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OUTLINE OF THE LECTURE

Interaction between a physiological trait and space

I. Space and physiological trait
II. Selection of dispersal (bounded domain)

III. Selection of dispersal (full space)

See also A. Arnold, L. Desvillettes, C. Prevost, talk of K -Y. Lam



Setting the model

Adaptation to the evironment in a spatial ecology model
e x € (2 space variable
e 0 € © physiological trait

dispersion/motility mutations reprocjiyction

orn(x, Q,t)fz D@%mn(m, 9,t5+2348929n(w, 0, t5+;z(x, 0,t) (K(a:', 0) — p(w,t)j

plxz,t) = /OOO n(x,0,t) do

This is still an advantage on reproductive rate.

Question . What is the speed of a traveling
wave 7



Evolution of Dispersal

Question Selection without a proliferative advantage 7

The context of Hastings, Dockery, Lou, Kim :

e NO advantage regarding the reproductive rate K(x)

e Mmotility of individuals is subject to selection and mutations

Called : Spatial sorting



Evolution of Dispersal

We model it for z € €2, 6 > 0 4+ Neuman

dispersion/motility reproduction mutations on motility

on(x,0,t) = 083233377,(:1:, Q,ti —|-;7,(a:, 0,t) (K(:c) — p(a:,t)j :Fezﬁgen(az, (9,755

oz, t) = /OOO n(x,0,t) do

Remark : Parameters as 0 are not given they are selected

Question : which dispersal rate 6 is selected 7



Evolution of Dispersal

We can again ask the question of rare mutations

come(z,0,t) = 002,n-(z,0,t) + n-(z,0,t) (K(az) — pe(z, t)> + c20pne(x, 0, 1)

0
pE(wat) — /O nc‘:‘(m797t> do

Can we argue with the same argument as for proliferative
advantage?



Evolution of Dispersal

We can again ask the question of rare mutations

come(z,0,t) = 002,n-(z,0,t) + n-(z,0,t) <K(a:) — pe(z, t)> + c20pne(x, 0, 1)

pea ) = [ ne(e,0,1) df
For € small, n-(x,0,t) > 0
002,nz(2,0,1) + ne(x,6,6) (K(2) = pe(x,t)) = 0
{ +Neuman boundary condition

the first eigenvalue H(@, (pg(-,t») vanishes. Therefore

ne(z,0,t) ~ N(x,t)5(0 = 06(t)),



Evolution of Dispersal

We can again ask the question of rare mutations

come(z,0,t) = 002 n-(z,0,t) + ne(z,0,t) (K(a:) — pe(z, t)> + c20pne(x, 0, 1)

0
pE(wat) — /O nc‘:‘(m797t> do

When a mutant has an advantage, it diffuses everywhere and
invades the domain €2

Therefore we expect (as before) that

ne(z,0,t) ~ N(x,t)5(0 = 0(¢)),



Evolution of Dispersal

The Gaussian approximation to ne(z,0,t) ~ N(z,t)5(0 = 0(t)),

5(67{;)
ne(z,0,t) ~ Ne(z,t)e =

Y

a corrector as in homogenization.

The dominant terms in the expansion are

drp(0,1) = |Vop|? 4 002, N=(x,0,t) + N-(K () — p=(z,t)) + O(e)

Define the effective Hamiltonian H(0,t) as the principal eigenvalue

{ 092, N=(,0,t) + Ne (K(z) — p=(x,1)) = H(0, (p-(-,1)))Ne:  w € Q

+Neuman boundary condition



Evolution of Dispersal
We get

rp(0,1) = |Vl 4 002, Ne(2,0,) + N=(K (2) — p=(,t)) + O(e)

002, Ne(x,0,t) + N (K (x) — pe(2,)) = H(0, (p(-, 1)) )Ne  z € Q

therefore the limit is
{ dep(t,0) = [Voel? 4+ H (0, (5(-,1)))
maxyp(t,0) =0 = ¢(t,0(t))



Evolution of Dispersal
We get

rp(0,1) = |Vl 4 002, Ne(2,0,) + N=(K (2) — p=(,t)) + O(e)

002, Ne(x,0,t) + N (K (x) — pe(2,)) = H(0, (p(-, 1)) )Ne  z € Q

therefore the limit is
{ dup(t,0) = |Vopl? 4+ H(0, (1))

maxyp(t,0) =0 = ¢(t,0(t))
To be compared to the 'usual constrained H.-J. equation

{ e (t,0) = |Vgel? 4 R(0, 0(1))
maxg(t,0) =0 = ¢(t,0(t))



Evolution of Dispersal

How do we handle this? Along the dynamics
H(0(t), (p(-,1))) =0 (pessimism principle)
pe ~ Ne(x,0(t),t) ;= N(z,t)
we can identify the limit of N:(x,0,t) as the solution to
{ ()2, N =N (K(:c) - N(a;,t)) , zEQ

+Neuman boundary condition



Evolution of Dispersal

How do we handle this? Along the dynamics
H(0(t), (p(-,1))) =0 (pessimism principle)

pe ~ Ne(x,0(t),t) ;= N(z,t)

we can identify the limit of N:(x,0,t) as the solution to
{ ()02, N =N (K(:v) - N(x,t)) , zEQ

+Neuman boundary condition

What useful information do we conclude from this analysis?

8(t) = (~D%) "LV H (8(0), (3 1))

Which behaviour?



Evolution of Dispersal

Theorem When K #* C'st,

Vo (8(1), (p(-,1))) < O,



Evolution of Dispersal
Proof We can normalize the eigenvalue problem in x as

9832333]\75(:1:, 0,t) + N (K(x) — pe(x,t)) = H(Q, <pg(’,t)>)Ng, / N&.Qda: = Clst

i

Then
—6/{B|VN5(x,9,t)|2d:U—l—/$N52 (K(z) — pe(zx,t)) dx = H<9> <P('7t)>>

—/ VN |2da — 29/ VN. gV N: + 2/ NeN_g (K — pe) de = Hy (6, (p(-, 1))
xr xr xr
But at 6(¢t) one has
—9/ VN. gVN: + / NeN_g (K — pe) dz = H(8, (p(-,1))) = O.
T T

T herefore
— [ IVNPdz = Hy (0, (p(-.1))) <O



Evolution of Dispersal

%m = (~D2p) L.VpH(6(1), (5(-, 1))

VeH (6(1), (p(,1))) < O

Conclusion
e 0(t) decreases. Do not move in a bounded domain!

e Already known, but here we give the dynamics

Intuition :
e A mutant with small dispersal diffuses less

e wins advantage by staying near the maximum of K(x)



Accelerating waves

Conclusion Do not move in a bounded domain'!

One can ask the same question for invasion fronts : 2 = RA



Accelerating waves

Example of the cane toads invasion in Australia




Accelerating waves

In full space the solution is an invasion front a la Fisher/KPP for

o (z,0,t) = 005,n(x,0,t) + rn(z,0,t) (1 — p(x,t)) + adpyn(z,0,1t)

plx,t) = /OOO n(x,0,t) do, n(x = 4+oo0,t) =0

Many rescalling possible

T hey always show that large values of 6 are selected at the front of
the wave.



Accelerating waves (scale 1)

Scaling 1 : Front in z, 0 € (0,©)

eOne(x,0,t) = 6298£xn5(:r;, 0,t) + rne(x,0,t) (1 — pe(xz,t)) + 04892@715(:6, 0,t)

pe(x,t) = /OOO n(x,0,t) do, ne(x = 4+o00,t) =0

On the front, n: =~ Q(@)e>‘(5‘”_at)/8
(002 + e+ r]Q — adzyQ = 0
In other words, the principal eigenvalue is ¢\ which gives both

c=c" (), Q(0,\) = eigenfunction



Accelerating waves (scale 1)

It remains to compute X\ by the standard approach through H.-J.
equation (Barles, Evans, Souganidis)

ne(z,0,t) ~ e“TD/EN(2,0,1)
We find

atUENg(CU, 9,75) + 9|axu5|2N5 — T(l — pg)N _|_ aagzeNg
Therefore in the front N =~ Q and

max (u, Opu — c*(('?xu)(?a;u) =0

In other words

c*(0ru) = effective Hamiltonian



Accelerating waves (scale 1)

Conclusion We can compute the speed of the front thanks to this
H.-J. equation

With 6 € (0,©)
x © .
¢ (Ogu) > 2r > front is faster than the average

c*(Ozu) — 2rvV e
a—0



Accelerating waves (scale 2)

Scaling 2 : Front in z, small mutations

eOne(x,0,t) = 8298£mn5(:v, 0,t) + rne(x,0,t) (1 — pe(xz,t)) + aezﬁggng(af:, 0,t)

pe(x,t) = /OOO n(x,0,t) do, ne(xr = 4+o00,t) =0

Rationale behind this rescaling

0 ~ +/art, T front N VOt~ (ar)l/443/2
(not the hyperbolic scaling)

(t,2,0) — (t/e, x/3/2, 0/¢).



Accelerating waves (scale 2)

Scaling 2 : Front in z, small mutations

eOne(x,0,t) = 8298£xn5(x, 0,t) + rne(x,0,t) (1 — pe(xz,t)) + 0452892977,5(:13, 0,t)

© @)
pe(x,t) = /O n(x,0,t) do, ne(x = 4+o00,t) =0
Use the Hopf-Cole/WKB change of variable n. = e/¢
Oru = 0|0zul? 4+ a|Oyul? + r(1 — p(x,t))

maxg u(x,0,t) <0 0= u(a;, g(a:,t),t)

The constraint can be inactive (extinction)

mgax u(x,0,t) <O po(z,t) =0



Accelerating waves (scale 2)

Scaling 2 : Front in z, small mutations
Oru = 0|0zul? + a|dpul? + (1 — p(x, 1))
maxg u(x,0,t) <0 0= u(az, 5(3:,15),15)

What is the canonical equation! New phenomena : The canonical is
a PDE

O = 9|8a;u\2 + oz|c99u\2 + (1 — p(x,t)) := R(x,0,1t)

Opu(x,0(t),t) = O.

0 - _
O (1) = — 20t 9 G, 1) = —Jou
ot 899u ox 899u




Accelerating waves (scale 2)

Scaling 2 : Front in z, small mutations
Ry = |8zul® + 200,ud,gu + 2a8yudggu

_ _ 0
O 5w, 1) = — 20t 9 G, 1) = —Jou
ot 899u ox 899u

The canonical is a Burgers type equation

d - 10zu|? + 20(x, t) Opud, gu

—0(x,t) = —

dt Opou
d - — 0 - ‘83}’Ux|2
—0(x,t) — 20zu 0(x,t)—0O0(x,t) = 0
dt () vu Oz )833‘ () —Ogpu ~

Numerically shocks are observed on the fittest traits.



Accelerating waves (scale ")

Scaling 3 : Traveling wave in z, small mutations

eOne(x,0,t) = Oﬁgmng(a:, 0,t) +rne(x,0,t) (1 — pe(x,t)) + 04528929715(:[;, 0,t)

pe(x,t) = /OOO n(x,0,t) do, ne(x = 4+o00,t) =0

I

Other examples Selection of competitive/colonize phenotype in
tumor growth (Orlando, Gatenby, Brown).
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