
Assignment 7: Some Extra Problem Solutions

1. – We prove that Sc is open.
Suppose x ∈ Sc so that

∑∞
k=1 k2x2

k > 1. Then there is some N such that
∑N

k=1 k2x2
k > 1. But

the function f : Rn → R : (x1, ..., xn) 7→
∑N

k=1 k2x2
k is a polymonial function and so is certainly

continuous. Hence, f−1((1,∞)) is open, i.e. for every x ∈ f−1((1,∞)), there is some
Bδ(x) ⊂ f−1((1,∞)). But this means that as long as

∑N
k=1 |yk − xk|2 < δ2, then f(y) > 1. So

certainly, if
∑∞

k=1 |yk − xk|2 < δ2, then y ∈ Sc, or equivalently Bδ(x) ⊂ Sc. Hence, Sc is open.
This implies that (S, ||.||2) is a complete metric space, being a closed subset of the complete
metric space l2.

– If x ∈ S, then
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x2
k ≤

∑
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k ≤
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k2x2
k ≤ 1.

Hence,
∑

n≥N x2
k ≤ 1

N2 . Also, note that S′{x ∈ RN :
∑N

k=1 k2x2
k} is compact and hence totally

bounded. Thus, we can find finitely many points y1, ..., yn ∈ Rn such that for every
x = (x1, ..., xN ) ∈ S′,

∑N
k=1 |yik − xk|2 < ε2

2 for some i = 1, ..., N. But then the n points

zi = (yi, 0, 0, ...) ∈ S, form a
√

1
N2 + ε2

2 net. Thus, as long as 1
N < ε√

2
, we have that {z1, ..., zn}

forms an ε net for S. Since ε was arbitrary, S is totally bounded.

Thus, S is a complete and totally bounded metric space and so is compact. �
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