Homework # 2.

1. Let ¢ be a non-negative continuous function on R™ such that [¢ = 1.
Given t > 0 define ¢y(x) = t "¢(x/t). Show that if g € C°(R"™) with
compact support then

o) = | ou@)g@yiz — g(0).

Because of that ¢, is called an approximation of identity.
2. Let up(x) be a continuous bounded function on R™. The heat kernel
is defined by

J2®
0, t<0
Show that (i) the function
ut,v) = | ®(tx = y)uoly)dy
satisfies the heat equation
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(ii) that u(z,t) € C°(R™ x (0,00)) — this is the regularizing effect of the
heat equation: u(z,t) is smooth even if ug(z) is not, and
(iii) that lim o u(t, z) = up(z) for all x € R™.

3. Construct a monotone function that is discontinuous on a dense set on
[0, 1].

4. Let E} be a sequence of measurable sets such that

oo
k=1
Show that then almost all x lie in at most finitely many of the sets Ej.
5. Construct a sequence of continuous functions f,, such that 0 < f <1,
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but the sequence f,(x) converges for no z € [0, 1].

6. A compact set K is the support of a measure p with p(R) = 1 if
w(K) =1 but u(H) < 1 for every proper compact subset H of K. Show
that every compact set is the support of a Borel measure.

7. Construct a measure on the line such that its support is the standard
Cantor set on [0, 1].

8. Show that (no, this has nothing to do with anything in case you
wonder)
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