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Abstract

We introduce a class of distribution-valued stochastic processes that arise in the study of pulse reflection
from random media and we analyze their asymptotic properties when they are scaled in a natural way.
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1 Introduction

Wave propagation in random media leads to many interesting and difficult problems in stochastic
processes and differential equations. Several such problems arose in the study of pulse reflection
from randomly layered media [4,2,15,10]. In this paper we give a more detailed mathematical
analysis of the basic limit theorem used in [4] in the framework of reflected signal functionals
introduced there. A comprehensive review of our work is given in [1].

In section 2 we formulate the acoustic pulse reflection problem for normally incident plane
waves on a randomly layered half space and show how the study of the quantities of physical
interest leads to the asymptotic analysis of a class of distribution-valued stochastic process, the
reflection functionals of [4]. In section 3 these processes are considered in more detail and their
asymptotic limit is analyzed in section 4 using a martingale formulation. The main technical issue
in our analysis is the unique characterization and representation of the limit process. This is done
partly by a duality argument that is useful in many other contexts in pulse reflection. The duality
is defined and analyzed in section 6. The uniqueness of the limit process is given in section 5. The
representation of the functional process is given in section 7.

The next step is to get limit theorems for a more general class of reflected signal functionals,
the unsmoothed or localized functionals [4], which lead to more complex limit processes. They play
an important role in the statistical inverse problems associated with pulse reflection [15].
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2 Formulation

We are interested in acoustic waves reflected by an one dimensional random medium. The physical
problem and its scaling are discussed at length elsewhere [4]. We begin here with the mathematical
problem in scaled and dimensionless form. The acoustic equations for the velocity u(t,z) and
pressure p(t,z) with = € R!, are

du(t,x) N Ip(t, x)

o) =5, or "
1 Ip(t,z) Oult,x)
plx)c?(z) Ot dr 0 (2.1)

Here p(z) and ¢(x) are the density and local sound speed of the medium, respectively. We assume
that the random medium occupies the negative half space # < 0 and that the medium is nonran-
dom and homogeneous in = > 0. Waves are incident on the random half space ¢ < 0 from the
homogeneous half space # > 0. As in [4], we model the random medium by

pli) = pole) [ 14 () (2.2)

11
p(@0)(x) ~ pol)e

where po(x) and co(x) are deterministic functions of + € R! that are infinitely differentiable,

o) [1 + u(%)] (2.3)

uniformly positive, bounded and identically equal to constants pg and ¢g in # > 0. The fluctuations
n(y) and v(y) are given stationary, mean zero stochastic processes with values in some interval
[—8, 8] with 3 < 1 so that p and ¢ in (2.2),(2.3) do not change sign. In the homogeneous half space
x > 0 the fluctuations are zero. The parameter ¢ > 0 is the ratio of a typical microscopic to a
macroscopic length scale and is assumed to be small so that the fluctuations are rapidly varying.
Note that we do not assume that they are small. To simplify the analysis we will assume that 7(y)
and v(y) are mean zero, stationary Markov processes with strong ergodic properties although it is
known [8] how to handle much more general, fluctuating coefficients. Define the travel time

1
T(z) = ——ds 2.4
@=[ =5 (2.4)
for all = so that 7 is negative for + < 0 and 7 = x/cg for = > 0. Let f(r) be its inverse function

that is zero at 7 = 0. Clearly
dr 1 d¢
. 2.5
dr  co(z) dr co(&(7)) (2:5)

Equations (2.1) are provided with initial and boundary conditions by specifying that a pulse is
incident from the positive half space

1 1 t+ 7
ESIEIV A

u =

1 t+T1
p= —(Poco)l/z—f(—

VA

for t < 0, with u and p continuous at # = 0. The pulse shape f is a smooth function of compact

(2.6)

support in (0,00). Note the scaling of the incident pulse: its width is of order e and is thus
intermediate to the microscopic scale ¢ and the macroscopic scale 1. This is a good scaling for a



pulse intended as a probe of the random medium [4]. The amplitude factor e~ /2 in (2.6) is not
essential and serves to normalize the incident wave energy independently of ¢.
We introduce the change of variables

u(t,2) = (poco) ™ *a(t, 7)

p(t,z) = (Poco)+1/2]5(ta T) (2.7)
and let L d
(= poCOE(POCO) (2.8)

where we may think of pg and ¢ as functions of  or of 7 with po(7) being po(£(7)) and similarly
for ¢o(7). From (2.1) and (2.7) we derive equations for @ and p

. . 1
(1‘|‘77)Ut+PT+§CP:0

1
(1+v)pe + @y — 5Ca=0 (2.9)
We now introduce right and left traveling waves A and B through
u=A+B,p=A-1B (2.10)

which satisfy the hyperbolic system

1
At+AT+mAt+nBt_§CB:0

1

with ) ‘L
-

A=0,B=— 2.12

B = () (212)

for t < 0. This is equivalent to the initial conditions A(0,7) = B(0,7) = 0, 7 < 0 and the
boundary condition B(t,0) = e '/2f(t/e) , t > 0. The quantity of principal interest in our

asymptotic analysis is the reflected wave amplitude A(¢, 7) evaluated at the interface 7 = 0 and for
times ¢ > 0. In (2.11) we have used the notation

m= ()= 3 (e + (el

n=n*(r) = 5 [o€(r)/<) ~ vle(r)/<) (2.13)

We can write the right going wave amplitude A as a linear functional of the left going wave
amplitude B

- ? —

t
At,7) = / R(t—s,7)B(s,7)ds, t>0, 7<0
0

which we also write in short as

A=R=xB.

The convolution operator with kernel R(¢,7) is the reflection operator. It is easily seen by direct
computation and (2.11) that it satisfies the nonlinear hyperbolic equation

R, +2(1+m)R; +n(6+ R*R), — g(é—R*R) =0, (2.14)



with ¢ >0, 7 <0, R(0,7) = 0 and with 6 = §(¢) the Dirac delta function. This equation is
easily solved by Fourier transforms (cf. (2.17)). We are interested in the reflected amplitude at the
interface 7 =0

A(t,0) = /Ot R(t— s,O)%f(g)ds (2.14a)

and so we must determine R(s,0) for 0 < s < ¢. The fact that the fluctuation processes n and v are
bounded by a constant 3 less than one and the relation (2.13) imply that |m| < 8. Therefore the
characterisics of (2.14) have always positive slope in the (7,¢) plane and for any fixed ¢ the domain
of dependence of R(s,0), 0 < s < tis a subset of the region {—L <7 <0} N {0 < s <t} for
some L large that depends on ¢, L > t/2(1 — 8). We may therefore assume that R(s,—L) = 0 for
all s > 0 if we are only interested in R(s,0) for 0 < s < ¢.

We will analyze the reflected signal A(¢,0),7 > 0, using Fourier transforms in time and an
invariant imbedding representation of the time-harmonic reflection coefficient. Let

A(r,w) = /em/sA(t,T)dt, B(T,w) = /em/sB(t,T)dt

be the Fourier transforms of the right and left going wave amplitudes with frequency w scaled
relative to the width of the incident pulse. Then Aand B satisfy the ordinary differential equations

i R S [ B 235)

For any solution A(7,w), B(r,w) of (2.15) let

. A
B(rw) = Alme) (2.16)
B(r,w)
Then R satisfies the stochastic Riccati equation
dR  iw 9
— == {20+mR+n1+R) }+ (2.17)

which is the Fourier transform of (2.14). It is to be solved in some interval —L < 7 < 0 with
R(—L,w) specified. Here L is a positive constant which represents the width of a layer of random
medium in terms of travel time. The solution of (2.17) at 7 = 0, R(O,w), is the reflection coefficient
at frequency w of the layer —L < 7 < 0 when R is specified at 7 = —L.

The reflected amplitude A(¢,0),¢ > 0 is given by (2.14a) or, using Fourier transforms and R,
by

A(t,0) eTUE FW)R(0,w)dw. (2.18)

271'\/_
Here f( ) is the Fourier transform of the incident pulse shape f in (2.12). Note that in (2.18),
R( w) depends on the layer width! L and the value of R at 7 = —L. However, because of the
hyperbolic nature of (2.11)-(2.12), for any ¢ fixed, 0 < t < oo, the reflected process A(t,0) does
not depend on L or R(—L,w) if L is sufficiently large, for example L > t/2(1 — ), as we noted
below (2.14a). In that case we can use (2.18) to represent the reflected process where R(O,w) is
the solution of (2.17) with any given initial condition at 7 = — L, for example R(—L,w) = 0. The
hyperbolic nature of the initial-boundary value problem (2.11)-(2.12), and the finite propagation
speed in particular, imply that the reflected signal observed at the interface 7 = 0 (or = 0) at time

n travel time units.



t does not depend on the properties of the medium in the region 7 < —L if L > ¢/2(1 — ). Thus,
even though for each frequency w the reflection coefficient at 7 = 0, R(O,w), contains information
about material properties in all of the inhomogeneous half space 7 < 0, the reflected signal up to
time ¢ given by the Fourier integral (2.18) sees only a finite region —L < 7 < 0. This observation is
important for the analysis that follows because it allows us to use Markovian ideas and techniques.

It is clear from (2.18) that in order to study A(¢,0) in the limit ¢ — 0, it is necessary to know the
process R(T,w) simultaneously for all w € R. While for each w fixed the analysis of (2.17) ase — 0
is well known [9,14], the main purpose of this paper is to analyze the process A(¢,0),0 < ¢ < oo in
the limit ¢ — 0 and this requires some new techniques.

3 The Functional Process

In [4] we noted that because A(¢,0) in (2.18) is not stationary and because of the nature of the
scaling, it is necessary to introduce a windowed version of this process, namely the process A(t +
€0,0) with ¢ the window time parameter. We will introduce windowing in a somewhat different
way in this paper. We will also denote A(¢,0) by A(¢) throughout.

Let g(t) be a smooth function in R! that decays rapidly at infinity and such that

/ gA(s)ds =1 (3.1)

Let Ay(t,w) be defined by

A,(tw) = /Oo A(s)e =L g1 5 4 (3.2)

oo € €

which is the windowed Fourier transform of A at ¢ with g the window function. The reflected signal
A(t) can be recovered from A,(t,w) by the inversion formula [5]

1 R R —iw 61 s—1
_ %/_oo /_Oo Ay, )¢ =g 2Dy duds (3.3)

where we assume that A(?) is smooth. Note that

2i T A (hw)e U dw = At — er)g(r) (3.4)
T J—o00

Note also that if we use the representation (2.18) in (3.2) we get

Ay (t,w) e 2 5 (1) Flw + w1 ) R(0, w + wi )dwr (3.5)

271'\/_

The quantity of principal interest to us is the local power spectral density of the signal A(t)

2 1 —twit/e
|4, (t,0)|? = W/e /= G(wn) Ry (w + w1 )dosr
-/eW2f/fg*(w2)R;(w + wa)dws (3.6)
where ) ) )
Ry(w) = f(w)R(0,w) (3.7)

(S



If we let

. ¢h . ¢eh
wlzw—g,wgzw—l-? (3.8)
then N N
4t = o [ [ eMie - e+ )
ch
Ri(w+o— —)Rf(w—l—w—l- —)dwdh (3.9)

The local power spectral density is smoothed by both the pulse shape function f and by the window
function ¢g. Formally, as ¢ tends to zero we may write

|A9(tvw)|2 ~

. _ ho. h
(@)IQIf(er@)?-/eZ“R(O,er& - 67)1{:*(0,w+a)+ %)dh e

AL

This expression is formal because the integral with respect to h does not converge in general. If
we smooth |A,(¢,w)|? in t with a function ¢ € C§°(R) then (3.9) simplifies correctly, as ¢ tends to
zero, to

]|

If the smoothing in time is removed as ¢ — 0 we have instead of (3.10)

[ ool ) at

g(@)P? Ifw+w|2/<b 0w+w—7h)R*(0w+w+—h)dh]d (3.10)

/¢5(T—t)|Ag(t,w)|2dt ~

G ] |G 00 [ TS0 R0+ & = TR O+ 6+ Fn] a

where ¢.(t) tends to the delta function §(¢) as ¢ — 0. For example ¢.(t) = e lé(te!) with
o(t) € C5° and [ o(t)dt = 1.

From the above considerations we conclude that the quantity of interest to us is

eh

A h .

/emtR(O,w - R 0,0+ Ty (3.11)

when suitably smoothed. We will actually study the more general quantity

NM ikt BN eh . sunt eh
WY (rtw)= [ "R (1w — 7)R (r,w+ 7)dh (3.12)
which is only a formal expression in this unsmoothed form. To make sense of (3.12) we need to
introduce an appropriate space of smoothing or test functions.

Let S denote the space of complex valued infinitely differentiable functions f in R? that are

rapidly decreasing? at infinity and let

Sp={A= (M), N > 0,M > 0 WMy = AMN QN ¢ g,

2This means that for every pair of integers p and ¢ and every derivative D? in ¢ and w of total order g, I[(1 +

t2)(1 + w?)]P2 D9 f] is uniformly bounded.



and(NM)p)\NM € S for each integer p > 1, uniformly in N, M} (3.13)

which is the space of hermitian matrices whose entries are infinitely differentiable in ¢ and w and
they and all their ¢ and w derivatives are rapidly decreasing as functions of ¢, w, N and M. This
space is endowed with the convergence

A — A In S asn — o

if for each pair of integers p, ¢ and each derivative D? in ¢t and w of total order ¢, [(1 + t¥)(1 +
w2)]p/2(NM)qu()\nNM — AVMY converges to 0 as n — oo, uniformly in ¢, w, N and M. If on Sy
we introduce the bilinear form

o0

(A1, A) = // dtdw Y AYMAYN (3.14)
NM 0

then the space of distributions Sy can be identified with the dual of Sg, as usual.
From the formal expression (3.12) we see that if A € Sy then

Wy = (W,\) = // dtdw Z WM AMN
N,M=0

OO

- h - h
// dtdw AMN(t,w)/emfRN(r,w— VR M(r w4+ 2)dh
N,M=0 2 2
\MN N €h *M eh
Z AN (@) RN (7, 5 R M(r 0+ —)dwdh (3.15)

N,M=0

is well defined. Therefore, starting with the solution R(7,w),—L < 7 < 0 of (2.17) we can define
a family of stochastic processes W*(7) with values in S};. That is, for each e > 0, we have a
probability measure P° on the space of continuous functions on —L < 7 < 0 with values in S};.
The continuity of (W*(7), ) as a function of 7 when ¢ is positive follows from (2.17). The scalar
valued process (W*(7), A) will also be denoted by Wi(r).

The preceding process can be considered as a polynomial of degree 1 of W and we can define
in the same way multinomial functionals of W of degree p. Let &P denote the space of complex
valued, rapidly decreasing, infinitely differentiable functions in R?” and let

St = {)\ _ ()\NlMl...NpMp)wNi >0,M; >0 | ()\NlMl...NpMp)* — AMiNLMpNy
(N1M1...NpMp)q)\NlMl"'NPMP € S? for each integer ¢,

uniformly in Ny M;...N,M,} (3.13")

8% is endowed with the same convergence as Sy and on S}, we can define the bilinear form.

<)\1,)\2> = //RQP dtl...dtpdwl...dwp

S A MY (3.14)
Ny... My,

We can now define a family of multinomial functionals of degree p, F®) on (8%) by

Flo) — <W(p)7)\> - /"'/Rw dty, ..., dt,dw ...dw,



Z WN1M1 (tl,(.Ul)...WNpMp(tp,Wp))\MlNlmMpr(tl, ---7Wp) (315/)
Ni..Mp

where W) ig the p-fold tensor product W =Wwg..oW.

It is easy to see that the probability measure P* on X = C([—L, 0]; S};), the continuous functions
on [—L, 0] with values in 8, are tight. From the theorem of Mitoma and Fouque [12,6] it is enough
to verify that for each A € S a Kolmogorov moment condition holds, such as

tim sup B {|Wy(r;) = Wa(r)|'} < Clm =, —L < m < <0, (3.16)
|0
where C is a constant that depends on A and L but not on e. This estimate follows easily from
properties of (2.17) under the hypotheses on the random coefficients m and n introduced in section
2, and in more detail in the next section, but it necessary to first transform R.
We introduce the centered reflection coefficient R by

R(r,w) = *“*R(1,w). (3.17)
It satisfies a modified form of (2.17)
dR _ Ww D —2iwT e 2iwT e P2 ¢ —2iwT e p2 2wr/e
E—?(ZmR—I-ne + ne R)—I—§(e + R%e ) (3.18)
with R specified at 7 = — L. Since the quantity of interest ~(0

,w) is not affected by this change of
phase we will now assume that R in (3.15) is replaced by R. We will continue to denote the Sty
valued process by We(r).

From (2.17) or (3.18) we always have that

IR <1, (3.19)
as can be verified by direct calculation from (3.18) provided that |}~2(—L,w)| < 1, and that

lim supE{|}~E(7'2) — R(T1)|4} < é’(rg — 7'1)2 , —L<r<rp<0. (3.20)
|0

The proof of (3.20) is contained in the general results given in [3,13,11]. Properties (3.19) and
(3.20) yield (3.16) easily. Note in particular that for —L <7 <0

[WX(r)l < C(A) (3.21)

uniformly in e, where C(\) is a constant that depends on A and L.

4 The Limit Process

The coefficient processes m and n that appear in (2.17) are defined by (2.13). We will denote
(m®(7),n%(7)) by ¢°(7) and assume, as noted below (2.3), that ¢°(7) is a stationary Markov process
with state space [—3, 3]*. We actually assume that the fluctuation processes  and v in (2.2) and
(2.3) are Markovian so that by (2.5) and (2.13) the generator of ¢°(7) will have the form

L eo(1)Q (4.1)

3

where @ is a generator acting on bounded measurable functions on [—3,3]* and is assumed to
be bounded for simplicity. We assume that @ is strongly ergodic which means that there is an



invariant measure p on [—/3, 3] for the process generated by Q and if g is any bounded measurable
function on [—#, 3]? the equation

Qx+g=0 (4.2)

has a bounded solution y = —Q !¢ provided that
/ 9(¢)p(dq) =0 (4.3)
[-5.61?
which is the Fredholm alternative for Q. The solution y is made unique by assuming that
/ x(q)p(dg) =0 (4.4)
[-5.61?

Condition (4.3) is the zero mean property of the fluctuations m and n which follows from the zero
mean properties of 7 and v in (2.2) and (2.3) via (2.13).

With this definition of m and n in (3.18) the process fz(r,w) is well defined and it is jointly
Markovian along with ¢°(7). From (3.15) it follows that ¢°(7) and W{(7) are jointly Markovian with
state space [—3, 8]? x S};. When 7 < 0 this process does not have a physical interpretation and is
not related directly to the original scattering problem (2.11), (2.12). However, at 7 = 0, if the test
function A has compact support in ¢ and if L is large enough, then we recover a smoothed version
of the quantity (3.12) which is related to the reflected amplitude (2.18). We use here the remarks
following (2.18) regarding the hyperbolicity of (2.11), (2.12) in order to get this identification.

Let F be a smooth function from [-3,8]? x R — R. We will calculate the generator of
(¢°(7),W=(7)) on functions of the form F(q,W)) with A € Sy. Since the generator of the pro-
cess ¢° is given by (4.1) with Q bounded, we see that

%EWW {F (" (R), W(R))} [h=0 =
co(T)

2

QF(q.Wy\) + F'(q,W)) {é <W, Hi(q, E)A> T <W, Hy(q, T, E)A>} (4.5)

Here F' denotes derivative of F with respect to its second argument and Ew, ; is conditional
expectation given that ¢°(7) = ¢, W*(r) = W € S};. The explicit expression for the generators Hy
and H; in (4.5), which map Sy into Sy, are obtained from (3.15) (with R replaced by R) and

(4.6). In fact

W) ) = = (W), (). m D)

dr €
+ <W5(r), Ha(q (7)., E)A> (4.6)
A long but straightforward calculation now gives
(Hi(q, 7, DO)M(t,0) = =2iwm(N — MMM (¢, w)
+iwn {(M + 1)6_2iWI)\NM+1(t —rw)+ (M- 1)62iWI)\NM_1(t + 7,w)
—(N 4+ )N M (¢ p ) — (N = 1)e @OV (1 4 -0} (4.7)

where ¢ = (m,n) and it is to be noted that Hy does map Sy into Sy. Similarly we have

(Hay(q, 7, DNV M(t,w) = m(N + M)%ANM(t,w)



0 : ,
55 {4+ DN ) (U = DM 1 4 7 0)

H(N + )P HM (¢ 7 ) 4 (N = 1) DN (g4 7o)
¢(r) —2iwl \ NM+1 2iwl\ NM—1
—|—T{(M—|—1)e A (t—7,w)+ (M — 1)e2ivl) (t+7,w)

H(N + )P HM (¢ 7 ) 4 (N = 1) DN (g4 7o) (4.8)

Let £2 denote the operator on the right side of (4.5), acting linearly on F. We can now summarize
the definition of (¢°(7),W*(7)) by saying that there is a unique probability measure on X =
C([-L,0];[-8,8]* x S};), denoted by P e > 0, such that for each A\ € Sy and each smooth
F:[-3,8]* x R — R the functional

Fq(s). Wa(s)) = Fla(r), Wa(r)) = [ £5F(al). W)y (49)

is a P° martingale for all s > 7, relative to the natural o -algebras on X. If F depends on 7
explicitly then the generator L7, must be replaced by % + L5 in (4.9).

The laws P* of We(7),—L <7 <0,0on X = C([-L,0];S}),e > 0, are a tight family as noted
at the end of section 3. The limit law can be identified using the martingales (4.9) with a suitable
choice of function F.

The choice of the test function F for the asymptotic analysis is made in the usual way [13] based
on perturbation theory. Given a smooth function F : RT x R — R we shall construct a function
F° = F*(q, W), ) which goes to F as ¢ — 0 and such that

17, 17,
— + LE)F* — 4+ L,)F 4.10
(5= + L)F = (= + L) (4.10)

This construction is done in several stages. First, based on our assumptions (4.1)-(4.4) regarding
the coefficient process ¢, we introduce the bounded, mean zero solutions x,, and y, of

Qxm+m=0, Qy, +n=0 (4.11)

Set
2

~ 3 3

Fr=F+ co(T) co(T)

where F’ denotes derivative of F with respect to the argument corresponding to W) and H{ and

F(W,HX)\) +

F' (W, H})\) (4.12)

H denote the operators defined by (4.7) and (4.8), respectively, with m and n replaced by x,, and
Xn everywhere. By direct calculation we find that

LEFE = L5F + = {F' (W, H HX\) + F" (W, HyA) (W, B} D)
€]
+F (W, HyHXX) + F" (W, Ho\) (W, HXA)}
2
+ A F (W, HoHYN) + F" (W, Ho\) (W, HXA)} (4.13)
€]

where

. 1
LIF = — {F(W,HH)\) + F' (W, H\) (W, H\)} (4.13')
Co

10



The coefficients of ¢ and £2 in (4.13) are bounded as ¢ tends to zero so we shall write O(¢) after L2 F.
Let L5 F denote the expectation of £L2F with respect to the invariant measure p of the coefficient
process ¢(7), defined in (4.1)-(4.4). If we replace F* by

2
F* - S QVEF - LoF) (4.14)
co

then for the new F° we have

LEFT =L5F + 0(e) (4.15)

Finally let £, F be the average of L2 F with respect to the rapid phase variations of the trigonometric
functions in (4.7) and (4.8). In fact, to distinguish the 7 dependence of LZF due to the rapid
variation of [ = 7/¢ and the slow variation 7 we write it in the form lji T/EF. Then if we replace F*®

by

F° 4 ¢ /OOO €L ypryF = Lo F)ds (4.16)
we find that 5 i
(E + LI)F = L, F +0(¢)
+6 OOO e (LS yyryeF = Lo F)ds (4.17)

The last term in (4.17) can be made small uniformly in e by choosing é small. This follows from
the periodic (or almost periodic in general) dependence of Hy and Hy on Il = 7/e.

In this way we have a sequence of test function F*(q, W), 7) such that (4.10) holds and F* —
F(W)) as ¢ — 0. We can now pass to the limit in the martingale (4.9). A subsequence of the
measures P converges weakly to a measure P and the functionals converge strongly by the above
construction so that in the limit e — 0, the functional

F(Wy(s))— F(Wx(7)) — /: L, F(Wi(v))dy (4.18)

is a P martingale for every smooth and bounded function F' : R — R and every test function
AESH.

The limit generator £, can be computed explicitly from (4.13”) by averaging with respect to
the invariant measure p and with respect to the fast phase. It has a particularly simple form when
F(Wy)=W,. Then

£,Wy = (W, £00)) (4.19)
where
(LONM (71 0) = 4wy, (N — M)P2AVM (¢, w)
+20 %, {(M + (N + AN o7 )
—(M? + N2)OIVM (3 )
+H(M = (N = DAV g 4o 0 (4.20)

The coefficients @, and ay,, in (4.20) are given by

1 o0
O = 0m(7) = s [ B {m(2)m(0)} =,
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1 o0
Cnn = () = CO(T)/O E {n(z)n(0)} d= (4.21)

Note that this notation differs from the one in [4] where the factor cy' is not included in the
definition of oy, and oy,

Instead of working out the form of the generator £, for general F(W)), not necessarily the
linear functions (4.19), we will give it for multilinear functions of arbitrary degree p. For p > 1 the
space of test function Sy, the inner product and the multinomial functions F(p)(W) are defined by
(3.13),(3.147) and (3.15’) respectively. For such functions F®) the generator £, takes the form

L,TF(p)(W) _ <W Q.0 W, E(Tp))\(p)> (4.22)
where
(Eg_p))\(p))N1M1N2M2...NpMp(t17wlv t27 W2y eeey tp? Wp)
p . .
— Z/;(Tl)ﬂ)\(p) + Z B.BIP) (4.23)
i=1 1<i<j<p

In (4.23) L'(Tl)’i denotes the generator /J(Tl) of (4.20) acting on MP) as a function of its i-th indices
N;, M; and its i-th arguments ¢;,w;. The operators B. act multiplicatively and

B! = 2v/=12amwi( M; — N;) (4.24)

The imaginary unit is written as v/—1 to avoid notational conflict with the indices.

5 Uniqueness

The laws P of W*(7),—L <7 <0 on X = C([-L,0]; Sj;) have a weakly convergent subsequence
which converges to a law P for which

(W(7), £{92) dy (5.1)

is a martingale for each A € Sy and with £ defined by (4.20). This follows from (4.18) and
(4.19). The same is true for multinomial functionals of degree p defined by (3.15°), in view of
(4.22), (4.23), so that

<W<p>(3)7 A<p>> _ <W<p>(r)7 A<p>> _ /

T

S

<W(p)(7)7/;(p))\(p)> dvy (5.2)

5
is also a P martingale. We will show that these properties characterize the measure P uniquely.

If in the definition (4.20) of /J(Tl) we replace AVM (¢, w) by ANM (¢ 4+ (N + M )r,w), which we will
also denote by )\NM(t,w), and if AVM depends explicitly on 7 as well then,

7] 7] 7]
(50 +£0) AVM (1) = TN (7, t,0) 4 (F 4+ 3 M (7, 1,0)

— 4ol (N = M)A (7,1, 0) 4 202, {(M + (N + 1AV (7 )

—(M? 4+ NPAM (1 w) + (M = (N = 1N () (5.3)
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The process W is defined by (3.15) relative to test functions A in Sy and since the quantity of
physical interest is W at 7 = 0, it makes no difference if we shift the ¢ argument of A by (N + M)7
as above. We will assume in the sequel that W has been defined this way.

Suppose now that A € Sy and that we can find a A(7) € Sy, —L < 7 < 0 such that

(% L+ z@) A =0 (5.4)
with A(0) equal to the given A € Sp. Then since
(W) 40) ~ (W=D AD) [ (W(s) (2 + £ON () ) ds (53)
is a bounded martingale, we conclude that
ET{(W(0), M0))} = (W(~L), \(~L)) (5.6)

This identifies the expectation of W(0), EX {W(0)} = W(0), independently of the law P.

We see therefore that unique characterization of the expectation of the law P hinges on our

ability to construct solutions A(7) € Sy of (5.4) with /J(Tl) given by (5.3). This is for the case p =1
in (5.2) but the case p > 1 is relatively easy once the p = 1 is understood. By constructing a test
function in 8% such that

or i
for —L < 7 <0 with )\(p)(O) equal to the p-th tensor product of A € Szr we conclude that
EP {{w®)(0),\)(0)) } = E” {((W(0), 1))}

- <W(p)(—L), W)(—L)> (5.8)

All moments of the bounded random variable (W (0),A), A € Sy, are identified this way and this
identifies the law P. In the next section we will study in detail equations (5.4) and (5.7) and

(Z+2) a0 =0 (5.7)

properties of their solutions.

6 Random walk representation and duality

The frequency w is just a parameter in (4.20) or (5.3) so we will suppress dependence on it and let
2w, = a > 0,4w?an,, = 8 > 0. (6.1)

We will also assume that o and 3 are constants, shift the interval (—L,0) to (0,T") and drop the
subscript 7 from £ in this section. With this notation and after a slight rearrangement (5.4)
becomes

%)\NM(T,t) +(N 4 M)%)\NM(T,t) — (B4 a)(N = MPANM (7,4

+o {(M + (N + 1AV () — o N AN (1 1)

+H(M = 1)(N = AN M (L =0 (6.2)
for 0 < 7 < T with terminal conditions

ANM(T 4y = AVM(¢) (6.3)
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Here Ag belongs to Sgr, with w -dependence suppressed. In Appendix A we show that if the terminal
data A\g € Sy then A\(0) € Sy.
Let Ap be the generator

ApAYM — M N {)\N-|—1M-|—1 _9)\NM )\N—lM—l} (6.4)
and let V' be the diagonal operator
VANM — (5 + a)(N — M)2ANM (6.5)
If we denote by A}, the adjoint of Ap relative to the inner product (3.14) then (6.2) becomes

%)\NM(T,t) +(N + M)%)\NM(T,t) + (AL + VAV (1) =0 (6.6)
in 0 < 7 < T with the terminal condition (6.3). We note now that the generator (6.4) is the
infinitesimal generator of a continuous time random walk on the nonnegative integers with the
lines N = 0 and M = 0 absorbing sets and that N(7) — M (7) is constant and equal to the initial
value N — M for all 7 > 0. Let (N(7), M (7)) be the process generated by Ap of (6.4) up to a blow
up time T,,. We will show that T, = oo with probability one. Then we will analyze the existence,
uniqueness and probabilistic representation of solutions of (6.2),(6.3). We prove that:

The blowup time T, of the random walk (N(7), M (7)) generated by Ap in (6.4) is infinite
with probability one.

There are many ways to prove this simple fact. We will give a proof based on a duality argument
that we will introduce first. To motivate this duality recall that we are attempting to characterize
the limit law of the process WNM defined formally by (3.12) and rigorously by (3.15). Now the
reflection coefficient R is a complex number of modulus less than or equal to one so it can be
represented in the form

A g .
R = tanh —¢™ (6.7)
2

with # > 0 and 0 < ¢ < 27. Let

g . e _
UNM(H, ¢) = (tanh §el¢)N(tanh §€_Z¢)M

g .
= (tanh §)N+M62<N—M>¢ (6.8)
and introduce the diffusion generator
1 9 9 1 02 9?
Ac=a|———=(inh =)+ —— = — 6.9
c = Gangae 090t Srgaa | A )50 (6-9)

acting on smooth functions of # > 0 and ¢ € [0,2x]. If in the unit disc |R| < 1 we introduce polar
coordinates (6.7) with the metric

|dR|? = sinh? §(d6)? + (d¢)> (6.10)
and volume element
dv = sinh 8dfdo, (6.11)
then we can write A¢ in the form
92
Ac = aA+(ﬁ+a)8752 (6.12)
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where A is the Laplace-Beltrami operator on the unit disc with metric (6.10), the hyperbolic disc.
The key observation in duality is the identity

AcUNM(9,6) = (Ap + V)UNM (4, ¢) (6.13)

where A¢ acts on UMM as a function of 8, ¢ and Ap+V as a function of the discrete indices N, M.
This identity is easily verified by direct calculation and with be help of the identity

* tanh2 2 — 9 + =
ekl 94—
sinh? ¢ 2 tanh? ¢

The subscripts C' and D on A stand for discrete and continuous, respectively.

Now the diffusion generator (6.12) generates a process (6(7),¢(7)) on the hyperbolic disc and
it is easily shown that this process has two simple properties as 7 — oo. First, 8(7) — oo with
probability one and this can be seen from the Ito stochastic equation for 6(r)

df(r) = acoth 8dr + V2adb(T)

that comes from (6.9). Here b(7) is the standard one dimensional Brownian motion. The positive
drift in this equation tends asymptotically to a constant and this gives the result 7716(7) — a with
probability one as 7 — co. A general class of asymptotic results like this are given in [7]. Second,
¢(7) is asymptotically independent from 6(7) and for any n = 0,+1,£2,...

E {em(¢(7)—¢(0))} et lotB)r (6.14)

as 7 — oo. This again follows from (6.9) and as a special case we have that ¢(7) tends weakly to
a uniform random variable as 7 — oo. We will use these properties in what follows.
Because of identity (6.13) the process

r

UNOME)Y QT — 7), §(T — r))elo VM) (6.15)
0 < 7 < T, is a local martingale. Note that from the definition (6.5) V depends only on the

difference N — M and so it is a constant, independent of 7 with probability one. We will however
use the expression (6.15) without this simplification until it is needed. Let

T =inf{r >O0|N(r)+ M(r)> K} (6.16)

which is a stopping time. Then the martingale property and the boundedness of UNM(H, ¢) gives
TATy
Enu {efo I V(N(s),M(s))dsUN(T/\TK)M(T/\TK)(9(T —TA TK), fb(T _TA TK))}
= By {UNM(O(T), (7))} (6.17)

Since the integrands are bounded and Ty increases to T, as K — oo we can take the limit in
(6.17) to get

Exas {efoTATOO V(N(s),M(s))dsUN(T/\TOO)M(T/\Too)(H(T —TA Too)7 (b(T —TA Too))}
= By {UNM(H(T), (1)) } (6.18)
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For 8 > 0 and fixed, [UVNM (8, ¢)| < 1 so (6.18) can be written in the form

. {efoT VNG M)A NTMT) g 6) T < Too}

= By {UNM(B(T), 6(T)) (6.19)

As already noted, it is easily verified from the form (6.4) of the generator Ap that the lines
N — M = const are invariant sets for the random walk and hence (6.19) has also the form

ENM {(tanh g)N(T)-I—M(T)v T < Too}

— Ey {(tanh @)Nweiw—mw@)—ao))} o (0+0) (N=M)°T (6.20)
Taking the limit T — oo in (6.20) and recalling that #(T) — 400 with probability one along with
(6.14) we get
0
1= Jim By {(tanh§)N(T)+M(T),T < Tm}
< lim Pyy{T < T} <1.
This means that
T Py {T < T} =1 (6.21)

and hence T, = +oo with probability one. This completes the proof of the statement above (6.7).
In the course of proving it we have introduced the duality given by (6.18) with T, = oo

Enu {eff VNG M) dog N(M(T) ¢)}

= Eys {UNMM(8(T), 6(T)) (6.22)

Let wNM(T) denote the left member of this identity, with # and ¢ suppressed in the notation.

M satisfies the equation

Then by the Feynman-Kac formula, w’
8wNM

or

= ADwNM—I-VwNM,T >0,

wNM(0) = UNM(4, ) (6.23)

We can also solve probabilistically the equation

9 NM 9 NM
L LN+ M) = (Ap+ V)M > 0, N, M >0
ar at
whM(0,1) = wlM (1) (6.24)

provided w) M (¢) is uniformly bounded and smooth. Let

Hr)=+t— /OT(N(S) + M(s))ds (6.25)

Then
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Similarly, the equation (6.24) with the boundary condition
WM t) =0, N+ M > K (6.24")

can be solved using stopping times. Let Tx be defined by (6.16). Then (6.24-6.24) has the
probabilistic representation

wNM(T7 t) _ ENM {efoTATI( V(N(s),M(S))dS X wéV(T/\TI()M(T/\TI()(t(T A TI{))} (627)

We are now ready to return to equations (6.2),(6.3). We can rewrite them in the form

ONNM (1 ¢ ONNM (1 ¢
AT (Y (N + M)¢ (AL + VIANM (2 1) = 0
or ot
0<r<T,N.M>0, (6.2')
ANM(T ) = MM (1) (6.3")

It is easily verified that

d
= / at 3" AN (2 1M N (7, 8) = 0
NM

Therefore,
3 / AN ()M (T 1) = 3 / MM (0, 4)wMN (0, 1) (6.28)
NM NM

Existence of solutions for (6.27)-(6.3’) is shown either directly as for (6.24) by writing A}, as a
generator plus a potential or by using the duality (6.28). The fact that solutions are in Sy for
0 < 7 < T if the terminal data are in Sy is shown in the Appendix.

We can now return to (5.6) and complete the identification of @(0) = EF {W(0)} . If R(—L,w) =
, with |, | <1 then from (3.12) we see that

"M (—L,t,w) =2x6(t), ¥, M (6.29)

Recalling the convention about translating (—L,0) to (0,T) stated below (6.1) we see that (5.6)
is another form of (6.28) and therefore w™M (L, 7) = w™M(L, 7, w) (when the w -dependence of o
and 3 in (6.1) is recalled) solves equation (6.24) i.e.,

S (N + M)— —(Ap+ V)™M =0,—-L <7 <0,N,M >0,
-
"M (—L,t,w) =2x6(t), ¥, M (6.30)

This problem has a unique distribution solution (i.e. w € 8}, ) with the probabilistic representation
(6.26) i.e.,

IDNM(O,t,w) — 2t Enun {(tanh g)N(O)-I-M(O)é(t(O))} ei(N—M)¢e—(oz+ﬁ)(N—M)2L (6.31)

The 6 function should be replaced by a unit step function in (6.31) and then the distribution
derivative with respect to ¢ of this expression is the distribution solution of (6.30).

We will end this section with two important observations that follow easily from the probabilistic
representation (6.31) and the duality (6.22). First, @V (0,t,w) tends to zero as L — oo when
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N # M. This is clear from (6.31). The ¢ -function in the initial conditions can be replaced by any
smooth function go(t) of compact support for this argument. Therefore

™M (0,t,w) = 0,L — 0o, N # M. (6.32)

Let us then concentrate on the diagonal part of @™ which we denote by @". It satisfies (6.30)
which is now
dwY dwY

2N —aN @Vt — 2w 4 @V =0, ~L< 7 <0.N >0,
-

N (=L, t,w)=2r6(t)], |2 (6.33)

The probabilistic representation of the solution is
0
wV(0,t,w) = 27 Ey {(tanh 5)2N<0>5(t(o))} (6.34)

which we write with the § function as explained below (6.31). Recall that N(7) is now the process
generated by Ap in (6.4) in —L < 7 <0 with N = M,#(7) is given by (6.25) with N = M (with
the shifted process N(7)) and |, | = tanh% in polar coordinates (6.7).

The second observation we shall make is that if L > ¢/2 then w" (0,#,w), the solution of (6.33),
is independent of #, or , , the initial reflection coefficient. To see this we recall that if N = M
initially then N(7) = M(r) for all 7, so the line N = M is invariant for the random walk. Next
we show that when N = M then N(0) — 0 as L — oo. This follows from the special form of the
duality identity (6.22) which we rewrite for the shifted process in (—L,0)

En {(tanh g)m(o)} = E {(tanh @)W}

Since 8(L) — oo as L — oo with probability one we conclude that

0
lim En {(tanh 5)2N(0)} =1 (6.35)
This implies that N(0) — 0 with probability one as L — oo because 6 < oo in (6.35).

We prove that @ (0,t,w) does not depend on 8 for L > % as follows. In (6.34) #(0) is given by

0
#0) = ¢ — 2/L N(s)ds (6.36)
and we may assume that N = N(—L) > 1 because N = 0 is an absorbing point. Suppose L > t/2.
IfN(r)>1in —L <7 <0 then ¢(0) will be negative and the delta function in (6.34) will not play
a role for larger L. So the paths with N(7) > 1 will not contribute to the expectation (6.34). If
N(7) = 0 for some 7 in [—L,0] then it will remain zero for all subsequent 7 and hence N(0) = 0.
Only such events contribute to (6.34) so for L > t/2 and N > 1

™V (0,t,w) = 2r Ex {6((0))}

which is manifestly independent of 6.
The two observations about @™ that we made above (and proved using duality) translate to
similar observations for the solution (6.27),(6.3”) of the adjoint equation via the identity (6.28).
At this point we may ask if it is possible to represent the solution of @™ by a dual formula.
We have of course the representation (6.31). Does there exist then some more complicated process
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similar to (6, ¢) for which some form of (6.22) holds for@™™? The answer is that there does indeed
exist this possibility but it is not as useful as the representation (6.31) because one cannot readily
see from it the #—independence property. Note that we can write (6.34) in the form

N (0,1,0) = /  deett By {(tanh g)WO)e‘”f f—LN<S>dS} (6.37)

which follows from the Fourier integral representation of the ¢ function and The expectation is the
joint generating function-characteristic function of N(7) and its integral and there seems to be no
nice duality for the pair.

To complete the uniqueness proof we must also show how to construct smooth solutions of

(% + /;(Tp)) AP = (6.38)

with )\(p)(O) given in Sp; for p > 1. The case p = 2 is typical. From (4.23) we see that

LN = £IAE) 4 £(10:2)2) 4 ) B2)\(2) (6.39)
where L'(Tl)’i for ¢+ = 1,2 is the operator /J(Tl) defined by (4.20) and acting only on the variables
ti.wi, Ny, M; of A2). The multiplicative operators B, are defined by (4.24). It is enough to solve

(6.38) with )\(2)(0) a product of matrices in 81(1}) because linear combinations of such products are

dense in 81(112). But the solution of (6.38) can be written explicitly as the product of two solutions
of (6.2), (6.3) multiplied by an exponential factor

N1 M7 Ny M:
AT 2(7','['1,(.01,'[’2,(.02):

)\N1M1( )\N2M2( Barmmaw wz (N1 =M1 ) (N2 —Mz)7 (640)

Tvtlvwl) T7t27w2)e

This completes the proof of uniqueness.

7 Representation of the W process

In the previous section we saw how the measure P for which (5.1) and (5.2) are martingales is
uniquely determined and identified on linear and multilinear functionals of the process. In fact the
expectation of W, w = EF {W}, is the unique solution of (6.30) in S}, for any limit law P.

We will now use the martingale (5.2) with p = 2 to show that (5.1) is a Brownian martingale
of the form

| W68, vl (1)

where b(7y) is the standard, one-dimensional Brownian motion and B; is the multiplicative generator

defined by (4.24)
(B-NYM(t,0) = 20V 20 mw(N — MMM (¢, 0) (7.2)
with A € Sp. To see that (5.1) has the form (7.1) we note that if

is the martingale (5.1) then

S

My, (s,7) My, (s,7) — / (W(v) @ W(5), £50A = M £ — 2L ) dy (7.4)

T
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is also a martingale [16], where £9 is defined by (4.23). But
LON g = ML = ALMA = BN B Ay (7.5)

and hence
S

E{My,(s,7) M, (s,7)} = E {/T

Since My(s,7)is P almost surely continuous as a function of s for each A € Sy, it is bounded and
(7.6) holds we conclude that it is indeed the Brownian martingale (7.1).
We can write (5.1) in the form

(W), B ) - (W), By o) | (7.6)

(W(s), ) = +/ d7+/ ), B.A) db(~) (7.7)

for A in 8p. and the multinomial version in the form

<T/V(P)(5)7 )\> = <I/V(P)(7-)7 )\> + /S <W(p)(7)7/;(wp))\> dy + /5 <W(p)(7)7zp: Bé)\> db(y)

We can also write the distribution solution w™¥M (7,t,w) of (6.30) in the probabilistic form (6.31)
or
oM (1t w) = 5VM (7 1, w)e PN -MP(THL) (7.8)

where 3 is defined by (6.1) and @™ is given by
[UNM(T’t’w) — 97 Enay {(tanh g)N(T)-l-M(T)(S(t(T))} i (N=M)p—a(N-M)*(7+L) (7.9)

and 1s the distribution solution of

I ~NM o N M
S+ (N + M) “;t +a(N — M)2aNM

—aNM {@NFIMFL _ 9Ny N =111 — g (7.10)

for —L < 7 <0 with
6 :
@M (=L, t,w) = 276(t)(tanh §)N+M62<N—M>¢ (7.11)
Let
WM (7 4 w) = &M (1, t,0)e VN =M)G()=bH(-1)) (7.12)

and recall that the martingale

M (7) = eV2BN=M))=b(=L)+5(N=M)*(7+L) (7.13)

satisfies
)= i/2B(N — M)M(7)db(r)

Then we see that WVM (7 ¢, w) of (7.12) has the correct mean @M (7,t,w) given by (7.8) because
the bounded martingale (7.13) has mean value equal to one. In fact all moments of WNM (1 ¢ w)
in (7.12) agree with those of the W process so the two have the same law and this is the meaning of
the equality in (7.12). There is no implication of strong uniqueness for (7.7), viewed as a stochastic
differential equation, in our results.
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A Appendix. Bounds for solutions of the transport equations

In this Appendix we will analyze solutions of the transport equations (6.2) which we write again
here:

gANMJr(NJrM)%ANM— (B4 a)(N — M)2\NM (A.1)

+o {(M + 1)(N + DAV o NANM 4 (M — 1)(N — 1AV < g,
for 0 < 7 < T with terminal conditions
AVM(T, #) = A™M (1)

and where o and 3 are positive constants. The expression in the braces in the second line of (A.1)
can be written as a generator plus a potential and then the maximum principle for (A.1) gives the
estimate

M0, 5] < 2 sup sup AV (1) (4.2)
i N,M>0

We want to show that if for any p > 1 and ¢ > 1

sup sup (1+ 2P 2(NMYIAYM(1)] < o, (A.3)
t N,M>0
then
sup sup (1+¢)P2(NM)IATM(0,1)] < Cpo(T), (A.4)
t N,M>0

where C, ,(T) is a constant that depends on p and ¢, the bound (A.3) and T. Bounds like (A.4)
for ¢ derivatives of solutions of (A.1l) follow immediately if (A.3) holds with ¢ derivatives since

equations (A.1) have constant in ¢ coefficients.
We will first prove (A.4) with p = 0 and ¢ = 1. Let o™ = NMANM_ They satisfy the
equations

d d
EUNM +(N + M)EUNM — (B4 a)(N — M)*NM

+aNM {vN‘HM-H —2MM vN_lM_l} =0 (A.5)
If (A.3) holds with p = 0 and ¢ = 1 then, since the expression in the braces in (A.5) is a generator,

|v¥M(0, )| is bounded and hence (A.4) holds with p = 0 and ¢ = 1.
For the more general case p =0, ¢ > 1 let

A()\NM):)\N-|—1M+1_2)\NM_|_)\N—1M—1 (A6)

and
oM = (NMINNM g > 1.

Note that véVM =0if N=0or M =0. Then for N,M > 2, véVM satisfy the equations

d d
EU;VM +(N + M)EU;VM — (B+a)(N — M)V

+a(NM)IA (WU;VM) =0. (A.8)
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We can now split the operator on the second line of (A.8) into a generator plus a potential:

(NM)TA (W%W) = (NM)'Aq (WU;VM) + VNMyNM, (4.9)
Here
VM = (VM)A (W) . N, M >2. (A4.10)

and Ag is such that the first term on the right is a generator. It can be verified by a direct
computation that there is a constant C,, depending on ¢ only, such that

~(N-MP+VMM <, < o0, (A.11)

for all N, M > 2. Using the decomposition (A.9) in (A.8) and the bound (A.11), the maximum
principle gives (A.4) with p = 0.
The bound (A.4) with p > 1 follows by induction on p. Let
oM = (14 2P/ 2 VM, (A.12)

NM . .
From (A.1) we see that vy, satisfy the equations

d d
— oM (N + M)—oDM — (B + a)(N — M)

ar at
1 t
+1 NM p NM _
‘|‘Oé(NM)q A <( )q qu ) — (N + M)qup—l =0. (A13)

If the bound (A.4) holds for vé\;% then the term

pt NM
—(N + M)i(l )i Vypo1

is uniformly bounded for ¢t € R, N, M > 0 and 0 < 7 < T. Tt follows then by the maximum
principle for (A.13), as for (A.8), that the bound (A.4) holds for all p > 1.

We thank the referee for carefully reading the paper and for pointing out an error in the

uniqueness proof. The work of of the authors was supported by the National Science Foundation
under Grants DMS-8701895 and DMS-90003227.
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