
Homework # 3.

The first two problems need not be turned in:

0.1. Given p > 1 and q > 1 such that
1
p

+
1
q

= 1 prove the Hólder

inequality: ∫
|fg| ≤

(∫
|f |p

)1/p (∫
|g|q

)1/q

.

You may find this in every book but try to do that on your own. First show
that for any numbers α, β ≥ 0 and 0 < s < 1 we have αsβ1−s ≤ sα+(1−s)β.
Then assume that ‖f‖p = ‖g‖q = 1, use this inequality with α = |f(t)|p,
β = |g|q and λ = 1/p, 1−λ = 1/q and integrate in t. Finally, show that the
case ‖f‖p = ‖g‖q = 1 is sufficient.

0.2. Show that the spaces Lp are complete: this is again in every book but
do try to do this on your own. One way to prove this is two show first that
a metric space is complete if every absolutely summable series is summable.
To do that take a Cauchy sequence, choose a nice subsequence and make a
telescoping series out of it. Make sure that the telescoping series is absolutely
summable and show that this implies existence of the limit of the Cauchy
sequence. Then apply this result to Lp: take an absolutely summable series
fn in Lp and consider the sequence of partial sums gn =

∑n
k=1 |fk|. It

converges point-wise to a function g. Applying the Fatou lemma we obtain
that g is in Lp. It remains only to verify that convergence of

∑∞
k=1 |fk|

implies convergence of
∑∞
k=1 fk.

1. Show that if f is integrable on E then

lim
t→0

∫
E
|f(x+ t)− f(x)|dx = 0.

2. A family fn is uniformly integrable on a set E if µ(E) <∞,

lim
α→∞

sup
n

∫
|fn|≥α

|fn|dx = 0.

Show that if fn → f a.e. then the following are equivalent: (i) fn are
uniformly integrable, (ii)

∫
|f − fn| → 0, and (iii)

∫
|fn| →

∫
|f |.

3. Show that if |fn| ≤ g ∈ L1(Ω) then fn are uniformly integrable on Ω.
Does there exist a family of functions fn that is uniformly integrable but
there is no integrable function g so that |fn| ≤ g?

4. Let fk and gk be µ-measurable functions such that fk → f µ-a.e.,
gk → g µ-a.e. and |fk| ≤ gk. Suppose that

∫
gkdµ →

∫
gdµ and show that

then
∫
fkdµ→

∫
fdµ.

5. Are the functions f(x) = x2 sin(1/x) and g(x) = x2 sin(1/x2) (with
f(0) = g(0) = 0) of bounded variation on [−1, 1]?

6. Show that step functions and continuous functions are dense in Lp[0, 1],
1 ≤ p <∞. Is this true for L∞?

7. A monotone function is called singular if f ′ = 0 a.e. (i) Show that any
monotone increasing function is a sum of an absolutely continuous function

1



and a singular function. (ii) Does there exist a strictly increasing monotone
function that is singular?

8. Construct an absolutely continuous strictly increasing function on [0, 1]
such that g′ = 0 on a set of positive measure.

9. Show that an absolutely continuous function is Lipschitz only if |f ′| is
bounded.


