Assignment 3: Some Extra Problem Solutions

1. (i) The sequence 1/n — 0 monotonically. Thus, it follows that S,, converges by the Alternating

Series Test.

(ii) Fix any ¢ € R. Our strategy is to “oscillate around ¢ with small differences”. We outline an
algorithm for how to arrange the series. We do this iteratively, constructing the set of positive

terms P,, and the set of negative terms N,, involved in the n** partial sum.

* Start with sets Py, Ng = 0, Rf = Ry = {1,1/3,1/4,..}U{-1/2,-1/4,...}.

* I > ,cp un, @ < ¢ then let P = the k positive terms of greatest absolute value in Ry,
where k is the least positive integer such that 3 cp + > ,cp Jy, @ > c. Such a positive
integer k£ must exist since the sum of positive terms yaiverges (by Comparison with the
harmonic series). Then let P11 = P, U P/, N1 = Ny, R:{_H =R, —P,.

* If > ,cp un, @ > ¢, then let N; = the k negative terms of greatest absolute value in R,,
where k is the least positive integer such that >, cn, + > ,cp Un, @ < ¢. Such a positive
integer k must exist since the sum of negative terms ndiverges. Then let
Pyy1 =Py, Npy1 = NyUN,, R, | = R, — Nj.

* Let R, = Rt NR, .

Arrange the terms in blocks P{N{...P. N/ ... or P{N{}...P/ N/ ... (in the respective cases ¢ > 0 or
¢ < 0) where the terms within the P, and N/, blocks are arranged in decreasing order of

absolute value.

* Fach P/ and N/ block is non-empty and they use up the positive (resp. negative) terms in
decreasing order of absolute value. Hence, this blocking determines a permutation of the
original series.

* By the minimality of the integer k in our definition of the P/ (resp. N},,) we have that
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for any subset S” C P! (vesp. N,). Thus, as long as m > >_7'_ |P{| + |N/|, we get that
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But certainly, since at least n positive terms and n negative terms are exhausted in
P, UN,. Hence,

min |a| < 1/n — 0.
a€R,

It follows that lim,,_ ., S, = ¢, as required. [J

Remark. The key to the above proof lies in the fact that the series 377 (—1)7*!/j is only
conditionally convergent. The statement of the problem is blatantly false for absolutely

convergent series, while it is true for arbitrary conditionally convergent series.

2. Define



1 —n2lz —n?| if |z —n? < 1/n? forn > 2,
fx) =

0 otherwise.

/100 f(@)dx = Z 1/n? < cc.

n=2

— On the other hand, f(n) =1 for all n > 2. Thus, Y.~ f(n) certainly diverges. O



