
RIGHT TRIANGLES AND ELLIPTIC CURVES

KARL RUBIN

1. Introduction

In this lecture we would like to study, and answer as best we can, the following
question.

Question. Suppose we are given a natural number d. Is there a right triangle with
three rational sides and area equal to d?

We will write Z for the set of integers {. . . ,−3,−2,−1, 0, 1, 2, 3, . . .}, Z+ for the
natural numbers (or positive integers) {1, 2, 3, . . .}, and Q for the set of rational
numbers (fractions) {a/b : a, b ∈ Z, b 6= 0}.

The Pythagorean Theorem says that a triangle with sides a < b < c is a right
triangle if and only if a2 + b2 = c2. If it is a right triangle, then its area is ab/2.
Thus we can rephrase our question as follows.

Question (restated). Suppose d ∈ Z+. Are there rational numbers a, b, c > 0 such
that a2 + b2 = c2 and ab = 2d?

If the answer to this question is “yes”, then d is called a congruent number (not to
be confused with the notion of “congruence modulo an integer”, which is different).

Table 1 gives some examples.

d a b c
5 3/2 20/3 41/6
6 3 4 5
7 35/12 24/5 337/60

Table 1. Rational right triangles with area 5, 6, 7

On the other hand, around 1640 Fermat proved that d = 1 is not a congruent
number. That is, there is no right triangle with rational sides and area equal to 1.
(Of course, this is true only because we insist that all three sides of the triangle are

rational. The triangle with sides 1, 1,
√

2 is a right triangle with area 1, but
√

2 is
not a rational number.)

Note that to prove that a number d is congruent, one just has to produce the
three rational numbers a, b, c. On the other hand, it is not at all obvious how to
prove that a given d is not a congruent number.

Here is the best answer to our question that current mathematics can provide.
It is easy to see that if d and t are natural numbers, than d is a congruent number if
and only if dt2 is a congruent number (just scale the right triangle by t). Thus it is
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enough to answer our question for squarefree natural numbers d, those not divisible
by a perfect square other than 1.

Theorem 1.1. Suppose d is a squarefree natural number, and define

a =

{

1 if d is odd

2 if d is even,

n = #{(x, y, z) ∈ Z3 : x2 + 2ay2 + 8z2 = d/a},
m = #{(x, y, z) ∈ Z3 : x2 + 2ay2 + 32z2 = d/a}.

If n 6= 2m, then d is not a congruent number.

Conjecture 1.2. Suppose d is a squarefree natural number, and let a, n, and m
be as in Theorem 1.1. If n = 2m, then d is a congruent number.

(A conjecture is a statement which is believed to be true, but which nobody has
been able to prove.)

Given d (not too large), it is easy to compute the integers n and m. Table 2
gives some examples. (Note that n and m are counting solutions (x, y, x) where x,
y, and z are arbitrary integers, positive, negative, or zero). The last three columns

d 1 2 3 5 6 7 10 11 34 8k+5 8k+6 8k+7
n 2 2 4 0 0 0 4 12 8 0 0 0
m 2 2 4 0 0 0 4 2 4 0 0 0

Table 2. Some values of n and m in Theorem 1.1

of Table 2 reflect the fact that x2 +2y2 can never leave a remainder of 5, or 7 when
divided by 8, and x2 + 4y2 can never leave a remainder of 3 when divided by 8.
Thus if d is 5, 6, or 7 more than a multiple of 8 then n = m = 0.

Exercise 1. Check the values of n and m in Table 2, and compute n and m for
some other d.

It follows from Theorem 1.1 and Table 2 that 1, 2, 3, 10, and 11 are not congruent
numbers. By Conjecture 1.2 and Table 2, then integer 34 and every integer which
is 5, 6, or 7 more than a multiple of 8 should be congruent numbers. For d = 5, 6
or 7 we know this to be true, thanks to the examples in Table 1.

Exercise 2. Show that 34 is a congruent number by finding a rational right triangle
of area 34.

Thanks to Theorem 1.1, it is now easy to show that d is not a congruent number.
But it can be difficult to show that d is a congruent number, when Conjecture 1.2
predicts it to be. For example, Conjecture 1.2 predicts that d = 157 = 19 · 8 + 5
is a congruent number, but the simplest rational right triangle with area 157 has
sides

6803298487826435051217540

411340519227716149383203
,
411340519227716149383203

21666555693714761309610
,

224403517704336969924557513090674863160948472041

8912332268928859588025535178967163570016480830
,
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(see [5], p. 5). Similarly d = 1063 = 132 · 8 + 7 is a congruent number, but
the simplest rational right triangle with area 1063 has shortest side a where the
numerator of a has 104 digits and the denominator has 103 digits ([4]1).

2. Translating the question

In the rest of this lecture we will explain where Theorem 1.1 and Conjecture 1.2
come from. The first step is to restate our question in a different form.

Exercise 3. Show that if a, b, c are the sides of a rational right triangle with area d,
then

x =
a − c

b
, y =

2(a − c)

b2

are nonzero rational numbers satisfying the equation dy2 = x3 − x.

Exercise 4. Conversely, if x and y are rational numbers satisfying the equation
dy2 = x3 − x and y 6= 0, then
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are the sides of a rational right triangle with area d.

Note that the equation

(1) dy2 = x3 − x

has three solutions (0, 0), (1, 0), and (−1, 0) with y = 0. We will call these the
trivial solutions, and we will call a solution of (1) nontrivial if y 6= 0. Combining the
two exercises above gives the following reformulation of the definition of congruent
number.

Proposition 2.1. A squarefree natural number d is congruent if and only if the
equation dy2 = x3 − x has a nontrivial rational solution (x, y).

3. Elliptic curves

Fix a squarefree natural number d. The equation

(2) dy2 = x3 − x

defines an elliptic curve.2 We will call this elliptic curve Ed, and by a rational point
on Ed we will mean a pair of rational numbers (x, y) satisfying (2). For more about
elliptic curves see [5], [6], [7]. We will continue our investigation of the congruent
number problem by applying results from the general theory of elliptic curves. The
most important of these is the following process for using two points on Ed to
construct a third point.

Suppose that P and Q are two points on Ed.

• Draw the line through P and Q.

1There is an error in [4]; on page 130 the expression before the displayed value of X should
read X2/1063.

2 One usually requires an elliptic curve to be a curve given by an equation y2 = x3 + Ax + B.
Under the change of variables (x, y) 7→ (x/d, y/d2) our elliptic curve is equivalent to y2 = x3

−d2x.
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• In general this line will intersect the curve Ed in three points (because the
equation (2) has degree 3). Two of these points are P and Q; call the third
point R. Since P and Q are rational points, R will be a rational point as
well.

We also want to apply this construction when P = Q. In that case by “line through
P and Q” we mean the tangent line to the curve Ed at P (the limiting line as Q
approaches P on Ed).

Exercise 5. If P = (x1, y1) and Q = (x2, y2) with x1 6= x2, check that

R =

(

d
(y2 − y1)

2

(x2 − x1)2
− x1 − x2, d

(y2 − y1)
3

(x2 − x1)3
+

x1y1 − x2y2 + 2(x2y1 − x1y2)

x2 − x1

)

.

If P = Q = (x, y), check that

R =

(

(x2 + 1)2

4x(x2 − 1)
,−x6 − 5x4 − 5x2 + 1

8d3y3

)

.

For example, if P = (−1, 0) and Q = (0, 0), then R = (1, 0).

It is not obvious, but one can use this construction to prove the following theo-
rem.

Theorem 3.1. If the elliptic curve Ed has a nontrivial rational point (i.e., a ra-
tional point with y 6= 0), then it has infinitely many rational points.

Figure 1 shows some of the rational points on E6, which can be found by starting
with (− 1

2 , 1
4 ) and using the construction above.

Figure 1. Some rational points on 6y2 = x3 − x.

Using Exercise 4 and Proposition 2.1 this leads to the following corollaries.

Corollary 3.2. If there is a rational right triangle with area d, then there are
infinitely many rational right triangles with area d.
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Corollary 3.3. A squarefree natural number d is congruent if and only if Ed has
infinitely many rational points.

Table 3 lists the shortest side of some rational right triangles with area 6. (If

we call the short side a, then b = 12/a and c =
√

a2 + b2 are the other two sides.)
These were computed using the formulas of Exercises 4 and 5. Note the parabolic
shape of the table.

3
7
10
3404
1551
2017680
1437599
3122541453
2129555051
43690772126393
20528380655970
3538478409041570404
4644050785034096801
12149807353008887088572640
4156118808548967941769601
562877367535365225251484084003
9096802581030701081135787921001
980360596310493084857750540913762240600
318497209829094206727124168815460900807
18191574951971287104449938705210484717973598996
28509848121271427519807274581732330676009760751
21929138919604046938040163740757618953522127258567818399
9695960103990294331025984943841149560825669775138168420
107678491232504214629027366203609143706610045561881253147888227347
80304789058118229075736578976728059627039657981964461933622942851
6386862753666818897897886697308412979750707771606181541981220408008859007160
4176501831301593836542885342768698632287714214832228338980765292538706358393

Table 3. The shortest side of some right triangles with area 6

4. Counting points modulo p

Thanks to Corollary 3.3, we can solve the congruent number problem if we can
find a way to decide whether a given elliptic curve Ed has infinitely many rational
points, or only the three trivial rational points {(−1, 0), (0, 0), (1, 0)}. There is
currently no known way to do this in general, but we will be able to make a good
start and decide in many cases.

Instead of asking the difficult question “how often is dy2−(x3−x) equal to zero?”,
we will ask, for each prime number p, “how often is dy2 − (x3 − x) a multiple of
p?” (of course when it is zero, it is a multiple of p for every p).

More precisely, for every prime number p define an integer

Np(d) = #{(x, y) : 0 ≤ x, y < p, dy2 − (x3 − x) is a multiple of p} + 1.

For example, when d = 1 we have N5(1) = 8 because the 7 points

{(0, 0), (1, 0), (2, 1), (2, 4), (3, 2), (3, 3), (4, 0)}
all have the property that dy2 − (x3 − x) is a multiple of 5, and no other pairs in
the appropriate range have this property. Table 4 lists the values of Np(d) for some
primes p, and certain d.

Exercise 6. Check some of the values in Table 4.
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p
5 7 11 13 17 19 1000003 1000033 1000037

1 8 8 12 8 16 20 1000004 998208 998056
d 2 4 8 12 20 16 20 1000004 998208 1002020

3 4 8 12 8 20 20 1000004 998208 1002020

Table 4. Some values of Np(d)

Idea (Birch and Swinnerton-Dyer [1]). Suppose d is a squarefree positive integer.
The more rational points Ed has, the larger the Np(d) will be “on average”, as p
varies.

To make sense of this, we need to measure the “average” size of the Np(d) as p
varies. Birch and Swinnerton-Dyer first computed

πd(X) =
∏

p<X

Np(d)

p
.

Figure 2 shows the function πd(X) for d = 1, 2, 3, 5, 6, 7, with X plotted on a loga-
rithmic scale. As the idea of Birch and Swinnerton-Dyer suggests, πd(X) is larger
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Figure 2. Plot of πd(X) as a function of X , for d = 1, 2, 3, 5, 6, 7.

for the three congruent numbers d = 5, 6, 7 than for the non-congruent numbers
d = 1, 2, 3.

Birch and Swinnerton-Dyer observed that there is a better way to measure the
average size of the Np(d). Hasse defined a function of a complex variable attached
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to Ed, called the L-function of Ed, by

(3) L(Ed, s) =
∏

p-2d

(1 − (p + 1 − Np(d))p−s + p1−2s)−1.

This infinite product converges if the real part Re(s) of the complex number s is
bigger than 3/2, and there is a natural way to extend the function L(Ed, s) to all
complex numbers s (called the analytic continuation: the only function defined by
a convergent power series in s which agrees with L(Ed, s) when Re(s) > 3/2).

Note that formally, if we put s = 1 in the infinite product (3) we get
∏

p-2d
p

Np(d) ,

which is essentially the limit of the values πd(X)−1, if that limit exists. This doesn’t
prove a connection between L(Ed, 1) and the πd(X), because the product (3) need
not converge at s = 1, but it led Birch and Swinnerton-Dyer to the following
conjecture.

Conjecture 4.1 (Birch and Swinnerton-Dyer). The elliptic curve Ed has infinitely
many rational points if and only if L(Ed, 1) = 0.

Equivalently (by Corollary 3.3), the Birch and Swinnerton-Dyer conjecture pre-
dicts that d is a congruent number if and only if L(Ed, 1) = 0.

Theorem 4.2 (Coates and Wiles [3]). If Ed has infinitely many rational points,
then L(Ed, 1) = 0.

Unfortunately it is still an open problem to prove the converse (that if L(Ed, 1) =
0 then Ed has infinitely many rational points).

We next need a good way to evaluate L(Ed, 1). This is provided by the following
theorem.

Theorem 4.3 (Tunnell [8]). If d is a squarefree positive integer, then

L(Ed, 1) =
(n − 2m)2aΩ

16
√

d

where

a = 1 if d is odd, a = 2 if d is even,
n = #{(x, y, z) ∈ Z3 : x2 + 2ay2 + 8z2 = d/a},
m = #{(x, y, z) ∈ Z3 : x2 + 2ay2 + 32z2 = d/a},
Ω =

∫

∞

1

dx√
x3 − x

≈ 2.6220575542921198 . . .

In particular

L(Ed, 1) = 0 ⇐⇒ n = 2m.

Exercise 7. Show that Theorem 4.3, Theorem 4.2, and Corollary 3.3 together imply
Theorem 1.1. Show that Theorem 4.3, Conjecture 4.1, and Corollary 3.3 together
imply Conjecture 1.2.
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