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Abstract. An array of transducers receives the signals emitted by a localized source
in a scattering acoustic medium. The recorded signals can be used either in a time-
reversal (TR) process in order to refocus acoustic energy back onto the source, or in a
matched field imaging (MF) process in order to estimate the source location. In TR the
signals are time-reversed and emitted into the physical medium whereas in MF they are
time-reversed and back-propagated numerically in a fictitious homogeneous medium.
Given the range (distance from the array) of the active source we study here the cross-
range resolution in these two processes. As expected, multiple-scattering enhances the
refocusing resolution in TR but it degrades resolution in the estimation of the source
location with MF. We introduce a robust procedure for estimating the resolution gain
(resp. loss) in TR (resp. MF), in weakly scattering random media. Direct numerical
simulations in the ultrasound regime show that our estimation method is accurate and
effective.

1 Time reversal and imaging in a scattering medium

A point source located at y emits a signal s0(t) which is received by a linear
array of point transducers located at xp = (ph/2, 0, 0), for p = −N, . . . N , as
shown in Fig. 1. The range and direction (bearing) of the source with respect
to the array, as seen from the central element x0, are | y − x0 |= L and α,
respectively. The signals received by the transducer located at xp have the form

sp(t) = s0(t) ? G(xp,y, t) =
1

2π

∫ ∞

−∞

ŝ0(ω)Ĝ(xp,y, ω)e
−iωtdω. (1)

Here ŝ0(ω) and Ĝ(xp,y, ω) are the Fourier transforms of the pulse and the two
point Green’s function at frequency ω, respectively, and ? denotes convolution in
time. The time harmonic Green’s function Ĝ satisfies the reduced wave equation

∆Ĝ(x,y, ω) + k2n2(x)Ĝ(x,y, ω) = −δ(x− y), (2)

where k = ω/c0 is the wavenumber, c0 is a reference speed of propagation and
n(x) = c0/c(x) is the index of refraction of the medium with local propagation
speed c(x). At infinity, Ĝ satisfies a Sommerfeld radiation condition.
In Time Reversal (TR), the signals sp(t), received at the array are recorded,

time reversed and re-emitted into the actual mediumi. In Imaging (IM), the
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Fig. 1. The array, active source setup for time reversal and imaging

recorded signals sp(t), are time reversed and back-propagated numerically in a
homogeneous medium. In either case we consider the back-propagated field at a
“search” point ys as shown in Fig. 1. We take ys in the plane determined by y

and the array, at range η = L(1 + δ) and cross-range ξ.
The time-reversed and back-propagated field at the search point, is given by

ΓTR(y,ys, t) =
1

2π

∫ ∞

−∞

e−iωtΓ̂TR(y,ys, ω), (3)

where

Γ̂TR(y,ys, ω) = ŝ0(ω)

N
∑

p=−N

Ĝ(xp,y, ω)Ĝ(xp,ys, ω). (4)

For imaging, the Fourier transform of the field at the search point, is given by

Γ̂ IM (y,ys, ω) = ŝ0(ω)
N
∑

p=−N

Ĝ(xp,y, ω)Ĝ0(xp,ys, ω), (5)

where Ĝ0(xp,ys, ω) is the Green’s function of the reduced wave equation in a
homogeneous medium, given by (7). It is well known that refocusing for time
reversal is tighter in random media than in homogeneous ones because of multiple
scattering [2,6,4]. Moreover, this statistical enhancement of the refocusing is
stable in the time domain but not in the frequency domain [2,8]. By stable we
mean here that the refocused field is self-averaging, hence close to deterministic,
in the time domain, in a suitable remote sensing and multiple scattering regime.
On the other hand, refocusing for imaging is wider in random media than in
homogeneous ones because multiple scattering impedes the identification of the
source location.
For imaging the cross-range of the source we use the autocorrelation or

matched field (MF) of the back-propagated field at zero lag

ΓMF (ys) =

∫ ∞

−∞

|Γ̂ IM (y,ys, ω)|2dω. (6)
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The matched field functional is also self-averaging, hence statistically stable,
and provides an estimate of the cross-range of the source. The range must, how-
ever, be estimated separately from arrival time information. Various functionals
for imaging the location of an active source and their relative performance are
considered in [3]. Our main result in this paper is an analytical formula for the
matched field functional ΓMF (ys) that can be used to estimate an unknown ef-

fective aperture ae when the range is known (e.g., from arrival time analysis).
This estimation is very important because it permits both assessing quantita-
tively super-resolution in time reversal and estimating the loss of cross-range
resolution in imaging by the matched field method.

2 The mathematical model

For homogeneous media the Green’s function of the reduced wave equation is,

Ĝ0(x,y, ω) =
eik|x−y|

4π|x− y| , k =
ω

c0
, (7)

in three dimensions, whereas in two dimensions, Ĝ0 is given by a Hankel function
of the first kind. For simplicity, our analytical calculations are done in three
dimensions. In the numerical simulations, however, we solve the 2D acoustic wave
equation in the time domain. For the spatial discretization we use a finite element
method [1] and for the time discretization we use a centered second order finite
difference scheme. Although the numerical calculations are two dimensional, our
analytical results can be applied, since only the phase (not the amplitude) of the
Green’s functions is important in the analysis.
For the scattering medium, we assume a statistically homogeneous, Gaussian

random velocity field, with constant mean c0 = 1.5km/s, correlation length
l = 0.3mm and standard deviation ranging from 1% to 5%. While the velocity
fluctuations are sufficiently small such that imaging is still possible, we ensure
that there is significant multipathing in the medium by taking λ0 ∼ l¿ a¿ L.
The pulse used in the numerical simulations, is given by

s0(t) =
dg(t)

dt
, g(t) =

1
√

2πσ2
t

e−iω0te
− t2

2σ2
t , (8)

with σt = 0.2325µs and central frequency 2πω0 = 3MHz (i.e. λ0 = 0.5mm). The
aperture of the array is a = 2.5mm and L = 2cm.

2.1 Time reversal in random media

The time reversed, back-propagated field in the random medium is given by
(3). Because of the statistical stability of ΓTR(ys, t) (cf. [2,8]), it is close to its
expectation, denoted by < · >. Using the moment formula [5,7] and assuming
that a¿ L, ξ = O(a) and δ ¿ 1, we get

〈

Ĝ(xp,y;ω)Ĝ(xp,ys;ω)
〉

≈ Ĝ0(xp,y;ω)Ĝ0(xp,ys;ω)e
−
k2ξ2a2e

2L2 , (9)
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where ae is an unknown parameter that we interpret as an effective aperture for
the array. To analyze the refocusing of the time reversed, back-propagated field,
we calculate Γ̂TR at points on a fictitious screen at the correct range L (δ = 0).
Given the pulse (8), we obtain

ΓTR(ξ, L; t) ≈ a

8π2L2h

∫ sin
(

ωa sinαξ
2c0L

)

a sinαξ
2c0L

e
−
σ2
t
(ω−ω0)2

2 −
ω2ξ2a2e
2c2

0
L2 −iω

(

t− ξ2

2c0L

)

dω.

(10)
After integrating with respect to ω and evaluating the field at the arrival time
t = ξ2/2c0L, we get for ξ ¿ σtc0L/ae,

ΓTR(ξ, L;
ξ2

2c0L
) ≈ c0

4π2Lhξ sinα

−i
√

2πσ2
t

sin

(

ω0ξa sinα

2c0L

)

e
− A2ξ2

8c2
0
L2σ2

t , (11)

where
A2 = a2 sin2 α+ 4ω2

0σ
2
t a

2
e. (12)

With a similar calculation in deterministic media we obtain

ΓTR
0 (ξ, L;

ξ2

2c0L
) ≈ c0

4π2Lhξ sinα

−i
√

2πσ2
t

sin

(

ω0ξa sinα

2c0L

)

e
− a2 sin2 αξ2

8c2
0
L2σ2

t . (13)

Comparing (11) and (13) we note that the physical apparent aperture in homo-
geneous media (a sinα) is replaced by a larger apparent aperture (A ≥ a sinα) in
random media, which explains the super-resolution. Note also, that (12) implies
that the bandwidth of the pulse, expressed by ω0σt, plays an important role
in refocusing: for a given random medium, the apparent aperture of the array
increases as the bandwidth decreases, and thus better refocusing is obtained.
However, the bandwidth cannot be too small because at some point statistical
stability breaks down. We note here that ae is the key parameter in estimating
the apparent aperture and consequently the refocusing in random media. The
estimation of this parameter is carried out in the next section.

2.2 Estimation of ae using Matched Field in random media

The matched field functional is given by (6), which in the frequency domain is,

Γ̂MF(yS ;ω) = |ŝ0(ω)|2
N
∑

p,q=−N

Ĝ0(xp,ys;ω)G(xp,y;ω)Ĝ(xq,y;ω)G0(xq,ys;ω).

(14)
Because of the statistical stability of

∫

Γ̂MF(yS ;ω)dω, we can take the expecta-
tion in the right hand side of (14) and using the moment formula (cf. [5,7]) we
get

〈

Ĝ(xp,y;ω)Ĝ(xq,y;ω)
〉

≈ Ĝ0(xp,y;ω)Ĝ0(xq,y;ω)e
−
k2a2e
2L2 |xp−xq|

2 sin2 α. (15)
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Plugging (15) into (14) and after some calculations we obtain

Γ̂MF(ξ, η;ω) ≈ 4aLλ |ŝ0(ω)|2√
2πh2ae sinα(4πL)4

e
− ξ2

2η2
( Lae )

2

, (16)

Comparing (16) with (11) we note that the parameter ae plays the opposite role
in imaging than it does in time-reversal. Indeed, a larger effective aperture ae,
leads to resolution loss in imaging while it enhances resolution in time-reversal.
To confirm the statistical stability of the matched field we show in Fig. 2

the quantity ΓMF(ys) computed numerically for two realizations of the random
medium. By matching this numerically computed field to the theoretical pre-
diction given by (16) we get an estimate of ae. Its estimated values for four
realizations of the random medium are 1.43, 1.54, 1.37, 1.46 (in mm). Using
now the mean value of ae (1.45mm) we calculate from (10) the theoretically pre-
dicted time-reversed field. We show in Fig. 2 this theoretically predicted field as
well as the numerically calculated ones for two of the realizations of the random
medium. The enhanced refocusing in the random medium is seen clearly, as is
the very good agreement between the theoretical prediction and the numerical
simulations.

Fig. 2. Top: ΓMF(ys) computed numerically for two realizations of the random
medium, the estimation of ae is 1.43mm (resp. 1.47mm) for the data on the left (resp.
right). Bottom (left to right): the theoretical prediction of the time-reversal field in
a homogeneous medium, in a random medium obtained using ae = 1.45mm in (10)
and the numerically calculated time-reversal field for two realizations of the random
medium.
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