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Abstract. Let M be a closed, oriented manifold of dimensibrlLet L M be the space of smooth
loops inM. In [2] Chas and Sullivan defined a product on the homol&gyL M) of degree—d.
They then investigated other structure that this product induces, including a Batalin -Vilkovisky

structure, and a Lie algebra structure on $hequivariant homologyi*Sl(LM). These algebraic
structures, as well as others, came under the general heading of the “string topoldgyhdhis

paper we will describe a realization of the Chas—Sullivan loop product in terms of a ring spectrum
structure on the Thom spectrum of a certain virtual bundle over the loop space. We also show
that an operad action on the homology of the loop space discovered by Voronov has a homotopy
theoretic realization on the level of Thom spectra. This is the “cactus operad” defined in [6] which
is equivalent to operad of framed disksIif. This operad action realizes the Chas - Sullivan

BV structure onH, (L M). We then describe a cosimplicial model of this ring spectrum, and by
applying the singular cochain functor to this cosimplicial spectrum we show that this ring structure
can be interpreted as the cup product in the Hochschild cohomatbgy,(C*(M); C*(M)).

Introduction

Let M? be a smooth, closed-dimensional manifold, and lIdtM = C> (S?,
M) be the space of smooth loops M. In [2] Chas and Sullivan described an
intersection product on the homolod@#. (L M) having total degree-d,

o: Hy(LM)® H,(LM) — H,,_q(LM).

In this paper we show that this product is realized by a geometric structure, not on
the loop space itself, but on the Thom spectrum of a certain bundld.afee
describe this structure both homotopy theoretically and simplicially, and in so
doing describe the relationship of the Chas-Sullivan product to the cup product
in Hochschild cohomology. We now make these statements more precise.
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Consider the standard parameterization of the circle by the unitintexyal,
[0,1] — S defined byexp(r) = ¢>*. With respect to this parameterization
we can regard a loop € LM as a map : [0,1] — M with y(0) = y (D).
Consider the evaluation map

ev:LM—> M
y = rv@.

Now let: : M — RM*? pe a fixed embedding o/ into codimensionV
Euclidean space. Let¥ — M be theN - dimensional normal bundle. Let
Th(v") be the Thom space of this bundle. Recall the famous result of Atiyah [1]
that Th(v") is Spanier - Whitehead dual #d with a disjoint basepoint which
we denote byM, . Said more precisely, le/ =" be the spectrum given by
desuspending this Thom space,

M—TM — 2_(N+d)T]’l(l)N),
Then there are maps of spectra
SO > M, AM ™ and My AMTT™ 5 §°

that establisl/~"" as theS — dual of M,. That is, these maps induce an
equivalence with the function spectru~"" ~ Map(M,, S°).
Notice by duality, the diagonal map : M — M x M induces a map of
spectra
A MM A MY g TM
that makes\/~"™ into a ring spectrum with unit. The unf® — M~" is the
map dual to the projectiom, — S°.

Now let Th(ev*(v")) be the Thom space of the pull back buneié(vY) —
LM. Define the spectrum

LM~ ™ = =W+ pep* (V).

The main goal of this paper is to define and study a product structure on the
spectrumL M ~T™ which among other properties makes the evaluation enap
LM~™ _ M-TM g map of ring spectra. Here, by abuse of notatianjs
referring the map of Thom spectrainduced by the evaluatioremag. M — M.

We will prove the following theorem.

Theorem 1. Let M be a smooth, closed manifold of dimensibhe spectrum
LM~T™ s a ring spectrum with unit, whose multiplication

wi LM ™ A LMT™ 5 LT

satisfies the following properties.
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1. The evaluation mapv : LM~™ — M~TM is a map of ring spectra.

2. There is a map of ring spectpa: LM~ — x°°(2 M) where the target
is the suspension spectrum of the based loop space with a disjoint basepoint.
Its ring structure is induced by the usual product on the based loop space.
In the case whei is oriented, the homology of the mapis given by the
composition

pu: Hy(LM™ ™) —— H, JLM —— H,(2M)

where like abover is the Thom isomorphism, and the maiakes a(g +
d) - cycle inLM and intersects it with the based loop space viewed as a
codimensioni - submanifold.

3. WhenM is orientable the ring structure is compatible with the Chas-Sullivan
homology product in the sense that the following diagram commutes:

ok

Hy M ™y H.(LM~ ™) —— H M "M ALM=TMy = H, (LM~ TM)

o= =[x

Hyyq(LM) ® Hy 1 q(LM) —_— Hyyria(LM)

Remark 1The fact thatL M ~"¥ is a ring spectrum was also observed by
W. Dwyer and H. Miller.

Remark 2.In [2] Chas and Sullivan define a regrading of the homology of the
loop space
Hq = Hq+d(LM)

with respect to which the produstis of total degree zero. We observe that the
Thom isomorphism defines an isomorphism

H, = H, (LM~ T™)

which respects gradings, and by the above theorem is an isomorphism of rings,
where the ring structure on the right hand side comes from the ring spectrum
structure ofLM~TM,

We also show that there is a similar homotopy theoretic realization of the
operad structure on the homology of the loop space found by Voronov [6]. The
operad involved is the “cactus opera@’which has the homotopy type of the
operad of framed little disks iR? (Theorem 2.3 of [6]). Using a result of Get-
zler [3], Voronov showed this operad structure realizes the Batalin - Vilkovisky
structure orH, (L M) discovered by Chas and Sullivan. Therefore the following
theorem can be viewed as a homotopy theoretic realization aB thalgebra
on H,(LM).
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Theorem 2. Let M be a smooth, closed,-dimensional manifold. Then for each
k there is a virtual bundl@,overC, x (LM)* of virtual dimension-d(k — 1) ,
and a stable map from its Thom spectrum to the loop space,

& (Ce x (LMY - LM

that satisfies the following property.M is orientable, then an orientation ovf
induces an orientation on the virtual bundlg and in homology, the compostion
Ty (&k)
Hyaw-1(Ch x (LM)Y) —— H,((Ci x (LM)")%) —=> H,(LM)
is the Voronov operad structure, which in turn realizes the Chas - Sullivan BV
structure.

Our final result has to do with the simplicial structurelaf/="", and the
resulting simplicial description of the product.

Let S! be the simplicial set decomposition of the circle which has one zero
simplex and one nondegenerate one simplex. In this decomposition there are
n + 1 n - simplices, all of which are degenerate for> 1. We write this as
S = {n + 1}. Now given any spac#, there is a resulting cosimplicial model,

X,, for the free loop spacéX. Then - simplices ofX,. are given by maps

X, = Map(S;, X) = Map({n + 1}, X) = X",

The coface and codegeneracy mapdoX).. are dual to the face and degeneracy
maps ofS?.
Our next result states that there is a similar cosimplicial model.far "

Theorem 3. For M a closed, oriented manifold, the spectrdm ~"* has the
structure of a cosimplicial spectrum which we write@s,).. Thek simplices
of (ILy), are given by

Lo = (MY A MM

This cosimplicial structure has the following properties.

1. The ring structure of. M~"¥ is realized on the (co)simplicial level by pair-
ings

e (M2 AMTYA (MDY AMTTM) > (MM AT
defined by
(X1, - X u) AL, e Y U) = (X, - X, Y1, s Y AN A D))

whereA* is the ring structure defined ol ~7* described earlier.
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2. If M is orientable, then applying the singular chain funct@y(—) to the
cosimplicial spacdl,,). yields a natural chain homotopy equivalence be-
tween the chains af M ~"™ and the Hochschild cochain complex

fe: CaLM™TM) = Co((Ly),) = CH*(CH(M); C*(M)).

Here the notatiorC H*(A; A) refers to the Hochschild cochain complex of
the form

A — Hom(A; A) — - — Hom(A®"; A) - Hom(A®"*1 A) — ..

Furthermore, the pairing on the chairg,(LM~"") induced by the ring
spectrum structure corresponds via the chain homotopy equivalgrioghe
cup product pairing inC H*(C*(M); C*(M)). This gives ring isomorphisms
in homology,

H, = H,(LM~T™) % HH*(C*(M):; C*(M)).

Remark.The fact that the Chas - Sullivan product is realized as the cup product
in Hochschild cohomology was also observed by T. Tradler, and will appear in
his CUNY Ph.D thesis.

The paper will be organized as follows. In Sect. 1 we will show how to realize
the Chas -Sullivan product using the Pontrjagin-Thom constuction. We will use
this to prove Theorem 1. In Sect. 2 we recall the definition of the cactus oferad
and prove Theorem 2. In Sect. 3 we will recall the cosimplicial study of the loop
space done by the second author in [4], apply the Thom spectrum construction
to it, and use it to prove Theorem 3.

AcknowledgementsThe authors are grateful to J. Klein, I. Madsen, J. Mora-
va, G. Segal, D. Sullivan, U. Tillmann, and A.Voronov for helpful conversations
regarding this material.

1. The ring structure on LM ~T™: The proof of Theorem 1

In this section we will describe the ring spectrum structure of the Thom spec-
trum LM ~"™ defined in the introduction, discuss some its properties, and prove
theorem 1.

Proof. The multiplicative structurg. : LM~ ALM~™ — [LM~TM will be
defined using the Pontrjagin-Thom construction. We therefore begin by recalling
some properties of this construction.
Let
e: P¥ < Ntk
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be an embedding of closed manifolds. Lebe a tubular neighborhood of P*),
which we identify with the total space of the normal bundle of the embedding.
Let

7N 5, Uoo

be the Pontrjagin-Thom collapse map to the one point compactification, defined
by
) = X ?f X €V,
oo ifx ¢ v,.
If we identify the compactification with the Thom space of the normal bundle,
v, Uoo = P, then in the oriented case we can apply the Thom isomorphism

w, : Hy(P") = H,_,(P¥), toget the “push-forward", or “umkehr” map,

e s Hy(N¥) —— H,(P") —— H,_,(P").
Recall that in the case of the diagonal embeddingdf dimensional closed
manifold,
A M — M x M4

that the normal bundle is isomorphic to the tangent bundle,
VA =TM

so that the Pontrjagin - Thom map is a mapM x M — M™™ . Furthermore,
in the oriented case the push - forward map in homology,

A Ho(M® x M4y —= H, M™) 5 H, ,(M?).

is simply the intersection product.

Now the Pontrjagin-Thom construction also applies when one has a vector
bundle over the ambient manifold of an embedding. That is, if one has an em-
beddinge : P*¥ — N"** as above, and if one has a vector bundle (or virtual
bundle); — N, then one obtains a Pontrjagin-Thom map

T:Uoo— v(*())Uoo

wherev(t*(¢)) is the tubular neighborhood of the induced embedding of total
spaces*(¢) — ¢. Now ¢ U oo is the Thom spac&/¢, andv(1*(¢)) U oo is the
Thom spacePt @ So the Pontrjagin-Thom map is a map

r: Nt = Pt*(l)éBve.

Moreover this construction works whens a virtual bundle oveN as well.
In this case wheg = —E, whereE — N is ak - dimensional vector bundle
over N, then the Thom spectrumi¢ = N~£ is defined as follows. Suppose the
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bundleE is embedded in &+ M dimensional trivial bundleE < N x RFtM,
Let E+be theM - dimensional orthogonal complement bundle to this embedding
E+ — N.Then

N E = E—(N-i—k)NEL‘

Notice that whenE is oriented, the Thom isomorphism is of the foim :
HY(N) = HI*(NE).

In particular, applying the Pontrjagin-Thom construction to the diagonal em-
beddingA : M — M x M, using the virtual bundle T M x —T M overM x M,
we get a map of Thom spectra,

T (M x M)y TMx-TM _ ppTMOA™(-TMx-TM)

or,
T M M AMTM 5 ™,

WhenM is oriented, this map still realizes the intersection pairingloaVl) after
applying the Thom isomorphism. The maplefines a ring spectrum structure
on M~ that is well known to be the Spanier-Whitehead dual of the diagonal
mapA: M — M x M.

To construct the ring spectrum pairipg: LM~ ™ A LM~™ — LM~T™,
we basically “pull back” the structure over the loop space.

To make this precise, letv x ev : LM x LM — M x M be the product
of the evaluation maps, and defihé/ x,, LM to be the fiber product, or pull
back:

LM xy LM —25 LM x LM

(1.1) l l

Notice thatL M x,, LM is a codimensiod submanifold of the infinite dimen-
sional manifoldLM x LM, and can be thought of as

LM xy LM = {(&, B) € LM x LM such that(0) = B(0)}.

Notice that there is also a natural map fré x , LM to the loop spacé M
defined by first applyingg and thens. That is,

(1.2) y i LM xy LM — LM
(o, B) > a* f
where
a2 ifo<r<3
axpl) = Br—1) ifi<r<1
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Notice that when restricted to the product of the based loop sp&xis,x
M C LM xy LM, theny is just the H-space product on the based loop
space2M x 2M — 2M.

Remark. This definition needs to be modified slightly sinee 8 may not be
smooth at 12 or 1. This is dealt with in a standard way by first “dampeniag”
andg by using a smooth bijectiog : [0, 1] — [0, 1] with the property that all

of its derivatives approach zero at the endpojfitsand{1}, to reparameterize

«a andg. This will allow them to be “spliced” together by the above formula
without losing any smoothness. This is a standard construction, so we leave its
details to the reader.

Notice that by its definition (1.1) the embeddiay : LM x, LM —
LM x LM has a tubular neighborhoaedA) defined to be the inverse image of
the tubular neighborhood of the diagonat M — M x M:

v(A) = ev (v (AQ)).

Therefore this neighborhood is homeomaorphic to the total space gfdmaen-
sional vector bundle given by pulling back the normal bundle of the embedding
A, which is the tangent bundle of:

V(A) X ev*(vy) = ev* (T M).
Thus there is a Pontrjagin-Thom collapse map
T:LM x LM — LM x 3 LM ™",

As described earlier, we ease the notation by refering to this Thom spectrum as
(LM x, LM)™ . By the naturality of the Pontrjagin-Thom construction, we
have a commutative diagram of spectra,

LM x LM ——— (LM x LM)™

w3 ol Jo

MxM —> M™

Since in the oriented case : H.(M x M) — H,(M™) = H,_,(M) is the
intersection product, then

Ho(LM x LM) —2— H (LM x 3 LM)™) —* & [, (LM x LM)

can be viewed (as is done in Chas-Sullivan [2]) as taking a cydlédnx LM,
and “intersecting” it with the codimensiahsubmanifoldL M x,, LM.
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Now observe that the map : LM x, LM — LM defined above (1.2)
preserves the evaluation map. That is, the following diagram commutes:

LM xy LM —— LM

(1.4) l l

M — M
Thusy induces a map of bundles : ev*(TM) — ev*(T M), and therefore a
map of Thom spectra,
y i (LM xy LM)™ — LM™
Now consider the composition

(15 G:LMxLM —> (LM xy LM)™ —Z [ pM™

In the oriented case the homomorphism

(1.6)  H.(LM x LM) —2 H.(LM™) 5 H, ,(LM)

~

takes a cycle ilLM x LM, intersects in with the codimensiaghsubmanifold
LM x, LM,and mapsitvia to L M. Thisis the definition of the Chas-Sullivan
productH, (LM).

Now as we did before with the diagonal embedding, we can perform the
Pontrjagin-Thom construction when we pull back the virtual bundieM x
—TM overLM x LM. Thatis, we get a map of Thom spectra

(LM x LM)©@Xe0) CTMx=TM) ([ pr oo p ppyev* (TM)@ev (A" (~TM x—TM))

But sinceev*(A*(—TM x —TM)) = ev*(—2T M), we have

t LM TM A LM™TM s (LM xpy LM)TMO=2TM — (L a1y LMY TM,
Now by the commutativity of (1.4)y induces a map of Thom spectra,
Yy i (LM xy LM)™™ — L pM~™

and so we can define the ring structure on the Thom spedtiim’ ¥ to be the
composition

(A7) w: LM ™M ANLMT™ —° 5 (LM xy LM)™™ — L Ly-TM,

A few properties of this map are now immediately verifiable.
First, 1 is associative. This follows from the naturality of the Pontrjagin -
Thom construction, and the fact that the mais associative. (Strictly speaking,
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formula (1.2) isA,, - associative as is the usual formula for the product on
the based loop spac& M. However the standard trick of replaciggM with
“Moore loops” changes thd ., structure to a strictly associative structure. The
same technique applies to the magtherwise, the spectrumM ~ 7™ will have
the structure of ad ., ring spectrum.)

Also, notice thaLM~" has a unity : S° — LM~™ defined by the
composition

1280 L ™™ T, T

wherej is the unit of the ring spectrum structure &7, ando is the map
of Thom spectra induced by the section of the evaluation ewmapLM — M
defined by viewing points i as constant loops.

Notice furthermore that in the oriented case, after applying the Thom isomor-
phism,u, induces the same homomorphismasand so by (1.6) the following
diagram commutes:

Hy 0g(LM™ ™ ALM-™) 25 B oy (LM~T)

(1.8) u*lz ;lu*

Hy (LM x LM) ——  H, 4(LM)

whereo : H,(LM x LM) — H,_4(LM) is the Chas-Sullivan product. This
proves part (3) of Theorem 1.

Now by the naturality of the Pontrjagin-Thom construction, the following
diagram of Thom spectra commutes (compare (1.3))

LM~ T A ppM-T™ 2 [ p—T™

(1.9) evxevl lev

M—TM A M—TM N M_TM.
T

Thus the evaluation mag : LM~ — M~TM is a map of ring spectra, which
proves part 1 of Theorem 1.

We now verify part 2 of Theorem 1. Let € M be a base point, and consider
the following pullback diagram:

QM —— Lm

(1.10) pl l

X0 —/—— M.
Thus the embedding : 2M — LM is an embedding of a codimensian
submanifold, and has tubular neighborhoog;) equal to the inverse image of
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the tubular neighborhood of the inclusion of the basepbinky < M. This
tubular neighborhood is simply a digk?, and so

V()= 2M x D = €?
wheree? reflects thed dimensional trivial bundle ove2 M. Thus the Thom-
Pontrjagin construction makes sense, and is a map
T LM — QM = 4QM,)

where the last space is the fold suspension of2 M with a disjoint basepoint.
In homology, the homomorphism

T, : Hy(LM) - H, (2 (2M,) = H, 4(2M)

denotes the map that is obtained by intersecting -@ycle in LM with the
codimension/ submanifold2 M.

By performing the Pontrjagin-Thom construction after pulling back the vir-
tual bundle—T M over LM, we get a map of Thom spectra

LM ™ (QM)Gd@j*e”*(_TM).

But by the commutativity of diagram (1.10jev*(—TM) = p*i*(—TM),
which is the trivial, virtual-d dimensional bundle which we denate?. So the
Pontrjagin-Thom map is therefore a map of spectra
(1.11)

pi LM~ T (M) T — (M)’ = pe(2M,)
where X *°(£2 M, ) denotes the suspension spectrum of the based loop space of
M with a disjoint basepoint. To complete the proof of Theorem 1 we need to

prove thatp : LM~™ — »>*(2M,) is a map of ring spectra. Toward this
end, consider the following diagram of pull back squares:

QM x QM ——> LM x4y LM —2> LM x LM

(1.12) l l l

X0 — M — M x M.
L

This gives Pontrjagin-Thom maps
(1-13) LM TMALp—TM LN (LM Xy LM)™T™ LN TR(RMOAZ®(R2M,).

Notice that by the naturality of the Pontrjagin-Thom construction, the above
composition is equal to

PAPp LM ™ ALM™™ 5 2°(QM,) A Z®°(Q2M,).
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Now notice that by the formula for the map : LM x, LM — LM, the
following diagram commutes:

QM x QM —— LM xy LM

! i
QM ——> LM
C

wherem is the usual multiplication on the based loop space. Pulling back the
virtual bundle—T M over L M, and applying the Pontrjagin-Thom construction,
we then get a commutative diagram of spectra,

T T
LM TMALM~TM ——— (LMxyLM) ™ ——— QM HIAZ®(Q2My)

(1.14) Vl ln

LM~T™ e TORM,)
P
Now as observed above (1.13), the top horizontal composttien is equal
topAp: LMT™ ALM™™ — QM)A X®(2M,).Also,y o1 is,
by definition, the ring structurg : LM~ "™ A LM~™ — LM~ Thus the
following diagram of spectra commutes:

LM™TM A Ly~ 2200 50 ML) A D°(2M,)

| b
LM~TM — TO(R2M,).

Thusp is a map of ring spectra, which completes the proof of Theorem 1

2. The operad structure

In this section we describe a homotopy theoretic realization of the operad struc-
ture on the homology of the loop space found Voronov [6]. The operad involved
is the “cactus operad” which has the homotopy of the operad of framed lit-
tle disks inR? (Theorem 2.3 of [6]). According to Getzler’s result [3] this is
precisely what is needed to induce the Batalin-Vilkovisky algebra structure, and
Voronov observed that his operad structure induced the BV structutie @)
described by Chas and Sullivan. Therefore the constructions in this section can be
viewed as a homotopy theoretic realization of Chas and SullivBW'salgebra
structure onH, (L M).

We begin by recalling the definition of cactus ope€ad point in the space
Cy is a collection ofk oriented, parameterized circles, - - - , ¢;, with radii r;
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Cactus

Fig. 1. Cactus

SO thath_lri = 1. Each circle has a marked pomte ¢; given by the image
under the parameterization of the basepoirt 5. Moreover the circles can
intersect each other at a finite number of points (vertices) to create a “cactus-
type configuration”. Strictly speaking this means that the dual graph of this
configuration is a tree. That s, the “cactus” (i.e. the union of the circles) must be
connected and have no “extraloops”. (Thisis the tree condition on the dual graph.)
The boundary of the cactus (that is the union of the circles) is also equipped with
a fixed basepointy together with a choice of which component the basepgint

lies in. Sayyo € cj,. (This choice is only relevant if the basepoint happens to be
one of intersection points.) The edges coming into any vertex are also equipped
with a cyclic ordering. An ordering of the circle components making ap well

as the vertices within each component is part of the data making up the cactus.
The topology of the space of cacti withkcomponents(; is described in [6].

Notice that a cactus (i.e. a pointp) comes equipped with a well defined map
from the unit circle to the boundary of the cactus. That is, the map begins at the
basepointy € cj,, then traverses the circlg, in the direction of its orientation
in a length preserving manner. When a point of intersection with another circle
is reached, the loop then traverses that circle, in the direction of its orientation.
This path is continued until it eventually arrives back at the original basepoint
Yo € ¢j,. Given a cactus = (cy, - - - , cx) € Cr we lets, : ST cqU---Ug be
this loop that traverses the boundary of the cactus.

As mentioned above, the result that the cactus operad is homotopy equiva-
lent to the framed little disk operad is a theorem of Voronov [6]. Roughly, the
relationship between these operads can seen as follows.

Let F; be thek' space ok framed little disks inR?2. Recall that there is a
homotopy equivalence,

Fr ~ F(R? k) x (SH
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where F (R?, k) is the configuration space &fordered, distinct points ifR?.
One can construct a mafy : C, — F; in the following way. View a cactus
¢ € C; as a planar graph. From this perspective, the center of each component
circle determines a configuration kfpoints in the planeqb,}(c) e F(R? k).
Furthermore, the parameterizations of the component circles determine a point
#?(c) € (SH%. Thengy is defined (up to homotopy) as the composition
. 93 <% 2 I =
¢ Cp —— F(R%, k) x (8 —— F.

One can see that the mapsare homotopy equivalences by an inductive argu-
ment on the number of componehtsising natural fibrationg, — C,_; defined
by ignoring the last component circle that does not contain the basepoint, and
Fir — Fr_1 defined by ignoring the last disk. We refer the reader to Voronov's
work for a complete proof of this homotopy equivalence.

Notice thatC,; has a free action of the symmetric grodip defined by per-
muting the ordering of the circles. The operad action

S:Ckx(lex---ijk)ﬁCj

wherej = ji + --- + ji is defined as follows. Let x (¢!, --,c¥) € G x
(Cj, x - -+ x C;,). Scale the cactus' down so that its total radius is the raditjs
of the first component; of ¢ € C,. Similarly, scale each of the caeti down
so that its total radius is the radiusof the i" component; of c¢. By using
the loopss,. (scaled down appropriately) we identify the component circles
¢; with the boundary of the cactis. This has the effect of replacing the
component circlesy, - - - , ¢, making up the cactus by thek cacti,ct, - - - , c*.
This produces a cactus with + - - - + ji, = j component circles.

Our goal in this section is to prove Theorem 2 as stated in the introduction.

Proof. Given a cactug = {(c1,- -, cx) € Ci, defineL .M to be the mapping
space

LM = Map(c, M).
This space consists of maps from the unigiv - - - U ¢, — M. The map from
the circles, : S* — ¢1 U --- U ¢, defines a map froni.M to the loop space,

(2.1) Ve : LM — LM
f — fod..

Now L.M can also be viewed as the pullback of an evaluation mapping of
the product L M)* defined as follows. For each component of the cactulet
Y1, -+, ym, denote the vertices efthat lie onc;. m; = m;(c) is the number of
these vertices. Leti, = m1 + - - - + m;. We define an evaluation map

ev. : (LMK — (M)™
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as follows. Lets; : ST — ¢; be the identification of the unit circle with
obtained by scaling down the unit circle so as to have radiusnd rotating it
so the basepoint & S is mapped to the marked poiat € c;. Letuy, - -, uy,
be the points on the unit circle correspondingto- - - y,,, € ¢; under the map
s;. Define

(2.2) ev,, : LM — (M)™

o — (O—(M]_), e ,O'(I/lmi))
Now define
(2.3) eve=evy x - xev, LM — (M)™ x - x (M)™ = (M)™

Now letws, - -+, w,, € ¢1U---U ¢ be the ordered collection of vertices
in the cactus (ordered by the ordering of the componenis- - - ¢, and the
ordering of the vertices in each component as described above). For each suct
vertexw;, let u; be the number of components of the cactus on wihighies.
We think of u; as the “multiplicity” of the vertexw,;. Notice that we have the
relation

(2.4) Z Wi = me.
i=1
The “tree” condition on the dual of the cactus also imposes the following relation:
(2.5) me—n.=k—1.
Now consider the diagonal mapping
At (M) — (M)™

defined by the composition

le“‘XA/tnc

A (Myre 2 (MY % - x (M) —=— (MY™

whereA,, : M — (M)" is thepu,-fold diagonal. Observe that the following is
a cartesian pull-back square:

LM —2 s (LM

(2.6) l l

(M)'e —— (M)™

whereev;,; : L.M — (M)" evaluates a mag : ¢ — M at then,. vertices
wy, -, Wy, € C.
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The normal bundle (A,) of the diagonal embedding

Apqg XX Ay =
Ac s (M)'e —— S (MM X -+ X (M)Hre ——— (M)
is equal to
(11— DTM x -+ X (g, — DTM — (M)"™,

where(¢)T M denotes the - fold direct sum of7’ M with itself as a bundle
over M. By the tubular neighborhood theorem, we have therefore proven the
following.

Lemma 4. The image of the embedding. : L.M < (LM)* has an open
neighborhood homeomorphic to the total space of the pullkagk ((1, —
DTM x - x (i, — DT M).

We now consider these constructions in a parameterized way, by le#iny
vary. Namely, let

(2.7) LiM={(c, f):ceCandf € L. M}
We then have a map
Ay i LiM — Ci x (LM)*
(e, ) = (e, Ac(f)).
We also have a map
Ve i LM — LM
(¢, f) = ve(f),

wherey, is as defined in (2.1).

Lemma 4 allows us to identify an open neighborhood of the imag®,ofis
follows. Leté, be thed (k — 1) dimensional vector bundle ovér, M whose fiber
over(c, f) is the sum of tangent spaces,

Eiep = EB(M,‘ - DTrwpHM

j=1

where, as abovey;, - - - , w,, are the vertices af, andu; = u;(c)is the multi-
plicity of the vertexw;. It is immediate thag, is a well defined vector bundle.
Lemma 4 now yields the following.

Lemma 5. The image of the embedding : LM — C; x (LM)* has an open
neighborhood homeomorphic to the total spacg;of
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Notice that this will allow us to perform a Pontrjagin - Thom collapse map
T:C x (LM)* — (L M)%.

Butin order to prove Theorem 2, we will need to twist this map by a virtual bundle
6, overCy x (LM)*. To define this bundle, first fix an embeddimfy— R4+L
with L >> d, having normal bundlg of dimensionL. Define a vector bundle
6, of dimensionL (k — 1) overC; x (LM)* whose fiber atc; f1, - -- fi) is given
by
Oy = @(Mj = Dnregn
j=1

wherex; 1, - - - , x;,,, are the points o[, S* that map tar; under the parameter-
izationgl ... §1 2 L y... U ¢ (Notice that by the “tree” condition
on the cactus, there is at most one of thes on any one circle iff [, S*.)

It is clear that these fibers fit together to give a vector buidiever C;, x
(LM)*. Lemma 5 implies the following result.

Lemma 6. Consider the embedding of total spaces of bundles
AL ) % O

l |

LM —— C x (LM)*,
Ay

then the image ofi’ (9;) in 6; has an open neighborhood homeomorphic to the
total space of the bundla’ (6;) & &, overL; M.

This implies we have a Pontrjagin-Thom collapse map,
T 0 (Ce x (LM% —s (L M)A 00k

Now by definition,A% (9,) @&, is a vector bundle of dimensiad + L) (k — 1)
whose fiber atc, f) is the sum of the vector spaces,

ne

B — D (TrawpM & ny(w))) .

j=1
But sinceT M & n is canonically trivial, we have an induced trivialization
AL Gy @ & = LM x ROFDED,
Therefore the Pontrjagin-Thom collapse is a map

T (G x (LMY —s p@+DE=D 1 a7 .
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Let 6, be the virtual bundle ovek; M,
O = O — [(d + L)(k — 1)]

where[q] refers to they - dimensional trivial bundle. Notice that has virtual
dimension—d(k — 1), and its Thom spectrum is the(d + L) (k — 1)-fold desus-
pension of the Thom spectrum @f. We then defing:, to be the composition,

—(d+L)(k—1) )

(2.8) e (G x (LMo = YoM —Ls LM,
Now recall from ([6]) that the cactus operad structureEiL M) is given by
the composition

H,(C x (LMY 2% mo(n,M)y =22 H (LM)
where(Ay), is the push-forward map. (Note that our notation is different than
that used in [6].) The theorem now follows from the well known fact that the
Pontrjagin-Thom collapse map realizes the push-forward map in homolagy.

3. A cosimplicial description of LM and LM~ and a proof of Theorem 3

In this section we describe a cosimplicial model for the spectiudr ", We
then describe the ring spectrum structure simplicially. This cosimplicial model
will then give a natural way of relating the singular cha®gZM ") to the
Hochschild cochain compleX H*(C*(M), C*(M)), and in particular relate the
simplicial model for the ring structure dfM ~" to the cup product structure

in this cochain complex. This will allow us to prove Theorem 3.

We begin by reviewing the cosimplicial model of the loop spadefor any
spaceX, coming from a simplicial decomposition of the circdé We refer the
reader to [4] for details.

Let S! be the simplicial set decomposition of the circle which has one zero
simplex and one hondegenerate one simplex. In this decomposition therelre
n-simplices, all of which are degenerate for 1. We write this as? = {n+1}.

Now given any spacg, there is a resulting cosimplicial model for the free loop
spaceL X, which we callX,. Thern-simplices ofXx are given by maps

X, = Map(S}, X) = Map({n + 1}, X) = X" ™.

The coface and codegeneracy map&gpfare dual to the face and degeneracy
maps ofS?. They are given by the formulas

(3.1)
8i(~x0""7xnfl)=(x07""xifla-xiaxiaxi+lv"'9xn71)» Oflffl—l
8)1(x07 T, -xn—l) = (-xo, X1, 5 Xp—1, XO)

Ui(x07 7~xn+l) - (XOv 7~xi7~xi+25 7xn+1)7 OSZ S n
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Since the geometric realization §f is homeomorphic to the circle,
st= sy,

the “total complex” or geometric corealization &f, is homeomorphic to the
loop space,
LX = Tot(X,).

This was studied in detail by the second author in [4], and in particular the
following interpretation of this result was given. For eaclet A* be the standard
k-simplex:

A= (g, x):0<x1<xp< - <x < 1)
Consider the maps

(3.2) fio: AFx LX — XK1
(x1, -, x0) xy = (¥(0), y(x1), -+, y(xx)).

Let f : LX — Map(A*, X**1) be the adjoint off;. Then the following
was proven in [4].

Theorem 7. Let X be any space, and let : LX — [],.o Map(A¥, X*t1)

be the product of the mapf. Then f is a homeomorphism onto its image.
Furthermore, the image consists of sequences of fgapsvhich commute with
the coface and codegeneracy operators, which is the total sfac€X..).

By applying singular cochains to the mafis one obtains maps
£ cr X)) R LX),
The following was also observed in [4].

Theorem 8. For any spaceX, the homomorphismg* : C* (X)®+1 — C**
(LX) fit together to define a chain map from the Hochschild complex of the
cochains ofX to the cochains of the free loop space,

T CHJ(C* (X)) — C*(L(X))

which is a chain homotopy equivalence whens simply connected. Hence it
induces an isomorphism in homology

1 HH.(C*(X)) ——s H*(L(X)).
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Remark.Let us clarify some notation. Given an algebra (or differential graded
algebra)A, the the Hochschild complex of, C H,(A) is a complex of the form

. b )A®l’l+2 N A®I’l+1 b b AR A b A.

The homology of this algebra is denotﬁﬁ'—l (A) More generally ifM is a
bimodule overA, we denote byC H,(A; M) the Hochschild complex of the
form

..—h>A®n+1®M—b>A®n®M b b A®M—b>M.

The homology of this complex is denotétlH..(A; M). So in particular if
M = A we see thaH H,(A; A) = HH,(A). Dually, we denote by
CH*(A; M) the Hochschild cochain complex of the form

b* b* b* on b* on+1 b*
M —— Hom(A;M) — -+« ——— Hom(A®"; M) ——— Hom(A M) — -

Its cohomology is denoteH H*(A; M). By dualizing Theorem 7 we obtain
the following.

Corollary 9. For any simply connected spacg there is a chain homotopy
equivalence from the singular chains of the loop space to the Hochschild co-
chain complex

[t Cu(LX) — CH*(C*(X); Cu(X))
and so an isomorphism in homology,

fet H(LX) —— HH*(C*(X); C.(X)).

Notice that the cochain compleXH*(C*(X); C.(X)) doesnot in general
have a natural product structure. This is because the coeffic@nts), is not
in general a ring. Notice however that the Hochschild comglék* (C* (X),
C* (X)) does in fact have a cup product coming from the algebra structure of
C*(X).Ofcourse wheKX is aclosed, oriented manifold of dimensiéPoincare
duality gives a chain homotopy equivalene®,(X) = C?*(X), and so the
cochain complexC H*(C*(X); C.(X)) inherits an algebra structure. Therefore
by the above corollaryH, (LX) inherits an algebra structure in this case. We
will see that this indeed realizes the Chas - Sullivan product. We will show this
by showing that wheM is a closed! - manifold, the Thom spectruthp ~7#
inherits a cosimplicial structure for which the analogue of Theorem 8 will yield
a natural chain homotopy equivalen€e(LM ~"™) = CH*(C*(M), C*(M)).

To begin, notice that by the definitions 3.2, the following diagrams commute:

Ak s LM —I s ppktt

| |
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where the left hand vertical map is the evaluatief(s1, - - - , t); v) = v (0),
and the right hand vertical map is the projection onto the first coordinate. Pulling
back the virtual bundle-T (M) defines a map of virtual bundles

(fi)x: € (=TM) — pi(=TM),

and therefore maps of Thom spectra, (which by abuse of notation we still call

1)
(3.3) foi (A ALM™™ — M= A (M5,

By taking adjoints, we get a map of spectra,

Foon™ R T Map((Ae: MTTM A (MY,

where on the right hand side the mapping spaces are maps of unital spectra.
This map is just the induced map of Thom spectra of the fiapLX —
[Tio0 Map(A*, X*1) described in Theorem 7. The following result is induced
by Theorem 7 by passing to Thom spectra.

Let (L), be the cosimplicial spectrum defined to be the cosimplicial Thom
spectrum of the cosimplicial virtual bundleT M. That is, the virtual bundle
over thek simplicesM**1 is pi(—T M). Said more explicitly,(Ly). is the
cosimplicial spectrum whoge- simplices are the spectrum

Lk =M™ A (MY,
To describe the coface and codegeneracy maps, consider the maps
wr MT™  MoAMT™ and ug: MM > MM A M,

of Thom spectra induced by the diagonal mapM — M x M. u; andug are

the maps of Thom spectrainduced by the maps of virtual buntlles-TM —
p;(=TM)andA, : —TM — px(—=T M), wherep; andpg are the projection
mapsM x M — M onto the left and right coordinates respectively. We then
have the following formulas for the coface and codegeneracy maps:

(3.4) So(u; x1, -+, xk—1) = (VR YR, X1, -+ 5 Xk—1)
Si(us xa, -+ s xp—1) = (W5 X1, -+ X1, Xiy Xiy Xigd, ** » Xk—1),
1<i<k-1
Skus xa, -+, xp—1) = (Vps X1, -+, Xk—1, YL)»

whereuwg(u) = (vg, yr), (@) = (y., vy) and
oi(u; x1, -+, Xpy1) = (U3 X1, -+, X, Xig2, -0 o Xkp1), 0<i <k

The following result is simply the application of the Thom spectrum functor for
the virtual bundle-T M to Theorem 7.
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Theorem 10. Let M be any closed] - dimensional manifold, and let

£ o™ ST mapa s Mo A (b))

be the product of the maps of spectfa as defined above (3.3). Thehis a
homeomorphism onto its image. Furthermore, the image consists of sequences
of maps{¢,} which commute with the coface and codegeneracy operators.

We denote the space of sequences of maps referred to in this th@brem
(A*, M~T™ A (M*),). This is the total space of the cosimplicial spectrum

Tot ((Lm)).
Notice that theS - duality between/ andM ~T defines a chain homotopy

equivalence between the cochaifis(M~"") (defined to be the appropriate
desuspension of the cochains of the Thom space of the normal bundle of a fixed
embeddingy — R" ) and the chains of the manifold

C* M) = C_(My).

The mapsf; : (A)y A LM~ ™ — M~™ A (M*), then define maps of
cochains,

fEC M) CHME =C*(M™ ™ A (MY ) — C*RILMTT™),

Taking the dual we get a map of chain complexes

(f)s : Cock LM™™) — Hom(C*(M)®* @ C_.(M); Z)
>~ Hom(C*(M)®*: C*(M))
= CHN(C*(M); C*(M))

The following is then a consequence of corollary 9, by passing to Thom
spectra.

Corollary 11. For any closed manifold/, the chain mapsf).. fit together to
define a chain homotopy equivalence from the chains of Thom spetivtmh
to the Hochschild cochain complex

fe: C.(LM™M) — CH*(C*(M); C*(M))

and so an isomorphism in homology,

for HA(LM™™) —= HH*(C*(M); C*(M)).
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As mentioned in the introduction, the Hochschild cochain comalék*
(C*(M); C* (M)) has a cup product structure. Namely, for any algebrd

¢ € CHY(A; A) = Hom(A®*; A) and
Y € CH (A; A) = Hom(A®"; A),
then
UV € CH(A; A) = Hom(A®MT; A)
is defined by
PUY(@1® - R ®a;11Q- - Qaryy) = p(a1®- - Q)Y (1@ - - Rakr).

For A = C*(M) (where the algebra stucture is the cup produafiiM)), by
taking adjoints, we can think of this as a pairing

(3.5) U: (C.D% @ CH(M)) ® (C.(M)® © C*(M))
— C.(M)®*" @ C*(M)
(1® - Qu (PO - QB ®p)
— Q- QP - ®B0Up.

Now recall that byS-duality, there is a ring spectrum structure
A MM AMTY — T

dual to the diagonal mapt : M — M x M. Passing to chainsp* : C,
M-™)y @ C, (M~ ™) - C . (M~TM), is, with respect to the duality identifi-
cationC,(M~T") = C*(M), the cup product on cochains

A*=U:C*" (M) Q C*(M) — C*(M).

Thus formula (3.5) for the cup product in Hochschild cochains is therefore real-
ized by the map

(3.6) Py (M7 A M)A MM A M) 4]
— MM A (MR,
(5 x1, -, x) AU Y100, V)
— (A"(u, v); X1, -, Xk V1, 0 V)

The mapgi, , define maps of the simplices

llk,r . (]LM)k AN (]LM)r - (LM)k+r

and it is straight forward to check that these maps preserve the coface and code:
generacy operators, and induce a map of total spectra,

f: Tot (L)) A Tot ((Lg)s) —> Tot (Liy)).

Notice in particular that this pairing 4., associative. This proves the following.
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Theorem 12. Using the homeomorphisth: LM~ = Tot((ILy),) of theo-
rem 10,L M~"™ inherits the structure of ar ., ring spectrum,

g LM ™ ALM™ 5 L™

which is compatible with the cup product in Hochschild cohomology. That is,
with respect to the chain homotopy equivalence

fo: Co(LM™™) — CH*(C*(M); C*(M))
of corollary 11, the following diagram of chain complexes commutes:

Co(LM~TMy @ Co(LM~TM) SLINN Co(LM~TM)

./"*®f*l; ;lf*

CH*(C*(M); C*(M)) ® CH*(C*(M); C*(M)) - CH*(C*(M); C*(M)).

In view of Theorems 10, 11, and 12, theorem 3 will therefore be proven once
we prove the following.

Theorem 13.Letpu : LM ™ A LM~™ — LM~T™ pe the ring spectrum
structure defined in Sect. 1. Then the structuresind i : Tot((ILy)s) A
Tot((Ly)s) — Tot((ILy).) are compatible in the sense that the following
diagram homotopy commutes:

LM ™ A Lp~™ 2 oy

fAfl: :J 7

T ot ((ILy)+) A Tot (L)) — Tot ((Lip)+)-

Proof. Let wy, : AM" — AF x A" be the Alexander-Whitney diagonal map.
Thatis, for(xy, - - - , xiyr) € A7 thenwy , (x1, -+, Xeyr) = (X1, -+, X)) X
(Xit1, -+ > Xkr) € A% x AT, By the definition of the cosimplicial structure of
(Lap)+, to prove the theorem it suffices to prove that the following diagrams of
spectra commute:

(a)
AT ALMTM ALMTM N AR T

wk_r/\ll

(A X ATy, ALM~TM A LM-TM lfm

kafrl

M—TM A (1‘4,’<)+ A M—TM A (1‘4r)Jr —_ M—TM A (Mk-i-r)+
i
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We verify the commutativity of these diagrams in several steps. First observe
that the maps

fix fr i A x A" X LM x LM — Mt x m™+1

restrict to A x A" x LM x, LM to define a mapf,, whose image is in
M x M* x M" making the following diagram commute:

A AT X LM x 3y LM ——— A¥ x A" x LM x LM

fk.rl lkafr

M x M* x M’ SN ML« prtt

where the bottom horizontal map is the diagonal map:

A(m X (X1, -, %) X (Y1, -, y) =(m, xq, -+, xk) X (m, y1, -+, yr).

By the naturality of the Pontrjagin-Thom construction, we therefore have a com-
mutative diagram of spectra

(b)

Ak x ATy ALMTM A LM=TM 0T Ak ATY A (LM 5y LMY~ TM

finds | I

MM A (MR AM~TM A (M7 — MM A MKy A (M7

Notice further that by the definition of the mags fi , and the loop composition
y : LM xy LM — LM defined in the last section, the following diagram
commutes:

AT S (LM sy LM) 25 AR x LM

Wk, r xll

AR 5 AT x (LM x 3 LM) lfur

fk,rl

Mx (MY x M) —— ML

Passing to Thom spectra this yields the following commutative diagram:
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()

(AY A (LM x4 LMY ™ 25 ARy A LM-TM
+ +

wk.r/\ll

(Ak 5 ATy A (LM x5y LM)™™™ lflm
f/\'.rl
MM A (MM A (M7, —— MM A M

Now consider the following diagram of spectra:

. 2 1,
(AR A LMTTM A pyg=TM T ARty A (LM gy LM)yTM Y pkry Ay TM

ka,AlJ, ka,AlJ,

(AK x ATy ALM™TM A Lpy=TM — (AF x ATy A (LM x 3y LM)™TM lfk+r
AT

fendr | i

MTM A by A M~TM A (M7 )y —— MTM 5 (k) s MTTM (ki
. —

Now the top left square in this diagram clearly commutes. The bottom left
diagram is diagram (b) above, and so it commutes. The right hand rectangle
is diagram (c) above, so it commutes. Therefore the outside of this diagram
commutes. Now the top horizontal composition is, by definition the map

A : A ALM ™ AN LM™T™ — (A, ALM™T™,
The bottom horizontal map is seen to be
fM YA ML AM TN MY, — MM A (M7,

by recalling that the ring multiplicatios* : M~ A M~T™ — M~TM s the
Pontrjagin - Thommap : M~ ™ A M~™ — M~TM gpplied to the diagonal
embeddingA : M <— M x M.

With these identifications, the outside of this diagram is then diagram (a)
above. As observed earlier, the commutativity of diagram (a) proves this theorem,
and this completes the proof of Theorem 2. O
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