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Abstract

We consider the long time limit theorems for the solutions of a discrete wave equation
with a weak stochastic forcing. The multiplicative noise conserves the energy and the
momentum. We obtain a time-inhomogeneous Ornstein-Uhlenbeck equation for the limit
wave function that holds both for square integrable and statistically homogeneous initial
data. The limit is understood in the point-wise sense in the former case, and in the weak
sense in the latter. On the other hand, the weak limit for square integrable initial data is
deterministic.

1 Introduction

Energy transport and dispersion in dynamics of oscillators in a lattice have been investigated in
many situations in order to understand macroscopic thermal conductivity properties. Typical
example is the Fermi-Pasta-Ulam chain under the Hamiltonian evolution corresponding to a
quartic interaction potential

Y pr 1 N 1
"= (2;;1 * 2“’3"'@2/) + 2 [2(% —ay—1)* +7(ay — ay-1)" (1.1)
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Here g, is the displacement of the y-th particle from its equilibrium position, p, is its mo-
mentum and m is the mass. When wy # 0, the particle is confined, this breaks translation
invariance, and correspondingly the conservation of the total momentum, and we say that the
chain is pinned.

When v = 0 the Hamiltonian dynamics is given by the discrete in space linear wave
equation, and the energy evolution is purely ballistic and dispersive. If v > 0 and wy # 0,
we expect that wave scattering due to the presence of the non-linearity gives a finite thermal
conductivity and consequently a diffusive macroscopic evolution of the energy. If the chain is
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unpinned, wy = 0, and v > 0, long waves scatter rarely, giving rise to a superdiffusive behavior
of the energy [12].

The mathematical analysis of the macroscopic behavior of the energy is difficult in the
case of deterministic nonlinear dynamics, and recently various models considering stochastic
perturbations of the dynamics have been proposed. They simulate, at least qualitatively,
the effect of the scattering by the non-linearity. Such noisy perturbations should conserve
energy and be local in space [5]. In the unpinned case it is also important that they conserve
the momentum [2, 3]. The perturbations considered in these papers are given by a random
exchange of momentum so that the total kinetic energy is constant (consequently, the total
energy is preserved as well, since the position components are untouched by the noise) and
the total momentum is also conserved. This is achieved by adding, to each triple of adjacent
particles, a diffusion on the corresponding circle of constant energy and momentum. Another
example of a noisy perturbation having similar properties appears in a discontinuous in time
model in which momenta of pairs of adjacent particles are exchanged at independent random
times that are exponentially distributed.

When the interaction is linear, the thermal diffusivity of the energy in these models can be
explicitly computed — it is finite for the pinned model but diverges with the size of the system in
the unpinned case (corresponding to superdiffusive energy transport for the unpinned model).

The limit dynamics for the spectral measure of the energy in these stochastic models is
investigated in [4], where the noise is also rescaled in such a way that there are only finitely
many wave collisions in the unit macroscopic time. In a sense, this weak noise limit is similar
to the regime where phonon-Boltzmann equation is valid in weakly nonlinear models (cf.
[16]). The dynamics is defined in the following way. Consider the infinite lattice Z with the
Hamiltonian associated to the linear evolution (1.1) (y = 0), with N = oo, perturbed by a
conservative noise. Formally, it is given by the solution of the stochastic differential equations:

dy(t) = py(t)
dp,(t) = (Agy — u}(2)%) dt + dny(et),

where Aqy = qy4+1 + qy—1 — 2qy is the lattice Laplacian. The noise dny(et) will be chosen
so as to model random exchange of momenta between the adjacent sites so that the total
kinetic energy and momentum of the system are conserved (see (2.1) for the precise form of
the noise). The small parameter ¢ > 0 slows down its effect. The total Hamiltonian can be
formally written as

(1.2)

p2
H(qap) = Z ?y + Z Qg —ylzy, (13)
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with ag = %wg +2, a_1 = a1 = —1, and o, = 0 otherwise. The dispersion relation w(k) for
this system is

w(k) =+alk) = \/a;g +4sin?(7k), keT. (1.4)

The Fourier transform &(k) is defined as in (2.3) below. Let us introduce the complex wave
function

by (t) = (@ q)y (1) + ipy (1), (1.5)
where @, is the inverse Fourier transform of w(k). Its Fourier transform is given by
b(t,k) = w(k)a(k, t) + ip(t, k) (1.6)



and satisfies the equation

dip(t, k) = —iw(k))(t, k)dt + idi(et, k), (1.7)
where drj(t, k) is the Fourier transform of the noise. Due to the conservation properties of the
dynamics, if the initial configuration has finite total energy H(q(0),p(0)) < +o0, then all the
functions introduced in (1.3) and (1.5)-(1.6) are well defined and

H@(),p(1) = 3oy (8)]2 = /T b (t, K)|2dk

Therefore we can identify [ (¢, k)|? with the energy density in the mode space. In the zero noise
case, |1h(t, k)|? is conserved for any k € T (i.e. d|i(t,k)|?> = 0). The stochastic conservative
perturbation mixes the energies between different modes k, and W(t, k)|? becomes a random
variable. The evolution of the average energy &(t, k) := E[{(t, k)|? was considered in [4]. Since
the stochastic perturbation is of order €, to have a visible effect of mixing of different modes
we have to look at the time scale e~'t. It was shown in [4] that the limit

Jim & (i k:) —E(tk) (1.8)

e—0

exists in the sense of distributions, and is the solution of the linear kinetic equation
8@@$%:/R%ﬁﬂﬁ@ﬁﬁ€@@h% (1.9)
T

with the initial condition & (0, k) = [(0, k)|2. The scattering kernel R(k, k') is given by (3.2)
below.

The goal of the present article is to obtain a direct information on the wave function
U (t/e, k), as was done in [1] for the Schrodinger equation, and not only for the average energy.
It follows from (1.7) that the unperturbed (by noise) evolution of this function is governed by
the highly oscillating factor e =)t/ (after we rescale the time). It is therefore reasonable to
consider, in case of the perturbed system, the compensated wave function of the form

PO (t, k) = WUt )e, k).

We show that once we compensate for fast oscillations, the wave function converges in law to
the solution a Langevin equation driven by (1.9). More precisely, we prove in Theorem 3.1
below, existence of the limit (in law and pointwise in k):

lim POt k) = h(t, k). (1.10)

The limit 1/;(25, k) is a complex valued stochastic process satisfying the linear (time inhomoge-
neous) Ornstein-Uhlenbeck equation

dip(t, k) = —@w, k)dt 4+ /R(t, k)dwy(t), (1.11)

with the initial condition (0, k) = (0, k). Here 3(k) is given by (2.5) below,

R(t, k) = /Té(t, KR (k,K)dK, (1.12)
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and {wg(t)} is a family of pairwise independent standard complex valued Brownian motions
parametrized by k € T. That is, they are complex valued, jointly Gaussian, centered processes
satisfying

Elwg(t)wi (s)) =0 and  Elwy (H)wi(s)] = 0wt As

for all t,s > 0 and k, k" € T. Here 0 = 0 for k # k" and d;, = 1. Equation (1.11) has the
explicit solution

. t A
D(t, k) = e 1PBL) 0, k) + / e 1PE)=9) /R (s, k) dwy(s). (1.13)
0

In particular, we have
E[d(t, k)2 = e~ 20® (0, k)| + /0 BT (s, k)ds
which is equivalent to (1.9), since £(¢, k) = E|¢(t, k)|? and
B(k) ZQ/TR(k,k’)dk’, (1.14)

as can be seen by a direct calculation from (2.5) and (3.2).

Initial conditions such that [ |4(0, k)|2dk < oo correspond to a local perturbation of the
zero temperature equilibrium. We are also interested in the macroscopic evolution of the
equilibrium states at a positive temperature T' > 0, starting with a random distribution given
by the Gibbs measure at temperature T'. In the mode space this is a centered, complex valued,
Gaussian random field with distribution valued 7,/3(/{) Its covariance is given by

E[* (k) (k)] =To(k — k'),  E[b(k)y(k)] = 0. (1.15)

Here §(k — k') is Dirac’s delta function. The distributions are invariant under the dynamics,
due to the conservation of energy. Actually, in Section 3.2 we consider more general class of
space homogeneous Gaussian, random initial conditions that are not necessarily stationary in
law in time. More precisely, we show (see Theorem 3.3) that if the law of the initial condition
is a homogeneous, centered Gaussian field with the covariance given by

E [d(k)D(K)] = &)k = k), E[d(R)I(K)] =0,

then the compensated wave function converges in law, as a continuous in time process tak-
ing values in an appropriate distribution space, to the solution of the time inhomogeneous
stochastic equation:

dip(t, k) = —B(f)y?(t, k)dt + \/R(t, k)dW (t, k). (1.16)

Here, R(t, k) is given by (1.12) and E(t, k) is the solution of the deterministic equation (1.9)
with the initial condition £(0, k) = & (k), while dW (¢, k) is a white noise on R x T, a complex
valued Gaussian process with the covariance

E[dW (t, k)dW* (s, k)] = 8(k — k') @ 6(t — s)dtds



and R(t, k) is given by (1.12). The solution of (1.16) is also explicit: v(t) is the distribution

- L t

D(t) = e P 4 / e PU=IARI2(5)dW (s).
0

In particuAlar, in the case of the initial condition distributed according to a Gibbs measure, the

solution (¢, k) of (1.7) has the same law for all times, therefore E(t,k) =T for all t > 0. In

this case, (1.14) shows that R(t, k) = 3(k)T/2. Therefore, as a consequence of (1.16), the limit

of the compensated wave function is the solution of the linear infinite dimensional stochastic

differential equation:

dip(t, k) = —Bi’%(t, k)dt + %dW(t, k). (1.17)

In the general case, when &y(k) is not constant, we have
Jim E(t, k) = / E(K)dk' =T,

hence, equation (1.17) describes the asymptotic stationary regime of (1.16) where the tem-
perature is given by the average of the initial energy over all the modes k. Recall that the
microscopic noise conserves the total energy and that the resulting temperature 7' depends
only on the law of the initial condition.

Let us also comment on the difference between the square integrable and distribution-
valued initial data. While the Ornstein-Uhlenbeck equations (1.11) and (1.16) are essentially
identical, the limits hold in a different sense. For the square integrable data, the limit equation
holds point-wise in k. If you consider the limit in the sense of distributions (that is, integrated
against a test function) for such initial data, it is described simply by attenuation of the initial
condition by an exponential factor e #(¥)t/4 (see part (ii) of Theorem 3.1) — that is, by (1.11)
with no stochastic forcing. This result stands in sharp contrast with the case of spatially
homogeneous initial data (note that then the energy has to be infinite) when the respective
limit in the sense of distributions is stochastic, see (1.16), and fluctuations can not be averaged
out by integration.

The results of [4] also concern the Wigner transform, which is the spatially localized energy
spectrum. The spatially inhomogeneous version of (1.9) is (after a simultaneous rescaling of
space-time by (e 'z, e~ 1t))

OE (1,2, k) + o (k)9 (¢, k) = / Rk, K) [€ (t.2, k) — € (1,2, k)] dI. (1.18)
T

This gives the probability distribution at time ¢ of the phonons in the (z,k) space. The

behavior at small k of the velocity w'(k) is responsible for the superdiffusive behavior of the

energy for the unpinned chain (cf. [2, 3, 10, 11]). It would be interesting to understand the

relation of an inhomogeneous version of the result of the present paper to this superdiffusive

phenomenon.

The organization of the paper is as follows. In Section 2 we introduce the basic notions
that shall be used throughout the article. We formulate rigorously the stochastic differential
equation for the Fourier transform of the wave function, see (2.8). The equation for the
compensated wave function is formulated in (2.13).



The paper is organized as follows. Section 2 contains the precise mathematical formulation
of the problem and necessary definitions. We formulate the results for the convergence of
compensated wave function in in Section 3, see Theorem 3.1 for square integrable initial data,
and Theorem 3.3 for spatially homogeneous, Gaussian initial distributions. The proofs of these
results are presented in Sections 4 and 5, respectively.
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2 Preliminaries

2.1 Infinite system of interacting harmonic oscillators

The dynamics of the system of oscillators can be written formally as a system of It stochastic
differential equations indexed by y € Z

day(t) = py(t)dt (2.1)
dpy(t) = —(axa())y dt—S(B+p(0)y di+ve Y (Vyrrpy(O)dwyan(t).
k=-1,0,1
Here
Yy = (P2 — Pat1)0p, 1 + (Pot1 — Po—1)0p, + (Pa—1 — P2)0p, 4 (2.2)

and {wy(t), t > 0}, y € Z is a family of i.i.d. one dimensional, real valued, standard Brownian
motions, that are non-anticipative over the filtered probability space (2, F,{F;, t > 0},P). In
addition,

0 0

By = ABY = By, + 6,7, — 25
with
_47 Y= 0
p =1 —1, y=+1
0, if otherwise.

Recall that the lattice Laplacian of g : Z — C is given by Agy := gy+1 + gy—1 — 29y-

The Fourier transform of a square integrable sequence of complex numbers {v,, y € Z} is
defined as

Y(k) = Z')’yey(k’)a keT. (2.3)
YEZ

The one dimensional torus T considered in this article is understood as the interval [—1/2,1/2]
with identified endpoints. The inverse transform is given by

fy= Af(k)e;(k)dk, yeZ (2.4)

for any f belonging to L?(T) - the space of complex valued, square integrable functions. Here

ey(k) := exp{—i2nyk}, yeZ



is the standard orthonormal base in L?(T). A simple calculation shows that
B(k) = 8sin® (k) [1+2cos®(rk)] . (2.5)
We assume also (cf [4]) that
al) {ay, y € Z} is real valued and there exists C' > 0 such that |a,| < Ce™¥/C for all y € Z,
a2) &(k) is also real valued and &(k) > 0 for k # 0 and in case &(0) = 0 we have &”(0) > 0.

The above conditions imply that both functions y — «, and k — &(k) are even. In addition,
& € C*(T) and in case &(0) = 0 we have &(k) = k?¢(k?) for some strictly positive ¢ € C°(T).
Recall that the function w(k) := y/&(k) is the dispersion relation.

2.2 Evolution of the wave function

For a given m € R we define the space H™(T) as the completion of C°°(T) under the norm

1117 =D+ ")y

YEZ

We shall denote by (-, -) the scalar product on L?(T). By continuity it extends in an obvious
way to H™(T) x H~™(T) for an arbitrary m € R.
It is convenient to introduce the wave function that, adjusted to the macroscopic time, is

given by
PO = @ g (i) +ip (i) . (2.6)

Here {@,, y € Z} is the inverse Fourier transform of w(k) := /&(k). We shall consider the
Fourier transform of the wave function

DOt k) == w(k)q (Z k) +ip (ik) . (2.7)

Using (2.1) as a motivation, we obtain formally, by considering the Fourier transform of (2.1),
that

A (t) = AP ()]dt + Q) (1) dW (1), (2.8)
#90) =
where ¢ € L?(T), and mapping A : L*(T) — L?(T) is defined by

ALK = Lot £~ PO ) - ) v e L), (2.9
Here
Filky = F(B) and (k) = F*(=F). (210)

In addition, Q[g] : L*(T) — L?(T) is a linear mapping that for any g € L*(T) is given by

QlyI(f)(k) := Z/ r(k,K)g1(k — k') = g-1(k = K)If(K)dK', ¥ f € L*(T), (2.11)

T



where
r(k, k') := sin(27k) + sin[27(k — k)] + sin[27 (k" — 2k)]
= 4sin(rk) sin[r(k — k') sin [(2k — K')7], kK €T.
The cylindrical Wiener process on L?(T) appearing in (2.8) is dW (t) := > ez eydwy(t).
It can be easily checked that >_ ; 1Q[g)(ey)I32 < Cllgll32 for some C > 0 and all g €
L*(T) so Q[g] is Hilbert-Schmidt, which ensures that

QI ()]AW (t) := Y QU (1))(ey)dwy(t)
YEL

is summable in L?(T), both in the L? and a.s. sense. It is also obvious that the mapping A
is Lipschitz. Using Theorem 7.4, p. 186, of [6] one concludes therefore that there exists an
L2(T)-valued, adapted process {¢)(9)(t), t > 0} that is a unique solution to (2.8), understood
in the mild sense. In addition, see Section 2 of [4], the total energy is conserved:

15 (8[| 2 = const, V>0 (2.12)

for a.s. realization of Brownian motions and an initial condition from L?(T).

2.3 Compensated wave function

Let us define the compensated wave function

B ) = O, k) exp {itw(k) } |

€

From (2.8) we obtain the following equation

a9t k) = A |45 | e+ a0,

P19(0) = ¢, (2.13)
where ¢ € L2(T), Alt,-] : L*(T) — L?(T) is Lipschitz
Al 7106 = =28 (k) — exp g2ty 5 (). (2.14)
The martingale term is
M9 = Q K $© (t)} dW (1), (2.15)

where for any g € L*(T) and ¢ > 0, the operator Q[t, g] : L?(T) — L*(T), given by

Q[t, gl(f)(k) =i Z U/TT(k:, k’)gg(kz — k:/)f(k/) exp {z[w(k:) —ow(k — k:/)]t} dk’, (2.16)

o==+1
is Hilbert-Schmidt. Its Hilbert-Schmidt norm satisfies

1QIt, 91] — QIt g2]ll rrsy < Cllgr — g2llr2rys Yt >0, g1, 92 € L*(T),

for some constant C' > 0. In addition, it can be verified by a direct computation that t — fl[t, ]
is Lipschitz, uniformly in ¢. The solution of (2.13) exists in the mild sense, see [6], Theorem 7.4,
p. 186, and is unique. Moreover, if the initial condition belongs to C(T) so does (O (t) for
any t > 0 and a.s. realization of the Wiener process.



3 Convergence of the compensated process

3.1 Square integrable initial data

Before formulating the result we introduce some auxiliaries. First, for any k‘?, k‘g €T, 01,09 €
{=1,1} let us denote

Koo (kK9 o= [k s w(kd) — w(k? — k) = o1[w(k9) — oaw (kY — k)]]

and

Kok, k) := [k : w(k?) + w(kd — k) = w(k9) + w(kd — k)].

Let also
Kk, k) = | K772k, k9) U Ko (k) k9).

o1,09==%1

We shall require that:
Condition w) for any kY # k9 the one dimensional Lebesgue measure m1 (K (k?, k9)) = 0.

Define the scattering operator £ : L'(T) — L*(T) by

Lf(k) = /TR(k:,k:’)[f(k’) — f(R)dK', € LY(T), (3.1)
where the scattering kernel is given by
R(k, K'Y := r?(k, k — k') 4+ r?(k, k + k) (3.2)
= 16sin’(rk) sin®(7k’) {sin® [7(k + k)] + sin? [z (k — k)] } .
Suppose that ¢ € L2(T). Let
R(t, k) = / R(k,KE(t, K )dK, (3.3)
T

where £(t, k) is the solution of an equation

E(t, k) = [D(k)[? +/0 £E(s, B)ds. (3.4)

Assume also that {wg(t), t > 0} is a family of pairwise independent standard, one dimensional,
complex valued Brownian motions indexed by k& € T. Our first principal result can be stated
as follows.

Theorem 3.1 (i) Suppose that Y e O and ki,....k, € T for a given integer n > 1.
Then {(1(t, k1), ... O (t k), t > 0} converge in law over C([0,+00);C"), as € — 0+, to
{((t, k1), ..., ¥(t, kyn)), t > 0}, where {¢(t, k), t > 0} is a complex valued, non-homogeneous
in time Ornstein- Uhlenbeck process that is the solution of the equation
_ 3(k) -~
do(t, k) = @w(t, k)dt + RY2(t, k)dw (1),

4
$(0,k) = (k). (3.5)



(ii) If 1 € L2(T) then for any f € L*(T) and t, > 0 we have

lim sup [(B(t) ~ (), f)] =0 (3.6)

=0+ 4¢(0,t.]

in probability. Here 1)(t) is given by

B(t, k) == o(k) exp {—tﬁ(k)} : (3.7)
Remark. Note that £1 =0 and

(&S 5y =5 [ RERIE) = PRk <0, ¥ f € L2(T)

Since the operator £ is symmetric and compact on L?(T), and 0 is its simple eigenvalue we
conclude that R(t, k) — (3(k)/2)T, where T = Hi/AJOHLZ’(T)a as t — 400, uniformly on T. As a
result we obtain that )
lim E‘qﬁ(t, k) —zﬁs(t,k)‘

t——+o0

=0, (3.8)

where @ZS(t, k) is a time homogeneous Ornstein-Uhlenbeck process given by

aiyt k) = 205,k ) P ),
1;5(0,]?) = TZJ(k) (39)

Let us also comment briefly on condition w). An important fact used in the proof of part (i)
of Theorem 3.1, is that the energy [¢)(9)(¢)|? converges in probability, weakly to £(t), as e — 0+
The fact that the mean E([()(9)(t)|?, f) converges to (£(t), f) has already been shown in [4]. Tt
is clear from (2.13) that (|[¢(9)(¢)[2, f) is a semimartingale, for any test function f. Condition
w) is used to prove that the martingale part of the semimartingale vanishes, see Lemma 4.6
below. This, in turn implies convergence in probability. The following simple criterion is useful
for verification of condition w), e.g. for dispersion relation w(k) of the form (1.4).

Lemma 3.2 Suppose that the dispersion relation satisfies the following condition: the equation
J'(k)=0 (3.10)

has no solution in T\{0}. Then, for any (k?,kY) such that kY # k9 we have m1 (K(kY,k9)) = 0.
In consequence the hypothesis w) holds.

Proof. From the assumptions made we know that w € C*°(T \ {0}). Fix (k?,k9) such that
kY # k. We only prove that the corresponding section of Ki:

KRS, kD) = [k = w(kY) — w(k) — k) = w(ky) — w(k) — k)]

is of null Lebesgue measure. To simplify our considerations we assume that o1 = g9 = 1.
The remaining cases can be dealt with similarly. Suppose on the contrary that the Lebesgue

10



measure of the set is positive. We can find an increasing sequence of {£,, n > 1} c KM(KY, &9)
so that the signs of {k§ —¢,,, n > 1} and {k? — £, n > 1} are definite. In consequence, we get

w(k‘g — ) — W(kg —lny1) = w(k:? — ) — w(k‘? — lny1).
Since kY # k3 and {¢,, n > 1} is converging we conclude the existence of ¢’ # ¢” such that
() = ().
When the signs of the arguments are the same we conclude easily the contradiction with (3.10).

Assume therefore that they are opposite and ¢ < ¢”. Since w'(k) (understood as a function
on R) is 1-periodic and differentiable except at integer lattice points, the above implies that

wl(l +£l) — wl(zl!)

and 0 < ¢ <1+ ¢ < 1. Hence, we conclude the existence of a point k£ € T \ {0} where (3.10)
holds. This is also a contradiction. Therefore, m1 (K11 (9, k9)) = 0 for all k¥ # k9. O

3.2 Statistically homogeneous initial data

For a given non-negative m > 0, we assume that the initial data Y is an H ~™(T) valued
Gaussian random element. More precisely, suppose that &(+) is a non-negative function from
C(T), {&,y € Z} are ii.d. complex Gaussian random variables such that E{y = 0 and

El¢l* = 1, and
=57 6,8  (K)ey (k). (3.11)

YEZ

It is supported in H~™(T), provided that m > 1 / 2. Observe that the covariance form equals
C(J1,Js) :=E [<J1, (Ja, ) / Eo(k)Jy (k)3 (k) dk (3.12)

for any Jy, JJo € C*°(T). The Gibbs equilibrium states described in the introduction correspond
to & (k) = const.

Suppose that w(-) € C;°(T \ {0}) is bounded with all derivatives on T \ {0} and such that
w'(0—) and w'(0+) are defined. Then, for any m < 3/2 and ¢, > 0 there exists C' > 0 such
that operators Al[t, -], given by (2.14), satisfy

| A[t, g1] — Alt, g2]ll -y < Cllgr — g2llg-m(m), Yt € [0, 2]
Likewise, the Hilbert-Schmidt norm of Q[t, g] : L*(T) — H~™(T) satisfies

1Q[t, 1] — Qlt, g2lllmsy < Cllgr — g2llr-m(ry, V1,92 € H ™(T)

for t € [0,t,]. Using again the results of [6], it is easy to conclude that equation (2.13) has a
unique mild solution {¢)(9)(t), ¢ > 0} whose realizations belong to C([0,400); H~"(T)).

Let R(t, k) be given by (3.3) with £(¢, k) the solution of (3.4) satisfying £(0,k) = &y (k).
Since the operator f(k) — RY2(t,k)f(k) is Hilbert-Schmidt, when considered from L?*(T) to
H=™(T), and f(k) — —(3(k)/4)f(k) is bounded on H~"™(T), the equation

dipu(t, k) = —B(f)z/;*(t,k)dt+R1/2(t,k)dW(t,k),
D(0,k) = (k) (3.13)
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has a unique H " (T)-valued mild solution, see Theorem 7.4, p. 186 of [6]. It is given by the
formula .
Bulty ) = PG [ BOVARY s ) (s, ).
0
We denote by H,™(T) the Hilbert space equipped with the weak topology. Our main result
is as follows.

Theorem 3.3 Suppose that m € (1/2,3/2) and condition w) holds. Then, under the above
assumptions, the processes {(t), t > 0} converge in law over C([0,400), H;™(T)), as
e — 0+, to {1«(t), t > 0}.

Remark. As in the remark made after Theorem 3.1 we can also conclude that

lim | (4. (t) — $a(t), £)|* =0, (3.14)

t——+o0

where 1),(t) is a time homogeneous, distribution valued Ornstein-Uhlenbeck process given by

dips(t, k) = —Bik)q/}s(t,k)dt+ fj(g)TdW(t,k;),

where T' = ||| 1 (1)-

4 Proof of Theorem 3.1

We explain the idea of the proof in the case n = 1 (that is, the process 9(t, k) for a fixed
k), the independence of the compensated wave function for various k is handled in the same
manner. Since the coefficients appearing in the stochastic differential equation describing the
evolution of () (t) (see (2.13)) are of the order O(1), it is easy to conclude that for each k
the laws of processes {1)(9)(¢, k), t > 0} are tight over C(]0,400);C), as € — 0+. In order to
identify the weak limit, thus proving part i) of the theorem, we have to deal with the rapidly
oscillating terms. First, we show that the rapidly oscillating part of the bounded variation
term in (2.13) (with the factor exp{2iw(k)t/e} in (2.14)) vanishes in the limit, because of the
following result.

Proposition 4.1 For givent, >0, a >0, k,k' € T, k # 0 and function f € C'[0,t.] we have

sup } /Ot exp {—i%} F(s)he(s, k)ds

te[0,tx

lim E

- 0. 4.1
Jim, 0 (4.1)

This result is a part of Corollary 4.5 below.

Next, we show that the limit of the martingale part /\;lge) (k) in (2.13) is a complex Gaussian
martingale with the quadratic variation equal to fot R(s,k)ds. To this purpose we prove the
following convergence of the quadratic variation:

(M (k) — /O R(s, k)ds

lim sup
=0+ 4€(0,t.]

=0 (4.2)

12



in probability, for any ¢, > 0. This is done in Proposition 4.2. The method of proof of (4.2) is

as follows. The terms of the following form appear in the quadratic variation of ./\;lgg)(k):

VO (1) = /0 (O s)[2, frds,

V(1) = /O ds /T D (s, k) (s, —k) f*(k)dk, (4.3)
(O ()P

1)
@) (p) .—
VEIOR /O (

Here f(k) is a certain explicit function related to the scattering kernel. As () (¢, k) (without
—iw(k)t/e

)17, fds.

the compensation) is rapidly oscillating as e , we expect that only VE(O)(t) has a non-
trivial limit. This term contains no oscillation and is essentially the time integral of scattered
energy |1ﬁ(5) (t,k)|2. Tt has been shown in [4] that the expectation of the energy converges to
the solution of (1.9). We need to strengthen this result to convergence in probability.

The proof of part ii) uses the same ideas. Integrating against a test function results in
the formula for the quadratic variation, see (4.35), containing only terms with fast oscillating
factors, so the stochastic part vanishes in the limit.

We now turn to the proof of the theorem. An application of the It6 formula to (2.8) yields,
see Theorem 4.17 of [6],

AP (t, k)| = [I.(t, k) + IT.(t, k)] dt + dM (), (4.4)
where
L(t, k) := (AR @O)])* (k) ) (t, k) + ()" (¢, k) A ()] (%),
I (t,k) = > QU (1)](ey)™ (k) QI (1)](ey) (k)

YyEZL

and Ml(f) is an Fy-adapted local martingale, given by MEE) = MEI’E) + M§2’€), with

M (k) = /0 QO ()W ()" (k) D (s, k)

(4.5)
t ~ ~
M (k) := /0 ()" (5, k) QU ()W (s)) (k).
We obtain from (2.9) that
ey = -2y - 200 ), (4.6
where ) ) ) ) )
$(t k) = O k) (E, k) + (@) (& k) () (¢, ),
while equation (2.11) yields
IL(t k) = /T R(k, k’)\¢<€>(t,k')y2dk’+% /T Rk, K)o (¢, k) dk . (4.7)

13



We can derive analogous equations for d[t)(9) (¢, k)]? and d[¢)(©) (¢, k)p(9) (¢, —k)]. The corre-
sponding terms shall be denoted by Ig(l)(t, k), 1 (t,k) and the martingale

N ) = NGO ) + NI k), i =12

We have
1008 = - 2B 0k 4P, 6 0],
12(tk) = =206 k) 4 PO, @O0,
and
HOWK) = QRO GOy (], i=1,2 (4.9

where P;, Q; are second degree polynomials in () (£), ()(9))*(¢).

Proposition 4.2 Let f € L>(T), and Ve(j)(t), Jj =0,1,2 be defined by (4.3). Then for any
t. > 0 we have

t
lim sup |[VO(t) — / (E(s), f)ds| =0 (4.9)
=0+ 1[0, 0
and
lim Vo t)‘ —0, i=1,2 (4.10)
=04 4200,t.]

in probability.

Proof. The proof of this proposition shall be obtained at the end of a series of lemmas. We
start with the following.

Lemma 4.3 For any p € [2,4+00) there exists C > 0 such that

Ct*

sup E
e€(0,1]

sup [0 2, | < CC L, gy, Tt > 0. (1.11)

te[0,t]

Proof. Let

€) 7 . k t ~ ~
T (k) == exp {—z“’(e) }¢(k:), ) e IP(T), t € R.
We obviously have

T Loy = [Blleqry, ¥ > 0, p € [1,400]. (4.12)

Using the Duhamel formula, the solution of (2.8) can be written as

meﬂm+Aﬁwwwmm+2/ﬁ@%%wwmmﬁ<u@
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Hence, for a given € € (0,1] and ¢y > 0 to be adjusted later on, we can write

~ A to A
E| sup 4O K sc{w<k>p+t8‘1 | s s
te(0,to] 0
p
+E{ sup / SO TOQE (5)](ey) (k) (5)| 5 b (4.14)
tE[OtQ

YEZ

To estimate the martingale term on the right hand side we use Burkholder-Davis-Gundy
inequality which allows to bound it by

to R p/2 to R
g ([ [ ROk - P < o[BI, s, (015)

for some constant C; > 0. Choosing ¢y sufficiently small, so that Ct§ + CC’ltg/2 < 1/2, we
conclude that

E{ sup [ (®)[7, m} < 209115,y (4.16)
te[0,to]

The argument leading to (4.16) can be used on each of the intervals [jto, (j + 1)to) for any
7 > 1 and yields

E{ s [FOWIE, T)} < CE3 (jto) 2, <CE{ sup [t <>||m}

te(jto,(j+1)to) te[(j—1)to,jt0]
(4.17)

for some constant C' > 0 independent of j and € € (0, 1]. Hence, after j iterations of the above
estimate, we conclude

S tO?(]+1)t0]

E{ o W%wuipm}scwwzpm (4.18)
J

and (4.11) follows. O
Combining the above result with estimates (4.14) and (4.15) we conclude the following.

Corollary 4.4 For a given p € [1,+00) there exists C > 0 such that

sup [Pt k)P| < CeCt

te[0,t]

sup [E Vit, > 0.

e€(0,1],keT

From (2.8) and the above corollary we conclude the following.

Corollary 4.5 For givent, >0, a >0, k,k' € T, k # 0 and function f € C1[0,t.] we have

t as 5
6£%1+E tes[g’];}/o exp{—i?} f(8)e(s, k)ds| =0 (4.19)
and
Jim E {tes[lé,l;] ) (s, k)p) (s, k') ds } =0. (4.20)
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In addition if w(k) # w(k') we have

lim E< sup
=0+ | tefo,t]

/¢ 5, k) (1 ()* (s, k' )ds

} ~0. (4.21)

Proof. Using (2.8) we obtain

sa ~

o {_Zaet} FOut )~ FOWR) = _iw /ot exp { i } F()els. ks
+ /Ofp[zz?e(s),( *(5)] (k)ds + / S0, de(s), (o) (5)] (Kywy (ds), (4.22)

YEL

where P, Q, are first degree polynomials in Ye(s), (1he)*(s) with bounded coefficients and such
that

sup Y |Qy[e(s), ()" ()I(K)* < Clivbe(8) 172

s€[0,t« ]yEZ

Dividing both sides of (4.22) by (w(k) 4+ a)/e (possible since this factor is strictly positive) we

calculate .
[ e {2} 56}l s
0 €

Using Lemma 4.3 together with Corollary 4.4 we can easily conclude (4.19).

The proof of (4.20) is analogous. We use the It6 formula to express d[i)(€) (s, k)ip(©) (s, k)]
and d[i)©) (s, k) (1)()*(s, k')]. Then, we repeat the argument used above. [J

The following lemma shall be crucial for us.

Lemma 4.6 For any f € L*(T), t. > 0 we have

. 2
lim E | sup ‘<M§“), f>‘ —0 (4.23)
=0+ |4efo,t.]
and
2
lim E | sup ‘(N(’JE),M —0, ij=12 (4.24)
e—0+ te[0,tx] k

Proof. We can write

E‘(/\/lil’e) P {Z/ dsE

JEZ

2

[ R £ ) k= e (15 s, )

2} (4.25)

2
Here, for abbreviation sake, we wrote dk = dkdk’. The estimate of E )(M?’e), f)‘ is very
similar except f* on the right hand side should be replaced by f. Using Parseval identity we

+Z/ dsE

JEZL

/ K () ($O) (5, K — k)l (k)i (s, k)dk
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can further transform the right hand side of (4.25) into

2 [as [l ki, ) (070
x B[ @) (s = KD (5, )5 (5, by = K) ()" (s, k)|

~

E [0,k — K9 (5, 1) (5" (5, k1 — K)(@O) (s, k)] p ke, (4.26)

where dk = dkdk,dk'.
Consider the term of (4.26) corresponding to the first expectation (the other can be dealt
with in a similar fashion). Recall that

K1 = [k K k) s w(k) + ok — k1) = w(k') + w(k — k).
We claim that for k = (k, k', k1) € K1 we have
t
lim [ ©©(s,k)ds =0, (4.27)
e—0+ Jo

where

U (s, k) 1= B [ ()" (s, b = K0 (5, b1 = K)5O) (5, K) () (s, k1) |
Using (2.8) and It formula we conclude that

é [k — k) + w(kr) — wlky — K) — w(k)] /Ot T (s, k) ds

— (¢, k) — B (0, k) + /7» ), (D) (5)](K)ds, (4.98)

where P is a fourth degree polynomial formed over the wave function 1 (s), ((9)*(s).
Dividing both sides of (4.28) by the factor in front of the integral on the left hand side and
subsequently using Corollary 4.4 with p = 4 we conclude (4.27). The lemma then follows,
provided we can substantiate the following interchange of the limit with integral

t
i, ) ds /TBr(k,k’)r(kl,k’)f*(k)f(kl)\lf(e)(s,k)dk

_ /T (K, ) £ (8) f(kl)dk{ lim / t\I/(e)(s,k)ds} .

e—0+ Jo

The latter however is a consequence of the Lebesgue dominated convergence theorem and
Corollary 4.4. This ends the proof of (4.23). The proof of (4.24) is analogous. [J

Going back to the proof of Proposition 4.2 we conclude that (4.10) holds, thanks to (4.20)
and the Lebesgue dominated convergence theorem.

On the other hand from the It formula for d|¢(9) (¢, k)|? we obtain

(FOOF ) = (DOF, 1) = [(LBOE s+ 5 [ (L), fyds + (M. ).
0 0

Denote by {Q., € € (0,1]} the family of the laws of {|¢)() (¢)|2, t > 0} over C([0,+00), L2,(T)).
Here L2 (T) stands for the space L?(T) equipped with the weak topology.
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Using Lemma 4.3 we conclude from the above equality that for any ¢, > 0 there exists a
constant C' > 0 such that

E[([9OOR ) — (B2 0| <Ct—s? vee (o, 1], t,s € [0, ]

This implies tightness of the family of the laws of {(|{()(¢)|2, f), t > 0}, as e — 0+ over
C[0,400). From the above and estimate (4.11) we conclude weak pre-compactness of @),
e € (0,1], see Theorem 3.1, p. 276 of [8]. Thanks again to Lemma 4.6 and the already proved
formula (4.10) we conclude that the limiting law is a J-type measure supported on £(t) — the
solution of (3.4). This, in particular, implies that

lim sup [(|$ () =€), f)| =0
=0+ 12[0,t.]
in probability. Hence (4.9) follows. O
With the results proved above in hand, we return to the proof of Theorem 3.1. Assume
first that n = 1 and we consider the process ¢(9) (¢, k) evaluated at a single k. From (2.13) and
Corollary 4.4 we conclude easily that for any ¢, > 0 there exists a constant C' > 0 such that

E[©(t,k) — (s, k)* < Ct —5)?, Vee (0,1], s,t € [0,t,].

This implies tightness of the laws of {)(9)(t, k), t > 0} over C[0, +00).

In the next step we identify the limiting law Py of {1()(¢, k), t > 0} over C[0, 400). Denote
by I, (f) := f(t), f € C[0,400) the canonical coordinate map.

Consider the quadratic variation of the complex valued martingale given by (2.15)

(MOE), MOV K= Y 1o / r? (k, k)OS (8 — K)(05))7 (8, k — KN)dk', (4.29)

o1,09==%1 T

and
(MO E), MOk = > o109 / 2 (k, KNS (6 k — KNS (6 k — K)dk'. (4.30)
o1,09=%1 T

Using Proposition 4.2 we conclude that

lim sup =0

=0+ 4¢(0,t.]

(M (), (MY (k) — / R(s, k)ds

and

Then by virtue of Theorem 5.4 of [7] we conclude that {./\;lge), t > 0} converge in law over
C[0,400) to a complex valued Gaussian process {M;, t > 0} given by

t
M (k) = / RY2(s, k)w(ds), (4.31)
0
where {w(t), t > 0} is a complex valued standard Brownian motion.
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Assume now that k£ # 0 and Py is a limiting law of {1;(5) (t,k), t > 0} obtained from a
certain sequence €, — 0+. Denote by II; the coordinate mapping, given by Il;(g) := g(t) for
g € C[0,+00).We conclude from (2.13) and (4.19) that

Bk)

t
Ht—i-/Hst, t>0
4 Jo

is a Pg-martingale whose law coincides with that of the process described by (4.31). The
conclusion extends also to the case when k = 0 and w(0) > 0. If, on the other hand, w(0) =0

we have 4(0) = 0 and R'/2(s,0) = 0 and therefore II; = IIj a.s.
Suppose now that ki,...,k, € T are pairwise distinct. Denote by ). the law of

{9t k), ..., 09t k), t > 0}

over C([0,4+00),C™). Then, following the argument made in the previous part of the proof,
we conclude

=0

lim sup
e—0+4 te[0,t.]

(MO ki), (M) (ky))e = b /OtR(& ki)ds

and

lim sup ‘(/\;l(e)(ki),/\;l(e)(kj»t‘ =0, Vi,j=1,...,n.
=0+ ¢(0,t.]

Combining this observation with (4.19) we obtain from equation (2.13) that any limiting point
of the family of laws of @, as €, — 0+ is a measure P}, 1, such that

n

n 3(k) [t
My =M, M ))::Ht+ﬁ(4)/ﬂsds, t>0
0

is C™-valued martingale, whose quadratic covariation is given by
t
(MO, MOY), =55 [ Rs,ky)ds
0
and

(MDD (MUY, =0, Vij=1,...,n.

This of course implies that Py, %, = P, ®...® P, .
Let f € L?(T). We shall prove that

11151+E|</\;l§6), AR =0 (4.32)

Assuming this result we show how to finish the proof of part (ii). Denote
() (1) := I (t) — (1),

Using Lemma 4.3 and Theorem 3.1, p. 276 of [§]
€ € (0,1] — the family of the laws of {6¢(°)(¢), ¢

we can conclude weak pre-compactness of P,
> 0} — in C([0, +00), L2(T)). With the help
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of Corollary 4.20 and (4.32) we conclude that the limiting measure, as ¢ — 0+, is supported
on the solution of the equation

1

[ g1, ppas =0, s e 1),

<g(t)af> - 4 0

This of course shows that it is the d-measure supported on g(t) = 0. Hence, in particular we
get,
lim sup |(699(0), )] =0 (4.33)
=0+ 40,4

in probability and (3.6) follows.

Coming back to the proof of (4.32) note that by the definition of the martingale /\;lge)
(2.15), we only need to show that

2
=0 (4.34)

e—0+

lim E /;;/T exp {stik)} r(k, k)£ (k) D (s, k — K )ey (K Y, (ds)

for 0 = +1. We consider only the case ¢ = 1, the other one can be dealt in a similar manner.
The expression under the limit in (4.34) equals

//exp [zs (kl)} (e, k) (e, K'Y (k) f (1 )E [z&( (s, k — k') )* (s, ky — k;’)} dsdk,

(4.35)
with dk = dkdk,dk'. Observe that

wppﬁw”;”%”}Ew@@¢—wxw%%um—wﬂ—Ekﬂk—wwwm—kﬂ
:/tjs{exp{ W}E[zﬁ(f)(s,k—k)(@ﬁ ) (s, kl—k’)]}ds

[w(k) —w(k — k) —w(k1) + w(ks — K]

1
€

<[ { 2O g [0k - 1)) (51 - )] ds

+ [ P[99, 00 )] s,

where P is a second degree polynomial in 9(9(s), (¢)(9)*(s). Using Corollary 4.4 and an
argument identical with the one used in the proof of Lemma 4.6 we conclude that

lim texp {zsw} E [1[)(6)(5, k— K (D) (s, k1 — k')} ds =0

e—0+ 0

for all k& # ki. Equality in (4.34) is a consequence of the Lebesgue dominated convergence
theorem.
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5 Spatially homogeneous initial data

Tightness of the family of laws {1/;(6) (t), t > 0}, in the space of continuous functionals taking
values in a space of distributions is again due to the fact that the evolution equation (2.13)
contains no terms that are large in magnitude. This is done in Sections 5.1 and 5.2. However,
we have no estimates of the H~"*(T) norm of ¢)(9)(¢) analogous to the ones in Lemma 4.3,
that have played an important role in the limit identification argument of Section 4 for square
integrable data. Therefore, instead of considering the quadratic variation of the martingale
term as we did in the proof of Theorem 3.1, for the proof of Theorem 3.3 we identify the limit of
all moments of 1(© (t). Accordingly, we first write equations for time evolution of an arbitrary
moment of 4(¢) (t) in Section 5.3. Using standard averaging argument we show (see Proposition
5.3) the convergence of moments, as € — 0+, to a solution of the limiting equation obtained
simply by discarding the oscillatory terms from the moment equation. Finally in Section 5.5
we prove that the solutions of the limiting equation coincide with the respective moments of
the non-homogeneous Ornstein-Uhlenbeck equation (3.13) concluding in this way the proof of
Theorem 3.3.

5.1 Properties of spatially homogeneous solutions of (2.8)

Recall that the initial data 1[1 is random and takes values in the Hilbert space of distributions
H~™(T) for some m € (1/2,3/2). In fact, in Sections 5.1-5.3 we shall not make any use of the
assumption that the data is Gaussian and we use only the fact that E||¢||2,, < +oc. Consider
the random field {1, := (1), ey), y € Z}. Note that

> A+ Rl P = El|)|2,, < +oo,
YEZ

and Evyg = 0. Moreover, {¢y., y € Z} and {1y, y € Z} have identical laws for all z € Z. The
latter is equivalent to the fact that ¢ (k) and e (k)i (k) are identically distributed in H~"(T)
for any z € Z.

Since the covariance function of the field

Se—y = E[utty], Vz,y€eZ

is positive definite, there exists a finite measure E (dk) such that
S, = / ek E(dk), Yz eZ.
T

We assume that E(dk) = & (k)dk for some non-negative density & € C(T). In addition, we
also suppose that the covariance function depends sufficiently fast in space so that

> [Efgpatio]| < +oo. (5.1)
T€Z
When the field v, is a complex valued Gaussian, the quantity in the left side vanishes. As-
sumption (5.1) implies, in particular, that

Y= Z exE[wxd]O]

T€EZ
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belongs to C(T).
We note that the translation invariance of the solution persists in time. Indeed, let
(o (t) = (pO(t),e,) and z € Z. A direct computation shows that e,)(9)(t) is also a so-
lution of (2.13). Since the laws of the initial conditions 6/([) and that of 121 are identical,
we conclude from the uniqueness in law of solutions that the same holds for the processes

{ezlﬁ(e) (t),t >0} and {1/}(6) (t), t > 0}. In consequence, the laws of {w§f) (t), x € Z} and that
of {¢§;2z(t)v x € Z} are identical for any z € Z. We can now define the correlation functions

SO =E [0 @) 1] and v =E[sO 0w )]
and introduce two distributions on H~"(T)

(£,59) =3 (i) and (£, =3 LV

TEZ T€Z

We recall the following result of [4].
Proposition 5.1 For any € € (0,1] and t > 0 we have S*t(e),f/;(e) € LY(T). Moreover,
(1) ﬁt(e) is non-negative, and for any t, > 0

sup sup (85| pary + 1% [l 1m) < +o0, (5.2)
€€ (0,1] t€[0,t4]

(2) for any f € L>®(T) we have

lim sup (S'ISE) — &), f)| =0, (5.3)
=0+ ¢e(o,t.]

where E(t) is given by (3.4) with the initial condition replaced by Ey(k)
(3) for any f such that fw=' € L>=(T) we have

lim sup

= 0. 5.4
=0+ 4c0,t.] (5:4)

Proof. Parts 1) and 2) of the lemma are contained in Lemma 12 and Theorem 10 of [4],
respectively. Part 3) follows easily from part 1) and the arguments used in the proof of
Corollary 4.5. O

5.2 Tightness of solutions of (2.13)

Given f € Hm(T), we denote by Q. and Q. s the laws of the processes {0O1), t > 0}
and {(f,%©(t)), t > 0} over C(]0, +00), H,,™(T)) and C([0, +00), C), respectively, and by
{Q., € € (0,1]} the family of laws of {1()(t), t > 0} over C([0,+oc), H;™(T)). According to
[15], see Remark R1, p. 997, to verify the tightness of Q., it suffices to show the following two
conditions:
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(UC) for any o, M, t, > 0 there exists a 6 > 0 such that

P[sup (WO, /)l > M| <o, Y|fllm <3, e€(0,1],

te[0,t«]

and

(FDT) for any f € H™(T) the family of the laws of the processes {(¥(9(¢t), ), t € [0,4]},
e € (0,1] is tight over C[0, t.].

As in (3.12) we conclude that for any fi, fo € H™(T), where m > 1/2, the covariance
B[ 9] = [ SO W AE LR (55)
From (2.13) and Doob’s inequality there exists a constant C' > 0 such that

s r<z&<f><t>,f>|2] <ofm.ne+ [ B|(a[loow)] o) as)(u >,f>)2}.

(5.6)
Using (5.5), (5.2) and the definitions of A[t/e, |, and the martingale Mﬁe) (see (2.14) and
(2.15)) we conclude that the right hand side of (5.6) can be estimated from above by C|| ||,
which can be made less than o > 0, provided we choose § > 0 sufficiently small.

E

To show condition (FDT) consider QEA;[) — the law of the stopped process

L@OEAT), ), @O AT, fo)) ¢ € [0,8.]}
over C([0,t,]; C?). Here fo(k) := f(—k) and

7 = nflt € 0,6 : (B (t), £+ 10O (1), fo) 2 > M?).

We adopt the convention that 7 := ¢, if the set is empty. Thanks to (UC) we conclude that

limps— 400 T](\f[) = t, a.s. for each € € (0,1]. Denote also by QEJ the law of the process without
the stopping condition.

From (2.13) we conclude that for a fixed M and an arbitrary non-negative function ¢ :
C? — R, of class C}(R*), one can choose a constant Ky, independent of spatial translations
of ¢, such that

SUPOE AT)), £, WO AT, fo)) + Kyt t € [0,1.]

is a non-negative submartingale. This proves tightness of {QEA;I), e € (0,1]} for a fixed M, by
virtue of Theorem 1.4.3 of [17]. Since for any o > 0 one can find a sufficiently large M > 0
such that By — the ball centered at 0 and of radius M in C([0,t,]; C?) — satisfies

QU (BS) + Qe (BS) <o

and . )
QU (ByNA) = Qes(BynA)

for all Borel measurable subsets A of C([0, t,]; C?), we conclude tightness of {Q. s, € € (0,1]},
see step (vi) of the proof of Theorem 3 of [9] for details of this argument.
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5.3 Evolution of moments

To describe the evolution of moments we rewrite equation (2.13) in a more compact form.
Denote by C(t,k) = [C;;(t, k)], i, j = £1, the 2 x 2 hermitian matrix

1 Cin Cr—a
Clt, k) = [ o ]

)

with the entries

P cxp fipeo() (1 — pat}.

Let also Q(¢, k, k') = [Qpq(t, k, k')], p, ¢ = £1, be the 2 x 2 matrix

Cpq(t k) =

Qpq(t, ke, k') := ipgr(k,k — K )ePle ) —pakOlt
and W (t, k) :=>_, ey(k)wy(t). Let us recall that 1/;(3(25, k) = ¢©O*(t, —k). Then, equation for

POt k)
Ut k) =

(1, k)
is
dv(t, k) = —-C (t, k:) GO (L, k)dt + / Q <t, k,k— k:’) UL,k — K YW (dt, k) dk'(5.7)
€ T €
U0, k) = U(k),

with the initial data
P(k)
(k) =

oa(k)
Let {S¢(s,t,k), s,t € R} be the Hermitian matrices solving the deterministic system of ODE’s

dS.(s,t, k) ¢
DALY o (L k) S (st k

> (20 scts.t0
Se(s, s, k) = Is.

Here I is the 2 x 2 identity matrix. Existence and uniqueness of solutions to (5.7) in the
strong sense (thus implying the result in the mild, or weak sense as well) follows from an
argument used in Chapter 6 of [6] (because the generators for the evolution family S.(s,t) are
bounded), see Proposition 6.4 there. Although the case considered here differs slightly because
the coefficients are time dependent, this does not influence the results.

Given a nonnegative integer p > 1, define a tensor valued distribution on H—™/P (TP)

MO () = [Mi<€>(t)] ,i=(in,.. . 0p) € {—1,117,

V) =E[30 0 @.. 03 0)].
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Note that also

MO(0) = M= [y, © .. 04, (5.8)
For a given multi-index i we define the multi-indices i,(j) = (), ... ,i;), i0m(j1,J2) =
(i1,...,1y) given by: i; = i, for ¢ # £ and iy, = j, and iy = iy for ¢ # £,m and iy = ji,

i’ = ja. Denote by M(TP) the space of all complex valued Borel measures v on T? whose
total variation norm ||v||ry is finite.

Proposition 5.2 The following are true:

1) MO(t) is the unique solution in H~™/P(TP) of the system of equations

d (0 - t -(6)
GO = =3 3 G (L) 38, 0.1 (5.9)

(=1 j=+1

2 (L 7
+ > > /T RIVE <€,k4,kzm,k’> M i (6Kl )R,

1<b<m<p j1,j2==*1

with i € {—1,1}? and the initial data given by (5.8). Here
jige ¢ AT t / t /
Ribim E)kﬁakmak‘ = Qie,jl E)kkaé Qim,jg g7kmakm

and ky . = (k1,..., k), where ky, :=ky, for p # £, m and kj == ke — K, ky, := kpm + K.

2) If the initial condition is from M(TP) then the solution also belongs to M(TP) and for
any t. > 0
M. (T) := Z sup sup ||Mi(€)(t)\|Tv < 400. (5.10)
iE{7171},,66(0,1] te[0,t4]

Proof. The fact that M(€)(t) is a solution of (5.9) follows by an application of It6 formula
and equation (5.7). Since the operators appearing on the right hand side of the equation
in question are uniformly Lipschitz, on any compact time interval, both in H~"/P (TP) and
M(TP) the proof of uniqueness of solutions in these spaces is standard. Estimate (5.10) follows
by an application of Gronwall’s inequality. [J

5.4 Asymptotics of even moments

Let us now describe the limit moment equations. Assume that p = 2n is even, then for any
1<l <m<2nlet Dy, = [k € T?" : ky = —ky,). We define a bounded linear operator
Rom : M(T?™) — M(T?") by

fdARgmv ::/dk{/
T2n T D

for any bounded, measurable f : T?" — C and v € M(T?"). Here k' = (k},...,k},) and
S T2l — T2 is given by (ki,..., ko) = S(K, k) if k; = K} for j & {¢,m} and k; = k,
km = —k.

r2(k,k — k) f(S(K, k))y(dk’)}

Z,m
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Suppose that the components of the tensor M = [Ml] belong to M(T?"). Similarly to
part 1) of Proposition 5.2 we conclude that the initial value problem

2n
%Mi(t) = —i <Zﬁ(ke)> Mit)+ Y > Rem,, (- (1),
/=1

1<t<m<2n j—=+1
M(0) = M. (5.11)

possesses a unique solution in C([0, +00), M(T?")).
Any partition of the set {1,...,2n} into a disjoint set of pairs is called a pairing. Define

Z IT oCke + km)

F (£,m)EF

where dk = dk; . ..dks, and the summation extends over all possible pairings of {1,...,2n}.
The measure is supported in H := |J - H(F) where

H(F):=k:ke+kyn =0,V m)eF|.

Suppose that the components of the tensor p(k) = [pi(k)], i € {—1,1}*" belong to L(u).
Consider the initial value problem

d

ot k) = (Zﬁlw)pltk)
+ Z Z / kﬂykﬁ 1D4 (k)plgm(] ])(t kf m)dk,

1<lb<m<2n j==%1
pi(0,k) = pi(k), i€ {-1,1}*", (5.12)

with ki, = (k1,... . ke—1, k', ... km—1, =K', ... kon). Tt is straightforward to conclude that
the above system possesses a unique continuous solution p(t, k) = [pi(¢, k)] whose components

belong to L!(11). The next proposition gives the convergence of even moments to the solution
of (5.11).

Proposition 5.3 Suppose that all the components of the tensor [Mi(dk)] are absolutely con-

tinuous with respect to p, i.e. M;(dk) = p;(k)u(dk), and the dispersion relation satisfies
hypothesis w). Then, the following are true:

1) M;(t,dk) is absolutely continuous with respect to p(dk) and
M;(t, dk) = p;(t, k)u(dk), Vie {-1,1}*" (5.13)
where {pi(t), t > 0} satisfy (5.12).

2) For any T > 0 there exists a constant C > 0 such that

im > sup [[MV(8) - ME(t)||rv = 0. (5.14)

e—0+
i€{7171}2n tE[O,t*]
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Proof. The conclusion of part 1) follows from uniqueness of solutions of (5.11) and (5.12),
and the fact that the right hand side of (5.13) defines a solution of (5.11). From (5.9) and
(5.11) we conclude that

00— Ol <30 Y / |

(=1 j==+1

+ Z Z / H 321,’531 f 1(Z€3n(]1,J2)(S) B Mié,m(leQ)(s)] HTV ds

1<b<m<2n j1,jo==%1

Y

/=1 j==%£1

PP

1<l<m<2n j1,jo==%1

~

e (2) DL (5) = Wiy (9] ds

o

/ / Zg ] k@ Pig(j )(37 k)dsﬂ(dk)‘

[ R (k) i o st

The matrix E(t, k) = [Ep,4(t, k)], p,q = £1 is given by
E(t,k) :== C(t, k) — (B(k)/4)1y, (5.15)

where I is the 2 x 2 identity matrix. In addition,

T0,0m i0yim

RIPZ (20K ) = R (2 s K) = 83,0571 (e, b = W)L, (K).
€ € ’

Denote the terms appearing on the right hand side of (5.15) by I(¢), II(t), III(t) and IV (t)
respectively. It is easy to see that

t
It)+ II(t) < C sup
0 ie{-1,1}?n

~

M (s) — Mi(s)||  ds (5.16)

o

for some constant C' > 0. To estimates the term III we need to bound terms of the form

o B(ke) exp {2z‘w(kz)§} pi(s, k)dsu(dk)'

for some ¢ and i. Integrating by parts we obtain that the expression above can be bounded
from above by

‘[ in’j,i)e) [exp {in(kz)z} - 1} (1 1)1, , (K)u(lk)

/ /TM 2iw(k [exp {Ziw(kz)i} — 1} %Pi(sak)lD&m(k)dsu(dk) _

The first term can be easily estimated by Ce, due to the fact that supyep (k)w ™' (k) < +oo.
To estimate the second term, we use equation (5.11). As a result,, we conclude that for any
t« > 0 we can find a constant C'(t,) > 0 such that

sup III(t) < C(ty)e. (5.17)
te[0,t4]

27



Finally we show that
lim sup IV(t)=0. (5.18)
€=0+ 40,4
It implies the conclusion of part 2) of the proposition, via an application of the Gronwall’s
inequality:.
We write IV (t) = IVi(t) + IVa(t), where the terms IV;(t), i = 1,2 correspond to the
integration over Dy, and its complement. In the latter case, we have to deal with terms of
the form

t
/ / Lyt 7 Ckes K'Y (i, —K )i (5., )
0 ’]I‘2n+1
2

X H exp {ia%j) [w(k:éj)) + Uéj)w(k:éj) + (—1)”{:’)]2} dsu(dk)dk'
j=1

for some i € {—1,1}?", U](gj) € {—1,1}. Here kél) = kp and k:f) = ky,. Using integration by
parts over the s variable we can estimate the supremum of the above expression over ¢ € [0, ¢,]
by the sum of

I = /T )R gl K, =R s |on(1, 1)

te[0,t4]
-1
2 ' ' | |
xe| Yo k) + 0wk + (~1)7K) (5.19)
j=1
2 A A | ‘ o
X sup H exp {iay)[w(kéj)) + sigj)w(kéj) + (_1>Jk/)]} _ 1’ 7
te[o,t*]j:1 c
and
r / / / d
Je = /0 ds /1r2n+1 p(dR)dE gy 17 (R, K7 (B, — K )%pi(s,k)
-1
2 ' ‘ | |
Sttt e v .
j=1

X
".’:l“
——

o . ) . s
exp {m(])[w(kéj)) + Jéj)w(k:éj) + (—l)sz')]E} — 1} .

Using (5.12) and Gronwall’s inequality, we conclude that

/ sup |pi(t,k)|dk < +o0.
T2n [0t

Using condition w) we conclude therefore, by virtue of Lebesgue dominated convergence the-
orem, that lim. o+ Ic = 0. Likewise, we conclude that lim. o+ Je = 0. Part 2) of the
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proposition follows then from another application of Gronwall’s inequality after substituting
for pi(s, k) from (5.12). Summarizing, we have shown so far that

lim sup [Va(t) =0.

=0+ (0,44
/ / 1p,,,(k) (5.21)
’]T2n+1

<RI (26K ) i1, (5, K)dspu(d) |

i0ybm

We are left therefore with estimates of the term

M= > >

1<b<m<2n j1,j2==%1

The non-vanishing terms appearing in the above sum are of the form
' G) s
/ / r2 (ke ke — K)1p, | | exp {wl (ko) + o w(ky — k’)]f} dsp(dk)dk’|
0 ’]r2n+1 €

with (ng), oél)) # — (ng), 052)) and o ) e {—1,1}. To these terms we can apply the integration
by parts argument as before, to conclude that

lim sup IVi(t) =0.
=0+ 1¢(0,t.] 1(f) =

Summarizing, we have shown that (5.18) holds, and the proof of part 2 of the proposition is
therefore complete. [

5.5 Proof of Theorem 3.3

In this section, and in this section only, we make use of the assumption that w is Gaussian.
We show that the limiting measure for Q., as € — 0+, coincides with the law Q of the process
given (3.13) by proving that for any N > 1, 0 < ¢; < ... < ty, any non-negative integers
£j, m;, test functions f;,g; € H™(T), j=1,..., N we have

N N
Jim E Hl[w(e)(tj), (9 (5),95)" )™ | =E HlW(tj), £iY5 (((t), 95))™)
j= j=
(5.22)
To simplify the notation, we prove (5.22) only in the case N = 1. The general case can be
handled in the same manner, using Markov property of the process {1;(6) (t), t > 0}, at the
expense of some additional complications in the notation. We recall (see Section 3.2) that the
initial data {¢(k), k € T} is a d-correlated Gaussian random field given by (3.11). Therefore,
for the odd moments we have

M0y =0, Vie{-1,1}>""

1

where n > 1 is an integer. By uniqueness of solutions of (5.9) we conclude that in this
case M©)(t) = 0 for all t > 0. When i € {—1,1}*" we can use the conclusion (5.14) of
Proposition 5.3. Define

M) = [0)]i= (i) € (SL1P
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where

M (6) = E [, (1) © .. © iy, (1)]

and 1(t) = 1(t) is the solution of (3.13) and _i(t,k) = ¢*(t,—k). The conclusion of
Theorem 3.3 will follow provided that we show that M (™) (t), satisfies (5.11). Note that for
n = 1 we obtain that

M2 (t,dk) = 6;, i, (t, k1)5(ky + ko) dkyds.

11,12

From (3.13) and It6 formula we conclude that

2n
%Mi(gn)(t) = _i (;WW) M) = YD Rt k)M (2" 2 t) @um A,

1<lb<m<2n

M(0) = M. (5.23)

Here Mi(jz_m (t) is the 2n — 2-nd order moment obtained from Mi(2n) (t) by omitting ;,(t) and
;. (t) and for any measure v on T?"72, 1 < ¢ < m < 2n we denote by v ®, A a measure on
T2 given by

de®gm / dk/dkfkl,.. Jko_q, ,...,km_l,—k/,...,k‘gn_g)
TQn TQn 2
for all f € C(T?"). Since
Rt.ke) = [ ROuR)ER)A = [ 2 bk = 1) + 72 o+ WL
T
=> / (ke ke — KNE [9;(t, k') @ ¥ (t, k)] dk'dk”
j==1

and (1, (t), ..., (t)) is jointly Gaussian, we infer that the last term on the right hand side
of the first equation in (5.23) can be rewritten as being equal to the last term on the right
hand side of the first equation of (5.11). Thus the conclusion of Theorem 3.3 has been shown.
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