1. (15 points) a. Using the method of undetermined coefficients, find the general
solution to the differential equation
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b. Use the Laplace transform to solve the second order initial value problem

y'—y —2y=¢e* y(0)=-1, ¥(0)=0.
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2. (15 points) a. Consider the unforced oscillator, which is modelled by the initial
value problem
v 42y +wgy =0 y(0) =10, ¥'(0) =10

where 1y and vy are the initial displacement and velocity of the mass. Show that the

Laplace transform of the solution can be written
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b. For Y (s) as in part a, consider the case when wi —¢® = 0. This is the so-called
“critically damped” case. Compute the inverse Laplace transform of Y(s) to obtain

the solution to the initial value problem in part a in this case.
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3. ‘(20 points) a. Without using partial fractions,' find the inverse Laplace transform

of the function

Hint. Use the convolution product.
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b. Consider the initial value problem

y' +2y + 5y =g(t), y(0)=1, ¢(0)=-1

Find the initial impulse response function e(t) for this system.
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c. Find the solution of the initial value problem in part b in terms of the forcing

function g(t). (Your answer may involve an integral.)
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4. (25 points) a. Prove that if A is an eigenvalue of an n X n matrix A and v is a

corresponding eigenvector, then x(t) = e*v is a solution to the ODE x’ = Ax.
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b. Use the definition of Laplace transform to show that if f(¢ ) = e*sin(bt), then

its Laplace transform is given by
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5. (25 points) a. Find the general solution of y’ = Ay where
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b. The matrix A = 0 10 has complex eigenvalues. Find a fundamental

set of real solutions of the system y' = Ay .
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c. Find the general solution of the system

' = -3z
y = —bz + 6y — 4z
27 = —bx + 2y
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