense in any LP(R), 2 < p < oo,
(9.37) holds for all f € L*R). Therefore, the Hilbert transform is a bounded operator
L*(R) — L*(R). As we know that it is also bounded from L*(R) to L*(R), the Riesz-Thorin
interpolation theorem implies that ||H f||» < Cp||f]lz» for all 2 < p < 4.

An argument identical to the above, integrating the function p?*(z) over the same contour,
shows that H is bounded from L?*(R) to L**(R) for all integers k. It follows then from Riesz-
Thorin interpolation theorem that ||H f| » < Cp||f||zr for all 2 < p < 4o0.

It remains to consider 1 < p < 2 — this is done using the duality argument. Let ¢ > 2 be the
dual exponent, 1/p+1/q = 1. As the operator H : L9(R) — L?(R) is bounded, so is its adjoint
H* : L’(R) — LP(R) defined by (H*f,g) = (f, Hg), with f € LP(R), g € L%(R). However,
(9.31) says that H* = —H, hence the boundedness of H* implies that H : LP(R) — LP(R) is
also bounded. O

The Hilbert transform does not map L'(R) — L'(R) but we have the following result due
to Kolmogorov.

Theorem 9.12 Let f € LY(R), then there exists C' > 0 so that for any X\ > 0 the following
estimate holds:

C
mir: |Hf(x)] > X} < S / 1 (@)d.

We will not prove this theorem here.

10 The Haar functions and the Brownian motion

10.1 The Haar functions and their completeness
The Haar functions
The basic Haar function is

1 ifo<z<1/2
bz)=4{ -1 if1/2<z <1, (10.1)
0 otherwise.

It has mean zero



and is normalized so that

4ﬁﬂwm=

The rescaled and shifted Haar functions are
Vin(x) = 229(Dx — k), j k€.
These functions form an orthonormal set in L?(R) because if j = j' and k # k' then
/%k ) (x /¢ 27z — k)Y(2'x — K)dr =0

because ¥(y — k)i(y — k') = 0 for any y € R and k # k’. On the other hand, if j # 7', say,
j < j', then

[ oty =227 [ o - o - K)da
R R
=229l [ ) Iy 2 k- Ky

R

oo 1/2 L, L, e 1 L, L,
= 9J /2—3/2/ ¢(2] Iy 4+ 20T — k’)dy _93'/2=i/2 ¢(23 Ty 4 20— k:')dy.
0 1/2

Both of the integrals above equal to zero. Indeed, 29'~7 > 2, hence, for instance,

97 —j—1
/ (2 y + 27Tk — K )dy = 2777 / Uy + 27k — K)dy =0,
0 0

because

/nw(y)dy =0,

m

for all m,n € Z, and j' > j. Finally, when j = j', k = k’ we have

[1n@P =2 [ o - bPde = [ o - k-1

The Haar coefficients of a function f € L?(R) are defined as the inner products

cp= [ Fayon(a)ds, (102

and the Haar series of f is

> crti(). (10.3)

J,kEZL

Orthonormality of the family {t;;} ensures that

D lenl < HIFIIZ: < +oo,
7.k

and the series (10.3) converges in L*(R). In order to show that it actually converges to the
function f itself we need to prove that the Haar functions form a basis for L*(R).
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Completeness of the Haar functions

To show that Haar functions form a basis in L?*(R) we consider the dyadic projections P,
defined as follows. Given f € L*(R), and n, k € Z, consider the intervals

Ly, = ((k=1)/2" k/2"],
then
P.f(x) = ][ fdx = 2”/ fdx, for x € I,.
Ink I’nk

The function P,f is constant on each of the dyadic intervals I,;. In particular, each Haar
function 1, satisfies P,10;(z) = 0 for j > n, while P,¢;(x) = jp(x) for j < n. We claim
that, actually, for any f € L*(R) we have

kEZ

with the Haar coefficients ¢, given by (10.2). Indeed, let x € I,,;, and write

[nk:<(k:—1) ﬁ}:<2(k:—1) (2k—1)}U<(2k—1) ok

on ’9n ont1 7 ontl ont1 ’2n+1]:[”Jrlv?"f—lUI”H»?k'

The function P, f is constant on the whole interval I, while P, 1 f is constant on each of the
sub-intervals 1,41 91 and I,,1; 9. In addition,

/Ink(Pnf)dx = /Ink(Pan)dx.

This means exactly that

Poi1(x) = P f(x) + cupthnr(x) for © € Ly,

which is (10.4).

As a consequence of (10.4) we deduce that

Pocif(2) = Pofla) = 3 3 cuthyn(a), (10.5)

j=—m k€EZ

for all m,n € Z with n > m. It remains to show that for any f € L*(R) we have

lim P, f(x)=0, 7’L1—1>I-‘yl:100 P.f(z) = f(x), (10.6)

m—-400

both in the L?-sense. The operators P, f are uniformly bounded because for all n, k € Z we

have
2
/ )y < / ) Pdy.
Ik Ik

n

/ (Pof)(a) P = 277220

Ing

Summing over k € Z for a fixed n we get

[1pas@r < [ 1@
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thus || P, f||zz < ||f|lzz. Uniform boundedness of P, implies that it is sufficient to establish
both limits in (10.6) for functions f € C.(R). However, for such f we have, on one hand,

P f@)] < 5 / F(@)]dz — 0 as m — +oo,

and, on the other, f is uniformly continuous on R, so that ||P,f(z) — f(z)|z~ — 0 as
n — —+oo, which, as both P,f and f are compactly supported, implies the second limit
in (10.6). Therefore, ¢;; form an orthonormal basis in L?(R) and every function f € L*(R)
has the reperesentation

o0

fa) = S entnla), e = / F(9)5n(y)dy. (10.7)

j,k:—OO

10.2 The Brownian motion

Brownian motion is a random process X;(w), t > 0 defined on a probability space (2, F,P)
which has the following properties:

(i) The function X;(w) is continuous in ¢ for a.e. realization w.

(ii) For all 0 < s < t < 400 the random variable X;(w) — X (w) is Gaussian with mean
zero and variance t — s:

E(X(t) — X(s)) =0, E(X(t)— X(s))?=1t—s.

(ili) For any subdivision 0 =ty < t; < ... < ty =t of the interval [0, ¢], the random variables
Xy, — Xy, .., Xy, — Xy, are independent.

Construction of the Brownian motion

We will construct the Brownian motion on the interval 0 <t < 1 — the restriction to a finite
interval is a simple convenience but by no means a necessity. The Haar functions v, (z),
with j > 0,0 < k < 2/ — 1, form a basis for the space L?[0,1]. Let us denote accordingly
Gn(x) = Yjp(x) forn = 27+k, 0 < k < 2/—1, and ¢o(x) = 1 so that {¢,} form an orthonormal
basis for L?[0,1]. Let Z,(w), n > 0, be a collection of independent Gaussian random variables
of mean zero and variance one, that is,

Y

P(Zn<y):/_ooey Jor

We will show that the process

Xw) =Y Zuw) /0 6 (5)ds (10.8)

n=0

is a Brownian motion.
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First, we need to verify that the series (10.8) converges in L*() for a fixed ¢ € [0, 1]. Note

that
E (;Zn Zy(w) /Ot ¢k(3)d3>2 = g; (/Ot ¢k(3)d3)2 = i@([w}a or)’.

k=n

As ¢y form a basis for L?[0, 1], the series (10.8) satisfies the Cauchy criterion and thus con-
verges in L2(Q). Moreover, for any 0 < s <t < 1 we have

E(X,—X,)>=E (i:: Zi(w) /: ¢k(u)du>2 - i:: (/t gbk(u)du) i:: Xis]> O)’

= |IXpgllie =t —s

hence the increments X;— X, have the correct variance. Let us show that they are independent:

fOTO§t0<t1§t2<t3§12
Gbk du/ br(u )
to

Z X[tats]s ¢k Xtot1]» ¢k> <X[t2t3])X[t0t1]> = 0.
k=0

oo

E((Xta - th)(Xh - Xto)) =E (

As the variables X; — X are jointly Gaussian, independence of the increments follows.

Continuity of the Brownian motion

In order to prove continuity of the process X;(w) defined by the series (10.8) we show that
the series converges uniformly in ¢ almost surely in w. To this end let us show that

L _
M(w) = su 1Zn(w)] < +o00 almost surely in w. (10.9)

np Vdiogn

Note that, for each n > 0:

2 1
P (|Zn(w)| > 2\/10gn) < e~ (Viegn)?/2 =,
thus

>p (121601 > 2iogn) < +oc.

The Borel-Cantelli lemma implies that almost surely the event {|Z )| > 2\/@} happens
only finitely many times, so that |Z,(w)| < 2y/logn for al n > ny(w) almost surely, and (10.9)
follows.

Another useful observation is that for each fixed ¢ > 0 and j € N there exists only one k
so that

/o P 1i(s)ds # 0,
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and for that k£ we have

if29=i = L
D127 = .

/0 ¢2J‘+k(5>d5 <

Hence, we may estimate the dyadic blocs, using (10.9):

27 -1 271

ZZQJ-i-k’ /¢2J+k )ds| < M(w)+/(j +1)log?2 Z M

- 2i/2

/ bin(s)

Therefore, the dyadic blocs are bounded by a convergent series which does not depend on
t € [0, 1], hence the sum X;(w) of the series is a continuous function for a.e. w.

Nowhere differentiability of the Brownian motion
Theorem 10.1 The Brownian path X,(w) is nowhere differentiable for almost every w.

Proof. Let us fix 3 > 0. Then if X, exists at some s € [0,1] and |X,| < § then there exists

ng so that
2

| X — X < 28|t —s|if |t — ] < - (10.10)

for all n > ny. Let A,, be the set of functions x(t) € C0, 1] for which (10.10) holds for some

€ [0,1]. Then A, C A,4; and the set A = |J~, A, includes all functions z(t) € C0, 1]
such that |#(s)| < 8 at some point s € [0, 1].

The next step is to replace (10.10) by a discrete set of conditions — this is a standard

trick in such situations. Assume that (10.10) holds for a function z(t) € C[0,1] and let

k=sup{j: j/n < s}, then
(52 () O+ ()=

Therefore, if we denote by B, the set of all functions x(t) € C[0, 1] for which y; < 83/n for
some k, then A, C B,,. Therefore, in order to show that P(A) = 0 it suffices to check that

lim P(B,) = 0. (10.11)

n—oo

) 9

Y = max(

This, however, can be estimated directly, using translation invariance of the Brownian motion:

"Zzp[max{ x| < 2]

n n X=X - n
@)

k+2 k:+1

- X( k;—l—l k

—)=X()

()OI O 2]
S I e

which implies (10.11). It follows that P(A) = 0 as well, hence Brownian motion is nowhere
differentiable with probability one. O

Y

Corollary 10.2 Brownian motion does not have bounded variation with probability one.
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