A functional limit theorem for waves reflected by a random medium

George Papanicolaou^∗ Sophie Weinryb^†

February 8, 1996

Abstract

We introduce a class of distribution-valued stochastic processes that arise in the study of pulse reflection from random media and we analyze their asymptotic properties when they are scaled in a natural way.

Keywords Stochastic equations, limit theorems, random media, waves

AMS Classification 60H15, 35R60, 70B35

1 Introduction

Wave propagation in random media leads to many interesting and difficult problems in stochastic processes and differential equations. Several such problems arose in the study of pulse reflection from randomly layered media [4,2,15,10]. In this paper we give a more detailed mathematical analysis of the basic limit theorem used in [4] in the framework of reflected signal functionals introduced there. A comprehensive review of our work is given in [1].

In section 2 we formulate the acoustic pulse reflection problem for normally incident plane waves on a randomly layered half space and show how the study of the quantities of physical interest leads to the asymptotic analysis of a class of distribution-valued stochastic process, the reflection functionals of [4]. In section 3 these processes are considered in more detail and their asymptotic limit is analyzed in section 4 using a martingale formulation. The main technical issue in our analysis is the unique characterization and representation of the limit process. This is done partly by a duality argument that is useful in many other contexts in pulse reflection. The duality is defined and analyzed in section 6. The uniqueness of the limit process is given in section 5. The representation of the functional process is given in section 7.

The next step is to get limit theorems for a more general class of reflected signal functionals, the unsmoothed or localized functionals [4], which lead to more complex limit processes. They play an important role in the statistical inverse problems associated with pulse reflection [15].

∗Department of Mathematics, Stanford University, Stanford CA 94305 †Center de Mathematiques Appliquees, Ecole Polytechnique, 91128 Palaiseau Cedex, France

2 Formulation

We are interested in acoustic waves reflected by an one dimensional random medium. The physical problem and its scaling are discussed at length elsewhere [4]. We begin here with the mathematical problem in scaled and dimensionless form. The acoustic equations for the velocity u(t, x) and pressure p(t, x) with x ∈ R^1, are ρ(x) ∂u(t, x) ∂t + ∂p(t, x) ∂x = 0 1 ρ(x)c^2(x) ∂p(t, x) ∂t + ∂u(t, x) ∂x = 0 (2.1)

Here ρ(x) and c(x) are the density and local sound speed of the medium, respectively. We assume that the random medium occupies the negative half space x < 0 and that the medium is nonrandom and homogeneous in x > 0. Waves are incident on the random half space x < 0 from the homogeneous half space x > 0. As in [4], we model the random medium by

ρ(x) = ρ_0(x) [ 1 + η( x ε^2 ) ] (2.2) 1 ρ(x)c^2(x) = 1 ρ_0(x)c^2_0(x) [ 1 + ν( x ε^2 ) ] (2.3)

where ρ_0(x) and c_0(x) are deterministic functions of x ∈ R^1 that are infinitely differentiable, uniformly positive, bounded and identically equal to constants ρ_0 and c_0 in x > 0. The fluctuations η(y) and ν(y) are given stationary, mean zero stochastic processes with values in some interval [−β, β] with β < 1 so that ρ and c in (2.2),(2.3) do not change sign. In the homogeneous half space x > 0 the fluctuations are zero. The parameter ε > 0 is the ratio of a typical microscopic to a macroscopic length scale and is assumed to be small so that the fluctuations are rapidly varying. Note that we do not assume that they are small. To simplify the analysis we will assume that η(y) and ν(y) are mean zero, stationary Markov processes with strong ergodic properties although it is known [8] how to handle much more general, fluctuating coefficients. Define the travel time τ(x) = ∫_x 0 1 c_0(s) ds (2.4) for all x so that τ is negative for x < 0 and τ = x/c_0 for x > 0. Let ξ(τ) be its inverse function that is zero at τ = 0. Clearly dτ dx = 1 c_0(x) , dξ dτ = c_0(ξ(τ)) (2.5)

Equations (2.1) are provided with initial and boundary conditions by specifying that a pulse is incident from the positive half space u = 1 (c_0ρ_0)^{1/2} 1 √ ε f( t + τ ε )

p = −(ρ_0c_0)^{1/2} 1 √ ε f( t + τ ε ) (2.6)

for t < 0, with u and p continuous at x = 0. The pulse shape f is a smooth function of compact support in (0, ∞). Note the scaling of the incident pulse: its width is of order ε and is thus intermediate to the microscopic scale ε^2 and the macroscopic scale 1. This is a good scaling for a pulse intended as a probe of the random medium [4]. The amplitude factor ε^{−1/2} in (2.6) is not essential and serves to normalize the incident wave energy independently of ε.

We introduce the change of variables

u(t, x) = (ρ_0c_0)^{−1/2}ũ(t, τ)

p(t, x) = (ρ_0c_0)^{+1/2}p̃(t, τ) (2.7) and let ζ = 1 ρ_0c_0 d dτ (ρ_0c_0) (2.8)

where we may think of ρ_0 and c_0 as functions of x or of τ with ρ_0(τ) being ρ_0(ξ(τ)) and similarly for c_0(τ). From (2.1) and (2.7) we derive equations for ũ and p̃

(1 + η)ũ_t + p̃_τ + 1 2 ζp̃ = 0

(1 + ν)p̃_t + ũ_τ − 1 2 ζũ = 0 (2.9)

We now introduce right and left traveling waves A and B through

ũ = A + B, p̃ = A − B (2.10)

which satisfy the hyperbolic system

A_t + A_τ + mA_t + nB_t − 1 2 ζB = 0 B_t − B_τ + nA_t + mB_t + 1 2 ζA = 0 (2.11)

with A = 0, B = 1 √ ε f( t + τ ε ) (2.12)

for t < 0. This is equivalent to the initial conditions A(0, τ) = B(0, τ) = 0 , τ < 0 and the boundary condition B(t, 0) = ε^{−1/2}f(t/ε) , t > 0. The quantity of principal interest in our asymptotic analysis is the reflected wave amplitude A(t, τ) evaluated at the interface τ = 0 and for times t > 0. In (2.11) we have used the notation

m = m^ε(τ) = 1 2 [ η(ξ(τ)/ε^2) + ν(ξ(τ)/ε^2) ]

n = n^ε(τ) = 1 2 [ η(ξ(τ)/ε^2) − ν(ξ(τ)/ε^2) ] (2.13)

We can write the right going wave amplitude A as a linear functional of the left going wave amplitude B A(t, τ) = ∫_t 0 R(t − s, τ)B(s, τ)ds , t ≥ 0 , τ ≤ 0 which we also write in short as A = R ∗ B . The convolution operator with kernel R(t, τ) is the reflection operator. It is easily seen by direct computation and (2.11) that it satisfies the nonlinear hyperbolic equation

R_τ + 2(1 + m)R_t + n(δ + R ∗ R)_t − ζ 2 (δ − R ∗ R) = 0, (2.14) with t ≥ 0 , τ ≤ 0, R(0, τ) ≡ 0 and with δ = δ(t) the Dirac delta function. This equation is easily solved by Fourier transforms (cf. (2.17)). We are interested in the reflected amplitude at the interface τ = 0 A(t, 0) = ∫_t 0 R(t − s, 0) 1 √ ε f( s ε )ds (2.14a) and so we must determine R(s, 0) for 0 ≤ s ≤ t. The fact that the fluctuation processes η and ν are bounded by a constant β less than one and the relation (2.13) imply that |m| < β. Therefore the characterisics of (2.14) have always positive slope in the (τ, t) plane and for any fixed t the domain of dependence of R(s, 0) , 0 ≤ s ≤ t is a subset of the region {−L ≤ τ ≤ 0} ∩ {0 ≤ s ≤ t} for some L large that depends on t, L > t/2(1 − β). We may therefore assume that R(s, −L) ≡ 0 for all s ≥ 0 if we are only interested in R(s, 0) for 0 ≤ s ≤ t.

We will analyze the reflected signal A(t, 0), t > 0, using Fourier transforms in time and an invariant imbedding representation of the time-harmonic reflection coefficient. Let Â(τ, ω) = ∫ e^{iωt/ε}A(t, τ)dt , B̂(τ, ω) = ∫ e^{iωt/ε}B(t, τ)dt be the Fourier transforms of the right and left going wave amplitudes with frequency ω scaled relative to the width of the incident pulse. Then Â and B̂ satisfy the ordinary differential equations d dτ [^ A B̂ ] = iω ε [ 1 + m n −n −1 − m ] [^ A B̂ ] + ζ 2 [ 0 1 1 0 ] [^ A B̂ ] (2.15)

For any solution Â(τ, ω), B̂(τ, ω) of (2.15) let R̂(τ, ω) = Â(τ, ω) B̂(τ, ω). (2.16) Then R̂ satisfies the stochastic Riccati equation dR̂ dτ = iω ε { 2(1 + m)R̂ + n(1 + R̂^2) } + ζ 2 (1 − R̂^2) (2.17)

which is the Fourier transform of (2.14). It is to be solved in some interval −L < τ ≤ 0 with R̂(−L, ω) specified. Here L is a positive constant which represents the width of a layer of random medium in terms of travel time. The solution of (2.17) at τ = 0, R̂(0, ω), is the reflection coefficient at frequency ω of the layer −L < τ ≤ 0 when R̂ is specified at τ = −L.

The reflected amplitude A(t, 0), t > 0 is given by (2.14a) or, using Fourier transforms and R̂, by A(t, 0) = 1 2π √ ε ∫_∞ −∞ e^{−iωt/ε}f̂ (ω)R̂(0, ω)dω. (2.18) Here f̂(ω) is the Fourier transform of the incident pulse shape f in (2.12). Note that in (2.18), R̂(0, ω) depends on the layer width1 L and the value of R̂ at τ = −L. However, because of the hyperbolic nature of (2.11)-(2.12), for any t fixed, 0 < t < ∞, the reflected process A(t, 0) does not depend on L or R̂(−L, ω) if L is sufficiently large, for example L > t/2(1 − β), as we noted below (2.14a). In that case we can use (2.18) to represent the reflected process where R̂(0, ω) is the solution of (2.17) with any given initial condition at τ = −L, for example R̂(−L, ω) = 0. The hyperbolic nature of the initial-boundary value problem (2.11)-(2.12), and the finite propagation speed in particular, imply that the reflected signal observed at the interface τ = 0 (or x = 0) at time

1In travel time units.

t does not depend on the properties of the medium in the region τ ≤ −L if L > t/2(1 − β). Thus, even though for each frequency ω the reflection coefficient at τ = 0, R̂(0, ω), contains information about material properties in all of the inhomogeneous half space τ < 0, the reflected signal up to time t given by the Fourier integral (2.18) sees only a finite region −L ≤ τ ≤ 0. This observation is important for the analysis that follows because it allows us to use Markovian ideas and techniques.

It is clear from (2.18) that in order to study A(t, 0) in the limit ε → 0, it is necessary to know the process R̂(τ, ω) simultaneously for all ω ∈ R. While for each ω fixed the analysis of (2.17) as ε → 0 is well known [9,14], the main purpose of this paper is to analyze the process A(t, 0), 0 < t < ∞ in the limit ε → 0 and this requires some new techniques.

3 The Functional Process

In [4] we noted that because A(t, 0) in (2.18) is not stationary and because of the nature of the scaling, it is necessary to introduce a windowed version of this process, namely the process A(t + εσ, 0) with σ the window time parameter. We will introduce windowing in a somewhat different way in this paper. We will also denote A(t, 0) by A(t) throughout.

Let g(t) be a smooth function in R^1 that decays rapidly at infinity and such that ∫ R^{1 g2(s)ds = 1 (3.1)}

Let A_g(t, ω) be defined by A_g(t, ω) = ∫_∞ −∞ A(s)e^{iωs/ε} 1 ε g( t − s ε )ds (3.2) which is the windowed Fourier transform of A at t with g the window function. The reflected signal A(t) can be recovered from A_g (t, ω) by the inversion formula [5] A(t) = 1 2π ∫_∞ −∞ ∫_∞ −∞ A_g(s, ω)e^{−iωt/ε} 1 ε g( s − t ε )dωds (3.3) where we assume that A(t) is smooth. Note that 1 2π ∫_∞ −∞ A_g(t, ω)e^{−iω(t/ε−τ )}dω = A(t − ετ)g(τ) (3.4) Note also that if we use the representation (2.18) in (3.2) we get A_g(t, ω) = 1 2π √ ε ∫ e^{−iω1t/ε}ĝ(ω_1)f̂(ω + ω_1)R̂(0, ω + ω_1)dω_1 (3.5)

The quantity of principal interest to us is the local power spectral density of the signal A(t) |A_g(t, ω)|^2 = 1 (2π)^2ε ∫ e^{−iω1t/ε}ĝ(ω_1)R̂_f (ω + ω_1)dω_1

· ∫ e^{iω2t/ε}ĝ^∗(ω_2)R̂^∗_f (ω + ω_2)dω_2 (3.6)

where R̂_f (ω) = f̂(ω)R̂(0, ω) (3.7)

If we let ω_1 = ω̃ − εh 2 , ω_2 = ω̃ + εh 2 (3.8)

then |A_g(t, ω)|^2 = 1 (2π)^2 ∫ ∫ e^{iht}ĝ(ω̃ − εh 2 )ĝ^∗(ω̃ + εh 2 ) ·R̂_f (ω + ω̃ − εh 2 )R̂^∗_f (ω + ω̃ + εh 2 )dω̃dh (3.9) The local power spectral density is smoothed by both the pulse shape function f and by the window function g. Formally, as ε tends to zero we may write |A_g(t, ω)|^2 ≈ 1 (2π)^2 ∫ [ |ĝ(ω̃)|^2|f̂(ω + ω̃)^2 · ∫ e^{iht}R̂(0, ω + ω̃ − εh 2 )R̂^∗(0, ω + ω̃ + εh 2 )dh ] dω̃ This expression is formal because the integral with respect to h does not converge in general. If we smooth |A_g(t, ω)|^2 in t with a function ϕ ∈ C^∞_0 (R) then (3.9) simplifies correctly, as ε tends to zero, to ∫ ϕ(t)|A_g(t, ω)|^2dt ≈ 1 (2π)^2 ∫ [ |ĝ(ω̃)|^2|f̂(ω + ω̃)|^2 ∫ ϕ̂(h)R̂(0, ω + ω̃ − εh 2 )R̂^∗(0, ω + ω + εh 2 )dh ] dω̃ (3.10)

If the smoothing in time is removed as ε → 0 we have instead of (3.10) ∫ ϕ_ε(T − t)|A_g(t, ω)|^2dt ≈ 1 (2π)^2 ∫ [ (ĝ(ω̃)|^2|f̂(ω + ω̃)|^2 ∫ e^{ihT} ϕ̂^∗_ε (h)R̂(0, ω + ω̃ − εh 2 )R̂^∗(0, ω + ω̃ + εh 2 )dh ] dω̃ where ϕ_ε(t) tends to the delta function δ(t) as ε → 0. For example ϕ_ε(t) = ε^{−1}ϕ(tε^{−1}) with ϕ(t) ∈ C^∞_0 and ∫ ϕ(t)dt = 1. From the above considerations we conclude that the quantity of interest to us is ∫ e^{iht}R̂(0, ω − εh 2 )R̂^∗(0, ω + εh 2 )dh (3.11)

when suitably smoothed. We will actually study the more general quantity W^{N M} (τ, t, ω) = ∫ e^{iht}R̂^N (τ, ω − εh 2 )R̂^{∗M} (τ, ω + εh 2 )dh (3.12)

which is only a formal expression in this unsmoothed form. To make sense of (3.12) we need to introduce an appropriate space of smoothing or test functions.

Let S denote the space of complex valued infinitely differentiable functions f in R^2 that are rapidly decreasing^2 at infinity and let

S_H = { λ = (λ^{N M} ), N ≥ 0, M ≥ 0|(λ^{N M} )^∗ = λ^{M N} , λ^{M N} ∈ S, 2This means that for every pair of integers p and q and every derivative D^q in t and ω of total order q, j[(1 + t^2)(1 + ω^2)]^{p/2}D^qf j is uniformly bounded.

and(NM)^pλ^{N M} ∈ S for each integer p ≥ 1, uniformly in N, M } (3.13)

which is the space of hermitian matrices whose entries are infinitely differentiable in t and ω and they and all their t and ω derivatives are rapidly decreasing as functions of t, ω, N and M. This space is endowed with the convergence

λ_n → λ in S_H as n → ∞

if for each pair of integers p, q and each derivative D^q in t and ω of total order q, [(1 + t^2)(1 + ω^2)]^{p/2}(NM)^pD^q (λ^{N M}_n − λ^{N M} ) converges to 0 as n → ∞, uniformly in t, ω, N and M. If on S_H we introduce the bilinear form

⟨λ_1, λ_2⟩ = ∫ ∫ R^{2 dtdω} ∞∑ N,M =0 λ^{N M}_1 λ^{M N}_2 (3.14)

then the space of distributions S^′_H can be identified with the dual of S_H , as usual.

From the formal expression (3.12) we see that if λ ∈ S_H then W_λ = ⟨W, λ⟩ = ∫ ∫ R^{2 dtdω} ∞∑ N,M =0 W^{N M} λ^{M N}

= ∫ ∫ R^{2 dtdω} ∞∑ N,M =0 λ^{M N} (t, ω) ∫ e^{iht}R̂^N (τ, ω − εh 2 )R̂^{∗M} (τ, ω + εh 2 )dh

= ∞∑ N,M =0 ∫ ∫ R^{2 λ̂M N (h, ω)R̂N (τ, ω − εh}2^{)R̂∗M (τ, ω + εh}2^{)dωdh (3.15)} is well defined. Therefore, starting with the solution R̂(τ, ω), −L ≤ τ ≤ 0 of (2.17) we can define a family of stochastic processes W^ε(τ) with values in S^′_H . That is, for each ε > 0, we have a probability measure P^ε on the space of continuous functions on −L ≤ τ ≤ 0 with values in S^′_H . The continuity of ⟨W^ε(τ), λ⟩ as a function of τ when ε is positive follows from (2.17). The scalar valued process ⟨W^ε(τ), λ⟩ will also be denoted by W^ε_λ(τ).

The preceding process can be considered as a polynomial of degree 1 of W and we can define in the same way multinomial functionals of W of degree p. Let S^p denote the space of complex valued, rapidly decreasing, infinitely differentiable functions in R^{2p} and let

S^p_H = { λ = (λ^{N1M1...NpMp} ), N_i ≥ 0, M_i ≥ 0 | (λ^{N1M1...NpMp} )^∗ = λ^{M1N1...MpNp} , (N_1M_1...N_pM_p)^qλ^{N1M1...NpMp} ∈ S^p for each integer q,

uniformly in N_1M_1...N_pM_p} (3.13^′)

S^p_H is endowed with the same convergence as S_H and on S^p_H we can define the bilinear form.

⟨λ_1, λ_2⟩ = ∫ ... ∫ R^{2p dt1...dtpdω1...dωp} · ∑ N1...Mp λ^{N1M1...NpMp} 1 (t_1, ..., ω_p)λ^{M1N1...MpNp} 2 (t_1, ..., ω_p) (3.14^′)

We can now define a family of multinomial functionals of degree p, F^{(p)} on (S^p_H )^′ by

F^{(p)} = ⟨ W^{(p)}, λ ⟩ = ∫ ... ∫ R^{2p dt1, ..., dtpdω1...dωp}

· ∑ N1...Mp W^{N1M1} (t_1, ω_1)...W^{NpMp} (t_p, ω_p)λ^{M1N1...MpNp} (t_1, ..., ω_p) (3.15^′) where W^{(p)} is the p-fold tensor product W^{(p)} = W ⊗ ... ⊗ W .

It is easy to see that the probability measure P^ε on X = C([−L, 0]; S^′_H), the continuous functions on [−L, 0] with values in S^′_H , are tight. From the theorem of Mitoma and Fouque [12,6] it is enough to verify that for each λ ∈ S_H a Kolmogorov moment condition holds, such as

lim sup ε↓0 E^{P ε} { |W_λ(τ_2) − W_λ(τ_1)|^4 } ≤ C|τ_2 − τ_1|^2, −L ≤ τ_1 ≤ τ_2 ≤ 0, (3.16)

where C is a constant that depends on λ and L but not on ε. This estimate follows easily from properties of (2.17) under the hypotheses on the random coefficients m and n introduced in section 2, and in more detail in the next section, but it necessary to first transform R̂.

We introduce the centered reflection coefficient R̃ by R̂(τ, ω) = e^{2iωτ /ε}R̃(τ, ω). (3.17) It satisfies a modified form of (2.17) dR̃ dτ = iω ε ( 2mR̃ + ne^{−2iωτ /ε} + ne^{2iωτ /ε}R̃^2 ) + ζ 2 ( e^{−2iωτ /ε} + R̃^2e^{2ωτ /ε} ) (3.18)

with R̃ specified at τ = −L. Since the quantity of interest R̃(0, ω) is not affected by this change of phase we will now assume that R̂ in (3.15) is replaced by R̃. We will continue to denote the S^′_H valued process by W^ε(τ).

From (2.17) or (3.18) we always have that |R̃| ≤ 1 , (3.19) as can be verified by direct calculation from (3.18) provided that |R̃(−L, ω)| ≤ 1, and that

lim sup ε↓0 E { |R̃(τ_2) − R̃(τ_1)|^4 } ≤ C̃(τ_2 − τ_1)^2 , −L ≤ τ_1 ≤ τ_2 ≤ 0. (3.20)

The proof of (3.20) is contained in the general results given in [3,13,11]. Properties (3.19) and (3.20) yield (3.16) easily. Note in particular that for −L ≤ τ ≤ 0 |W^ε_λ (τ)| ≤ C(λ) (3.21) uniformly in ε, where C(λ) is a constant that depends on λ and L.

4 The Limit Process

The coefficient processes m and n that appear in (2.17) are defined by (2.13). We will denote (m^ε(τ), n^ε(τ)) by q^ε(τ) and assume, as noted below (2.3), that q^ε(τ) is a stationary Markov process with state space [−β, β]^2. We actually assume that the fluctuation processes η and ν in (2.2) and (2.3) are Markovian so that by (2.5) and (2.13) the generator of q^ε(τ) will have the form 1 ε^2 c_0(τ)Q (4.1)

where Q is a generator acting on bounded measurable functions on [−β, β]^2 and is assumed to be bounded for simplicity. We assume that Q is strongly ergodic which means that there is an invariant measure p̄ on [−β, β]^2 for the process generated by Q and if g is any bounded measurable function on [−β, β]^2 the equation Qχ + g = 0 (4.2)

has a bounded solution χ = −Q^{−1}g provided that ∫ [−β,β]2 g(q)p̄(dq) = 0 (4.3)

which is the Fredholm alternative for Q. The solution χ is made unique by assuming that ∫ [−β,β]2 χ(q)p̄(dq) = 0 (4.4)

Condition (4.3) is the zero mean property of the fluctuations m and n which follows from the zero mean properties of η and ν in (2.2) and (2.3) via (2.13).

With this definition of m and n in (3.18) the process R̃(τ, ω) is well defined and it is jointly Markovian along with q^ε(τ). From (3.15) it follows that q^ε(τ) and W^ε_λ (τ) are jointly Markovian with state space [−β, β]^2 × S^′_H . When τ < 0 this process does not have a physical interpretation and is not related directly to the original scattering problem (2.11), (2.12). However, at τ = 0, if the test function λ has compact support in t and if L is large enough, then we recover a smoothed version of the quantity (3.12) which is related to the reflected amplitude (2.18). We use here the remarks following (2.18) regarding the hyperbolicity of (2.11), (2.12) in order to get this identification.

Let F be a smooth function from [−β, β]^2 × R → R. We will calculate the generator of (q^ε(τ), W^ε(τ)) on functions of the form F (q, W_λ) with λ ∈ S_H . Since the generator of the process q^ε is given by (4.1) with Q bounded, we see that d dh E_{W,q,τ} {F (q^ε(h), W^ε_λ(h))} |_{h=0} = c_0(τ) ε^2 QF (q, W_λ) + F^′(q, W_λ) { 1 ε ⟨ W, H_1(q, τ, τ ε )λ ⟩ + ⟨ W, H_2(q, τ, τ ε )λ ⟩} (4.5)

Here F^′ denotes derivative of F with respect to its second argument and E_{W,q,τ} is conditional expectation given that q^ε(τ) = q, W^ε(τ) = W ∈ S^′_H . The explicit expression for the generators H_1 and H_2 in (4.5), which map S_H into S_H , are obtained from (3.15) (with R̂ replaced by R̃) and (4.6). In fact d dτ ⟨W^ε(τ), λ⟩ = 1 ε ⟨ W^ε(τ), H_1(q^ε(τ), τ, τ ε )λ ⟩

+ ⟨ W^ε(τ), H_2(q^ε(τ), τ, τ ε )λ ⟩ (4.6)

A long but straightforward calculation now gives (H_1(q, τ, l)λ)^{N M}(t, ω) = −2iωm(N − M)λ^{N M} (t, ω) +iωn { (M + 1)e^{−2iωl}λ^{N M +1}(t − τ, ω) + (M − 1)e^{2iωl}λ^{N M −1}(t + τ, ω) −(N + 1)e^{2iωl}λ^{N +1M} (t − τ, ω) − (N − 1)e^{−2iωl}λ^{N −1M} (t + τ, ω) } (4.7)

where q = (m, n) and it is to be noted that H_1 does map S_H into S_H . Similarly we have (H_2(q, τ, l)λ)^{N M}(t, ω) = m(N + M) ∂ ∂t λ^{N M} (t, ω)

+ n 2 ∂ ∂t { (M + 1)e^{−2iωl}λ^{N M +1}(t − τ, ω) + (M − 1)e^{2iωl}λ^{N M −1}(t + τ, ω) +(N + 1)e^{2iωl}λ^{N +1M} (t − τ, ω) + (N − 1)e^{−2iωl}λ^{N −1M} (t + τ, ω) }

+ ζ(τ) 2 { (M + 1)e^{−2iωl}λ^{N M +1}(t − τ, ω) + (M − 1)e^{2iωl}λ^{N M −1}(t + τ, ω) +(N + 1)e^{2iωl}λ^{N +1M} (t − τ, ω) + (N − 1)e^{−2iωl}λ^{N −1M} (t + τ, ω) } (4.8)

Let L^ε_τ denote the operator on the right side of (4.5), acting linearly on F. We can now summarize the definition of (q^ε(τ), W^ε(τ)) by saying that there is a unique probability measure on X̃ = C([−L, 0]; [−β, β]^2 × S^′_H ), denoted by P̃^ε, ε > 0, such that for each λ ∈ S_H and each smooth F : [−β, β]^2 × R → R the functional F (q(s), W_λ(s)) − F (q(τ), W_λ(τ)) − ∫_s τ L^ε_γ F (q(γ), W_λ(γ))dγ (4.9) is a P̃^ε martingale for all s ≥ τ, relative to the natural σ -algebras on X̃. If F depends on τ explicitly then the generator L^ε_γ must be replaced by^∂_{∂γ} + L^ε_γ in (4.9).

The laws P^ε of W^ε(τ), −L ≤ τ ≤ 0, on X = C([−L, 0]; S^′_H), ε > 0, are a tight family as noted at the end of section 3. The limit law can be identified using the martingales (4.9) with a suitable choice of function F.

The choice of the test function F for the asymptotic analysis is made in the usual way [13] based on perturbation theory. Given a smooth function F : R^+ × R → R we shall construct a function F^ε = F^ε(q, W_λ, τ) which goes to F as ε → 0 and such that ( ∂ ∂τ + L^ε_τ )F^ε → ( ∂ ∂τ + L_τ )F (4.10)

This construction is done in several stages. First, based on our assumptions (4.1)-(4.4) regarding the coefficient process q, we introduce the bounded, mean zero solutions χ_m and χ_n of

Qχ_m + m = 0, Qχ_n + n = 0 (4.11) Set F̃^ε = F + ε c_0(τ) F^′ ⟨W, H^χ_1 λ⟩ + ε^2 c_0(τ)

F^′ ⟨W, H^χ_2 λ⟩ (4.12)

where F^′ denotes derivative of F with respect to the argument corresponding to W_λ and H^χ_1 and H^χ_2 denote the operators defined by (4.7) and (4.8), respectively, with m and n replaced by χ_m and χ_n everywhere. By direct calculation we find that

L^ε_τ F̃^ε = L̃^ε_τ F + ε c_0 { F^′ ⟨W, H_1H^χ_2 λ⟩ + F^{′′} ⟨W, H_1λ⟩ ⟨W, H^χ_2 λ⟩ +F^′ ⟨W, H_2H^χ_1 λ⟩ + F^{′′} ⟨W, H_2λ⟩ ⟨W, H^χ_1 λ⟩ }

+ ε^2 c_0 { F^′ ⟨W, H_2H^χ_2 λ⟩ + F^{′′} ⟨W, H_2λ⟩ ⟨W, H^χ_2 λ⟩ } (4.13)

where L̃^ε_τ F = 1

c_0 { F^′ ⟨W, H_1H^χ_1 λ⟩ + F^{′′} ⟨W, H_1λ⟩ ⟨W, H^χ_1 λ⟩ } (4.13^′)

The coefficients of ε and ε^2 in (4.13) are bounded as ε tends to zero so we shall write O(ε) after L̃^ε_τ F. Let L̄^ε_τ F denote the expectation of L̃^ε_τ F with respect to the invariant measure p̄ of the coefficient process q(τ), defined in (4.1)-(4.4). If we replace F̃^ε by

F̃^ε − ε^2

c_0

Q^{−1}[L̃^ε_τ F − L̄^ε_τ F ] (4.14)

then for the new F̃^ε we have L^ε_τ F̃^ε = L̄^ε_τ F + O(ε) (4.15)

Finally let L_τ F be the average of L̄^ε_τ F with respect to the rapid phase variations of the trigonometric functions in (4.7) and (4.8). In fact, to distinguish the τ dependence of L̄^ε_τ F due to the rapid variation of l = τ/ε and the slow variation τ we write it in the form L̄^ε_{τ,τ /ε}F. Then if we replace F̃^ε by F̃^ε + ε ∫_∞ 0 e^{−δs}(L̄^ε_{τ,s+τ /ε}F − L_τ F )ds (4.16) we find that ( ∂ ∂τ + L^ε_τ )F̃^ε = L_τ F + 0(ε) +δ ∫_∞ 0 e^{−δs}(L̄^ε_{τ,s+τ /ε}F − L_τ F )ds (4.17) The last term in (4.17) can be made small uniformly in ε by choosing δ small. This follows from the periodic (or almost periodic in general) dependence of H_1 and H_2 on l = τ/ε.

In this way we have a sequence of test function F^ε(q, W_λ, τ) such that (4.10) holds and F^ε → F (W_λ) as ε → 0. We can now pass to the limit in the martingale (4.9). A subsequence of the measures P^ε converges weakly to a measure P and the functionals converge strongly by the above construction so that in the limit ε → 0, the functional

F (W_λ(s)) − F (W_λ(τ)) − ∫_s τ L_γ F (W_λ(γ))dγ (4.18)

is a P martingale for every smooth and bounded function F : R → R and every test function λ ∈ S_H . The limit generator L_τ can be computed explicitly from (4.13’) by averaging with respect to the invariant measure p̄ and with respect to the fast phase. It has a particularly simple form when F (W_λ) = W_λ. Then L_τ W_λ = ⟨ W, L^{(1)}_τ λ ⟩ (4.19)

where (L^{(1)}_τ λ)^{N M} (τ, t, ω) = −4ω^2α_{mm}(N − M)^2λ^{N M} (t, ω)

+2ω^2α_{nn} { (M + 1)(N + 1)λ^{N +1,M +1}(t − 2τ, ω)

−(M^2 + N^2)λ^{N M} (t, ω) +(M − 1)(N − 1)λ^{N −1,M −1}(t + 2τ, ω) } (4.20)

The coefficients α_{mm} and α_{nn} in (4.20) are given by

α_{mm} = α_{mm}(τ) = 1 c_0(τ) ∫_∞ 0 E {m(z)m(0)}dz, α_{nn} = α_{nn}(τ) = 1 c_0(τ) ∫_∞ 0 E {n(z)n(0)} dz (4.21) Note that this notation differs from the one in [4] where the factor c^{−1}_0 is not included in the definition of α_{mm} and α_{nn}.

Instead of working out the form of the generator L_τ for general F (W_λ), not necessarily the linear functions (4.19), we will give it for multilinear functions of arbitrary degree p. For p > 1 the space of test function S^p_H , the inner product and the multinomial functions F^{(p)}(W ) are defined by (3.13’),(3.14’) and (3.15’) respectively. For such functions F^{(p)} the generator L_τ takes the form

L_τ F^{(p)}(W ) = ⟨ W ⊗ ... ⊗ W, L^{(p)}_τ λ^{(p)} ⟩ (4.22)

where (L^{(p)}_τ λ^{(p)})^{N1M1N2M2...NpMp} (t_1, ω_1, t_2, ω_2, ..., t_p, ω_p) = p∑ i=1 L^{(1),i}_τ λ^{(p)} + ∑ 1≤i<j≤p B^i_τ B^j_τ λ^{(p)} (4.23)

In (4.23) L^{(1),i}τ denotes the generator L^{(1)}τ of (4.20) acting on λ^{(p)} as a function of its i-th indices N_i, M_i and its i-th arguments t_i, ω_i. The operators B^i_τ act multiplicatively and

B^i_τ = 2 √ −1 √ 2α_{mm}ω_i(M_i − N_i) (4.24)

The imaginary unit is written as √ −1 to avoid notational conflict with the indices.

5 Uniqueness

The laws P^ε of W^ε(τ), −L ≤ τ ≤ 0 on X = C([−L, 0]; S^′_H) have a weakly convergent subsequence which converges to a law P for which ⟨W (s), λ⟩ − ⟨W (τ), λ⟩ − ∫_s τ ⟨ W (γ), L^{(1)}_γ λ ⟩ dγ (5.1) is a martingale for each λ ∈ S_H and with L^{(1)}_τ defined by (4.20). This follows from (4.18) and (4.19). The same is true for multinomial functionals of degree p defined by (3.15’), in view of (4.22), (4.23), so that ⟨ W^{(p)}(s), λ^{(p)} ⟩ − ⟨ W^{(p)}(τ), λ^{(p)} ⟩ − ∫_s τ ⟨ W^{(p)}(γ), L^{(p)}_γ λ^{(p)} ⟩ dγ (5.2) is also a P martingale. We will show that these properties characterize the measure P uniquely.

If in the definition (4.20) of L^{(1)}_τ we replace λ^{N M} (t, ω) by λ^{N M} (t + (N + M)τ, ω), which we will also denote by λ^{N M} (t, ω), and if λ^{N M} depends explicitly on τ as well then, ( ∂ ∂τ + L^{(1)}_τ ) λ^{N M} (τ, t, ω) = ∂ ∂τ λ^{N M} (τ, t, ω) + (N + M) ∂ ∂t λ^{N M} (τ, t, ω) −4ω^2α_{mm}(N − M)^2λ^{N M} (τ, t, ω) + 2ω^2α_{nn} { (M + 1)(N + 1)λ^{N +1M +1}(τ, t, ω)

−(M^2 + N^2)λ^{N M} (τ, t, ω) + (M − 1)(N − 1)λ^{N −1M −1}(τ, t, ω) } (5.3)

The process W is defined by (3.15) relative to test functions λ in S_H and since the quantity of physical interest is W at τ = 0, it makes no difference if we shift the t argument of λ by (N + M)τ as above. We will assume in the sequel that W has been defined this way.

Suppose now that λ ∈ S_H and that we can find a λ(τ) ∈ S_H , −L ≤ τ ≤ 0 such that ( ∂ ∂τ + L^{(1)}_τ ) λ = 0 (5.4)

with λ(0) equal to the given λ ∈ S_H . Then since ⟨W (0), λ(0)⟩ − ⟨W (−L), λ(−L)⟩ − ∫_0 −L ⟨ W (s), ( ∂ ∂s + L^{(1)}_s )λ(s) ⟩ ds (5.5) is a bounded martingale, we conclude that E^P {⟨W (0), λ(0)⟩} = ⟨W (−L), λ(−L)⟩ (5.6) This identifies the expectation of W (0), E^P {W (0)} = W̄ (0), independently of the law P.

We see therefore that unique characterization of the expectation of the law P hinges on our ability to construct solutions λ(τ) ∈ S_H of (5.4) with L^{(1)}τ given by (5.3). This is for the case p = 1 in (5.2) but the case p > 1 is relatively easy once the p = 1 is understood. By constructing a test function in S^p_H such that ( ∂ ∂τ + L^{(p)}_τ ) λ^{(p)} = 0 (5.7)

for −L ≤ τ ≤ 0 with λ^{(p)}(0) equal to the p-th tensor product of λ ∈ S_H we conclude that E^P {⟨ W^{(p)}(0), λ^{(p)}(0) ⟩} = E^P {(⟨W (0), λ⟩)^p} = ⟨ W^{(p)}(−L), λ^{(p)}(−L) ⟩ (5.8)

All moments of the bounded random variable ⟨W (0), λ⟩, λ ∈ S_H , are identified this way and this identifies the law P . In the next section we will study in detail equations (5.4) and (5.7) and properties of their solutions.

6 Random walk representation and duality

The frequency ω is just a parameter in (4.20) or (5.3) so we will suppress dependence on it and let

2ω^2α_{nn} = α > 0, 4ω^2α_{mm} = β > 0. (6.1)

We will also assume that α and β are constants, shift the interval (−L, 0) to (0, T ) and drop the subscript τ from L^{(1)} in this section. With this notation and after a slight rearrangement (5.4) becomes ∂ ∂τ λ^{N M} (τ, t) + (N + M) ∂ ∂t λ^{N M} (τ, t) − (β + α)(N − M)^2λ^{N M} (τ, t) +α { (M + 1)(N + 1)λ^{N +1M +1}(τ, t) − 2NMλ^{N M} (τ, t) +(M − 1)(N − 1)λ^{N −1M −1}(τ, t) } = 0 (6.2)

for 0 ≤ τ ≤ T with terminal conditions

λ^{N M} (T, t) = λ^{N M}_0 (t) (6.3)

Here λ_0 belongs to S_H , with ω -dependence suppressed. In Appendix A we show that if the terminal data λ_0 ∈ S_H then λ(0) ∈ S_H .

Let Δ_D be the generator Δ_Dλ^{N M} = αMN { λ^{N +1M +1} − 2λ^{N M} + λ^{N −1M −1} } (6.4)

and let V be the diagonal operator

V λ^{N M} = −(β + α)(N − M)^2λ^{N M} (6.5)

If we denote by Δ^∗_D the adjoint of Δ_D relative to the inner product (3.14) then (6.2) becomes ∂ ∂τ λ^{N M} (τ, t) + (N + M) ∂ ∂t λ^{N M} (τ, t) + (Δ^∗_D + V )λ^{N M} (τ, t) = 0 (6.6)

in 0 ≤ τ ≤ T with the terminal condition (6.3). We note now that the generator (6.4) is the infinitesimal generator of a continuous time random walk on the nonnegative integers with the lines N = 0 and M = 0 absorbing sets and that N(τ) − M(τ) is constant and equal to the initial value N − M for all τ > 0. Let (N(τ), M(τ)) be the process generated by Δ_D of (6.4) up to a blow up time T_∞. We will show that T_∞ = ∞ with probability one. Then we will analyze the existence, uniqueness and probabilistic representation of solutions of (6.2),(6.3). We prove that:

The blowup time T_∞ of the random walk (N(τ), M(τ)) generated by Δ_D in (6.4) is infinite with probability one.

There are many ways to prove this simple fact. We will give a proof based on a duality argument that we will introduce first. To motivate this duality recall that we are attempting to characterize the limit law of the process W^{N M} defined formally by (3.12) and rigorously by (3.15). Now the reflection coefficient R̂ is a complex number of modulus less than or equal to one so it can be represented in the form R̂ = tanh θ 2 e^{iϕ} (6.7)

with θ ≥ 0 and 0 ≤ ϕ ≤ 2π. Let

U^{N M} (θ, ϕ) = (tanh θ 2 e^{iϕ})^N (tanh θ 2 e^{−iϕ})^M = (tanh θ 2 )^{N +M} e^{i(N −M )ϕ} (6.8)

and introduce the diffusion generator

Δ_C = α [ 1 sinh θ ∂ ∂θ (sinh θ ∂ ∂θ ) + 1 sinh^2 θ

∂^2 ∂ϕ^2 ] + (β + α)

∂^2 ∂ϕ^2 (6.9)

acting on smooth functions of θ ≥ 0 and ϕ ∈ [0, 2π]. If in the unit disc |R̂| ≤ 1 we introduce polar coordinates (6.7) with the metric

|dR|^2 = sinh^2 θ(dθ)^2 + (dϕ)^2 (6.10)

and volume element dv = sinh θdθdϕ, (6.11) then we can write Δ_C in the form

Δ_C = αΔ + (β + α)

∂^2 ∂ϕ^2 (6.12) where Δ is the Laplace-Beltrami operator on the unit disc with metric (6.10), the hyperbolic disc.

The key observation in duality is the identity

Δ_C U^{N M} (θ, ϕ) = (Δ_D + V )U^{N M} (θ, ϕ) (6.13)

where Δ_C acts on U^{N M} as a function of θ, ϕ and Δ_D +V as a function of the discrete indices N, M. This identity is easily verified by direct calculation and with be help of the identity 4 sinh^2 θ

= tanh^2 θ 2 − 2 + 1 tanh^{2 θ}_2

The subscripts C and D on Δ stand for discrete and continuous, respectively.

Now the diffusion generator (6.12) generates a process (θ(τ), ϕ(τ)) on the hyperbolic disc and it is easily shown that this process has two simple properties as τ → ∞. First, θ(τ) → ∞ with probability one and this can be seen from the Ito stochastic equation for θ(τ) dθ(τ) = α coth θdτ + √ 2αdb(τ) that comes from (6.9). Here b(τ) is the standard one dimensional Brownian motion. The positive drift in this equation tends asymptotically to a constant and this gives the result τ^{−1}θ(τ) → α with probability one as τ → ∞. A general class of asymptotic results like this are given in [7]. Second, ϕ(τ) is asymptotically independent from θ(τ) and for any n = 0, ±1, ±2, . . . E { e^{in(ϕ(τ )−ϕ(0))} } e^{n2(α+β)τ} → 1 (6.14)

as τ → ∞. This again follows from (6.9) and as a special case we have that ϕ(τ) tends weakly to a uniform random variable as τ → ∞. We will use these properties in what follows.

Because of identity (6.13) the process U^{N (τ )M (τ )}(θ(T − τ), ϕ(T − τ))e ∫_τ 0 V (N (s),M (s))ds (6.15) 0 ≤ τ ≤ T, is a local martingale. Note that from the definition (6.5) V depends only on the difference N − M and so it is a constant, independent of τ with probability one. We will however use the expression (6.15) without this simplification until it is needed. Let

T_K = inf {τ > 0|N(τ) + M(τ) > K} (6.16)

which is a stopping time. Then the martingale property and the boundedness of U^{N M} (θ, ϕ) gives E_{N M} { e ∫_{T ∧TK} 0 V (N (s),M (s))dsU N (T ∧TK)M (T ∧TK)(θ(T − T ∧ TK ), ϕ(T − T ∧ TK )) }

= E_{θ,ϕ} { U^{N M} (θ(T ), ϕ(T )) } . (6.17)

Since the integrands are bounded and T_K increases to T_∞ as K → ∞ we can take the limit in (6.17) to get E_{N M} { e ∫_{T ∧T∞} 0 V (N (s),M (s))dsU N (T ∧T∞)M (T ∧T∞)(θ(T − T ∧ T∞), ϕ(T − T ∧ T∞)) }

= E_{θ,ϕ} { U^{N M} (θ(T ), ϕ(T )) } (6.18)

For θ > 0 and fixed, |U^{N M} (θ, ϕ)| < 1 so (6.18) can be written in the form E_{N M} { e ∫_T 0 V (N (s),M (s))dsU N (T )M (T )(θ, ϕ), T ≤ T∞ }

= E_{θ,ϕ} { U^{N M} (θ(T ), ϕ(T )) } (6.19)

As already noted, it is easily verified from the form (6.4) of the generator Δ_D that the lines N − M = const are invariant sets for the random walk and hence (6.19) has also the form E_{N M} { (tanh θ 2 )^{N (T )+M (T )}, T ≤ T_∞ }

= E_{θϕ} { (tanh θ(T ) 2 )^{N +M} e^{i(N −M )(ϕ(T )−ϕ(0))} } e^{(β+α)(N −M )2T} (6.20)

Taking the limit T → ∞ in (6.20) and recalling that θ(T ) → +∞ with probability one along with (6.14) we get 1 = lim_{T →∞} E_{N M} { (tanh θ 2 )^{N (T )+M (T )}, T ≤ T_∞ }

≤ lim_{T →∞} P_{N M} {T ≤ T_∞} ≤ 1. This means that lim_{T →∞} P_{N M} {T ≤ T_∞} = 1 (6.21)

and hence T_∞ = +∞ with probability one. This completes the proof of the statement above (6.7).

In the course of proving it we have introduced the duality given by (6.18) with T_∞ = ∞ E_{N M} { e ∫_T 0 V (N (s),M (s))dsU N (T )M (T )(θ, ϕ) }

= E_{θ,ϕ} { U^{N M} (θ(T ), ϕ(T )) } (6.22)

Let w^{N M} (T ) denote the left member of this identity, with θ and ϕ suppressed in the notation. Then by the Feynman-Kac formula, w^{N M} satisfies the equation ∂w^{N M} ∂τ = Δ_Dw^{N M} + V w^{N M} , τ > 0,

w^{N M} (0) = U^{N M} (θ, ϕ) (6.23) We can also solve probabilistically the equation ∂w^{N M} ∂τ + (N + M) ∂w^{N M} ∂t = (Δ_D + V )w^{N M} , τ > 0, N, M ≥ 0

w^{N M} (0, t) = w^{N M}_0 (t) (6.24) provided w^{N M}_0 (t) is uniformly bounded and smooth. Let t(τ) = t − ∫_τ 0 (N(s) + M(s))ds (6.25)

Then w^{N M} (τ, t) = E_{N M} { e ∫_τ 0 V (N (s),M (s))dsw N (τ ),M (τ ) 0 (t(τ)) } (6.26)

Similarly, the equation (6.24) with the boundary condition

w^{N M} (τ, t) = 0, N + M ≥ K (6.24^′)

can be solved using stopping times. Let T_K be defined by (6.16). Then (6.24-6.24’) has the probabilistic representation w^{N M} (τ, t) = E_{N M} { e ∫_{τ∧TK} 0 V (N (s),M (s))ds · w N (τ ∧TK)M (τ ∧TK) 0 (t(τ ∧ T_K )) } (6.27)

We are now ready to return to equations (6.2),(6.3). We can rewrite them in the form ∂λ^{N M} (τ, t) ∂τ + (N + M) ∂λ^{N M} (τ, t) ∂t + (Δ^∗_D + V )λ^{N M} (τ, t) = 0 0 ≤ τ ≤ T, N, M ≥ 0, (6.2^′) λ^{N M} (T, t) = λ^{N M}_0 (t) (6.3^′) It is easily verified that ∂ ∂τ ∫ dt ∑ N M λ^{N M} (τ, t)w^{M N} (τ, t) = 0 Therefore, ∑ N M ∫ dtλ^{N M}_0 (t)w^{M N} (T, t) = ∑ N M ∫ λ^{N M} (0, t)w^{M N} (0, t) (6.28)

Existence of solutions for (6.2’)-(6.3’) is shown either directly as for (6.24) by writing Δ^∗_D as a generator plus a potential or by using the duality (6.28). The fact that solutions are in S_H for 0 ≤ τ ≤ T if the terminal data are in S_H is shown in the Appendix.

We can now return to (5.6) and complete the identification of w̄(0) = E^P {W (0)} . If R̂(−L, ω) = Γ with |Γ| ≤ 1 then from (3.12) we see that

w̄^{N M} (−L, t, ω) = 2πδ(t)Γ^N Γ^{∗M} (6.29)

Recalling the convention about translating (−L, 0) to (0, T ) stated below (6.1) we see that (5.6) is another form of (6.28) and therefore w^{N M} (L, τ) = w^{N M} (L, τ, ω) (when the ω -dependence of α and β in (6.1) is recalled) solves equation (6.24) i.e., ∂w̄^{N M} ∂τ + (N + M) ∂w̄^{N M} ∂t − (Δ_D + V )w̄^{N M} = 0, −L < τ ≤ 0, N, M ≥ 0, w̄^{N M} (−L, t, ω) = 2πδ(t)Γ^N Γ^{∗M} (6.30) This problem has a unique distribution solution (i.e. w̄ ∈ S^′_H ) with the probabilistic representation (6.26) i.e., w̄^{N M} (0, t, ω) = 2πE_{N M} { (tanh θ 2 )^{N (0)+M (0)}δ(t(0)) } e^{i(N −M )ϕ}e^{−(α+β)(N −M )2L} (6.31) The δ function should be replaced by a unit step function in (6.31) and then the distribution derivative with respect to t of this expression is the distribution solution of (6.30).

We will end this section with two important observations that follow easily from the probabilistic representation (6.31) and the duality (6.22). First, w̄^{N M} (0, t, ω) tends to zero as L → ∞ when

N ≠ M. This is clear from (6.31). The δ -function in the initial conditions can be replaced by any smooth function g_0(t) of compact support for this argument. Therefore w̄^{N M} (0, t, ω) → 0, L → ∞, N ≠ M. (6.32) Let us then concentrate on the diagonal part of w̄^{N M} which we denote by w̄^N . It satisfies (6.30) which is now ∂w̄^N ∂τ + 2N ∂w̄^N ∂t − αN^2 { w̄^{N +1} − 2w̄^N + w̄^{N −1} } = 0, −L < τ ≤ 0, N ≥ 0, w̄^N (−L, t, ω) = 2πδ(t)|Γ|^{2N} (6.33) The probabilistic representation of the solution is w̄^N (0, t, ω) = 2πE_N { (tanh θ 2 )^{2N (0)}δ(t(0)) } (6.34)

which we write with the δ function as explained below (6.31). Recall that N(τ) is now the process generated by Δ_D in (6.4) in −L ≤ τ ≤ 0 with N = M, t(τ) is given by (6.25) with N = M (with the shifted process N(τ)) and |Γ| = tanh^θ_2 in polar coordinates (6.7).

The second observation we shall make is that if L > t/2 then w̄^N (0, t, ω), the solution of (6.33), is independent of θ, or Γ, the initial reflection coefficient. To see this we recall that if N = M initially then N(τ) = M(τ) for all τ, so the line N = M is invariant for the random walk. Next we show that when N = M then N(0) → 0 as L → ∞. This follows from the special form of the duality identity (6.22) which we rewrite for the shifted process in (−L, 0) E_N { (tanh θ 2 )^{2N (0)} } = E_θ { (tanh θ(L) 2 )^{2N} }

Since θ(L) → ∞ as L → ∞ with probability one we conclude that lim_{L→∞} E_N { (tanh θ 2 )^{2N (0)} } = 1 (6.35)

This implies that N(0) → 0 with probability one as L → ∞ because θ < ∞ in (6.35).

We prove that w̄^N (0, t, ω) does not depend on θ for L >^t_2 as follows. In (6.34) t(0) is given by

t(0) = t − 2

∫_0 −L N(s)ds (6.36) and we may assume that N = N(−L) ≥ 1 because N = 0 is an absorbing point. Suppose L > t/2. If N(τ) ≥ 1 in −L ≤ τ ≤ 0 then t(0) will be negative and the delta function in (6.34) will not play a role for larger L. So the paths with N(τ) ≥ 1 will not contribute to the expectation (6.34). If N(τ) = 0 for some τ in [−L, 0] then it will remain zero for all subsequent τ and hence N(0) = 0. Only such events contribute to (6.34) so for L > t/2 and N ≥ 1 w̄^N (0, t, ω) = 2πE_N {δ(t(0))} which is manifestly independent of θ.

The two observations about w̄^{N M} that we made above (and proved using duality) translate to similar observations for the solution (6.2’),(6.3’) of the adjoint equation via the identity (6.28).

At this point we may ask if it is possible to represent the solution of w̄^{N M} by a dual formula. We have of course the representation (6.31). Does there exist then some more complicated process similar to (θ, ϕ) for which some form of (6.22) holds forw̄^{N M} ? The answer is that there does indeed exist this possibility but it is not as useful as the representation (6.31) because one cannot readily see from it the θ−independence property. Note that we can write (6.34) in the form

w̄^N (0, t, ω) = ∫_∞ −∞ dξe^{iξt}E_N { (tanh θ 2 )^{2N (0)}e^{−2iξ}

∫_0 −L N (s)ds } (6.37)

which follows from the Fourier integral representation of the δ function and The expectation is the joint generating function-characteristic function of N(τ) and its integral and there seems to be no nice duality for the pair.

To complete the uniqueness proof we must also show how to construct smooth solutions of ( ∂ ∂τ + L^{(p)}_τ ) λ^{(p)} = 0 (6.38)

with λ^{(p)}(0) given in S^p_H for p > 1. The case p = 2 is typical. From (4.23) we see that

L^{(2)}_τ λ^{(2)} = L^{(1),1}_τ λ^{(2)} + L^{(1),2}_τ λ^{(2)} + B^{(1)}_τ B^{(2)}_τ λ^{(2)} (6.39)

where L^{(1),i}τ for i = 1, 2 is the operator L^{(1)}τ defined by (4.20) and acting only on the variables t_i, ω_i, N_i, M_i of λ^{(2)}. The multiplicative operators B_τ are defined by (4.24). It is enough to solve (6.38) with λ^{(2)}(0) a product of matrices in S^{(1)}_H because linear combinations of such products are dense in S^{(2)}_H . But the solution of (6.38) can be written explicitly as the product of two solutions of (6.2), (6.3) multiplied by an exponential factor

λ^{N1M1N2M2} (τ, t_1, ω_1, t_2, ω_2) =

λ^{N1M1} (τ, t_1, ω_1)λ^{N2M2} (τ, t_2, ω_2)e^{8αmmω1ω2(N1−M1)(N2−M2)τ} (6.40)

This completes the proof of uniqueness.

7 Representation of the W process

In the previous section we saw how the measure P for which (5.1) and (5.2) are martingales is uniquely determined and identified on linear and multilinear functionals of the process. In fact the expectation of W , w̄ = E^P {W }, is the unique solution of (6.30) in S^′_H , for any limit law P.

We will now use the martingale (5.2) with p = 2 to show that (5.1) is a Brownian martingale of the form ∫_s τ ⟨W (γ), B_γλ⟩ db(γ) (7.1) where b(γ) is the standard, one-dimensional Brownian motion and B_τ is the multiplicative generator defined by (4.24) (B_τ λ)^{N M} (t, ω) = 2i √ 2α_{mm}ω(N − M)λ^{N M} (t, ω) (7.2) with λ ∈ S_H . To see that (5.1) has the form (7.1) we note that if M_λ(s, τ) = ⟨W (s), λ⟩ − ⟨W (τ), λ⟩ − ∫_s τ ⟨ W (γ), L^{(1)}_γ λ ⟩ dγ. (7.3) is the martingale (5.1) then M_{λ1} (s, τ)M_{λ2}(s, τ) − ∫_s τ ⟨ W (γ) ⊗ W (γ), L^{(2)}_γ λ_1λ_2 − λ_1L^{(1)}_γ λ_2 − λ_2L^{(1)}_γ λ_1 ⟩ dγ (7.4) is also a martingale [16], where L^{(2)}_τ is defined by (4.23). But

L^{(2)}_γ λ_1λ_2 − λ_1L^{(1)}_γ λ_2 − λ_2L^{(1)}_γ λ_1 = B_γ λ_1B_γ λ_2 (7.5)

and hence E {M_{λ1} (s, τ)M_{λ2}(s, τ)} = E {∫_s τ ⟨W (γ), B_γ λ_1⟩ · ⟨W (γ), B_γ λ_2⟩ dγ } (7.6)

Since M_λ(s, τ) is P almost surely continuous as a function of s for each λ ∈ S_H , it is bounded and (7.6) holds we conclude that it is indeed the Brownian martingale (7.1).

We can write (5.1) in the form ⟨W (s), λ⟩ = ⟨W (τ), λ⟩ + ∫_s τ ⟨ W (γ), L^{(1)}_γ λ ⟩ dγ + ∫_s τ ⟨W (γ), B_γ λ⟩ db(γ) (7.7) for λ in S_H . and the multinomial version in the form ⟨ W^{(p)}(s), λ ⟩ = ⟨ W^{(p)}(τ), λ ⟩ + ∫_s τ ⟨ W^{(p)}(γ), L^{(p)}_γ λ ⟩ dγ + ∫_s τ ⟨ W^{(p)}(γ), p∑ i=1 B^i_γ λ ⟩ db(γ). We can also write the distribution solution w̄^{N M} (τ, t, ω) of (6.30) in the probabilistic form (6.31) or w̄^{N M} (τ, t, ω) = w̃^{N M} (τ, t, ω)e^{−β(N −M )2(τ +L)} (7.8) where β is defined by (6.1) and w̃^{N M} is given by w̃^{N M} (τ, t, ω) = 2πE_{N M} { (tanh θ 2 )^{N (τ )+M (τ )}δ(t(τ)) } e^{i(N −M )ϕ−α(N −M )2(τ +L)} (7.9) and is the distribution solution of ∂w̃^{N M} ∂τ + (N + M) ∂w̃^{N M} ∂t + α(N − M)^2w̃^{N M} −αNM { w̃^{N +1M +1} − 2w̃^{N M} + w̃^{N −1M −1} } = 0 (7.10)

for −L < τ ≤ 0 with w̃^{N M} (−L, t, ω) = 2πδ(t)(tanh θ 2 )^{N +M} e^{i(N −M )ϕ} (7.11) Let W^{N M} (τ, t, ω) = w̃^{N M} (τ, t, ω)e^i √_{2β(N −M )(b(τ )−b(−L))} (7.12)

and recall that the martingale M̄(τ) = e^i √_{2β(N −M )(b(τ )−b(−L))+β2(N −M )2(τ +L)} (7.13)

satisfies dM̄(τ) = i √ 2β(N − M)M̄(τ)db(τ) Then we see that W^{N M} (τ, t, ω) of (7.12) has the correct mean w̄^{N M} (τ, t, ω) given by (7.8) because the bounded martingale (7.13) has mean value equal to one. In fact all moments of W^{N M} (τ, t, ω) in (7.12) agree with those of the W process so the two have the same law and this is the meaning of the equality in (7.12). There is no implication of strong uniqueness for (7.7), viewed as a stochastic differential equation, in our results.

A Appendix. Bounds for solutions of the transport equations

In this Appendix we will analyze solutions of the transport equations (6.2) which we write again here: ∂ ∂τ λ^{N M} + (N + M) ∂ ∂t λ^{N M} − (β + α)(N − M)^2λ^{N M} (A.1) +α { (M + 1)(N + 1)λ^{N +1M +1} − 2NMλ^{N M} + (M − 1)(N − 1)λ^{N −1M −1} } = 0,

for 0 ≤ τ ≤ T with terminal conditions

λ^{N M} (T, t) = λ^{N M}_0 (t)

and where α and β are positive constants. The expression in the braces in the second line of (A.1) can be written as a generator plus a potential and then the maximum principle for (A.1) gives the estimate |λ^{N M} (0, t)| ≤ e^{2αT} sup_t sup_{N,M ≥0} |λ^{N M}_0 (t)| (A.2)

We want to show that if for any p ≥ 1 and q ≥ 1

sup_t sup_{N,M ≥0}(1 + t^2)^{p/2}(NM)^q|λ^{N M}_0 (t)| < ∞, (A.3)

then sup_t sup_{N,M ≥0}(1 + t^2)^{p/2}(NM)^q|λ^{N M} (0, t)| ≤ C_{p,q}(T ), (A.4)

where C_{p,q}(T ) is a constant that depends on p and q, the bound (A.3) and T . Bounds like (A.4) for t derivatives of solutions of (A.1) follow immediately if (A.3) holds with t derivatives since equations (A.1) have constant in t coefficients.

We will first prove (A.4) with p = 0 and q = 1. Let v^{N M} = NMλ^{N M} . They satisfy the equations ∂ ∂τ v^{N M} + (N + M) ∂ ∂t v^{N M} − (β + α)(N − M)^2v^{N M} +αNM { v^{N +1M +1} − 2v^{N M} + v^{N −1M −1} } = 0 (A.5)

If (A.3) holds with p = 0 and q = 1 then, since the expression in the braces in (A.5) is a generator, |v^{N M} (0, t)| is bounded and hence (A.4) holds with p = 0 and q = 1.

For the more general case p = 0, q > 1 let

Δ(λ^{N M} ) = λ^{N +1M +1} − 2λ^{N M} + λ^{N −1M −1} (A.6) and v^{N M}_q = (NM)^qλ^{N M} , q ≥ 1. Note that v^{N M}_q = 0 if N = 0 or M = 0. Then for N, M ≥ 2, v^{N M}_q satisfy the equations ∂ ∂τ v^{N M}_q + (N + M) ∂ ∂t v^{N M}_q − (β + α)(N − M)^2v^{N M}_q +α(NM)^qΔ ( 1 (NM)^{q−1} v^{N M}_q ) = 0. (A.8)

We can now split the operator on the second line of (A.8) into a generator plus a potential:

(NM)^qΔ ( 1 (NM)^{q−1} v^{N M}_q ) = (NM)^qΔ_G ( 1 (NM)^{q−1} v^{N M}_q ) + V^{N M}_q v^{N M}_q . (A.9)

Here V^{N M}_q = (NM)^qΔ ( 1 (NM)^{q−1} ) , N, M ≥ 2. (A.10) and Δ_G is such that the first term on the right is a generator. It can be verified by a direct computation that there is a constant C_q, depending on q only, such that

−(N − M)^2 + V^{N M}_q ≤ C_q < ∞, (A.11)

for all N, M ≥ 2. Using the decomposition (A.9) in (A.8) and the bound (A.11), the maximum principle gives (A.4) with p = 0.

The bound (A.4) with p ≥ 1 follows by induction on p. Let

v^{N M}_{qp} = (1 + t^2)^{p/2}v^{N M}_q . (A.12)

From (A.1) we see that v^{N M}_{qp} satisfy the equations ∂ ∂τ v^{N M}_{qp} + (N + M) ∂ ∂t v^{N M}_{qp} − (β + α)(N − M)^2v^{N M}_{qp} +α(NM)^{q+1}Δ ( 1 (NM)^q v^{N M}_{qp} ) − (N + M) pt (1 + t^2)^{1/2} v^{N M}_{qp−1} = 0. (A.13) If the bound (A.4) holds for v^{N M}_{qp−1} then the term −(N + M) pt (1 + t^2)^{1/2} v^{N M}_{qp−1} is uniformly bounded for t ∈ R, N, M ≥ 0 and 0 ≤ τ ≤ T . It follows then by the maximum principle for (A.13), as for (A.8), that the bound (A.4) holds for all p ≥ 1.

We thank the referee for carefully reading the paper and for pointing out an error in the uniqueness proof. The work of of the authors was supported by the National Science Foundation under Grants DMS-8701895 and DMS-90003227.

References

[1] Asch M., Kohler W., Papanicolaou G., Postel M. and White B., Frequency Content of Randomly Scattered Signals, SIAM Review, vol. 33, 1991, 519-625.

[2] Asch M., Papanicolaou G., Postel M., Sheng P. and White B., Frequency content of randomly scattered signals. Part I, Wave Motion vol. 12, 1990, pp. 429-450.

[3] Blankenship G. and Papanicolaou G. C., Stability and control of systems with wide-band noise disturbances I, SIAM J. Appl. Math., vol 34, 1978, 437-476.

[4] Burridge R., Papanicolaou G., Sheng P. and White B., Probing a Random Medium with a Pulse, SIAM J. Applied Math., vol. 49, 1989, pp. 582-607.

[5] Daubechies I., Orthogonal bases of compactly supported wavelets, Comm. Pure Applied Math., vol 41, 1988, 909-996.

[6] Fouque J. P., La convergence en loi pour les processus à valeurs dans en espace nucléaire, Ann.

Inst. Henri Poincaré, vol 20, 1984, 225-245.

[7] Gihman I. I. and Skorohod A. V., Stochastic Differential Equations, Springer, 1971. [8] Kesten H. and Papanicolaou G., A limit theorem for turbulent diffusion, Comm. Math. Phys., 65 (1979), 97-128.

[9] Kohler W. and Papanicolaou G., Power statistics for wave propagation in one dimension and comparison with transport theory, J. Math. Phys. 14 (1973), 1733-1745 and 15 (1974), 2186- 2197.

[10] Kohler W., Papanicolaou G. and White B., Reflection of Waves Generated by a Point Source over a Randomly Layered Medium, Wave Motion vol. 13, 1991, pp. 53-87.

[11] Kushner H. J., Approximation and weak convergence methods for random processes with applications to stochastic systems theory, MIT Press, 1984.

[12] Mitoma I., On sample continuity of S^′ processes, J. Math. Soc Japan, vol 35, 1983 [13] Papanicolaou G., Asymptotic analysis of stochastic equations, in MAA Studies in Mathematics vol 18, M. Rosenblatt ed., MAA 1978.

[14] Papanicolaou G.C. and Kohler W., Asymptotic Theory of Mixing Stochastic Ordinary Differential Equations, Comm. Pure Applied Math., vol. XXVII, 1974, pp. 641-688.

[15] Papanicolaou G., Postel M., Sheng P. and White B., Frequency content of randomly scattered signals. Part II: Inversion, Wave Motion vol.12, 1990, pp. 527-549.

[16] Stroock D. W. and Varadhan S. R. S., Multidimensional Diffusion Processes, Springer, 1978.