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Abstract— We study a multiple-input/single-output underwater
communication system that applies time reversal to transmit
signals so that they focus spatially and compress temporally
on the intended receiver. Our simulations model an underwater
acoustic channel as a waveguide, and we investigate the cases of a
waveguide both with and without random inhomogeneities. We
investigate physical time reversal metrics and communications
related performance indicators. The results of our simulations
show that spatial focusing depends strongly on the delay spread,
as has been seen in experiments. This physical property of time
reversal could be exploited in communication systems where
signal coherence is desired only at the receiver location. However,
in the simulations we find that while spatial compression increases
with delay spread in a robust way (i.e. even when inhomo-
geneities exist), time compression does not increase with delay
spread. Moreover physical measures of the temporal compression
(temporal peak-to-sidelobe ratio) do not improve with waveguide
inhomogeneities. Nevertheless, time reversalreduces intersymbol
interference at the receiver as delay spread increases for both
types of waveguides, which is an important effect for efficient,
high speed communication. In addition to time reversal, pre-
equalization at the transmitter can ideally eliminate intersymbol
interference without significantly affecting spatial compression.
However, this pre-equalization causes a reduction of received
power, which may be acceptable when the signal to noise ratio
at the receiver is high.

Index Terms— Underwater acoustic communications, time re-
versal, waveguides, low probability of intercept, intersymbol
interference.

I. I NTRODUCTION

W ITH time reversal (TR) it is possible to focus spatially
and compress temporally broadband signals through

a richly scattering environment [1], [2]. This involves two
stages. In the first (channel estimation) stage, a source emits a
short pilot signal. This signal propagates in a richly scattering
medium. Its response is recorded by each element of an array
that will act as a transmitter in the data transmission stage.
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The duration of each of these recorded signals is significantly
longer than the initial pilot pulse due to multiple scattering.
The second stage is the actual data transmission. In this stage,
all the elements of the transmitter array send the same data
stream, and each one filters the signal to be transmitted through
a time-reversal filter, i.e.a filter that has the form of the pilot
signal recorded at that particular element during the first stage
but reversed in time,i.e. the first portion recorded becomes
the last portion transmitted. These transmitted signals focus
sharply in space and compress tightly in time at the source
location.

Extensive laboratory TR experiments have shown this spa-
tial focus and temporal compression across a broad range of
settings (see [3] and references contained within). In eachof
these experiments, spatial focusing and temporal compression
occur robustly, with respect to changing the complex, time-
invariant, propagation medium. This robustness comes from
the self-averaging properties of broadband time reversed sig-
nals that have been analyzed theoretically for acoustic wave
propagation in a random medium [4].

Much research activity has been dedicated to using TR for
multiple-input/single-output (MISO) underwater communica-
tion experiments. In fact, these experiments have demonstrated
MISO-TR communications to be feasible [5]–[10]. Robust
spatial focusing and temporal compression have been observed
despite potential errors caused by several factors such as
the dynamically changing ocean and system noise. Similarly,
single-input/multiple-output (SIMO) systems that use passive-
phase conjugation (the passive complement to MISO-TR),
have been shown to work well in the ocean [11].

Since TR produces signals that are compressed in time at
the receiver, it provides a mechanism for reducing intersymbol
interference (ISI). In addition, because TR produces signals
that focus sharply in space at the intended receiver, MISO-TR
systems have potential use in situations where signal coherence
is required at the receiver location and should deteriorate
around it. In the present paper we show that there is indeed
a rapid loss of coherence in the neighborhood around the Rx,
as reflected by a dramatic increase in the bit-error-rate. This
indicates a decline in detectability, at least for listening devices
comparable with Rx. We present this feature as an indication
of low probability of intercept (LPI). We note that the potential
for LPI can only be claimed for comparable technologies,
i.e. an eavesdropper with superior technology and/or resources
cannot be prevented from intercepting the message.

In this paper we study the advantages gained by MISO-TR



communication under the following assumptions:

• The transmitting array has perfect channel state informa-
tion (CSI).

• The environment is static,i.e. the channel is the same
during both stages of the TR process.

• The receiver does not utilize an equalizer and just samples
the signal while the transmitter can, in addition to time
reversal, do pre-equalization.

Using numerical simulations in a waveguide, we investigate
spatial focusing and temporal compression in a MISO-TR
communication system. The parameter that we vary is the
delay spread (DS) of the channel for a given system bandwidth
B [13]. Moreover we investigate MISO-TR in channels with
and without random inhomogeneities. We show that spatial
focusing is indeed robust, not only with respect to substituting
the random media, but also with respect to pre-equalization
aimed at suppressing intersymbol interference. The quality
of spatial focusing increases as the delay spread-bandwidth
(DS·B) product increases.

Moreover, we show that a MISO-TR system leads to a
rapid loss of coherence in the neighborhood around the Rx,
as reflected by a dramatic increase in the bit-error-rate. For
example, our simulation results show that at a distance of one
wavelength away from the intended receiver, in the cross-range
direction, one cannot reliably decode the transmitted bitstream.

We show that the quality of temporal compression at the
focus point measured by physical indicators such as the
temporal peak-to-sidelobe ratio depends only slightly on DS·B.
By examining communications related indicators, such as ISI,
more carefully, we show that TR does not eliminate ISI.
Although the temporal side lobes are reduced, the equivalent
channel impulse response is non-zero at the sampling times of
the received signals, and therefore the symbols in the transmit-
ted stream interfere with each other. Therefore, equalization
at the receiver may still be needed for this communication
system, especially in the case of channels with low DS·B,
high modulation order and/ or low signal to noise ratio.
We consider an extension to this MISO-TR system that pre-
equalizes the channel at the transmitter in the zero-forcing
sense. We show that this pre-equalization yields a channel
nearly free of ISI without sacrificing spatial focusing, butat
the cost of significant power reduction.

The remainder of this paper is organized as follows. In
Section II we discuss the MISO-TR system. In Section III we
discuss our numerical simulations to model the communication
channel. In Section IV we show results from numerical simu-
lations. We propose a pre-equalization scheme that extends
this MISO-TR system to remove ISI in Section VI. The
conclusions are in Section VII.

II. MISO-TR SYSTEM

A. Fundamentals of MISO-TR systems

We describe the operation of a MISO-TR system as a
two-stage process. The first stage is the channel estimation
stage: the intended receiver (Rx) sends a pilot signal, and
each element in the linear transmitting array (Tx) records
the convolution of this pilot signal with the channel impulse

response. The second stage is the actual data transmission.The
Tx uses the channel state information it acquired during the
channel estimation stage to transmit a bitstream that focuses
spatially and is compressed temporally on the Rx.

In the remainder of the paper, we denote functions of time
with lower case letters, whereas upper case indicates their
frequency-domain representation.

1) Channel estimation stage in a MISO-TR system oper-
ation: During the first stage of the operation of a MISO-
TR system, the Rx sends a pilot signal into the channel. Let
p(t) = φ(t)ei2πf0t denote this pilot signal. The pulse shaping
function φ(t) is a low-pass signal, bandlimited to bandwidth
B (Φ(f) = 0, |f | > B/2), and we assume for simplicity that it
is normalized to unit power. To produce the pilot symbolp(t),
φ(t) is modulated at a carrier frequencyf0, and therefore the
pilot signal has spectral content in[f0 − B/2, f0 + B/2] (for
simplicity we only look atf > 0, i.e. at the analytic equivalent
of the signals).

We model the channel as a linear, time-invariant filter. For
that case, the signalsm(t) recorded by them-th of the M
elements of the Tx, is given by

sm(t) = hm(t) ⊗ p(t), m = 1, . . . ,M, (1)

with ⊗ denoting the convolution operation andhm(t) denoting
the channel impulse response from the source to them-th
element of the Tx. By Fourier transforming (1), we obtain the
frequency domain representationSm(f) of the recorded signal
sm(t)

Sm(f) = Hm(f)P (f),

= Hm(f)Φ(f − f0), m = 1, . . . ,M. (2)

Here,Hm(f) is the channel transfer function from the source
to them-th element of the Tx array. Due to reciprocity, it is
also the channel transfer function from them-th element of
the Tx array to the Rx.

When the Rx sendsp(t) for each of theM elements of the
Tx to record, the Tx acquires channel state information (CSI).
We assume that the noise in the channel estimation stage is
negligible and the CSI is perfect.

2) Data transmission stage in a MISO-TR system operation:
Let x(t) be the signal to be transmitted. In the second stage of
the MISO-TR system, each of theM elements of Tx transmits
simultaneously the same signalx(t), by filtering it through
the time reversed copy of the signalsm(t) it recorded. Here,
(·) denotes the complex conjugate of the argument(·), This
operation is equivalent to by filteringx(t) throughsm(−t) or
equivalently, by modulating the spectrum ofX(f) (the Fourier
transform ofx(t)) with the phase-conjugated spectrum of the
recordedSm(f).

x(t) is given by

x(t) =
∞
∑

k=−∞

βkδ(t − kTs) (3)

HereTs is the symbol period and it denotes the time by which
consecutive symbolsβk are separated. The quantityβk denotes
the mapping of the data streambk for the modulation scheme
used. For example, for binary phase shift-keying (BPSK), bits



bk = 0 or bk = 1 map toβk = −1 or βk = +1, respectively.
The spectrumX(f) of x(t) is given by

X(f) =

∞
∑

k=−∞

βkei2πfkTs (4)

The received signal at the Rx isy(t) can be written as

y(t) =
√

PA

M
∑

m=1

hm(t) ⊗ sm(−t) ⊗ x(t). (5)

Here,(·) denotes the complex conjugate of the argument(·),
P is the transmitted power andA is a normalization factor
given below by (9). In the frequency domain we can write

Y (f) =
√

PA

M
∑

m=1

Hm(f)Sm(f)

∞
∑

k=−∞

βkei2πfkTs

=
√

PHeq(f)

∞
∑

k=−∞

βkei2πfkTs . (6)

We define the equivalent channel transfer functionHeq(f) as

Heq(f) = AHTR(f)Φ(f − f0). (7)

where

HTR(f) =

M
∑

m=1

Hm(f)Hm(f) =

M
∑

m=1

|Hm(f)|2 (8)

The normalization factorA is introduced in the previous
equations in order to guarantee that the total transmitted power
is P . A is given by

A =

[

M
∑

m=1

∫

B

Hm(f)Hm(f)df

]−1/2

. (9)

With this normalization factor, the time-reversal filters do not
introduce any power amplification.

The inherent assumption in the formulation above is that
the channel transfer functions have not changed in the data
transmission stage relative to the channel estimation stage.
This simplification is valid in slowly varying environments, or
when the channel estimation is repeated and the channel state
information is updated frequently. The effect of time-varying
channels requires additional considerations.

By the properties of TR in richly scattering media, the signal
y(t) is expected to focus spatially at the Rx and compress
temporally.

B. Temporal Compression

The received signaly(t) is down-converted from the carrier
frequency to baseband and then sampled at integer multiples
of the symbol periodTs. Each symbol ideally should not
interfere with previous or subsequent symbols. However in
reality when the Tx sends a long bitstream and the channel
impulse response is not a single pulse but a series of delayed
and attenuated pulses, each sampled symbol at the Rx is
affected by all symbols transmitted prior to and after that

one. Ideally, we would like the baseband equivalent channel
impulse responseheq,bb(rRx, t) to satisfy

heq,bb(rRx, t = kTs) = 0, k 6= 0. (10)

The extent to which this happens depends on bothφ(t) and
hTR(t). To measure how far we are from the ideal conditions,
we define inter-symbol interference (ISI) as our metric:

ISI =
1

|heq,bb(rRx, 0)|2
∑

k 6=0

|heq,bb(rRx, kTs)|2. (11)

Here, t = 0 corresponds to the arrival time of the sample to
be decoded. ISI is the sum of powers contained in all symbol
times except fort = 0 divided by the power att = 0. It is
desirable to have as low ISI as possible, because that would
indicate that individual symbols can be successfully decoded
by simply sampling the received signal at the appropriate
instants. Equation (11) defines ISI by the sum of the powers of
the interfering symbols, and therefore gives a rather extreme
measure of it.

Let us first discuss the desired properties ofφ(t) by as-
suming that the channel impulse response is indeed a single
pulse. Nyquist pulses are a class of pulses that satisfy (10)
[18]. Sinceφ(t) is constrained to the bandwidth available in
the system, we select for our discussionφ(t) to be a raised
cosine pulse of the form

φ(t) =
sin(πt/Ts)

πt/Ts

cos απt/Ts

1 − (2απt/Ts)2
, (12)

with 0 ≤ α ≤ 1 denoting the percent of excess bandwidth.
The corresponding spectrumΦ(f) is given by

Φ(f) =














Ts, |f | ≤ 1−α
2Ts

,
Ts

2

[

1 − sin
[

π
α (f − 1

2Ts
)
]]

, 1−α
2Ts

< |f | < 1+α
2Ts

,

0, |f | ≥ 1+α
2Ts

.

(13)

This pulse clearly satisfies the zero-ISI criterion in (10) and
has unit power. Moreover its envelope decays as1/t3. The
signal bandwidthB is then related to the symbol time by
B = (1 + α)/Ts.

The choice of the pulse-shaping function affects the calcula-
tion of the ISI. We expect that lower values ofα (pulses closer
to a sinc function) result in higher ISI, because their temporal
sidelobes decay more slowly. In order to keep our comparisons
fair, the performance of different channels and/or transmission
schemes is analyzed using the same pulse shaping function.

Let us now shift our focus toHTR(f). Given our choice of
the pulse shaping functionφ(t), we would ideally want this to
be constant over the bandwidth of interest.HTR(f) is the sum
of matched filters|Hm(f)|2 of each of the channel transfer
functions from eq. 8. Even though the amplitude of|Hm(f)|2
can vary randomly with frequency, the sum ofM such terms
is expected to be nearly constant over the bandwidth ifM is
not small (seeFig. 1 for illustration). Therefore, we expect the
signal received at Rx given by (6) to be compressed in time,
and ISI to be reduced.
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Fig. 1. The cumulative density function of the channel transfer function
with and without time reversal. We have normalized each plot byits median
value because the quantity of interest in terms of channel flattening is the
variance around it. The plots clearly demonstrate that the equivalent channel
transfer function with time reversal has smaller variance around its median
value over the frequency band, which illustrates that TR results in flattening
over frequency.

To investigate the quality of temporal compression, we
calculate the temporal peak-to-sidelobe ratio, which is a com-
monly used physical performance indicator. This quantity has
been used to study the effectiveness of time reversal and
passive-phase conjugation for underwater acoustic communi-
cations [22]. Here, we define the temporal peak-to-sidelobe
ratio using the equivalent baseband channel impulse response
at the Rx,|heq,bb(rRx, t)|2. Let us define the time axis such
that the equivalent channel impulse response achieves its
maximum att = 0, and lettsidelobe denote the time at which
the power delay spread profile achieves its second largest
value. We now define the temporal peak-to-sidelobe ratio to be
20 log10[|heq,bb(rRx, 0)|/|heq,bb(rRx, tsidelobe)|]. It is desirable
to have as high a temporal peak-to-sidelobe ratio as possible,
since that indicates good time-compression. Other measures
of the temporal focusing include moments of the power-delay-
profile, seee.g.equations (23)-(24), which attempt to capture
the “tightness” of the recompression.

C. Spatial Focusing

The formulation given above for the MISO-TR system does
not reflect the spatial properties of signal propagation in the
channel. To explain the spatial focusing properties of the
MISO-TR system, we introduce the time harmonic Green’s
function G(r, r′; f). It satisfies the Helmholtz equation

∆G + k2n2(r)G = −δ(r − r
′), (14)

with k = 2πf/c0 denoting the wavenumber andc0 denoting
the reference propagation speed. The index of refraction at
position r is defined asn(r) = c0/c(r). If there are random
inhomogeneities in the medium, the propagation speedc(r)
fluctuates randomly.

Let rm denote the spatial position of elementm of the Tx
array andrRx denote the spatial position of the Rx. Using the
previous notation

Hm(f) = G(rRx, rm; f) = G(rm, rRx; f). (15)

Here, we make the assumption of perfect reciprocity; as
demonstrated by Kupermanet. al. this degrades over time in
ocean acoustics [9], [10].

The MISO-TR channel transfer function (without taking the
pulse shaping into account) and the power normalization factor
are given in terms ofG as

HTR(r, f ; rRx) =

M
∑

m=1

G(r, rm; f)G(rm, rRx; f). (16)

and

A =

[

M
∑

m=1

∫

B

G(rRx, rm; f)G(rm, rRx; f)df

]−1/2

. (17)

Let us consider the signal received at a locationr 6= rRx

when time-reversal is performed to target a source atrRx. We
generalize (7) and obtain a space-dependent channel transfer
function in the MISO-TR situation

Heq(r, f ; rRx) =
√

PAHTR(r, f ; rRx)Φ(f − f0). (18)

The signal sent by the Tx and received at any locationr is

Y (r, f ; rRx) = A
√

PHTR(r, f ; rRx)Φ(f − f0)

∞
∑

k=−∞

βkei2πfkTs .

(19)
Let us assume a linear Tx array. In a homogeneous medium,
HTR(r, f ; rRx) behaves like asinc function with respect to the
coordinate ofr − rRx that is parallel to the array making up
the Tx [26]. For a random medium in which multipathing
is significant, HTR(r, f ; rRx) is more tightly peaked about
r = rRx. This enhanced focusing or super-resolution in TR
has been analyzed by Jackson and Dowling [15]–[17]. The
role that bandwidth plays in statistical stability in TR hasbeen
analyzed theoretically and numerically [4], [26]. Statistical
stability occurs when the equivalent channelhTR(r, t; rRx) is
peaked strongly in space and time in a robust way that does
not depend on the detailed features of the random medium.

To investigate the quality of spatial focusing, we define
the cross-range peak-to-sidelobe ratio as our performance
measure. In our 2-dimensional simulation, described in the
next section,r = (r, z). We first compute the quantity

η(z) = max |hoffset
eq,bb((rRx, z), t; (rRx, zRx))|2. (20)

This corresponds to the maximum over time of the signal at
any offset locationr = (rRx, z). Due to the spatial focusing
properties of TR, we expect the functionη(z) to obtain its
maximum value atz = zRx. Let z = zsidelobe denote the loca-
tion of the second largest value ofη(z). We define the cross-
range peak-to-sidelobe ratio to be10 log10[η(zRx)/η(zsidelobe)].
It is desirable to have as high a cross-range peak-to-sidelobe
ratio as possible, because that would indicate tight spatial
focusing.



We note that our simulation method does not have sufficient
resolution in the down-range direction to compute a meaning-
ful down-range peak-to-sidelobe ratio. However, a qualitative
comparison of the behavior of the bit-error-rate in front and
behind the Rx location can be found in Fig. 11.

III. N UMERICAL SIMULATIONS

To study the performance properties of the MISO-TR sys-
tem discussed above, we simulate numerically a two dimen-
sional waveguide channel. The motivation for this channel
model comes from underwater acoustics in shallow ocean
environments. Here, we do not concentrate on detailed aspects
of modeling the ocean but we keep the essential features
of underwater propagation to study the performance of the
MISO-TR system. In particular, we focus on the role of DS·B
in spatial focusing and temporal compression.

In all simulations the central frequency isf0 = 3.5 kHz and
the symbol period isTs = 0.57 ms. As the pilot signal we
use a raised cosine pulse defined in (12) and (13). In Section
IV we show the effect of pulse shaping by presenting the
results for two values ofα, namely α = 0 and α = 0.3.
From Ts and α, we find the bandwidth to beB = 1.75 kHz
(50% of f0) and B = 2.275 kHz (65% of f0), respectively.
The reference propagation speed isc0 = 1500 m/s. Hence,
the central wavelength isλ0 = 43 cm.

Our simulation channel is a two dimensional, transversally
periodic waveguide. The cross-range coordinate (depth) is
given by z and the down-range (propagation-direction) coor-
dinate is given byr. The width of the waveguide is51.2 m.
The Rx is1000 m down-range from the Tx. The Tx is a linear
array that is parallel to the cross-range coordinate. It consists
of M = 41 elements. Adjacent elements are separated by
λ0/4. We place the origin of our coordinate system at the
center of the Tx array, which is centered in the waveguide
and extends from−2 m ≤ z ≤ 2 m. The Rx is located at
rRx = (rRx, zRx) = (1000 m,−10 m).

r

z

Tx

Rx

Fig. 2. The waveguide channel used for numerical simulations.The
waveguide width is51.2 m. The linear transmitting array Tx withM elements
is centered in the waveguide and spans−2 m ≤ z ≤ 2 m. The receiver Rx is
located at(rRx, zRx) = (1000 m,−10 m). The waveguide contains random
inhomogeneities that cause the refractive index to fluctuaterandomly.

The waveguide channel has random inhomogeneities that
make the refractive index vary randomly. We model this
randomly varying refractive index as

n(r) =
√

1 + σµ(r/ℓ), (21)

with µ denoting an isotropic, Gaussian correlated, random
function. Realizations ofµ(r) are computed using a random

Fourier series. The correlation length is set toℓ = 5 m and the
standard deviation or strength is set toσ = 1%.

When there are no random inhomogeneities in the waveg-
uide, we compute numerical simulation results in the fre-
quency domain sampled at1 Hz by explicit summation of
Fourier modes (i.e. the normal modes with respect to the
cross-range coordinate). For the case in which the waveguide
contains random inhomogeneities, we use the phase screen
method [19]–[21]. This method ignores the weak backscat-
tering and only propagates the forward propagating normal
modes.

To control DS we introduce absorption into the waveguide
channel. Absorption is modeled by applying a Gaussian filter
in the vertical wave number domain. By varying the width of
this filter, we vary the amount of absorption. Increasing the
absorption by narrowing the filter width yields a smaller DS
and hence a smaller DS·B. More than sound absorption in
water, this kind of spatial filtering models reflection losses at
the waveguide boundaries. Details on the implementation of
absorption in our simulations can be found in the appendix.

IV. SIMULATION RESULTS

A. Estimating DS·B
We show below that the key system parameter throughout

our discussion is the DS for a given system bandwidth B,
and therefore we compute the dimensionless product DS·B. To
estimate the delay spread (DS) of the channel, we first estimate
the average power delay profilepdp(t) by averaging over the
signals recorded by each of the elements in the transmitter:

pdp(t) =
1

M

M
∑

m=1

|sm(t)|2. (22)

We compute the DS as the centralized second moment of the
average power delay profile:

DS =

[
∫

(t − t̄)2pdp(t)dt

/
∫

pdp(t)dt

]1/2

, (23)

with

t̄ =

∫

tpdp(t)dt

/
∫

pdp(t)dt. (24)

In Fig. 3 we plot the amplitude of the acoustic field induced
by the pilot signal at the Tx plane as a function of time
and cross-range in a waveguide, with and without random
inhomogeneities. In the figure, we have also indicated the
extent of the Tx array. The Rx is1 km down-range from the
Tx and its cross-range coordinate is−10 m. The time axis is
shifted so thatt = 0 corresponds to the “ballistic” (line of
sight) arrival time.

Fig. 3(a) shows the results for a waveguide containing no
random inhomogeneities. For that case, the regular pattern
observed corresponds to reflections off the waveguide walls. In
contrast, Fig. 3(b) shows the result for a waveguide containing
random inhomogeneities. There is still a dominant regular
pattern due to reflections from the boundaries as seen from the
comparison with Fig. 3(a). However, this signal is distorted due
to multiple scattering in the channel, in the sense that waves
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Fig. 3. Time traces of the amplitude recorded across the Tx plane due to
the pilot signal for the case in which DS·B ≈ 20.

resulting from the same order reflections off the boundaries
do not arrive at linearly delayed times at the various Tx array
elements.

In the situation shown, DS·B ≈ 32. The DS·B is approxi-
mately the same both with and without inhomogeneities,i.e.
for both simulations shown in Fig. 3, because the path arrival
times are dominated by the multiple reflections on the bound-
aries of the waveguide and not the random inhomogeneities.

Let us look in more detail at the time traces of the
baseband received signal at the center element of the Tx
array. Fig. 4(a) shows the results for a waveguide containing
no random inhomogeneities. Fig. 4(b) shows the result for a
waveguide containing random inhomogeneities. We observe
that the introduction of random inhomogeneities changes the
amplitudes of the reflected paths and spreads their arrival times
around the nominal arrival times.

We now investigate the ramifications of this additional
scattering in the channel on time reversal in terms of spatial
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Fig. 4. Time traces of the amplitude recorded at the center of the Tx array
due to the pilot signal for the case in which DS·B ≈ 32.

focusing and temporal compression.

B. Illustration of spatial focusing and temporal compression

We examine the focusing in space and compression in time
around the Rx resulting from the application of time reversal
by the elements of the Tx for the same propagation scenarios
as before. Our objective is to illustrate how the results differ
in waveguides with and without random inhomogeneities.

Fig. 5 shows simulation results of the amplitude of the
acoustic field on the Rx plane after time reversal processingat
the Tx. Here, the time axis is shifted so thatt = 0 corresponds
to the time of arrival of the peak signal at the Rx. The
equivalent channel impulse response at locations off the target
Rx has been calculated from (18).

Fig. 5(a) corresponds to the waveguide containing no ran-
dom inhomogeneities and Fig. 5(b) corresponds to the waveg-
uide containing random inhomogeneities. There is a sharp
focusing in space and a tight compression in time for both
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Fig. 5. Time traces of the amplitude recorded across the Rx-plane due to
the pilot signal for the case in which DS·B ≈ 20. Each signal is normalized
to its peak amplitude.

cases around the Rx. For the waveguide containing random
inhomogeneities, the acoustic energy away from the Rx in
space and time is smaller than the corresponding result for
the waveguide with no inhomogeneities. This is due to the
additional angular diversity introduced by scattering from the
inhomogeneities.

Let us look in more detail at the time traces of the received
signal after time reversal for the same situation as the one
shown in Fig. 4. Fig. 6(a) shows the results for a waveguide
containing no random inhomogeneities. Fig. 6(b) shows the
result for a waveguide containing random inhomogeneities.
In both cases we have normalized the peak signal to 1. We
observe that both curves show pulses that appear to be more
tightly compressed in time.
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Fig. 6. Time traces of the amplitude of the baseband equivalentchannel
impulse response at the Rx for the case in which DS·B ≈ 32.

C. Dependence of spatial focusing and temporal compression
on DS·B

We now illustrate how the spatial and temporal focusing
results depend on the DS·B. To do that, we keep the same
geometric configuration and bandwidth, and we vary the
absorption so as to have a varying DS·B product.

Fig. 7 shows the cross-range peak-to-sidelobe ratio as a
function of DS·B. The solid curves are for the waveguide
containing no random inhomogeneities and the dashed curves
are for the waveguide containing random inhomogeneities.
The results are shown for bothα = 0 and α = 0.3. In
Fig. 7 we observe the increase of the peak-to-sidelobe ratio
as the DS·B increases. Hence, the quality of spatial focusing,
according to the peak-to-sidelobe ratio, increases with DS·B.
For the waveguide containing random inhomogeneities, we
observe a nearly3 dB improvement in the cross-range peak-
to-sidelobe ratio in comparison with the waveguide with no
inhomogeneities. These results demonstrate that the scattering



0 20 40 60 80 100 120
6

8

10

12

14

16

DS.B

sp
a

ti
a

l p
e

a
k

−
to

−
si

d
e

lo
b

e
 r

a
ti

o
 (

d
B

)

α = 0  : without random inhomogeneities

            with random inhomogeneities

α = 0.3: without random inhomogeneities

             with random inhomogeneities
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no random inhomogeneities. The dashed curved is for the waveguide with
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due to random inhomogeneities yields an enhancement in
spatial focusing. We also observe that the spatial focusing
results are not influenced by our choice ofα.

To investigate the quality of temporal compression, we study
first the temporal peak-to-sidelobe ratio as defined in Section
II.
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Fig. 8. The temporal peak-to-sidelobe ratio as a function of DS·B. The solid
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dashed curved is for the waveguide with random inhomogeneities.

In Fig. 8, we plot the temporal peak-to-sidelobe ratio as a
function of DS·B. The solid curves are for the waveguide
containing no random inhomogeneities. The dashed curves
are for the waveguide containing random inhomogeneities.
The results are shown for bothα = 0 and α = 0.3. Fig. 8
shows the remarkable temporal compression properties of time
reversed signals. For both situations (with and without random
inhomogeneities), the temporal peak-to-sidelobe ratio isat

least 13 dB for all the values of DS·B values studied here.
The results for the channel with no random inhomogeneities

show a higher (better) temporal peak-to-sidelobe ratio than
those for the channel with random inhomogeneities. In par-
ticular, we observe a difference between the two cases of
approximately 2 dB. We have observed this difference over
several realizations of the random inhomogeneities. Moreover,
the temporal peak-to-sidelobe ratio does not vary significantly
with respect to DS·B in a waveguide with random inhomo-
geneities, whereas it reduces for a deterministic waveguide.
Although TR recompresses the signal in a temporal peak-to-
sidelobe sense, this improves with DS·B only in a waveguide
with random inhomogeneities. For the waveguide without
random inhomogeneities, the temporal peak-to-sidelobe ratio
decreases with increasing DS·B.

Here we observe that pulses with higher excess bandwidth
(higher percent excess bandwidthα) have, as expected, better
performance in terms of temporal compression.

One of the main results of this paper can be drawn from
the comparison of Fig. 8 and Fig. 7. This shows that scattering
due to random inhomogeneities in the medium adds only
angular diversity. The increase in angular diversity yields more
pronounced spatial focusing. However, it does not improve
temporal compression. Indeed it is made worse. In the case of
no random inhomogenities, the increase in DS·B also increases
spatial focusing, but decreases temporal compression.

D. ISI results

For a channel with large DS·B, ISI is inevitable with or
without TR. If there is ISI, the Rx must equalize this signal
prior to demodulating it in order to recover the bitstream sent
by the Tx. For the MISO-TR system we have shown using
numerical simulations that signals compress temporally. The
temporal compression indicates that TR may indeed reduce
the ISI in the channel.

We examine ISI for this MISO-TR system as a function of
DS·B. We would like the ISI to be as low as possible.
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In Fig. 9 we plot the ISI as a function of DS·B. The solid
curves are for the waveguide channel containing no random
inhomogeneities. The dashed curves are for the waveguide
containing random inhomogeneities. The results are shown
for both α = 0 and α = 0.3. Clearly, the application of
TR reduces the ISI, and the reduction increases as DS·B
increases. Moreover the ISI is higher in a waveguide with
random inhomogeneities than in a waveguide without random
inhomogeneities for the same DS·B.

The comparison of Fig. 8 and Fig. 9 can help us draw some
important conclusions. Even though Fig. 8 showed that TR
yields signals that are compressed in time, Fig. 9 shows that
there remains ISI in the channel becauseHTR(f) is not flat
over the bandwidth of interest and the zeros ofφ(t) at the
multiples of the symbol time are not preserved. The ISI results
for the waveguide containing random inhomogeneities are
larger than for the one without random inhomogeneities. This
difference is consistent with the temporal peak-to-sidelobe
ratio results shown in Fig. 8 in the sense that the performance
is better in a waveguide without random inhomogeneities.
However Fig. 9 shows that ISI, which is a metric more im-
portant for communications than the temporal peak-to-sidelobe
ratio, reduces as DS·B increases for waveguides both with and
without inhomogeneities. This is something that we cannot
observe by looking at Fig. 8.

Again we observe that pulses with higher excess bandwidth
(higher percent excess bandwidthα) have, as expected, better
performance in terms of temporal compression.

Arguably, ISI < 0.1 is not significant enough to affect
detection. However, equalization would still be needed at the
Rx prior to demodulation, especially in the case of finite
receiver noise and for the case of higher order modulations.

These simulations have been expressed for the high signal-
to-noise limit,i.e. we have assumed that the transmitters know
the original channel impulse responses perfectly. In reality
though, this channel state information will be contaminated
by instrument noise during the channel estimation stage of
the time-reversal process. In that case we expect to see a
deterioration of the ISI. However that analysis is beyond the
scope of this paper.

Finally, in our calculations, we have assumed that the
MISO-TR system operates at maximum spectral efficiency. In
other words, consecutive symbols are separated by exactly one
symbol period. The overall ISI can be reduced by rate back-off
in which subsequent symbols are delayed by more than one
symbol period at the expense of reduced transmission rate.
Similar conclusions have been made regarding MISO-TR for
indoor wireless [23], [24].

E. Signal detection at off-target locations

Although TR yields temporally compressed signals that help
to reduce ISI in the channel, the main value added in using
TR is spatial focusing. Thanks to spatial focusing, a MISO-TR
system can be used to transmit signals clearly to the desired
Rx, but these cannot be reliably decoded anywhere else using
the same type of single-receiver technology. Hence, MISO-TR
exhibits some LPI capability in this limited sense.

To show the LPI properties of the MISO-TR system, we
show in Fig. 10 the sampled received signal, as well as the
corresponding bit error rates (BER), at (a) z = zRx, (b)
z = zRx + λ, and (c) z = zRx + 2λ, assuming that 1000
consecutive symbols selected from a BPSK constellation have
been transmitted through the waveguide channel containing
random inhomogeneities (DS·B ≈ 50). For each plot, the
power of the received symbol is normalized by the value of
the equivalent channel impulse response att = 0, so as to
map the received signal to the originally transmitted BPSK
symbols±1. A hard decoder compares the sampled symbol
with 0, and determines that+1 had been transmitted if the
sampled signal is greater than0, and−1 otherwise. An error
occurs when the hard detector decision is different from the
transmitted signal. This can happen if the ISI (and possibly
the noise in the finite signal to noise ratio scenario) is high
enough for the received signal to be in the wrong decision
region.
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Fig. 10. BPSK constellation plots for 1000 bits transmitted through the
waveguide channel with DS·B ≈ 50 containing random inhomogeneities.
These constellation plots were obtained from the signaly(rRx, z, t) with (a)
z = zRx, BER = 0, (b) z = zRx + λ, BER = 0.22 and (c)z = zRx + 2λ,
BER = 0.61.

We observe in Fig. 10(a) that the symbols are clearly distin-
guishable at the Rx location. There is ISI (the sampled symbols
are spread about±1 and are not identically±1), consistent
with the results shown in Fig. 9. Therefore, one cannot use
an arbitrarily large constellation effectively due to thisISI.
In Fig. 10(b) we see that symbols are barely distinguishableat
best even though the signal is received at only one wavelength
away in cross-range from Rx. This situation becomes more
extreme at two wavelengths away in the cross-range from
the Rx as shown in Fig. 10(c). Therefore, our numerical
simulations confirm that this MISO-TR system has a limited
LPI capability in the sense that, when no equalization is
utilized at the receiver side, only the intended Rx can clearly
distinguish the symbols sent by the Tx.

The results shown above are for the case whereα = 0.3.



Similar performance is observed whenα = 0.
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Fig. 11. The bit-error-rate as a function of cross-range (z), presented at five
different down-range (r) locations: offsets of{−10λ, −5λ, +5λ, +10λ} as
well as in the correct focal locationrRx.

In order to generalize this result in the down-range, Fig. 11
shows the bit error rate (BER) as a function of the waveguide
cross-section at various down-rangesr. For these simulations
DS·B≈30. These estimates are for one realization of the
random inhomogeneities, but similar results are observed for
all other realizations. Clearly at ranges other than that ofthe
intended receiver, the BER is prohibitively high.

V. PRE-EQUALIZING THE CHANNEL

Simulation results in the previous sections show that the
pure time reversal scheme does not yield perfect ISI suppres-
sion. Suppose that the signal to be transmitted is pre-filtered by
a filter common to all the Tx elements before it goes through
the time reversal filters at each Tx element. Can such a filter
be designed to eliminate ISI? We investigate this question
by attempting a transmit-side zero-forcing to pre-equalize the
channel and thereby remove ISI.

For illustration of principle we are going to assume that
the percent excess bandwidth of the pulse-shaping functionis
α = 0, but the result can without loss of generality be applied
for arbitrary pulse shaping.

To do this we extend (7) by allowing the scalingA to depend
on frequency,i.e. we introduce a filterA(f) that is applied to

the signalX(f) before it goes through the time reversal filters
at the Tx elements. We denote the resulting equivalent channel
transfer function asHZF

eq (f):

HZF
eq (f) = A(f)Φ(f − f0)HTR(f), (25)

and we select

A(f) = Γ(f)

/ [
∫

B

|Γ(f)|2HTR(f)df

]1/2

(26)

where

Γ(f) =

{

(HTR(f))
−1

, |HTR(f)|−1 > δ,

1/δ, |HTR(f)|−1 ≤ δ,
(27)

with δ denoting a prescribed threshold value. Suppose that
γ(f) is non-zero for allf ∈ B andδ = 0. For that case, (25)
reduces to a perfectly flat channel. Hence, the signal recorded
at the Rx should be free of ISI. However, it is not known if
this generalization of time reversal compromises the quality of
spatial focusing. We investigate these issues using numerical
simulations.

A. Illustration of ZF effects

Fig. 12 shows the equivalent baseband channel impulse
response with and without ZF prefiltering at the transmitterfor
a waveguide with and without random inhomogeneities. The
time axis has been shifted so thatt = 0 corresponds to the
time of arrival of the strongest signal. We observe that although
the pulses both with and without ZF are compressed in time,
the introduction of ZF preserves the zeros of the equivalent
baseband channel impulse response at the integer multiplesof
the symbol time. This is not true for the equivalent channel
impulse response from (7).

Moreover, all signals in Fig. 12 have been generated after
having normalized the transmit power to 1. We observe a
significant decrease in peak power if ZF pre-equalization is
used. Indeed, it has been shown that time reversal as in (7)
is the scheme that delivers the highest peak power at the Rx
under a constant transmit power constraint [25].

In Fig. 13 we show the peak power of the equivalent
channel impulse response as a function of cross-range distance
from the Rx. We again observe that the peak power of the
equivalent channel impulse response with ZF pre- equalization
is lower than the equivalent channel impulse response from
(7), however it only appears to be offset relative to that and
not distorted.

B. Dependence of spatial focusing and ISI on DS·B
The application of a zero-forcing pre-equalizer eliminates

the ISI from the signal.
In Fig. 14 we show the cross-range peak to sidelobe ratio as

a function of DS·B for waveguides with and without inhomo-
geneities. The solid curves correspond to the standard time-
reversal system and the dashed curves are for the transmit-side
zero-forcing system. According to these numerical simulation
results, we observe that transmit side zero-forcing does not
compromise the relative spatial focusing of time reversal
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Fig. 12. Time traces of the power of the baseband equivalent channel impulse
response at the Rx with and without ZF for the case in which DS·B ≈ 32.

significantly. Therefore the cost of using transmit-side zero-
forcing compared with standard time reversal is only increased
complexity at the Tx. As shown earlier, the spatial focusing
is better in a waveguide with random inhomogeneities.

Fig. 12 showed that the introduction of the ZF pre-
equalization reduces the peak power at the Rx. In Fig. 15
we show the ratio of the peak powers with and without
ZF ηZF -TR(0)/ηTR(0) in a waveguide with random inhomo-
geneities. Clearly ZF pre-filtering reduces the peak power at
the intended receiver. The power penalty of applying a ZF
pre-equalizer increases as the DS·B decreases. Low DS·B
is due to high absorption. In that case, mainly low order
reflections dominate (small angles of arrival) and the signals on
all the elements of the transmit array are similar for all delays.
Therefore there is no significant averaging benefit from the
summation over the transmit elements:HTR is approximately
as frequency selective as each of theHm(f), and the ZF
prefilter equalizes the channel at the expense of peak power.
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Fig. 13. Traces of the peak power of the baseband equivalent channel impulse
response around the Rx with and without ZF for the case in which DS·B ≈ 32.

C. Illustration of LPI

We want to demonstrate that the introduction of the ZF does
not affect adversely the LPI properties of TR in the sense that
the signal suffers a significant loss of coherence away from the
intended receiver. Fig. 16 shows the constellation plots for this
modified system in a waveguide with random inhomogeneities.
All parameters are the same as in Fig. 10(b). We observe nearly
zero ISI at the Rx, but for any location away from the Rx, the
symbols cannot be successfully decoded.

Similar results are observed in a waveguide without random
inhomogeneities.

VI. CONCLUSIONS

We have studied the spatial focusing and temporal com-
pression properties of a MISO-TR system. Using numerical
simulations of acoustic wave propagation in a two dimensional
waveguide, we have investigated the effect on both spatial
focusing and temporal compression of the delay spread for
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a given system bandwidth. Moreover we repeated the calcula-
tions for deterministic and random waveguides. As our perfor-
mance indicators, we used both physical and communications
related metrics.

We found that the physical metrics for TR do not reflect
correctly the communications metrics as the delay spread in-
creases, especially in channels with random inhomogeneities.

Multiple scattering in the channel due to random inho-
mogeneities adds angular diversity thereby enhancing the
spatial focusing. However, this multiple scattering degrades
the temporal compression and increases ISI. The existence of
ISI indicates that equalization is needed before signal demod-
ulation despite the fact that the signal has been compressed
temporally.

We have found that, in line with expectation, time-reversal
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Fig. 16. The same as Fig. 10, but using the transmit-side zero-forcing pre-
filter. These constellation plots were obtained from the signal y(rRx, z, t)
with (a)z = zRx, BER = 0, (b) z = zRx + λ, BER = 0.17 and (c)z =
zRx + 2λ, BER = 0.65.

decreases the ISI. However, with increasing randomness in the
environment, the ISI is higher,even thoughthe spatial focusing
becomes tighter.

The spatial focusing properties indicate that this MISO-
TR system can transmit with LPI as indicated by a dramatic
increase in the BER away from the Rx for the case when no
equalization is used at the Rx. For example, our simulations
show that one can distinguish BPSK symbols clearly at the Rx,
but cannot reliably decode them at a location one wavelength
away from Rx. This rapid loss of coherence may contribute
to the overall security in future communication systems. The
deployment of superior technologies, or extreme luck on the
part of the eavesdropper can defeat this “physical security”
which therefore cannot be relied on exclusively.

We have proposed a transmit-side zero-forcing pre-filter. By
increasing the complexity of the signal processing at the Tx,
we have shown that this modified system mitigates nearly all
channel ISI. This happens at the expense of peak power at
the receiver. Most importantly, this additional processing at
the transmitter does not adversely affect the spatial focusing.
Therefore, this system has LPI without any ISI at the desired
Rx.
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APPENDIX: ABSORPTION MODEL

Suppose the acoustic fieldu(r1, z; f) over the planer = r1

is known. We seek the fieldu(r1 + δr, z; f) in terms of it. We



representu(r1, z; f) in terms of its Fourier series

u(r1, z; f) =

∞
∑

j=−∞

uj(r1; f)eiζjz, (28)

with
ζj = 2πj/Z0, (29)

and Z0 denoting the width of the waveguide. To propagate
this field to r2 = r1 + δr in the absence of absorption, we
compute

u(r2, z; f) =
∞
∑

j=−∞

uj(r2; f)eiζjz, (30)

with k = 2πf/c0, and (see e.g.[20] or [21])

uj(r2; f) = uj(r1; f)eikδr
√

1−ζ2

j
/k2

. (31)

We model absorption by applying a Gaussian filter on the
Fourier modes defined in (31). Hence, we replace (30) by

u(r2, z; f) =

∞
∑

j=−∞

vj(r2; f)eiζjz, (32)

with

vj(r2; f) = uj(r1; f)eikδr
√

1−ζ2

j
/k2

e−ζ2

j /w2

. (33)

Here, w denotes the width of the Gaussian filter. For our
simulations,20 ≤ w ≤ 80 yielded approximately20 ≤
DS·B ≤ 100.
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