Math 205A Problem Set 5

Solutions

November 28, 2011

1 Problem 1

(i) For any closed ball B = B(y,d) that contains z the ball B(z,2d) contains B and
has volume 2"m(B). Thus, for any x in the set {z : Mf(x) > a} we can find a
closed ball B around it such that ﬁ J5|f] = 55. By Besikovich’s theorem there are

N(n) disjoint collections of such balls that cover {z : M f(x) > a} so that at least
one of them covers a subset of measure at least mm({x : Mf(x) > a}). Thus,

1
m({z: Mf(z) <a}) < %(n) / |f| as claimed.

Now let f; be as in the hint. Then, fi(z) > |f(x)|—a/2 and therefore M f; > M f—a/2.
Then m({z : M f(z) > a}) < m({z: Mfi(z) > a/2}) < £ [|fi] = % a2 |f]. Now

just apply problem 3 of HW4 to get /(Mf)p = p/ m(z : M(f(z) > a)aP tda <
0

2Cp/ / |f] | &?2da < QCPHfHLp/ a?da < o
0 |fI>a/2 0

(ii) Chose a ball B = B(0,r) such that [, |f| = C > 0 (it exists if f is not the zero
|1

B
m(B(z,2[x)

function). For any x with |z| > 7 we have B C B(z,2|z|), thus M f(z) >

W where ¢; is the volume of the unit ball.

2 Problem 2

(i) Both M and M maximise the same quantity, M is defined over a bigger set, i.e.

M > M is immediate. If B = B(y, d) contains x then B C B(z,20). Taking supremums

and using that u(B(z,260)) = 2"u(B(x,d)) we get the second inequality.

(ii) For all € > 0 we can find ¢ > 0 such that M(B(lxé))/ |f(z)—f(y)|dy < e. Now, by
’ B(z,8

)

the triangle inequality we have |f(z)| < |f(z) — f(y)|+|f(y)|. Integrating this inequality
over B(z,d) and using the above inequality we get m |f(z)|dy = |f(z)] <
77 JB(.9)

)

1
€+ / fy)|ldy < e+ M f(x). Since € > 0 was arbitrary the result follows.
WB@.0) o T @



3 Problem 3
Suppose f € L', ie. [|f| =M < oco. We have m(\) = A.pu(z : |f(z)| > N) < / If] <
LfI>A

/\f| =M, ie. m(\) < M for all A.
Consider the function f(z) = 1 defined over (0,1). Then clearly m(\) =1 for all A but

/0 1 f(z)dz = 0o

4 Problem 4

(i) Since f is continuous and compactly supported it is bounded. Suppose |f| < M. Ifz €

<n}r1, n) then f(maz) = 0 for m > n, i.e. for all such x we have h.(z) < n°M. Summing

[e.e]

: 1 1 c . c—2
up over all the intervals we get / |he(x)] < nz_: (n o 1) n‘M < MnZ:ln < 0.

(ii) Asin part (i) we have hy(2) < nM whenx > —. If A > M then nM <A< (n+1)M

for some n > 0. We have m(A) = A.u(|h1] > A) < )\(|h1] >nM) <A\ n+1 < % =M
If A < M then we use the fact that hy is supported on [0, 1] to get m(\) < M.1. = M.

To show that hy ¢ L' we use the fact that the strictly positive function f attains
its minimum P > 0 on the interval [1/4,3/4]. Then for any = € ( 11

n+i'n we know

oo o0
1 1 n+1 1

g — = P PE — = 00.
(n n—|—1> 2 ~ 22n

n:2 n=

iii) We have he(xz) > mP when x < 1/n where m = [(n + ) 2]. Therefore pu(x : |he| >
m;P) > 150 for A = m°P/2 we have m(\) > 5[7] 1 > zarrn®” ! which is unbounded
as n — 0o.

5 Problem 5

Any function on X is bounded as X is finite. Thus L°°(X) is the set of all functions which
is two-dimensional space spanned by f: X — R, f(a) =0,f(b) =1 and g : X — R,
g(a) =1,¢g(b) = 0. Since u(b) = co any function h with h(b) # 0 is not integrable. Thus
L' is one-dimensional space spanned by g. Taking duals preserves the dimension of a
finite dimensional space, therefore L> # (L')*



6 Problem 6

We have /Olf(a:)a(m:)da; = /OnfCi) a(a;)d% = i;/olf<xzj>a(x)daz =

7=0
n—1 T+j
goma@)d%
0
Since f is Riemann integrable for all € > 0 we can chose N such that for n > N we have
n—1 .
T+
Zo q n ) 1 1 1
= fol f(z)dz| < e. Then / f(@)a(nz)dr — / f(y)dy/ a(x)dx| <
0 0 0

1 1 1
e|lal|1. Thus, / f(x)a(nz)dx converges to/ f(y)dy/ a(x)dz.
0 0 0



