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Abstract

We consider the heat equation with a multiplicative Gaussian potential in dimensions d > 3.
We show that the renormalized solution converges to the solution of a deterministic diffusion
equation with an effective diffusivity. We also prove that the renormalized large scale random
fluctuations are described by the Edwards-Wilkinson model, that is, the stochastic heat equation
(SHE) with additive white noise, with an effective variance.

1 Introduction
We consider the solutions to the heat equation with a smooth Gaussian random potential:
1
Opu = §Au + AV (t,z)u, zeR:d>3. (1.1)

Here, A > 0 is a constant, and the random potential V (¢, x) is a mean-zero Gaussian field that we
assume to be of the form
V(t’ QZ‘) = ¢(t - S)¢($ - y)dW(Sv y)7
]Rd""l
where dW (s,y) is a space-time white noise built on a probability space (X, F,P). We assume that

the non-negative functions ¢, ¢ € C2°, that ¢ is supported on [0, 1], and that v is even and supported
on {x : |x| <1/2}. The covariance function of V' is

R(t,2) = EVO.0V(t.a)) = [ o(t+5)o(s)ds [ wlaty)iiw)dy. (12)

Here, E denotes the expectation on Y. The above assumptions on the correlation function R(¢,x) are
made mostly to simplify the notation, and the only essential technical assumptions are that R(t,x) is
compactly supported in ¢ and is rapidly decaying in z.

As we are interested in the large scale and long time asymptotics of u(¢,x), we consider the
rescaled function ;

ue(t,z) :== u(€2,

o8

),
with ¢ < 1. The function u. satisfies

1 A t
8{&5 = 5AU5 + ?V(?, E)UE (13)
We assume that the initial condition u.(0,z) = ug(z) € Cp(RY). Throughout the paper, we stay
in the weak disorder regime and assume that A € (0, Ag), with a small but fixed constant \¢ only
depending on d, ¢ and . Our main result is as follows.



Theorem 1.1. There exist c1,ca depending on A, ¢, and i such that for any t >0 and g € Cfo(Rd),
we have

t
/ ue(t, x) exp{ — % — c2}g(x)dx — / u(t,x)g(z)dx, ase—0, (1.4)
Rd 3 Rd
in probability, and

TlH /Rd(ue(t,x) — Eluc(t, 2)]) exp{ - cg—f - c2}g(x)dx = /Rd U (t,2)g(x)dx (1.5)

in distribution. Here, u is the solution of the effective heat equation

1
Ou = §V caegVu, u(0,x)=ug(z), (1.6)
with the effective diffusion matriz a.g € ngxrff defined in (4.28) below, and % solves the additive
stochastic heat equation
1 .
WU = 5v caef VU + MveguW, % (0,2) =0, (1.7)

with the effective variance v > 0 defined in (5.6) below.

The renormalization constants ¢; and ¢y are identified in (A.2) below.

1.1 Background and related problems

The study of singular stochastic PDEs has witnessed important progress in recent years, with different
approaches developed to make sense of equations which are genuinely ill-posed due to the lack of
regularity and the need to make sense of the multiplication of distributions [13, 14, 15, 19, 23]. The
existing works typically prove that the solution of the equation with the mollified white noise, after a
suitable renormalization, converges to some limit that is independent of the way in which the noise is
mollified.

Here, we consider a slightly different situation: the rescaled random field in (1.3) is not a
mollification of the white noise, and does not directly converge to the white noise in d > 3 as ¢ — 0.
We rather have, formally,

g%V(E%’ §> ~ e W (¢, 2),
with
va :/ R(s,y)dsdy. (1.8)
Rd+1

Hence, one could think that the noise in (1.3) is small and would not produce a non-trivial effect on
the solutions, so that the limit would be simply the unperturbed heat equation. This is problematic —
if we formally replace the random potential in (1.3) by e¥2~1W (¢, z), we obtain the multiplicative
stochastic heat equation. Giving a meaning to its solutions in d > 3 brings about the aforementioned
question of making sense of multiplying two distributions v and W. Hence, the issue of the limit is
much more delicate. Theorem 1.1 shows that even though the random potential in (1.3) formally
converges to zero, it still affects the solutions in a non-trivial way: (i) on the level of the law of large
numbers, the solution of (1.3) converges to a solution of the deterministic diffusion equation (1.6),
with an effective diffusivity that is modified by the presence of the noise, and (ii) on the level of the
central limit theorem, the random fluctuations, after a rescaling, fall into the Edwards-Wilkinson
universality class in d > 3, as in (1.7), with an effective (and not a “naive-guess” 1) variance. We
stress that both the diffusion matrix and the variance of the noise are homogenized in the limit.



We mention two related problems. The weak coupling regime analyzed in [11] concerns the
situation when the potential in (1.1) is asymptotically small:

Oru = %Au +eVi(t,x)u, =€R%d>3. (1.9)
It was shown that no renormalization is required: the diffusively rescaled solution
ue(t, ) = u(t/e?, x/e)e” Verrt
converges in probability to the solution of the diffusion equation
@a:%A@ (0, 7) = uo(2), (1.10)

with an un-modified diffusivity. The effective potential Vg is explicit:

%g:AmEﬂR@BMﬁ.

As far as fluctuations are concerned, using a simpler version of what is done in the present paper,
one can show that for any ¢ > 0 and g € C°(R?) we have, as ¢ — 0:

i [ (uelt.) ~ Bluc(ta))e g(a)do = [ @ w)g(a)de (1.11)

in distribution. Here, % solves the stochastic heat equation with additive space-time white noise
1 .
KU = §A% + vouW, (0,z) =0. (1.12)
Note that neither the diffusivity nor the variance of the noise in (1.12) are homogenized in the weak
coupling regime. Indeed, equations (1.10) and (1.12) are precisely the “naive guesses” for the leading
order equation and its approximation that fail in our case, when the potential is not weak — it has no

pre-factor € in (1.1) unlike in (1.9).
The case when V' is white in time but not in space was considered in [22]:

Vitw) = Walto) = [ 0o = y)dW (t,y).
Equation (1.1) is interpreted in [22] in the Itd sense:
1 .
Oyu = iAu + AWy (t, 2)u, =€ R% d > 3. (1.13)

It was shown in [22, Theorem 2.1] that there exists A; > 0 so that if A € (0, A1), then the rescaled
solution u.(t,r) = u(t/e?, z/e) satisfies

/ ue(t, x)g(z)dx —>/ (t,x)g
in probability for any g € C3°(R?). Here, u solves the heat equation
_ 1,
oy = §Au, u(0,x) = up(z),

with an un-modified diffusivity. The same approach as in the present paper gives in that case



Theorem 1.2. There exists A1 = A\ () so that for all 0 < A\ < A\ we have

et [ (welt0) — Bl gl = [ % (gt (1.14)

as € = 0, with % solving
1 .
WU = SAU + MW, % (0,2) =0, (1.15)

and 1 -
V2 :/Rd R¢(x)EB[exp{§)\2/O Rw(az—FBs)dSHdaz.

In this case, only the variance of the noise is homogenized but not the diffusivity. Thus, both
these regimes also lead to an Edwards-Wilkinson limit, with an un-modified diffusivity, and with
either a “naive-guess” noise variance (the weak coupling case), or a homogenized noise variance (in
the white in time case), whereas (1.3) leads to both homogenized diffusivity and variance.

We mention the very recent paper [21] that considers essentially the same setup as in the present
paper. The main result of [21] implies (1.4) except that the convergence is established for the averages
and not in probability, and the renormalization in the exponent is less explicit than in (1.4).

In dimensions d = 1, 2, similar problems have been discussed in the literature. For the random
PDE (1.3), with A = A(¢) — 0 chosen appropriately, and after a possible renormalization, the
solution u. converges to the solution to the stochastic heat equation with multiplicative space-time
white noise in d = 1 [8, 16, 17], and a Gaussian field in d = 2 within the weak-disorder regime [7, 10].
For random polymers and interacting particle systems, the partition function or the height function
plays the role of the solution to certain “PDE”, and their convergences to the SHE/KPZ equation
have been proved in d =1 e.g. in [1, 2, 3].

We comment briefly on the strategy of the proof. The Feynman-Kac representation expresses the
solution to the random PDE in the form of a partition function of a directed polymer in a random
environment, and the appearance of the effective diffusivity in the limit can be interpreted as the
convergence of a diffusively rescaled polymer path converging to a Brownian motion in d > 3, see
the results in [4, 12, 21] for the annealed continuous setting and [6, 18] for the quenched discrete
setting. By a construction similar to [21], we utilize the finite range in time correlation of V (¢, x)
to decompose the polymer path into length-one increments and establish a Markovian dynamics
in the space of path increments. The latter Markov chain satisfies the Doeblin condition, greatly
simplifying the analysis. The proof of the Edwards-Wilkinson limit for the fluctuations relies on the
Clark-Ocone formula which expresses the random fluctuation in terms of a stochastic integral, and
the fact that u.(t,x) essentially only depends on dW (s, ) locally around s = t/2.

It may be possible to apply a PDE approach, such as using the correctors in the standard
homogenization theory, to identity the limit and prove the convergence. However, the particular
scaling considered here requires the construction of infinitely many correctors. Controlling these
correctors becomes increasingly more difficult as their order increases. Therefore, we find the
probabilistic methods more convenient to use here.

1.2 Connections to the KPZ equation

The recent work [20], which employs completely different methods, is closely related to ours. It
considers the KPZ equation, related to (1.3) by a Cole-Hopf transformation. The setup and result
are close but not exactly the same as here and we discuss below the connection.

Starting from (1.1), applying the centered Cole-Hopf transformation

h(t,z) = A\t logu(t, z) — cot,



one obtains ] )
Oth = 5 Ah + 5A\Vh|2 +V(t,x) —co, xR >3, (1.16)

with a constant ¢g. Define .
T

he(t ) = e h(,

), (1.17)

[SENO)

which satisfies ) 1
Oihe = 5 Ahe + Y Vhef? 4 &2 <V( %) - co) | (1.18)

The rescaled random potential e~%2~1V (t/e2, 2 /¢) converges to the space-time white noise, while
the nonlinear term formally disappears as ¢ — 0 in d > 3. The authors in [20, Theorem 0.1] show
that if the initial condition hg(x) for the un-scaled KPZ equation (1.16) is rapidly decaying, then
for A sufficiently small, the Edwards-Wilkinson model shows up in the limit:

he(t, ) — E[he(t, z)] — H(t,z), (1.19)

in the sense of convergence of the corresponding multipoint correlation functions. Here, 57 is the
solution to

1 )
A = 3D AH + e W (1.20)

with zero initial conditions, for some Deg, tegg > 0. One difference from our setting is that we consider
the initial conditions for the un-scaled stochastic heat equation (1.1) that vary on a macroscopic
scale: u(0,z) = ug(ex). Disregarding this difference, we try to interpret the convergence in (1.19) on
the level of the stochastic heat equation, using the relation

Acot
ue(t, ) = exp (Aad/Q_lhE(t,x) + ;20 ) .

Theorem 1.1 shows that

e [ () g b)) el et e g(yda = [ @t wgla)de. (1:21)
9
Rd Rd

If we use the approximation
e)\gd/271h5(t7x) ~1 T )\Ed/Q_lhg(t,fU),
and choose Acg = ¢y, then (1.19) and (1.21) are equivalent.

Organization of the paper. The paper is organized as follows. In Section 2 we introduce a
tilted Brownian motion and use the Clark-Ocone formula to establish in Lemma 2.1 a representation
for the fluctuation as a stochastic integral, and obtain in Lemma 2.2 an expression for its variance.
In Section 3 we prove Theorem 1.1. Assuming the main technical result, Proposition 3.2, we show
that the fluctuation does depend only on the “recent past” of the noise, and use this to prove the
central limit theorem for the fluctuations. The proof of Proposition 3.2 presented in Section 5 relies
on the properties of a Markov chain on the space of path increments that is constructed in Section 4.
Finally, some technical results are proved in the Appendix.
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2 Preliminaries: a stochastic integral and variance representation

The goal in this section is to express the deviation of the solution of (1.1) from its mean in terms
of a stochastic integral given by the Clark-Ocone formula, and present a convenient formula for its
second moment. Let B be a standard Brownian motion starting from the origin that is independent
from the random potential V', and let Eg denote the expectation with respect to B. We define the
renormalization constant

2

¢t :=logEpR [exp {% R(s —u,Bs — Bu)dsduH, (2.1)

[0,£]>

and denote by E B+ the expectation with respect to a tilted Brownian path on [0, t]: for any integrable
random variable f(B) depending on B = {B; : s > 0}, set

Ep[f(B)] :=Ep [f(B) exp {A; . R(s —u, By — By)dsdu — gt}] (2.2)

For two independent tilted Brownian motions B!, B? on [0, ], we write

2
B [f(BY, B = Es[f(B", B) [[exp {33 [ R(s —u, B ~ Bi)dsdu — G}
=1

[0,¢]?

For t > 0,2 € R? and every realization of the Brownian motion, we define

D, . 5(s,y) == /Ot ot —r —s)Y(xz + By —y)dr, (2.3)

and the square-integrable martingale

My p(r) == [ TOO /R B0 (s, )dW (5.9), (2.4)

with quadratic variation
T
Mewhe = [ [ 1@ean(s y)Pdsdy. (2:5)
—o0o JRA

Since ¢ is supported on [0, 1], ®; , p(s,y) # 0 only when s € [—1,1].
The following lemma expresses the random fluctuations of u(¢, z) in terms of a stochastic integral.

Lemma 2.1. Let u(t,z) be a solution to (1.1), then for any t > 0 and x € R, we have

2

(u(t,2)~Elu(t o)) = A [ [ Boy[ul0,4B)00.509) exp{AMt,x,B(r)—%<Mt,x,B>THdW(r, ).
—1Rd

(2.6)

Proof. Since ¢(s) =0 for s < 0, u(t,x) is adapted to the filtration generated by dW up to ¢, denoted
by F:. By the Clark-Ocone formula, we have

u(t,x) — Elu(t,z)] = /too E[D, yu(t, x)|F.]dW (r,y).



Here, D, denotes the Malliavin derivative. As the function ¢(s) is supported in [0, 1], the random
potential V (¢,z) for ¢ > 0 depends only on W(r,y) for » > —1, and so does u(t,z) for t > 0.
Therefore, the Malliavin derivative vanishes for r < —1, and we have

u(t,z) — Elu(t,z)] = /_tl E[D, yu(t, x)|F]dW (r,y). (2.7)

To compute the Malliavin derivative in (2.7), we note that by the Feynman-Kac formula, the solution
can be written as

u(t,z) =Ep [u(O, x + By) exp {)\/Ot V(t—s,x+ Bs)dsH .

Rewriting the exponent above as

t ¢
/0 V(t — s,x + Bs)ds :/0 (/RdH ¢t — s — 8')(x + Bs — y')dW(s',y')) ds
== (pt,I,B(SIJ y/)dW(Sla y/)7

]Rd+1

we see that the Malliavin derivative is given by
Dyyults ) = NEg [u(0, 7+ B)Puap(ro)exp (A [ @uanls')aW (s o)},
]Rd""l
so that

E[Dyyult, )| F;] = NEg (u(0, 2+ By)®14,5(r, y)E[ exp { ) /]R (W ()

7). 28

For the conditional expectation in the right side, we write

/ @t,x,ms/,y’)dvv(s’,y’):(/ + [ ) [, B ()W ('),
Rd+1 —00 r R4

which gives

2

Mt,x7B>r}

E[exp {)\/RdH @tw,B(s’,y’)dW(s’,y’)H}}] =exp {)\MM,B(T) — %(

, (2.9)

A AN
XeXp{?/Rdﬂ @05(s,y") [Pds'dy }

With the help of the definition (2.3) of ®;, g, together with expression (1.2) for R(t,z) and the fact
that the function v is even, the last integral in (2.9) can be written as

/ |®; .. 5(s',y)|?ds'dy’ = R(s — u, Bs — By,)dsdu. (2.10)
Rd-+1 [0,1]2

Finally, using (2.8), (2.9) and (2.10), as well as the definition (2.2) of the tilted measure I@Rt, in (2.7),
completes the proof of (2.6). O



An expression for the variance

We now use Lemma 2.1 for the re-scaled solution wu.(t,x) = u(t/e?, x/¢), with u.(0,z) = ug(z). For
any test function g € C°(R?), we have

t/e?
[ (uet.a) = Bluc(ta)e 2g@yda=x [ [ Zieapawy), @10

with
~ )\2
7 (ryy) = /R 9@ Ep 2 [uo(e + €By2)®5 , p(ryy) exp {AME, p(r) = 5 (M, p)r }de, (2.12)

where
£ . £ o
<I>t7$7B = @t/ez,m/aB, Mm’B = Mt/sz,x/&B.

Thus, the proof of the fluctuation convergence (1.5) in Theorem 1.1 reduces to the analysis of the
stochastic integral

1 t/e?
m[l /Rd Zi (r,y)dW (r, y), (2.13)

provided that we can replace (; /.2 +— c1t/ g2+ cgase — 0.
We express the variance of the stochastic integral in (2.13) in a more explicit form. First, we
need to introduce some notation. We define

Ru(@) = [ 6la =)o)y, Roltrits) = [ o(s = t1)o(s — t2)ds. (214)

Since 1 is supported on {x : |z| < 1/2} and ¢ on [0, 1], we know that Ry, is supported on {x : |z| < 1}
and R¢(t1,t2) =0 if t1 < —1 or to < —1. In addition, R¢(7§1,t2) =0 if ’tl - t2| > 1.
From now on, we fix ¢ > 0. Given two continuous paths B!, B2 € C([0,t/£?]), we set

AB,,= B} — B,

For 1,22,y € R% 51,50 € [0,1],7 € [0,¢] and —1 < My, My < r/£2, we define

2
I. = I.(w1,%,y, 51, 82,7) = | [ glewi +y — eBiy_Juolewi +y+eAB, . +), (2.15)
Z:l € 15 €
and
Te(My, M) = Jo(My, My, x1, %2, 51,52,7)
L (M ) , (2.16)
=\ [1 . R¢(U1,U2)R¢(l’1 — T9 + AB%—SL%-FM — ABt;T—S2,t;—2T+u2)d“1du2'

To simplify the notation, we write Z. and J.(M7, M) and keep their dependence on B, z;,y, s;,7
implicit.

Lemma 2.2. For any —1 < t; <ty <t — &2, we have, with d5 = dsidsy and dz = dzdxs:

W/ |25 (r, ) PPdyd /tQ/ / Bp /e |Z- <%%]H ) dsdzdyd
r, r e’e\eTt si)(x;) dsdzdydr.
t1/e2 JR4 (Y Y R34 J[0,1]? Bt/E i= 1¢ !
(2.17)



Proof. The proof is a straightforward calculation with multiple changes of variables. We first write

2

_ . 1 )

1Z (r,y)| = Ep e /de [T o(@iuo(zi +eB;,2)®5 . pilr,y) exp {AME%BZ- (r) = 5A% ta,zi,Bi>7"}dx'
=1

Taking the expectation E above, for each B!, B? fixed we have

)

2 & _ 1,42 5 2 € €
E [H e)\Mt’zi,Bi(r) 5A <Mt71ivBi>T] _ 6/\ <Mt,zl,Bl’Mt,zQ,BQ>T
=1

with

T
( te,zl,Bl’MtE,:cg,B2>7” :/ R (I);atl,Bl(SlvZ)q)i,:cg,B2(‘9/’Z)dZdS/'
— 0

Next, we write

2
t T; :
£ £ _ I l e il T
Pt 51 (75 9) Ly 52 (1Y) = /[O,t/e2]2 i=1 ¢(62 s = )V € + By, —y)dsidss.

(2.18)

We consider the integral in x,y and change variables x; — ex; — EB;_ + ey, y — y/e to obtain

2
€ 2 _ I | ) ) ( i i i _
E [/]Rd |Zt (Tv y)| dy} - IEB,t/e2 /[O,t/EQP /R?’d b g(xl)UO(xz + 5Bt/62)¢( c + Bsi y>¢(62

X exp {)\2/ /Rd 7, pi(s 2)®5 ., B2 (s, z)dzds’}didydE

t

2
_ dr . _ 7 . i _ i . e
=e"Ep/e2 /[O,t/eZP /de z‘:1_[19(5361 +y —eBg, Juo(ex; +y + 5Bt/52 5Bsi)¢(%)¢(€2 S;

-
X exp {)\2/ / A +y,B1(8/7 2)®5 ., op2 ﬂ/732(3’, z)dzds’}da_cdyd@

— o JRA 81 52

The exponent in the last line above can be written as

T
~/—oo /Rd (I)i,sml—ngl—l—y,Bl(sl’Z)(I);smg—sB§2+y,B2(Sl7Z)dZdS/
- [ (% No( Yol — BL + L+ B —2)
=/ [O,t/52}2¢ 5 —u1—5)p 5T u2 TS (r — sl—i—g + B, —z

3

x (2 — B2 + g + B2 — z)duidusdzds’

t t 1 9
= /{07#5212 Ry(uy + 1 — 2 ug + 1 — 6—2)R¢(x1 — T9 + Ale’ul - ABS2’u2)dU1du2,

Si—T)

(2.20)

with Ry, Ry defined in (2.14). Next, we also integrate in the r-variable, with a change of variable

r > r/e?, so that

e[ 1200 ) Pagar| = et [ By, o lle’] dsdzdyd
r, rl =¢ e’ dsdzdydr,
[ L \E Py L Jo o Brwislie’) dszay

with

2
7 4 t—r

I= l:Ilg(E:ci +y — By, Juo(exi +y + EABSi,E%)¢(ET — s) (),

— 0.0/e2]2 P\ U1 e2 , U 22 p(T1 — T2 st 3y ) durdus.

(2.21)

(2.22)



As ¢ is supported on [0, 1], the integration domain in s; is is [t;—f -1, t;—;], because of the corresponding

factor in the expression for I in (2.22). A change of variable s; — (t — r)/e? — s; turns the domain
of integration in s; into [0,1], as in (2.17). It also turns I in (2.22) into expression (2.15) for Z..
For the integral in w; in the expression for J in (2.22), to have Ry # 0, we need u; > ts_—f -1,
so the integration domain for w; is [t_—f -1, 2] The change of variable u; — t;—; + u; turns this
into [—1,7/¢2], and J into J-(r/e?, 7"/5 ). This completes the proof of (2.17). O

Remark 2.3. The assumption ¢ty < ¢t — 2 in the statement of Lemma 2.2 is only made to simplify the
presentation of the result. For any ¢ < t, a similar result holds — we only need to modify the integration
domain for u1, us in (2.16) to [—(t — r)/e2,7 /%] and that of sy, s9 in (2.17) to [0, (t — r)/e%]? — this
only makes a difference when t — r < 2.

3 Proof of Theorem 1.1

We first explain how the renormalization constants ¢; and co are determined.

Lemma 3.1. There exist c1,co such that

(t :=1logEp {62

142 _ o
N fg.2 R(s=—u.Bs Bu)dsdu] — et + st o(l), ast— oo, (3.1)

Lemma 3.1, which explains the choice of ¢; and ¢, is proved in Appendix A. As a consequence of
the lemma, it is sufficient to prove Theorem 1.1 with the term c1t/e% + co in the exponent replaced

by Ct/z—:2 :

Convergence of the fluctuations: the outline

We first prove the central limit theorem for the centered random fluctuation in (1.5), and then
the leading order homogenization result in (1.4). Fix a test function g(z) € C°(R?), and go back

0 (2.11)-(2.13). Our goal will be to show that the integrand Z:(r,y) depends mainly on W (s, -)
with s close to r, so that the stochastic integral is an approximate linear combination of strongly
mixing processes, which should satisfy a central limit theorem. To make the “local dependence” more
precise, we decompose the interval [—1,t/c2] of integration in (2.11) into alternating subintervals of
size e~ and e P with 0 < a < 8 < 2:

t
-1, =] =[-1,e"%uU [E*O‘,afﬁ +e YU [876 +e e Py 27 U... U [te, 6—2],

with ¢. chosen so that |t/e? —t.| = O(¢™P).
Denote the “short” intervals of length e~ by {I,;} and the “long” ones of length e=* by {Is;},

and set
a = UIa,j7 IB = Ulﬁd'

The last piece [t., t/?] is assigned to I,. We will define a modification Z (r,y) of Z§(r,y) for r € Ig,
so that Zg(r,y) only depends on W (s, -) with s € (r — e~®,r], and thus the random variables

1 5
g .__ €
X5 = a1 /I[M /Rd Zg (ryy)dW (r,y) (3.2)

10



are independent. To prove the central limit theorem statement (1.5) in Theorem 1.1, it suffices to
show that
(1) The error induced by the modification on the “long” intervals is small (Lemma 3.3):

1 -
s [ [ I 0) ~ 2 Pldydr = 0 as < 0. (33)
& Ig Rd
(2) The contribution from the “short intervals” I, is small (Lemma 3.4):

1 3 2
=) /a /RdEHZt (r,y)|*]dydr — 0 as € — 0. (3.4)

(3) The sum 3 ; X¥ satisfies a central limit theorem, with variance given by (1.7) (Lemma 3.5).

The modification
We first explain how the modification is done. Recall that

1

Zi (r,y) = /R L9@)Ep 2 [uo( + eBy2) 85, p(ryy) exp {AM, p(r) = SN (M, p)r }]da

depends on W only through the martingale in the exponent

M) = [ /Rd</t/5 t—s’—sw(j+Bs/—y>ds/>dW<sjy>. (3.5)

Since ¢ is supported on [0, 1], the integration in s" in (3.5) is only over s’ < t/e? — s (in fact, over the
interval (t/e2 — s — 1,t/e? — s)), so that

M, 5(r / /Rd (/t/s h gi? s s)¢(§ 4+ By — y)ds’) AW (s, 7). (3.6)

We expect that, because we deal with dimensions d > 3, and therefore the transience of Brownian
motion yields mixing, most of the contributions to M, p(r) come from s “macroscopically near” r,
so that 0 < r — s < e, with some «a € (0,2). Thus, we set

t 1
: 3.7
TE 82 r 26&7 ( )

and define the modification of Mg, p(r) on I as

m,B / /Rd (/ ——s —s)w(z—i-Bs/—y)ds’) dW(s,y), r € Ig. (3.8)

Note that for r € Ig, we have r > ¢~%, hence r. < t/e2. Due to the dependence of r. on 7, M 2B 18
not a martingale. Still, with some abuse of notation, we write

thri—/ /Rd (/ —8—8)¢(§+Bs/—y)ds'>2dyds.

Note that if s <r —e™%, then

t , >t —o _ 1
8—2—8—5_6—2—7“5—7“—}-8 26—&>1
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so the integrand in (3.8) vanishes. Thus, MELB(T) only depends on dW (s, -) for s € (r—e~“,r]. The
corresponding modification of Z;(r,y) is

2w i= [ 9@Byen [l + <Ba) 6, (o) exp { AV, () = 5020 ), | o

which also depends only on dW (s, -) for s € (r —e~,r], and the integrals {X7} defined in (3.2) are
independent random variables.

Proof of the central limit theorem (1.5)
Recall (2.17), written as

1 tQ/E 2
—ECFQIE e /Rd | Z¢ (r,y)|“dydr /t / (r, y, 2 2)dydr (3.9)
1/€ 1

Here, for r € [0,t], y € R? and My, My < r/e%, we have set

2
Felroy M M) = [ [ B [T O] T o(s)(w)dsrdsdondas, (3.10)
R24 J[0,1] =1

with Z. and J; defined in (2.15) and (2.16), respectively.
We state the following proposition and postpone its proof to Section 5. The function g(t,z) in
the proposition is the solution of the effective diffusion equation

09 = 3V - aurVa, 9(0,2) = gz), (3.11)
where aeq is as in (4.28) below.
Proposition 3.2. For any r € (0,t),y € R?, as e — 0 and M, My — oo,
Fe(r,y, M1, Ma) — vgiglg(t — r,y)alr, )%, (3.12)
where u, g solve (1.6) and (3.11), and veg is defined in (5.6). In addition, for any k >0,
| Fe(r,y, My, Ma)| < C(1A Jy| ") (3.13)
for some constant C' > 0 independent of €,r, My, Ms.

Proposition 3.2 is instrumental in completing the proof of Lemmas 3.3, 3.4 and 3.5, which in turn
finish the proof of (1.5). First, we show that (3.3) holds: the total error induced by the modification
on the “long” intervals is small.

Lemma 3.3. We have
pr =) / / ]Zt (r,y) — Z£(r, y)ﬂ dydr -0 ase—0. (3.14)

Proof. By Lemma 2.2, we have
1 . 9 ¢ ror
an [, L VA Plvr = [ 1 en 70,0 5 v
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The same calculation as in the proof of that lemma gives

1 e 9 B t P 1 1
s [ LBz Py = [ ] v eeny Fp o, (315)

and
1 5 t r 1
s [ LA Z e ldvar= [ ] ey Bl g v @16)

Indeed, the only required modification in replacing M¢ by ME is to replace the upper limit t/e? of
integration in s in (2.18) by 7.. This leads to the same change of the upper limit of integration in u
in (2.20), and in the expression for J in (2.22). The changes of variables described below (2.22) then
bring about (3.15) and (3.16). By Proposition 3.2, the proof is complete, as (3.13) allows us to apply
the Lebesgue dominated convergence theorem. [

The next step is to establish (3.4): the contribution of the “short” intervals is small.

Lemma 3.4. We have
1
—_/ / E(|Z5(r, )2l dydr — 0 as e — 0. (3.17)
cd2 |, Jpa

Proof. By Lemma 2.2, we have

1 2 t o
[ LBz Pldydr = [ [ 1 e Fetry. T Ty

Note that when t—r < €2, the expressions for 7., J-, as well as .%. are slightly different, see Remark 2.3.
In this case, it is easy to check that Proposition 3.2 still holds. The uniform bound (3.13), as well as
the fact that

{reo,t]: r/e? € I,}| - 0ase —0,

complete the proof. [

The last step in the proof of (1.5) is to establish the central limit theorem for the sums over the
variables X5 defined by (3.2).

Lemma 3.5. We have

A Z X; = /Rd U(t,x)g(x)dx in distribution as € — 0.
j

Here, % (t,x) is the solution of (1.7).
Proof. First, it is easy to check that the solution of (1.7) satisfies
t
Var[/ %(t,x)g(x)dx} = )\21/33/ / |g(t — s, z)u(s, z)|*dzds. (3.18)
R4 0 JRr4

Let
sfw =\ Z Var[X7],
J

then, by the same calculation as in the proofs of Lemma 2.2 and 3.3, we have

U (t, x)g(:c)dm}

! 11
Spe =M\ Z/o /Rd Ly je2er, 3 Z (1,9, 3ea” %—a)dydr — Var[ »
j
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The last step comes from Proposition 3.2 and (3.18).
Since X]-E are independent random variables, it remains to check the Lindeberg condition which
reduces in our case to: for any § > 0,

> E[X PLaes] = 0 (3.19)
J

as € = 0. By the Cauchy-Schwarz and Chebyshev inequality, we have

;Enxjﬂ?lu;pa} < z VENXE 1Y E X5 7] /6% < }5(; VEIT 1) (sup B2 ).

Proposition 3.2 implies that for all j we have

. t 11 B
BT = [ [ Ler ) o goa g )dudr S €7

Lemma A.3 proved in Appendix A shows that
> VEIX ST,
J

and (3.19) follows. O

Proof of the homogenization limit (1.4)

The proof of (1.4) is now straightforward. We write

[ ety gaydn = | (uelt.) - Bluc(ta))e 2 gla)do + [ Eluclt, )l g(a)da.

The first term goes to zero in probability by (1.5). For the second term, by Lemma 4.2 below, we
have R
Eluc(t,2)]e /= = Ep e luo( + eByye2)] = alt, @),

finishing the proof. [
The rest of the paper is devoted to the proof of Proposition 3.2, as well as the other auxiliary
statements used in this section, such as the technical lemmas in Appendix A.

4 The tilted Brownian motion

The previous section relies on analyzing the expectations under the tilted measure

~ 1 _
Epte2[f(B)] =EB [f(B) exp {5)\2 /[0 e R(s —u, Bs — Bu)dsdu}]e Suye?,

The goal of this section is to construct a Markov chain taking values in C([0, 1]) so that the tilted
Brownian path on C([0,t/€%]) can be represented by the chain, and satisfies an invariance principle.
We also analyze the intersection of two independent paths and show that the total “intersection time”
has exponential tails.

14



4.1 Construction of the Markov chain on C([0, 1])

For any T > 0, let
Qr ={w:w e C([0,7]),w(0) =0}

be the configuration space. Denoting the tilted measure by I@T, and the Wiener measure by Pr, we
have .
dPp

1
E(w) = exp {5)\2 /[07T]2 R(s — u,w(s) — w(u))dsdu — CT} (4.1)

Define the probability space (2, A, 7) with Q = 5, A the sigma-algebra on Qq, 7 = I@’l, and denote
the expectation by E.. We will decompose the path of length T into increments of length 1 which
take values in Q. In order to consider the distribution of the path on [t,¢t + 1] for any ¢t > 0,
we introduce a parameter 7 € (0,1], set N = [T — 7], and divide the interval [0,7] into N + 2
subintervals (1g,7x4+1), k = 0,...,. N+ 1, with 70 = 0, m = 7, 7441 = 7 + 1 for k = 1,..., N,
and 7n42 = T. The increments of the path on (73, 7;41) are denoted by {zy}, with z¢g € Q,, xp C Q

fork=1,...,N+1,and xn41 € Qr—-—_n. Given zxy, we define ws, 0 < s < T, as
zo(s) s €0,7],
ws =4 Wryk—1+a(s—7—k+1) se[r+k—-1,7+k],k=1,...,N, (4.2)

wreN +xZyy1(s—T7—N) se[r+ N,T],
and write
{ws} = (IL‘(), . ,:L‘N_H).

For ¢t > 0 and ¢t ¢ Z>1, we only need to choose 7 =t — [t] so that {ws : s € [t,t + 1]} = 2, for some k.
Write

N+1

Tk+1 Tm+1
| R — () ~w(@)dsdu= Y Qi Qun = / | RGs w(s) o),
(0,772 k,m=0
(4.3)
Since R(s,-) = 0 when |s| > 1, we only have nearest-neighbor interactions of (zo,...,zn41)
n (4.3): Qgm = 0 unless |m — k| < 1, and
N+1
/ R(s — u,w(s) — w(u))dsdu = ZQ%HZQMH (4.4)
[0,77]? k=0
For k=1,...,N and 0 < s <1, we can write
w(tk +5) = w(mk) +2i(s), w(me+14s) =w(m)+ 2k(1l) + zrg1(s),
so that
Tr+1 Tk-‘rQ
Qkk+1 = / / (s —u,w(s) —w(u))dsdu
= / / R(s+1—u,w(mp+1+s) —w(m +u))dsdu (4.5)
0o Jo
1,1
= / / R(s+1—wu,zk(1) + xp41(s) — zx(u))dsdu.
0o Jo
Thus, for z,y € €, we define the interaction term
1,1
I(z,y) = )\2/ / R(s+1—wu,y(s)+ (1) — z(u))dsdu. (4.6)
0o Jo
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The interactions between xg, r1; and that of z,zxy1 are defined slightly differently as
T 1
Ini(xo,x1) = )\2/ du/ ds R(s+7 —u,x1(s) + xo(T) — x0(u)),
0 0

1 T—1—N
IN7N+1(.CCN,¢TN+1) = /\2/0 du/o ds R(S +1-— u,xNH(s) + xN(l) - (L‘N(U,))

It is now straightforward to check that

N-1
Pr(dw) o< P (dxg)elor(@oz1) H m(day) e’ @) p(da y ) e NN ENENSD P (deyg). (4.7)
k=1

The Krein-Rutman and Doob-Krein-Rutman theorems (see Appendix to Chapter VIII of [9])
imply that there exist p > 0 and ¥(y) solving the eigenvalue problem

[ vy = pv () (48)
such that p is the largest possible eigenvalue,
0<c <¥(y) <ez<+oo forallye (4.9)

and W is the unique eigenvector associated with p, normalized so that

/\1/ (dy) = 1. (4.10)

Such an argument was also used in [21]. The bounds on p and ¥ only depend on || ]| . Indeed, (4.10)
implies that

p=| N V(y)n(de)n(dy),
OQxQ
so we have
e Mllee < 5 < ellllo (4.11)
Since )
a) = [ D U(y)n(dy),
pJa
we also have
e 2l <U(z) < 2l lloo (4.12)
Now we can re-write (4.7) as
~ ~ I N— elvNt1(@ENzN41)
Pr(dw) o P (dxg)e1 o)W (z1) 7 (day) H (g, drgg1) T on) Pr_r_n(dxN1),
k=1 TN
(4.13)
with the transition probability density
) @D W (y)7(dy)
7z, dy) = 20 () (4.14)
Setting
fo(zo) = /QEIO’I(IO’“)‘I’(xl)W(dwl), InNsi(zn) = /Q elN N @ENEN e )PL (),
T—7—N
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and

610’1(10’11)\I/(x1)7r(dx1) elN,N+1(mNny+1)[/|?>T_T_N(de+1)

M xo,dxr1) = ;T TN, dx - ’
0’1( 0 1) Fo1(@0) N,N+1( N N+1) fN,N+1(33N)
we obtain
. . N fNN+1(TN)
]PJT(dw) o f071(x0)IPT(dxo) 7r0 1 xo,da?l H wk,da?k+1 N N+1($N7de+1) W

(4.15)
Now, we construct the Markov chain X}, with Xy € Q,, {Xk}évzl CQ,and Xny11 € Qp_-_nN, as
follows:
(1) Xy is sampled from the (normalized) distribution f071(x0)1@7(d1‘0),
(2) (X1,...,Xn+1) are sampled according to

N-1

710,1(Xo, dx1) (H ﬁ($k,d$k+1)> AN N1 (TN, dTNt1).
k=1

We construct the path B by stitching together all increments as in (4.2):
B:{BS:SG [O,T]}:(Xo,...,XN+1>. (416)

We use E; to denote the expectation with respect to this Markov chain. In light of (4.15), for
any F': Qp — R, we have the relation

~ ~ X
BorlF(B)] = | F)Pr(de) = B [F(Bjerr 8 E) (4.17)

Qr U(Xn)

Here, ¢, 7 is the normalization constant:
1 g [fN,N+1(XN)}
C7-7T \I/(XN)
Using (4.11) and (4.12), we see that the Doeblin condition is satisfied:

sup  #(z, A) > ym(A) (4.18)

2€Q,ACQ

for some v € (0,1) that depends only on ||I||r~. Therefore, there exists a unique invariant measure
for 7, and

drv(Xe, X) S (1=7)F, (4.19)

where X is sampled from the invariant measure.

The two-component chain

To consider the interaction between two independent paths B!, B2, we construct a two component
Markov chain Z = (X, Yx) € Q2 by sampling X, Y, independently. By the same discussion we
have

B'={Bl:s¢€[0,t/e}]} = (X0,..., XN.+1),
B*={B?:5¢(0,t/e}]} = (Yo,...,Yn.41),

17



where T' = t/e* and N, = [t/e* — 7]. For any F : /.2 X /.2 — R, we have

Epye2[F(B', B%)] = Ex[F(B', B)4.(Xn.)%-(YN.)]- (4.20)
For k =2,...,N., Zj is sampled from 7 (Zy_1,dz) with
7 (21,d22) = 7 (21, dr2) 7 (Y1, dy2), 2 = (i, ¥i)- (4.21)
As for the single-component chain, the Doeblin condition is satisfied for Z; as well:
sup 7(z,B) > y(m x m)(B).
Q2 B (4.22)

After possibly decreasing the parameter -, we can ensure that (4.18) and (4.22) hold with the
same v € (0,1).
Writing
7t(z1,dz2) — y(m X 7)(dz2)
L=~

we couple the two-component chain with a sequence of i.i.d. Bernoulli random variables nx, k € N,
with the parameter : for k =2,..., N, if np = 1, we sample Zj, from (7 x 7)(dz), and if n = 0, we
sample Zj, from

7t(z1,dze) = y(m x 7)(dz2) + (1 — ) , (4.23)

T (Zg—1,dz) — (7 x m)(dz)
L=y
which is possible because of the Doeblin condition (4.22). The same coupling works for the one-

component chain, of course, with the help of (4.18). We enlarge the probability space so that 7 are
also defined on (2, A, 7).

)

4.2 The invariance principle for the tilted Brownian path

We will use here the re-scaled version of (4.17): set T =t /&%, N. = [t/e*—7], and for any F : Q2 = R
write

Ep /e[ F(B)] = Ex [F(B)9.(Xn,)], (4.24)
with
g%s(‘XNe) = CT,t/EQW' (4‘25)

To simplify the notation, we kept the dependence on 7 implicit in (4.24). Since both fn. n. 41 and ¥
are bounded from above and below, and E,[¥4.(Xx.)] = 1, we know that ¥, is uniformly bounded in
€.

We fix 7 = 1 in this section, so that N. = [t/e?] —

B={B,:s¢c[0,t/e*]} = (X0, XN.41)- (4.26)
Here, X}, is the increment of B on [k, k + 1] for k =0,..., N., and Xy_11 is the increment on the
last interval [[T],T)]. In this case, X is sampled from W (zg)m(xg), X is sampled from 7 (Xx_1, dxy)
for k=1,..., N, and Xn_41 is sampled from 7n, n.+1(Xn., drn.+1).

For k=1,..., N, we take independent Bernoulli random variables 7 with parameter v € (0, 1)

as in the Doeblin condition, and consider the regeneration times

To=0, T;= lnf{j >Ti 1 nj = 1}, 1> 1. (427)
We define the path increment in each regeneration block as

Tj+1—-1
Xj= > Xp(1), j=0,1,...
k=T;
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Proposition 4.1. For any t > 0,
535/52 = Ws

in C([0,t]) in (2, A, ), where W is a Brownian motion with the covariance matric Qef:
acr = YE,[X1X1]. (4.28)

It is a straightforward computation to check that aeg in (4.28) does not depend on 7. In fact,
the right side of (4.28) can be written as

Gt = Tim B [(X0(1) + -+ Xa(D)( () 4+ X ()] (4.29)

Proof. We show in Lemma A.1 that X; has zero mean and exponential tails, and further that the
random variables

Zi= max |Bs—Brpl, i>0,
SE[T{,T,H_l] )

have exponential tails, and for ¢ > 1 they are i.i.d. From the first fact, one obtains by Donsker’s
invariance principle that

4]
Yo(t) ==n"2 )X,
j=1

converges weakly to a Brownian motion with diffusivity E[X;XY{]. On the other hand, T,,/n converges
a.s. to 1/7, on account of the independence of the increments T; — T;_1 and the fact that they have
mean 1/ and are geometrically distributed. Setting

Nf =max{i: T; < t/e*} —1,

we deduce from [5, Theorem 14.4] that the process
Ng

3 Z Xz
i=1

converges in distribution to a Brownian motion with the diffusivity aeg given by (4.28). On the other
hand, we have

N NE+1
rglggc |€BS/82 — EEXA <e niax |Zi| c=00, a.s.,

because of the exponential tails of the Z;. This completes the proof. [J

With the invariance principle, we can show the convergence of the average of the solution.
Lemma 4.2. We have E[uc(t, )]e /< — u(t,x) as e — 0.

Proof. We first show that
ErlleByyyer — By, ') < Clta — 11) (4:30)

with a constant C > 0 independent of 0 < t; < t9 <t and € > 0. Define
NPT to .t to
Ki . = min{i : 2 < T; < 6—2}, Ky . = max{i : 2 < T; < 6—2},

and if there is no regeneration time in (t;/e2,t2/e?), we define Tk, . =t1/e? and Tk, = ta/e*. We
decompose

5Bt2/52 — 6Bt1/52 = (€BTK17E — 5Bt1/52) + (6BTK2,E — 5BTK1,E) + (5Bt2/52 — €BTK2,E) = 11 + .[2 + Ig.
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For Iy, we write
Kae—1

_[2:?3 Z Xj,

j:Kl,s
and, conditioning on all the regeneration times, denoted by {7;}, we obtain

Ko —1

E (L [{T}] = Y E[XFHT}]
J=Ki,e

Here, we used the fact that X; are independent with zero mean conditioning on {7;}. By Lemma A.1,
we have
E [ XIHTY S (Tjn — Tj)%

As Koo — Ky < L=t it follows that

£

Kool
E[|L") Se®Er ) (T —Tj)* < Ce
j:Kl,s

oto —t1
22

= C(ty — ty).

Estimating the terms I and I3 is also straightforward using Lemma A.1, finishing the proof of (4.30).
Next, note that by (4.24), we have

Eluc(t, 2)le” /= =B y/e2luo (v + €Byye2)] = Exfuo(@ + Byye2)%e(Xn.)
=Ex[uo((x +€Byje2_1/e) + e(Byje2 — Byje2_172))9-(Xn.)]-
Using (4.30), it suffices to consider
Ex[uo(z + eByje2_1/:)%:(XN.)]-
We apply Lemma A.2 and Proposition 4.1 to see that
Erluo(z +eByje21/e)9(XN.)| — Ex[uo(x + eByje2_1/e)] = 0,

and
EW[UO([E + 8Bt/52,1/5)] - a(t’ Q?),

which completes the proof. [J

4.3 Intersection of independent paths

The previous section shows that the tilted Brownian path behaves like a Brownian motion with an
effective diffusivity, and this has been used to prove the convergence of

/d Eluc(t, z)]e /< g(z)da.
R

To control the variance of
/ ue(t, x)e_ct/EQQ(w)dx,
Rd

it is necessary to consider two independent tilted Brownian paths. We will show that the two paths
can not intersect too much — this is the goal of this section and is only true in dimensions d > 3.
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For the sake of simplicity of presentation, we consider here only a homogeneous chain, assuming
that t/e? is an integer, to avoid dealing with the last step of the chain that has a different law.
A modification for a general ¢ is straightforward. Given any Zy = (X, Yy) € Q?, we generate the
chain 7, = (X}, Yx) according to the transition kernel # defined in (4.21). The two components Xj,
and Y} generate two paths, that we denote by wx,,wy, € C(]0,00)), via (4.2). We recall that the
regeneration times are defined as

To = O, T, = 1nf{] >T; q: nj = 1}, 1> 1, (431)

where 7); are i.i.d Bernoulli random variables with parameter v € (0, 1).
Throughout the section, Xy, Yy are fixed, so we simply write 7[-| Xy, Yo] = 7[-]. Define

oo
U(z,y, Xo,Yo) = /0 Loty (5)—y—wy () <1345
as the total “nearby time” of wy, and wy,. We have the following result.
Proposition 4.3. In d > 3, there exist constants Cq,Cy > 0 such that

sup  sup w[l(x,y, Xo, Yo) > t] < Cre”C2, (4.32)
z,ycR? Xo,Yo€Q

As a consequence, if A < Cy, then

sup sup E, [e’\e(‘”’y’XO’YO)] < 0.
z,y€R Xo,Yo €2
Proof. The proof is divided into two steps.
Step 1. We show that there exists K > 0 such that
1
m[l(x,y, Xo,Yp) > K| < 3 (4.33)
for all x,y, Xg, Yy. Since
m[l(z,y, Xo,Yo) > K] < m[l(z,y, Xo, Yo) > Tn] + 7[TN > K],
with T the N—th regeneration time, we only need to show
1
m[l(z,y, Xo,Yo) > Tn] < — (4.34)

4

for some N independent of z,y, Xo, Yy, and choose K so large that 7[Tv > K] < 1/4. To this end, it
suffices to show that

1
m|En] < 7 where En = { I£11Tn |z + wx, (s) —y —wyy(s)] < 1}. (4.35)
SZIN
Recall that
k—1 Tjr1—-1
wxo(Ti) —wyy(Tk) = D _(X; = Y)), X;-Y;= > [Xi(1)-Yi(1)], k=1
j=0 =Ty

By the regeneration structure, X; —Y; are i.i.d. random variables and are also independent of Xy —Y.
For any « > 0, define

Ay = {|l’ +wX0(Tk) —Yy—- wYO(Tk)‘ < ka}v A(N) = U Ag,
k>N
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and write
oo

T[En] <n[A(N)] + 7n[Ex NAN)] < > w[Ay] + n[Ex N A(N).
k=N
By the local limit theorem in [24, Theorem on p. 1], we have
kod C

m[Ax] < Crim = Y (4.36)

for some constant C' independent of x,y, Xo,Yp. Thus, we can choose av < 1/2 — 1/d (in d > 3)
and N so large that

On the other hand, we have

with
By :=A;N{ min |z4+wx,(s)—y—wy(s)| <1},
SE[Tk,TkJrﬂ

and By C Bk,X U Bhy with

Tpq1—1 Tpt1—1 o
By x = Z max |X;(s)| > , Bry = 2 max |Y( )| > T(

s€[0,1]

By Lemma A.1, the random variable
Tk+1_1

Z max | X;(s)]

T, s€[0,1]
has an exponential tail, which implies that

[EN N A Z e Ok <
k>N

o =

when N is large. The proof of (4.34) is complete.
Step 2. We define a sequence of stopping times as follows: 79 = 0 and

) n+1
T = mMin {n > Th—1 - / 1{|I+wxo(8)—y—wy0(8)\§1}d8 > K}, k>1,
Tk—1
with K chosen as in step 1. Let n = [t/ K], and apply (4.33) to obtain

[T < 00| < 0.

[\D\H

wl(z,y, Xo, Yo) > t] < 7|, < o0] = 71, < 00| < oo]m]T < 00] <
We consider
e < 00| X4y, Y| = / L Jatwy (5)—y—wyg (s)|<13ds > K|X71,Y71}
and write for s > 7:
TFwx,(s) —y —wy(s) =z +wx, (1) + [wx, (s) —wx, (11)] — ¥ — wy, (T1) — [wyy (8) — wyg (71)]
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Conditioning on X, ,Y; gives

(WXO(Tl + ) - on(Tl)>wY0(Tl + ) - WY0(7'1)) £ (@X‘rl (')7(DY71 ())7

where @ is independent of w. Hence, we may apply (4.33) again to get

W{/ﬁ L{jotwxy (5)—y—wy, (s)| <138 > K!XmYn]

N

oo
= W[ /0 Lo twxy (m)+x,, () —y—wy, (1) —@y,, (148 > K |XmYn} <
uniformly in z,y, X, Y;,. Iterating the same argument gives

1\? 1\"
Ttz y, X0, Yo) > 1] < (2) wlr < oolmy < 09 < ... < (2) ,

which completes the proof. [

Corollary 4.4. In d > 3, there exists A\g only depending on ¢, such that for A < Ao, we have

sup sup [E, {exp {)\/ / Ry(ur,ug)Ry(z — y +wx, (u1) — wYo(u2))du1duQH < 0.
z,yeR? (Xo,Y0)€Q? 0o Jo

Proof. As Rg(ui,uz) = 0if |u; —ug| > 1 and Ry, is supported on {x : |z| < 1}, we have

A /0 R¢(U1, UQ)Rw(I' —y+ WX, (ul) — Wy, (UQ))dUldUQ

S /0 /0 1{|U1—u2\§1}1{\x—y+wxo(u1)—WY0(u2)|§1}duldu2-

Consider the region us > wu1. After a change of variable and an application of Jensen’s inequality, we

have . -
exp{/o (/0 1{|z—y+wxo(u1>—wy0(u1+u2)|g1}du1)du2}

1 o)
< /0 (eXP{ /0 1{96y+wxo(u1)wYO(U1+U2)|§1}du1}> .

It suffices to show that there exists A\g > 0 so that for A € (0, \g) we have
R [eM(2:25:X0Y0)] is hounded uniformly in up € [0,1], 2,y € R%, X;, Y, € €, (4.37)

where -
£<u27 z,y, Xo, Yb) - /0 1{|x—y+wX0 (u1)—wyy (u1+u2)\§1}du1

is the total “nearby” time of wyx, and the “shifted” wy,. We can repeat the proof of (4.32) verbatim
to establish an identical estimate for ¢(ug, x,y, Xo, Yp), from which (4.37) follows immediately, for
0 < A < (5. This completes the proof. [
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5 Proof of Proposition 3.2

Before proving Proposition 3.2, we discuss some heuristics of the convergence of Z.(r,y, My, Ms)
as € — 0 and My, My — oco. Recall that

2
Fe(r,y, My, Ma) :/ d/ Ep, /e {Isejs(Ml’MQ)} 11 6(so)v(wi)dsidsadardas, (5.1)
R2d Jj0,12 =1
with
T. = I.(x1,x2,y, 51, S2,7) = H glex; +y— EBEt_T)/EQ_Si)Uo(E$i +y+ EBLf/Eg — €th_r)/€2_si). (5.2)
i=1
As shown in Proposition 4.1, the diffusively rescaled Brownian path 5Bi /e behaves like W/, so we
expect that

7. = Hg — W Duo(y + Wi —W/,). (5.3)

in distribution. The exponential factor in (5.1) is
Te(My, Ma) = Je(My, Ma, 1,22, 51, 52, 7)

9 My Mo 1 1 2 (5'4>
— )\ /_1 Ry w Ry v+ Bl — Bl Bl 4 BL. | Jdudu,
and measures the “nearby” time of two independent paths. Since Ry, is compactly supported, most
of the contribution in (5.4) comes from wuy,us € [—1, M], with some large M fixed, as indicated
by Corollary 4.4. Thus, J. depends only on the microscopic increments of B2 around (t — r)/e?
that are asymptotically decorrelated from both I/V1 2 and th )2 Thus, J: should be asymptotically
independent from Z., and the limit of J; determmes the effective variance v% in (3.12).

The goal of this section is to make the above heuristics precise. The proof is in two steps. We first
show the convergence of .Z. for a fixed r € (0,t),y € R Then, we prove a uniform bound on .Z..

The expression (5.4) shows that 7. depends on the trajectories of B!, B? starting from (t — r)/e?—
1, and for a fixed r € (0,t),e > 0, we choose

T:t—r_{t—r].

g2 g2

Recall that T = t/e2, N. = [t/e? — 7], and
B'={Bl:se€[0,t/e}]} = (Xo,..., XN.4+1),
B*={B?:5¢(0,t/e}]} = (Yo,...,Yn.41).

It is clear that J. is determined by the increments of B! and B? for times larger than (t —r)/e? — 2,
that is, for n > N ,, with

To simplify the notation, we define

We also note that by (4.20), we have

IAEB,t/EQ [Isejs] =Er [Ieejegs (Xn.)9(YN.)]-
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5.1 Pointwise convergence

We first explain how the effective variance veg is defined. For any “starting pieces” Xg, Yy € €0, and
starting points x1,z2 € R?, as well as My, My > 0, and s1, s2 € [0, 1], we define

, (M1 M
%Ml,Mg(Xo,%,iﬂl,ﬂﬁz,Shsz)ZEw[eXP{)\ /1 ) Ry (uy,us) 55)

X Rw(.ﬁljl — X9 —i—wXO(Q + ul) — WX0(2 — 81) — wYO(Q + U2) + WYO(Q — SQ))duldUQ} ’ Xo,Yv(]]

The effective variance is then

2
Vi = /de /[0 . Er[#0,00(X, Y, 21,22, 51, 52)] H &(si)(x;)ds1dsedxyds, (5.6)
’ =1

with X and Y sampled, independently, from the invariant measure of #.
In the following, we fix 21,29 € R? and s, s2 € [0,1], and simply write S, s, (Xo, Yo). The
next two lemmas show the convergence

Fe(r,y, My, Mo) — vZ|g(t — r,9)a(r,y)|?, as e — 0 and My, My — oo, (5.7)

for fixed r € (0,t),y € R%.
Lemma 5.1. There exists C > 0 independent of €, M1, Mo, x1,xs, 1, S2 such that

Ep,yje2 [LeT MM < C. (5.8)
Lemma 5.2. As e — 0 and My, My — oo, we have

Ep e [T MM B[ Ao oo (X, V)]G (E — 7y p)ulr, y) .

Proof of Lemma 5.1. Since Z. and ¥. are both bounded, we have

B yelLee’] S Erle].

We first condition on XE, 17'5 and assume that

t—r
2

+Mi§T+Ng-

In this case, J; is not related to Xn_.+1,Yn.+1 (which are sampled differently), and we can re-
place B!, B? with w %Wy that is, the homogeneous chains started from X, Y., respectively, with
the transition kernel 7. It is easy to check that in this case

Efr[ejg(Ml’MQHXEai/s] = %Ml,Mg (Xsa?s) (59)

In the case when J. involves the last increment Xy_i1, Yy 41, it is clear that we still have (5.9),
with equality replaced by <.
By Corollary 4.4, we have
‘%ﬂMl,M2(X€’Y;:‘) <1

uniformly in z1, 29 € R, 51, 59 € [0,1], My, Mo > 0 and X.,Y. € Q, and (5.8) follows. O
Proof of Lemma 5.2. We divide the proof into three steps.
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Step 1. We claim that for any ¢ > 0, there exists a universal M > 0 such that if min(My, Ms) > M,
we have

By || (M) — T-OLM|| < 5 (5.10)

First, since Ry, Ry, > 0, ¥ is bounded and Ry (u1,us) is supported on |u; — ug| < 1, we have

IEB,t/E2 [|e‘75(M1’M2) _ ejg(M,M)” <E, |:e;76(M17M2)1{51(M)>0}:|’ (5.11)

with

M Mo
E1(M) = M1%>>M /M—l - R¢(u1,u2)R¢(ﬂzl—$2+B% Ml—B%ﬁ—B% +u2+3%782)du1du2.
After applying the Cauchy-Schwarz inequality to the r.h.s. of (5.11) and using Lemma 5.1, we only
need to consider 7[€1 (M) > 0], which is essentially the same as the probability of the “nearby time”
of B!, B? being greater than M. By the same argument as in the proof of Lemma 5.1, Proposition 4.3
and Corollary 4.4, we have 7[€;] — 0 as M — oo, which proves (5.10).
Step 2. We show that

Epel(Ze = Z)e M) 0, ase -0, (5.12)
where )
L. = [T 9(y = eB{i_ryje2_co)uo(y + €Bjo_.a — B ),
i=1
with
Te_ {Tt_ir _O‘<T"<i —Oz}
M =Ny A, : 52 +e — 1—82_8 ’

and the convention that T, = t/e? — e~ if there is no regeneration time in the interval [(t — r)/e? +
g7 t/e?2 —e7?. As 9. and J.(M, M) are bounded, we have

IA[*:B,rf/s2HI6 - ja‘eje(M’M)] S Eq|Z: — ja” (5.13)
By Proposition 4.1, we have the convergence in distribution of
(eBir wreBi, .eBpe eBy _..eBY) = (Wi, Wi, Wi Wi, W), (5.14)

which implies that the r.h.s. of (5.13) goes to zero as ¢ — 0.
Step 3. We prove the convergence of

Ep e Loe” MM = B[ (X, V)]Gt = ry)u(r y) P, (5.15)
where X,Y are sampled independently from the invariant measure of #. First, we have
IEB,t/EQ [feeje(M’M)] =E, [ieeJE(M’M)ge (XN)%:(Yn,)]-

Note that, for € sufficiently small (depending on M and r), both Z. and J.(M, M) depend only on {B!:
s <t/e?—e~*}. Lemma A.2 implies that it suffices to prove the convergence of E,[Z. exp{J-(M, M)}].
We write

2 2

B, [T.e- M) Z | [ 19w — Bl jeremo) Har(Xe, ?;)]E,r [ [Tuoly +¢Bj oo — 531'%)] .
i=1 1=1
(5.16)
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Here, we used the independence of the increments after the regeneration time 77, to split off the
second factor, and the separation between the time (t —r)/e? — e~* and the times appearing in the
integration in J.(M, M) in the first factor. By the weak convergence in (5.14), we have

2

Er [ [Tuw(y+eB 2 o - 63%31)] = a(r,y)|*.
=1

It remains to consider the first factor in the right side of (5.16). We claim that as ¢ — 0

2 2

Er| [To—eBi, )X Y0)| =B | [T oy —eBiy_, )| En [ #0e(X,7)] = 0. (5.17)
=1 : i=1 :

The proof of (5.17) is the same as the proof of Lemma A.2, as sy is bounded and X..Y.
are the increments of B!, B2 on the interval [(t — r)/e? — 2, (t —1)/e? — 1]. We apply the weak
convergence (5.14) again to get

2

Er| [T 9 —Bj_yyjrca)] = I3t =7, p)?
=1

and complete the proof of (5.15).
Combining steps 1-3 and sending § — 0, completes the proof. [

5.2 Proof of the uniform bound (3.13)
We now prove the uniform bound (3.13) in Proposition 3.2. By Lemma 5.1, we have

[Je =R 2) < 1

i

IEB,t/s2

so by the Cauchy-Schwarz inequality,

|\ Fe(r,y, My, Ma)| S / Epe2llgex +y — eBy_py ) |0(s)¥(x)dsd.

R J[0,1]
Lemma 5.3. For any k € Z>1, there exists C}, such that

. Ch
Ep /e [1{|5B(t_r>/82_8|>M}] < el (5.18)

for all M > 0.

By the above lemma and the fact that g € C3°(R?), |x| < 1, we have

1D 1
[EBﬂf/E2 lg(ex +y — 5B(t,r)/52,s)|] <1A W’

which implies (3.13) and finishes the proof of Proposition 3.2.
Proof of Lemma 5.3. Since ¥. is bounded, it suffices to prove the same estimate for

TleB(—p)e2—s| > M].
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We will assume r = 0, s = 0 to simplify the notation and the proof of the general case is the same.
First, we write B; /.2 as a sum of independent zero-mean random variables using the regeneration
structure. Let 7 = 1 and N. = [t/e?] — 1 and set

Ne
Bt/€2 = Z Xk(l) + Bt/EQ — B[t/EQJ.
k=0

We also write
K.

By =Y X;,

j=0
where Tyt 5 o
X, = { o Xe(1), G=00 0 Ke =1,
Bt/e2 - BTKE7 J=Ke,
and K. = max{j : Tj < N.}. Since X are independent random variables with zero mean conditioning

on {Tj}JK;O, the sum

k
M, =Y X;, k=0,..., K.,
j=0

is a martingale. By the Chebyshev and martingale inequalities, we have
K 1 K 1 S K
. 2k . 2 2 .
M| > M L% < e[ leMic P | {T31%] < e[ X5 IS
j=0
Since K. < N., we only need to show that
Ne
2k 2|
2 [|>x3[] 1. (5.19)
§=0

If we expand | Z;y:so X?!k , the number of terms is smaller than (¢/2)*, and each term is of the form

Hle X?l for some j; = 0,..., N;, whose expectation is uniformly bounded, in light of Lemma A.1.
Thus, (5.19) holds and the proof is complete. O

A Some technical lemmas

A.1 Proof of Lemma 3.1

Proof. Recall that we need to prove that
(r=c1T+c2+0(1), as T — +o0. (A.1)

We employ the setup of Section 4. The proof is divided into three steps, in which we prove that (A.1)
holds for T' € N, Q, R.
Step 1, T € N. In the construction of the chain, set 7 = 1. As in Section 4.1, we have

T-2

Pr(dw) = ¥ (xo)m(dxo) (H fr(xk,xkﬂ)) O (g pT el
k=0
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Using the normalization (4.10) gives,
E [0 (X7 )] = 7 T p =T,

By (4.19), we have
eCT—Tﬁpl—T — Sr—TGQ—=(T-1)logp _, EW[\If_l(X')]

exponentially fast as T" — oo, where X is sampled from the invariant measure of #. This proves (A1)
for integer T" with .
c1=C +logp, co=logp ' +logE, [¥1(X)]. (A.2)

We note that the convergence rate of the remainder o(1) — 0 as 7' — oo only depends on the
estimates on ¥ and v which are determined by ||/|| .

Step 2, T € Q. In the construction of the chain, the choice of the length-one increment is arbitrary
— we can take any length that is greater than one and follow the same construction. Take the increment
of length r € Q such that r € (1,2) (then the corresponding I(z,y) is uniformly bounded), so there
exist mq, mg € N such that rmq1 = ms. For any k& € N, the same proof as in Step 1 shows that

Crmlk = Cl,rmlk + Cor + 0(1)

for some ¢y, c2,. Since
Cmgk = Clmzk + co + 0(1)

from step 1, we conclude that c1, = c17 and ¢z, = c2 by sending k — oco. Thus, for any r € Q, we
have
Gk = a1k + 2 + o(1),

with o(1) — 0 as k — oo, uniformly in r € (1,2). Choosing r = T/[T], we see that (A.1) holds
for T € Q.
Step 3, T € R. As (r is continuous in 7', we simply take 7}, € Q so that 7;, — T and (7, — (7.
Since
(r, =caTn +ca+o(1)

with o(1) — 0 as T;, — oo, the proof is complete. [
Lemma A.1. Assuming Xo ~ 7(dxg), Xpy1 ~ (1—7) Y7 (Xg, dvgr1) —ym(dzgs)) fork >0, and 0

is an independent geometric random variable with parameter v. Then, for all k > 0, Ex[X,(1)] =0
and there exists ¢ > 0 such that

> 1] < et .
ﬂIQ%ELXA@!_t]Ne : (A.3)
6
< —ct
whOQﬁEmu$y>qwe . (A.4)

Proof. For any measure vy on 2 that is symmetric, so that vg(A) = vo(—A) with —A = {f : —f € A},
set

MM:AWW%@M.

Recall that
/ L@ (y)r(dy) = pU(x).
Q
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Since I(z,y) = I(—x,—y), 7 is symmetric, and ¥ is the unique eigenvector corresponding to p
satisfying (4.10), we have that U(—z) = ¥(x), hence #(z, A) = #(—x,—A) and v, is symmetric.
Thus, the distribution of X}, is symmetric, and

Er[Xk(1)] = —Ex[Xx(1)] = 0.
For the Gaussian tail in (A.3), we note that

sup 7(z, dy) — y7(dy) Ssup @(x, dy) S w(dy). (A.5)

z€N 11—~ zeN

As 7 is the Wiener measure on C([0, 1]) tilted by the bounded factor

exp {%)\2 R(s — u,w(s) —w(u))dsdu — Cl},

[0,1]2

there exists ¢ > 0 such that

m[max [Xgi1(s)| >t | Xi] < w[max | Xo(s)| >t] < et (A.6)
5€[0,1] s€[0,1]

uniformly in Xj. After averaging with respect to X}, we obtain (A.3).
To prove (A.4), we note that
[0 > [at]] S (1 =)

for any a > 0. By the Chebyshev inequality, we have

[at] fat]
—c
[ 160 > 1] < e OB [exn {01 3 1540

for any C7 > 0. Using (A.5) again, we have

[at]
e*CﬁE{exp {C’l ];)slg[%ﬁ] \Xk(s)|H < efcltCQ[at]

for some constant Cy > 0 independent of . Taking o < C/log Cs finishes the proof. O

Lemma A.2. If F': Q.2 — R is bounded and only depends on Xo, ..., Xn., with Ne — Me — oo,
then
|Ex[F(B)Y:(XnN.)] — Ex[F(B)]| = 0 (A7)

as e — 0.
Proof. First, we have
|[Er[F(B)%:(XN.)] — Ex[F(B)]| = [Ex[F(B)Er[:(XN.) = 1Xar ]| S En[[Ex [ (Xn.)[ Xz ] — 1]
Since ¥. is bounded, by (4.19), we have
[En[e(Xn,)| Xar] = En[#(X)]| = 0 as € = 0,

uniformly in X,;.. Here, X is sampled from the invariant measure of #. Since E;[%.(Xn.)] = 1, we

know that E;[4.(X)] — 1 as e — 0. Hence,
E [9.(Xn)|Xp.]—1—0, ase — 0,

which completes the proof. [J
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Lemma A.3. There exists C' > 0 independent of € such that 3 E[|Xj€|4] <C

Proof. Recall that
1

X =y || Ziawy),
7 Ed/2_1 Is, Rd t(r y) (7" y)

and by the martingale inequality, we have
€ /|2 / /
BTV S s f, o, BV 20 Pl s’

For E[|Z:(r,y) Z:(r',y')|?], we repeat the calculation in the proof of Lemma 2.2. To simplify the
notation, we let r =1y = ro,7' =r3 =r4 and y = y1 = y2,y = y3 = y4 and consider

4 4 :
~ ~ i AME i (ri)— l)\2<ME i>Ti
E[H f(ri,yi)} :/R4d EEg /2 {Hg(lﬁi)uo(l‘i‘Fé‘B;/g)(I)ithi(Tivyi)e brioB 2 t.xi.B }da:.
i=1 1=1

As in the proof of Lemma 2.2, we obtain

1 - -
it [ L EVZ ) 25 P’
B.j
N 4
: /[0 )2 /Rb‘d /[o 1]4 Yryerers y i re2ens ;Y BB 16 [Te’) T ¢(si)vo(x:)dsdmdydy’drdr”,

=1

where
4

I'= H |g €T T Yi — th T )/EQ—Si)UO(sxi +Yi + 532/52 - gBét—ri)/a2—si)|7

1/2e*  p1/2e*
Z / / ’LLZ,U[)

1<i<i<4

X R’ll)(‘rl _xl+ c +Bt r/\'rl+ wi - 7:;77”1- Bt 'r/\'rl+ l+Bt T —s )duzdul

52 i

By the same proof as that of (3.13), we have

2
o / /R B2 ) 2207 ) Pl e’ S ([ 1ggoer, yir)

The proof is complete. [
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