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Introduction

Many physical systems of partial differential equations from physics that
are dissipative have “corrections” that are dispersive. Examples include:

e so-called a-models of turbulence that have dispersive corrections pro-
portional to a coefficient «,

e so-called dispersive Navier-Stokes systems that have dispersive cor-
rections to classical Navier-Stokes systems of gas dynamics.

The later take two forms: those derived by ad-hoc continuum arguments
and those derived from an underlying kinetic equation. Here we take the
route of kinetic theory, which is a better foundation upon which to build.



Kinetic Setting

In a kinetic setting a gas of identical particles contained in a D-dimensional
spatial domain €2 is described by a so-called kinetic density F'(v, z,t). For
any subset A of the single-particle phase space RY x Q, the mass of
particles with velocity-position (v, xz) € A at time t is given by

//AF(U,:U,t)dvdx.

The traditional gas dynamics variables of mass density p(x, t), bulk veloc-
ity u(x, t), and temperature 6(x, t) are recovered as

p(xz,t) = /RDF(v,:c,t) dv, p(z,t)u(z,t) = /RD’UF('U,:U,t) dv,

%p(az, t)|u(zx, t)|2 -+ %p(w, t)0(x,t) = /IR{D %|U|2F(U7 z,t)dv.

These quantities are the densities of mass, momentum, and energy.



It is assumed the gas is sufficiently dilute that the potential energy between
particles can be neglected.

Consider a Boltzmann-like collisional kinetic equation for F'(v, x,t) over a
D-dimensional spatial domain:

1
OF + v -V F = = C(F),
€

where ¢ is the Knudsen number, which is small in fluid dynamical regimes.
(Of course, D = 3 is usually the physical case!)

We assume that the collision operator C respects Galilean symmetry, lo-
cally conserves mass, momentum and energy, locally dissipates entropy,
and has local Maxwellians as equilibria.



Local Conservation Laws

The collision operator C satisfies

where

-

(eC(F)) =0 for“every” F,

1
v ), and <g>=/RDg(’U)de.

1
§|’U|2

This yields the local conservation laws

O(eF) + ;- (veF)=0.




Local Entropy Dissipation Law

The collision operator C satisfies

(' (F)C(F)) <0 for“every” F,

where n(F) = F'log(F') — F.

This yields the local entropy dissipation law

1

O(n(F)) + V- (vn(F)) = - (' (F)C(F)) <0.




Local Equilibra

For “every” F' the following are equivalent:

(1) (W(F)C(F))=0;

(2) C(F)=0;
(3) F' has the Maxwellian form
p v — ul?
F=¢ = e — :
(p) (220)D72 xp( >0 >

P
where p= (eF) = ( pU ) :

Zplul? + B po




Fluid Dynamical Closures

We decompose F into its local equilibrium £ and deviation F as

F=E&+F, where& = E(p)with p= (eF).

One sees that (e€£) = pand (e F') = 0.

Expressed in terms of p and F, the local conservation laws are

orp+ V- (veE)+ V- (veF)=0.

A fluid dynamical closure is specified by expressing F above in terms of p
and its derivatives.



Fluid Dynamical System

The resulting fluid dynamical system takes the form

Op + V- (pu) =0,
O(pu) + V- (pu @ u+pl + P) =0,
O(pe) + V- (peu +pu+ Pu+3) =0,

where p = pf, e = 3|u|? + 50, and
P=(AF), §=(BF),
with A and B defined by

A=(’U—u)®(v—u)—%|v—u|2[,
B =21v—ul*(v—u) - 2I20(v—u).




Euler Approximation

Maxwell first argued that in fluid regimes F' should be near its local equi-
librium £. He then observed that ¥ a~ 0 yields the compressible Euler
system. Its solutions formally dissipate the so-called Euler entropy (n(£))
as

Or(n(€)) + V- (vn(€)) < 0.

If one wants to improve upon the Euler approximation, one needs a better
approximation for .



Deviation Equation

The deviation F satisfies

o o 1 _
OE + Pv-NF 4+ Pv-ViE = ~C(E + F),
€

where P = 7 — P with P defined by
Plp)f = Ep(p)ef).

One can show P and P are orthogonal projections over L2(£~1dv).



Navier-Stokes Approximation

Maxwell (1867) first argued that ' ~ F, . where

_ 1 _
Pv-ViE€ = = DC(E)Fyq
€

This yields the compressible Navier-Stokes system. lts solutions formally
dissipate the Euler entropy as

Ot (n(E))+ Vi (vn(E)) + Vi (v (E) Fyyg) = 3 (n"(E)Fyg DC(E) Fyyg) -




Beyond Navier-Stokes Approximations

Hilbert (1912) introduced a derivation of the Navier-Stokes system based
on a systematic expansion in the (small) Knudsen number €. This so-called
Hilbert expansion yields the Euler system at leading order, and corrections
that satisfy linearized Euler systems driven by lower order terms. These
have to be summed through order ¢ to obtain the Navier-Stokes system.

Short afterward, Enskog (1917) introduced a slightly different expansion in
e, subsequently dubbed the Chapman-Enskog expansion, that led directly
to the Navier-Stokes system at order e.

Both these approaches fail to systematically yield corrections to the Navier-
Stokes system that are formally well-posed.



An Alternative Approach

We will not use either the Hilbert expansion or the Chapman-Enskog ex-
pansion. Rather, we consider three approximations:

(1) Small Deviation (a kind of linearization)

(2) Material-Frame Stationary Balance (a temporal approximation)

(3) Small Gradient Expansion (a spatial approximation)

All these approximations yield solutions that formally dissipate an entropy,
and are therefore formally well-posed.



(1) Small Deviation Approximation

We argue that I’ ~ F,, where
o _ 1 _
AF,, +Pv-Np€ = —DC(E)Fy
€

where A = PAP with A defined by

ap =@+ W +E@+o W)l

The small deviation system dissipates an entropy as

A (n(E)) + V- (vn(E)) + Vi (v (E) Fyp)
+ou 5" (EVE2) + Voo (o 30 (E)E2)) =~ (0" (€)Fyp DC(E) Fy).




Remark: Second Order Entropy Law

If one places F' = £ + F into the terms of the exact entropy dissipation
law and expand through second order in F one sees that

(E+ F))y = &) + 30" (E)F2) + -+,
(wn(€+ F)) = (vn(&)) + (wn'(E)F) 4+ (w3n"(E)F?) + - -,
(' (€+ F)C(E+ F)) = (1" (E)F DC(E)F) + -+ .
Truncated at second order, the exact entropy dissipation law then becomes

Or(n(€)) + Ve (vn(E)) + Vo (v (E)F)
+ou5" () F2) + Vi (0 30 (€)F2) = (/' (€)F DE(E)F) .




Remark: Relation to Linearization

When £ is an exact solution of the kinetic equation then the small deviation
approximation is simply the linearization of that equation about £. Indeed,
one sees that

£ is a solution of the kinetic equation <~— (&; + v- Vx)é’ =0
— Af=0f+v-\Gf.

The small deviation approximation is thereby F' ~ F,, where

_ _ 1 _
Orbgp +v-Vpkyp = ZDC(S)ES‘D :

In this case ﬁng contains only initial and boundary layers.



(2) Material-Frame Stationary Balance Approximation

We argue that F =~ I, where

~ - 1
where A, = 75AMS7> with A, defined by

Ayst =% (0—u) f 4+ E%- _5“”

The resulting system dissipates the Euler entropy as

0 (n(E)) + V- (vn(E)) + V- (v (E) Fyyg)
% (0 =) 30" (EVE2,) = — (1" (€) Fyys DEE) i)




(3) Small Gradient Expansion

The equation for F,,, can be written as
DC(E)F,¢ — e Ay oFy g = € Pu-\RE,

which has a formal solution by Neumann series

F,e =eDC(E) tv-WE
+e2DC(E) A, DC(E) v -E

Truncations of this series at orders 0, 1, 4, 5, ...in A, lead to fluid dy-
namical closures that dissipate the Euler entropy.

These closures have spatial derivatives of orders 2, 3,6, 7, ... .



Fluid Dynamical Systems Recalled

The recall that a fluid dynamical system takes the form
Op + V- (pu) = 0,
O(pu) + V- (pu @u+pl + P) =0,
Ot(pe) + Vi (peu +pu+ Pu+qG) =0,

where p = pf, e = 5|u|? + 56, and

P=(AF), = (BF),
with A and B defined by

A=(v—u)®(v—u)—%|v—u|25,
B =21v—ul*(v—u) - 2I20(v—u).




Navier-Stokes Closure - 1

The Navier-Stokes closure takes the form

~

1 1 -

where A and B solve

DC(EYEA=EA, DC(EEB=EB.

By using Galilean symmetry it can be shown that

P P

A=T14A, B =1p5B,

where 74 = 74(|v — u|/V0, p,0) and 75 = T(lv — u|/V0, p,0) are
positive and have units of time.




Navier-Stokes Closure - 2

One finds that

f’zeﬁNS, q = €qyg,
where

Bys = —pulVeu + (Vu)! — 3% ud],  Gyg = —xVb,
with
(T4 |A|2E)
n(p,0) = pbd :
(|A[2E)
75 | B|2E)

__ D42 ¢
K00 = T2 B ey




First Correction to Navier-Stokes - 1

The first correction to the Navier-Stokes system is obtained as

L _ o .
PZEPNS—I_GQPFC’—I_"') CIZGC]NS—l—G qFC_|_"'
where P, and g, are as before, while
5 _ pAA_ pAB ~ _ =BA _ ~BB
PFC_PFC _I_PFC ) qFC—qFC ‘|‘ch ?
with
Veu

pAA _ 1/_2 :

-1 Tin%g(v—u)-VxA>,




First Correction to Navier-Stokes - 2

<7'A7'B (v — u)SAB>-Zi29]

Vi:0
<7'A7'BAB8(’U - u)> : %(9%)
AV’
62

PpAB __ 1
Foe” =2V

N|—

_|_
_I_

<7‘ATBA8 (v—u)- %B> :

N —




First Correction to Navier-Stokes - 3

~ Veu
q]%Azévx- <7‘B7'A(v—u)5BA>:—g ]
1 Nzu
Veu
1 .Yz
V.0 V.0
~BB __1/_2 L 1/_2 L




First Correction to Navier-Stokes - 4

There are four new scalar transport coefficients — one that averages Tj,
one that averages Tg, and two that average 74 73.

It is easily checked that

~  Npu o~ g0 .
B, % + G 9% = divergence,

so the new terms formally conserve the entropy.



Linearized First Correction to Navier-Stokes

If the above equations are linearized about the homogeneous state with
unit density, zero velocity, and unit temperature, the corresponding fluctu-
ations satisfy

op+ Veru=0,
O+ Vie(p+ 0) = p|Asu + P52V (% w)| — Ve,
Do+ Vi u = 52p0 — N2 (V- u)
where

(ralvl*€) — _ pyo (r8IBPE)
(lof*e) ° {1BPPE)
_ (matsGlol? — EF) %)

ILL:

2
((5|v]2 — BE2)|]4e)




Conclusion: Some Open Questions

What are the correct boundary conditions for these dispersive sys-
tems?

Are these dispersive systems an improvement? This can be investi-
gated numerically on periodic domains.

Does one gain more regularity from the additional dispersive terms
than one would expect from the dissipative terms alone? This can be
asked even for the linear system on the previous slide.

What are good local well-posedness results for classical solutions?



