THE LOCAL SYSTEM OF ORIENTATIONS ON ﬁZE(E,ﬁE;M, L)

PENKA GEORGIEVA

ABSTRACT. We construct a canonical isomorphism of the local system of orien-
tations on the moduli space of J-holomorphic maps from a bordered Riemann
surface, with a pull-back of a local system on the product of the Lagrangian
and its free loop space.
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1. INTRODUCTION

In this paper, we show that the local system of orientations on the moduli space
of J-holomorphic maps from a bordered Riemann surface with a fixed complex
structure is isomorphic to the pull-back of a local system defined on the product
of the Lagrangian and its free loop space. The latter system is defined using only
the first and second Stiefel-Whitney classes of the Lagrangian and the isomorphism
allows us to determine whether the moduli space is orientable or not.

Previously, the orientability question in the case ¥ = D? was studied in [FOOO].
The authors showed that the moduli space 9, x(D? b) is not always orientable.
However, in the case of a relatively spin Lagrangian they proved that it is orientable,
and that a choice of a relatively spin structure determines a canonical orientation.
This result was extended in [Sol] to relatively pin* Lagrangians and Riemann sur-
faces of higher genus with a fixed complex structure. The author constructed a
canonical isomorphism between the determinant line bundle of ﬁL 7(X,b) and the
pull-back by the evaluation maps of a certain number of copies of det(T'L). Here
we extend these results to any Lagrangian.

The paper is organized as follows. In section 2, we show that the first Stiefel-
Whitney class of Ind(D) evaluated on a loop = is equal to

h h
(1.1)  wi(Ind(D)) -y = Z(w1 (TL)-b; +1) - (wi(TL) - ;) + Y wo(TL) - B;
=1 . =1
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where «; is the loop a marked point on 9X; traces in L and (; is the torus 90X%;
traces in L. When L is relatively spin or pin* one can show the term involving
wa(T'L) vanishes, and moreover the formula becomes that of [Sol] and [FOOO]. The
presence of wo(T'L) in the formula above means that the local system of orientations
on zml,g(z, b) is not a pull-back of a system on L. In section 3, we construct a local

system Z(y, w,) On L" x L(L)" which traces the twisting coming from the right-
hand side in (1.1) and in section 4, we show its pull-back is canonically isomorphic
to the local system twisted by the first Stiefel-Whitney class of Ind(D). Here £(L)
denotes the free loop space of L. Lastly, assuming all domains are stable, we show
the system pushes-down to the system of local orientations on 91, (3, b) and we
discuss its compatibility with the local system over the fiber produ7ct.

2. THE FIRST STIEFEL-WHITNEY CLASS OF Ind(D)

Let (M,w) be a symplectic manifold, L C M a Lagrangian submanifold and ¥
a bordered Riemann surface with fixed complex structure j and ordered boundary
components 0%; = S! for i = 1,..,h. For a fixed tuple of homology classes b =
(b,by1,..,by) € Ho(M,L) ® Hy(L)®", denote with B(X,b) the Banach manifold of
WlP-maps from ¥ to M with boundary 0% mapping to L, which represent the
class b in the relative homology group Hs(M, L), with boundary component 9%;
representing the class b; in the homology group H; (L) for every i =1, .., h.

Let J be an w-compatible almost complex structure on M and consider the
linearization D of O(u) = du + J o du o j for u € B(2, b). The family of operators
D is Fredholm and thus defines a virtual vector bundle Ind(D) over B(X, b), with
fiber over u given by Ind(D,0) = Ker(D,d) © Coker(D,d). In this section we will
express the first Stiefel-Whitney class of Ind(D) in terms of the first and second
Stiefel-Whitney classes of the Lagrangian L.

For simplicity of notation assume that ¥ has only one boundary component.
The case of several boundary components is a direct extension and is discussed at
the end of the section.

Theorem 2.1. Let v be a loop in B(X,b). Then the following formula for the first
Stiefel-Whitney of Ind(D),, holds

wy(Ind(D)}y) = (wi(TL) -by + 1) - (w1 (TL) - a) +wo(TL) - B

where by is the homology class 0% represents in Hi(L), « is the loop in L that a
point on 0L traces along 7y, and B is the torus in L that 0% traces along ~y.

Proof. A connection on T'M induces a family of operators 5(TM7TL)7 which at a
point u € B(3,b) is the restriction of a complex linear operator with values in
the pull-back bundle (cf. [MS]). We can homotope D to d(ras,rr) by homotoping
the zeroth-order term to zero. This gives an isomorphism of the indexes Ind(D) =
Ind(é(TM’TL)). Let (E,F) = (TM ® 3detc TM,TL @® 3detTL) and (E',F!) =
(detc TM,det TL). The connection on T'M together with a connection on detc TM
induces connections on E, E' and 4E! and we can consider the families of operators
5(E7F), 5(E17F1) and 5(4E174F1). These families of operators are Fredholm and their
indexes form virtual vector bundles over B(X,b). Moreover, using the invariance

of the index under the Whitney sum of bundles, we have
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Ind(é(Evp)) D Ind(é(E1,F1)) = Ind(é(E@Elyp@Fl)) =
=Ind(drmeip Trear)) = Ind(Orarr)) ® Ind(Oupr arr))
Therefore

wl(lnd(D)) = w1 (Ind(ﬁ(TM,TL))) =
= w1 (Ind(é(Eyp))) —+ wq (Ind(g(El’Fl))) + wq (IHd(é(4E174F1)))

We show in Proposition 2.2 that w; (Ind(9(g, r))|y) = w2(T'L)-f and as a corollary
we obtain wy (Ind(d4p1 451))) = 0. In Proposition 2.3, we show wi (Ind(9 g1, 1)) ) =
(w1 (TL)-by + 1) (w1 (TL) - «). Combining them gives the desired formula

wy(Ind(D)}) = (wi(TL)-by +1) - (w1 (TL) - a) +wo(TL) - B
O

Proposition 2.2. For every loop v in B(X,b), the first Stiefel-Whitney class of
Ind(0(g,r)) restricted to vy satisfies

wl(Ind(é(E,F))h) = ’LUQ(TL) . ﬁ
where B is the torus in L the boundary 0% traces along ~y.

Proof. The loop « is a map ® : (3,0%) x S* — (M, L). Note that the bundle F is
orientable with we(F) = wo(TL).

Ule) = [0.e] x 3T x I

Over Ul(e) = [0, €] x 0¥ x I, we can trivialize the pair (®*(E), ®*(F))|w(e),v(0)) =
(C™3 x U(e),R™3 x U(0)). We then glue the bundle pair over the two ends of
I to obtain a bundle isomorphic to (®*(E), ®*(F)): glue R"*2 x 0 x 9% x 1 and
R"3 x 0 x 9% x 0 with a map g € m1(SO(n + 3)) and extend g to a trivial map
C3 xexdUx1 — C"3 xex 9L x 0. In this way we have a trivialization of ®*(E)
over € x 0¥ x S'. We can pinch ¥ along € x X to obtain a nodal surface formed
by a closed Riemann surface and a disk joint together at single interior point. The
bundle pair descends to the nodal surface (the bundle on the smooth surface is a
pull-back of the bundle on the nodal surface). The index of d on ¥ is isomorphic
to the sum of the indexes of the 0’s on the closed surface and the disk minus the
incident condition at the interior point (cf. [FOOO],[WW]). Since both the Ind(d)
on the closed surface and the incident condition are complex vector spaces they
both have canonical orientations. Therefore the question of the orientability of the
index on X reduces to that on D?.
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It is shown in [FOOO] that the index of O for the bundle over the loop of
disks is non orientable iff g € 7;(SO(n + 3)) is stably nontrivial. This is equiv-

alent to wy(®*(F)) - (0D? x S*) # 0. In other words wi(Ind(d(g,r))) - v =
wl(Ind(a(q)*(E),,I,*(F)))) = wg((I’*(F)) . (8D2 X Sl) = wQ(TL) : (I)(@D2 X Sl) U

The same proof applies to Ind(5(4E174F1)) as 4F! is an orientable bundle. More-
over, the second Stiefel-Whitney class of 4F'" is zero, and thus we obtain:

Corollary 2.3. The first Stiefel-Whitney class of Ind(5(4E174F1))|,y s zero for any
loop v in B(X, b).

Proposition 2.4. For every loop v in B(X,b), the first Stiefel-Whitney class of
Ind(0(g1, 1)) restricted to y satisfies

w1 (Ind(g(El’Fl))h) = (w1 (TL) -b1 + 1) . (w1 (TL) -a)

where by is the homology class 0% represents in Hy(L) and « is the loop in L that
a point on the boundary 0% traces along 7.

Proof. When wy(®*F!) - 9% = 0, in the same way as above, we trivialize the pair
((I)*(El), (I)*(Fl))|(U(€)7U(O)) = ((C X U(E),R X U(O)) over U(G) = [0, 6] x 0¥ x I. We
then glue the bundle pair over the two ends of I to obtain a bundle isomorphic to
(®*(E'),®*(F')): glue Rx0x d¥ x 1 and R x 0 x 9% x 0 with a map g € m;(O(1))
and extend ¢ to a trivial map C x e x 0¥ x 1 — C x € x 9% x 0. In this way we have
a trivialization of ®*(E') over e x X x S*. We can pinch ¥ along € x 9% to obtain
a nodal surface formed by a closed Riemann surface and a disk joint together at
single interior point. The bundle pair descends to the nodal surface (the bundle on
the smooth surface is a pull-back of the bundle on the nodal surface). The index of
0 on ¥ is isomorphic to the sum of the indexes of the d’s on the closed surface and
the disk minus the incident condition at the interior point. Since both the Ind(0)
on the closed surface and the incident condition are complex vector spaces they
both have canonical orientations. Therefore the question of the orientability of the
index on X reduces to that on D?.

The index of 0 with values in a one dimensional vector bundle in the case of
disks is isomorphic to the pullback by p + 1 boundary evaluation maps of the
bundle (here i is the Maslov index). Since we pushed all of the Maslov index up
to the closed surface, the bundle over the disk in this case has Maslov 0. Therefore
the index is isomorphic to the restriction of ®*(F1!) over xy x S for zyp € 9%. In
particular w1 (Ind(a(ElJn))) Y = W (Ind(8(¢*(E1)7¢*(F1)))) = wl(q)*F]lzgxsl) =
wl(TL) . (I)(l'o X Sl)

When wy(®*F') - 9% # 0, over U(e) instead of trivializing, we consider the
bundle pair isomorphism (*(E'), ®*(F1)) (0w = (C x U(e),e*R x U(0)).
We again glue e 7R x 0 x 9% x 1 and e2R x 0 x 9% x 0 with a map g € 71(O(1))
and extend g to a trivial map C x e x 0¥ x 1 — C x € x 0¥ x 0. Just like above,
we pinch along € x % and the question reduces to that on D?. Now, however, we
have pushed p — 1 of the Maslov index to the closed surface and we have Maslov 1
over the disk. Hence, the index over the loop of disks is isomorphic to the sum of
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the restrictions of ®*(F1) to zg x St and z1 x S! for zg,z; € OX. Thus
wi (Ind(J(gr p1y)) -7 = wi(Ind(Oa- (1) 3+ (r1)))) =
= w1 (O (F)agxs1) + wi(P*(F1)ja, x51) =
=wy(TL) - ®(xo x S") + wi(TL) - ®(zy x S*)
(=0, in this case the index is orientable).

Combining the two cases gives wi(Ind(9(p1 1)) - v = (wi1(TL) - ®(8%) + 1) -
(wi(TL) - ®(zg x S1)). O

When the Riemann surface ¥ has several boundary components, we pinch near
each one of them. In this way we obtain a nodal surface formed by a closed Riemann
surface and several disks attached at an interior point to the surface. Since both
Ind(9) on the closed surface and the incident conditions are complex vector spaces,
they have canonical orientations. Thus, the orientability question reduces to that
on the disks. Applying Proposition 2.2 and Proposition 2.3 we obtain

h h
(21)  wi(Ind(D),) = > (wi(TL)-b; +1) - (wi(TL) - ;) + Y _wo(TL) - f;
i=1 =1
where b; € Hi(L) is the class the i-th boundary component of ¥ represents in L,
«; is the loop a point on the i-th boundary component traces in L along -, and §;
is the torus the i-th boundary component traces in L along . This is Theorem 2.1
in the case of several boundary components.

3. THE LOCAL SYSTEM Z(y, u,) ON L" x L(L)"

In this section we state the necessary definitions and theorems regarding local
systems as discussed in [Ste] and we construct the system Z,, ) over L" x L(L)".
In the following section we will show its pull-back is canonically isomorphic to the
local system twisted by the first Stiefel-Whitney class of Ind(D).

Definition 3.1. We have a system of local groups in a path connected topological
space L if

1) for every x € L we are given a group G,

2) for every class of paths ay, we are given a group isomorphism oy, : G, — Gy
3) the composition ., o ayy is the isomorphism corresponding to the path a3,

Remark 3.2. The pullback system is defined in the obvious way.

Theorem 3.3. Let o € L, G a group and ¢ : m1(L,xz9) — Aut(G) a homomor-
phism. Then there is a unique system G, of local groups in L, such that Gy is a
copy of G and the operations of w1 (L, o) in Go are those determined by 1.

Definition 3.4. The local system of orientations is the system arising via the
homomorphism ¢ : 71 (L, x0) = Aut(Z) = Zs, assigning to « € w1 (L, zo) the value
of the first Stiefel-Whitney class of L evaluated on the class of a.

Remark 3.5. In [Ste] this system is called the system of twisted integer coefficients.
It is the system twisted by the first Stiefel-Whitney class of L.

To construct the local system Z(,,, .»,) on L' x L(L)", we first construct a system
over every component of L x £(L). This defines a system over L x £(L) and we
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pull-back h copies of it to the product L" x £(L)" via the projection maps. The
system Z (., u,) is defined as the tensor product of the pulled-back systems.

Let (z; X ;) be a basepoint for the component L; x £L(L); C L x L(L). Define
a local system over L; x £(L); via the homomorphism:

’l/) : 7T1(Li X [:(L)],JCZ X ")/j) = Trl(L,-,x,-) X Wl(L(L)jy'Yj) — Aut(Z)
(a, 8) = ¥(e, B)(t) = (1)t
where € = (w1 (TL) -v; + 1) - (wi(TL) - a) + wo(TL) - B

Remark 3.6. We can use twisted Q or R coefficients instead as well, if required by
the method for achieving transversality.

To summarize, the system Z(,, .,,) over a component of L" x L(L)" with a
basepoint & X ¥ = (1, .., Th, V1, -, Yr) 1S given by the homomorphism

(3.1) Y m (LM x L(L)", # x 7) — Aut(Z)
(3.2) (a1, Br) = {t = (=1)°t}
h h
(3.3) where e = 3 (wi(TL)-7; +1) - (wi(TL) - ;) + Y _wa(TL) - ;

i=1 i=1

4. CANONICAL ISOMORPHISM OF Zy, (1nd(p)) WITH THE PULL-BACK OF Z(4; w,)

In this section we construct a canonical isomorphism between the local system
on B(3, b), twisted by the first Stiefel-Whitney class of Ind(D), and the pull-back
of Z (4, ,ws)- The former system is essentially the local system of orientations on the
moduli space.

Definition 4.1. The local system Z,,, (1n4(p)) over a component B(X, b)y C B(X, b)
with a basepoint ug is given by the homomorphism

’L/J : 71'1(%(2, b)o, UO) — Aut (Z)
N {t s (71)w1(1nd(D5)~7t}
The group Z at the basepoint is fixed by a choice of a trivialization of det(Ind(D))

over the basepoint.
There are canonical evaluation maps

evy 1 B(X,b) — L, assigning to a mapu its evaluation at 0 € S* = (9%);,
evz(L) :B(X,b) = L(L), assigning to a map u the loop u|sx), : (0%); — L.
Combining them yields a map ety x @L(L) = (ev} x .. x evZ(L)) :B(X,b) —
LM x (L)

Theorem 4.2. The local system Z.,,, (na(py) s isomorphic to the pull-back system
(@L X e?L(L))*Zz(whum)'
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Proof. We restrict ourselves to a particular component. Let ug € B(X,b) map
to the basepoint Ty x 7y € L" x [,(L)h. It is enough to show that the action of
71 (B(X,b),ug) on the group Z,, induced by Z,, (ma(p)) is the same as the one
induced by the pull-back system (et x ﬁg(L))*Z(wl)wz).

By definition the action induced by Z,,, (na(py) is (—1)¢, where € = w; (Ind(D))-vy
for v € m(B(X,b),up). By Theorem 2.1 (and its extension (2.1)) we have

h h
wi(Ind(D)) -y =Y (wi(TL) -5 +1) - (wi(TL) - a;) + Y _wy(TL) - ;
i=1 =1
The action of v € 71 (B(2, b), ug) induced by the pull-back system is by definition

the action of the image 3 € w1 (L" x £(L)", %o x 7o) of  under the evaluation maps.
By (3.3) this is define to be (—1)¢, where

h h
e=> (w(TL) v +1)- (wi(TL)- ;) + Y wa(TL) - B
i=1 i=1
This shows the two actions are the same. O

To make the isomorphism canonical, we need to choose a trivialization of the
determinant line of Ind(D) over wg. This fixes the group at ug and by uniqueness
(Theorem 3.3) the two systems must be the same.

In section 2, we showed that Ind(D) 22 Ind(é(TM’TL)) using a fiberwise ho-
motopy. Since the space of Fredholm operators is contractible, a trivialization of
Ind(g(T M, TL))|ue induces one on Ind(D),, in a canonical fashion. We also have
Ind(é(TMjL)) &) Ind((j)(4E174F1)) = Il’ld(({;(E7F)) &) Ind(é(ElvF‘l)), and therefore a
choice of trivializations over wug of Ind(5(4E174F1)),Ind(g(EJ:)) and Ind(é(El,Fl))
will induce one on Ind(d(rar,7r))-

In Proposition 2.2 we showed Ind(é(EVF)) is isomorphic to the index of 9 over a
disk plus a complex vector bundle. The complex bundle has a canonical orientation,
and therefore we only need to choose a trivialization of the index over the disk. Since
the bundle pair over the disk is trivial, we can choose an isomorphism to the bundle
pair (C"*3 R"*3), thus Ind(d) = R"*3 by evaluation at a point. This means that
a choice of a trivialization of F' over the image under uq of the boundary of ¥, fixes
the determinant line of Ind(0z,F))u,. Similarly, a choice of a trivialization of 4F
over the image of the boundary fixes the determinant line of Ind(5(4 BLAFL))-

In Proposition 2.3, we showed Ind(é(E17F1)) is isomorphic to the index of a d over
a disk plus a complex vector bundle, and again we only need to fix the determinant
line of the index over the disk. When w;(F*')-b; = 0 , the index is isomorphic to
Fﬁm (20) and hence a choice of a trivialization of on(wo) fixes the determinant line.
When F! is not orientable along by, the index is isomorphic to F! restricted to the
images of two points xg,z1 € 0X. We can use the orientation of the boundary of X

to transport a choice of a trivialization of on(wo) to Fﬁm(m). In this way, a choice of

a trivialization of ‘Fﬁto(l’o) canonically determines an orientation of Ind(é( BLFY)) Juo-

To summarize, a choice of a trivialization of F and 4F! over the image of the
boundary of ¥, and a choice of a trivialization of F'! over the image of a point on the
boundary, fixes an orientation of Ind(D),,. Changing any of these trivializations,
changes the orientation of Ind(D)),,. Changing the orientation of the boundary
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of ¥, when F! is not orientable over the image of the boundary, also changes the
orientation of Ind(D)|,,.

5. THE SYSTEM OF LOCAL ORIENTATIONS ON THE MODULI SPACE OF STABLE
MAPS

There is a forgetful map §: B(Z,b) x (S1)* x (¥)! — B(X,b), and we can pull-
back the system Z,,, (mma(p))- Over the product B(X, b) x (S')* x (£)!, the system
§* Zu, (nd(D)) is canonically isomorphic to f* Z,, (ma(py) ® det[(T'S1)* x (TE)!] since
Y is oriented. There is a projection map

7 B(2,b) x (SHE x (B)! = (B(T,b) x (SHF x (L)1) /Aut(Z, 0%; j)

When the domain is stable the map 7 is a fibration with fiber Aut(X, 0%, 7). The
fact that the system Z, (imq(p)) is trivial along the fiber and that the fiber is
connected, means the system pushes-down to the factor space. This, together
with a choice of an orientation of Aut(X, 9%, 7), canonically determines the system
T10* Zyp, (nd(D)) OVer (B(X, b) x (S1)F x (X)) /Aut(3, 85; j). After perturbation to
achieve transversality, this system is the system of local orientations on the moduli
space M (2, b). In section 4, we showed that after certain choices of trivializa-
tions, the system Z,, (nq(p)) is canonically isomorphic to (@0 X @L(L))*Z(whw).
This gives

Theorem 5.1. There is a local system Z(y, w,) ON L" x ﬁ(L)h such that the local
system of orientations on M, (3, b) is isomorphic to WgOf*O(@() X @L(L))*Z(whwz),
The isomorphism is canonical once we choose a trivialization of TL over a basepoint

in L, and trivializations of TL @ det(T'L) and det(TL) & det(TL) over those loops
in L corresponding to a choice of a basepoint in each component of L(L).

5.1. The codimension one strata. The fiber product B(X,b’) X, B(D?,b") C
B(X,b') x St xB(D?,b"”) x St is defined as the pull-back of the diagonal in L x L
by the map

ev:B(X,b) x ST x B(D*b")xS' - L xL
(u, ¢, 0,0) = (u(e),v(0))
There is also a map
B(T,b') xep B(D2, ") — B(Z,b)

for b = b’ + b”. We can consider two local systems over the fiber product -
the pull-back of the system twisted by w;(Ind(D?)), and the tensor product of
ev*(det(T'L)) with the systems twisted by w;(Ind(D") and w;(Ind(D®")). The
short exact sequence

0 — TL — Ind(D") @ Ind(D"") — Ind(D®) — 0

implies that the two systems are isomorphic.

If the distinguished loop 79 C L is chosen equal to y{#7({, we can define the
relative sign between the two systems. First, trivializations of the bundle F' over
v, and v determines a trivialization over 9. We can compare it with the chosen
trivialization of F' over p: this defines an element € € m(SO(n + 3)) = Zs.
Then, with this choice of vy, a path between uy and uy#uy defines a loop «a, in
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L" x L(L)". The local system Z(,, .,,) associates to ay, an element § € Aut(Z) =
Zs. The relative sign between the two system is defined to be (—1)<*9.

When ¥ = D2, following section 8.3 in [FOOO], we find that the relative sign
between the local system on é)imz,k(DQ, b) and the local system on Mty (D2, b) X ey
My e (D?,0") is (—=1)%, where s = e+ 5 + (K')(K” + ") + (n+ 1/ + k' +1).
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