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A PROJECTION METHOD APPLIED TO DIFFUSION IN A
PERIODIC STRUCTURE*

MICHAEL VOGELIUSt AND GEORGE PAPANICOLAOUt

Abstract. In this paper we analyze a method designed to replace PDE’s with rapidly varying coefficients
by PDE’s with constant coefficients. This method is based on a combination of an asymptotic expansion
and a variational principle. We show that for smooth data the method has the same approximation properties
as the more standard approach based only on an asymptotic expansion. More importantly, we show that
the present method works well also for nonsmooth data. This may be seen as a result of the optimal way
in which the method treats boundary layers.

1. Introduction. We shall analyze a method for constructing effective constant
coefficient equations corresponding to PDE’s with rapidly varying coefficients. We
consider the following model problem

-V (A()Vu(x))+b()u(x)=[(x) anD,

(1)
u (x) 0 on

where e is a small positive parameter characterizing the length scale of variation of
the coefficients relative to the size of D. D itself is a fixed bounded domain in R" with
a Lipschitz boundary. The elements of the coefficient matrix A(y) ={aij(y)}i",j=l and
the function b(y) are bounded periodic functions of y e R" with period one in each
direction, A(y) is assumed symmetric and uniformly positive definite, i.e., there is a
constant a0 > 0 such that

a0sC2<_-(A(y):,sc> V:I, y

and b is nonnegative.
We may think of u (x) as denoting the temperature of a conductor occupying D

and having conductivity A(x/e) which is rapidly varying.
It has been shown in some detail (cf. [1], [3], [5], [13], [16], [19]) that when e is

small and all the data is smooth u (x) is well approximated by the solution to the
homogenized, constant coefficient, problem

-V (MVu)+bu(x)=f(x) inD,
(2)

u (x) 0 on

Here denotes averaging over a period cell, i.e.,

b= b(y) dy
0,i]"

and the matrix is defined below.
Let gj, 1 <-] <= n, be periodic functions satisfying

(3) -V. (A(y)VyXj(y))= Vy. (A(y)e),

where ei is the standard /th basis vector in , and let X denote the vector

(x, x,""", x,).
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The matrix s is then given by

s (y)(v,x + t).

It is clear that s is uniquely defined even though Xj is determined only up to a constant
from (3).

Let H be the standard Sobolev space of order s based on L2 and let Ws’" denote
the corresponding space based on L", p 2. The norms will be denoted by 1[. [Is
and I1" Ils,, respectively. /_]r l(f) refers to the closure of C () in HI(i)), i.e., the
elements that vanish on 0f. We note that (3) is considered as an equation in variational
form in nper ([0, 1]n) (the periodic elements of H).

The correspondence between u(x)of (1) and u(x)of (2) for small e is this:

uu weakly inH(11) ase0

and by compactness therefore u u strongly in H (fl) for any s < 1. But one cannot
show that u u strongly in H(f), which is convergence in the energy norm, and
indeed this is false.

The big advantage of (2) over (1) is clearly that the highly oscillatory coefficients
have been replaced by constant coefficients.

To understand why (1) can be approximated by (2) and how to construct approxi-
mations to u that are close in the energy norm it is convenient to perform a multiple
scales asymptotic expansion (cf. [3], [8], [12], [14]). We look for u (x) in the form

U X bl X nt- e lg X, -Jr’F, bl 2 X, ’"
We treat x and y x/e as independent variables, insert the above expression into (1)
and match equal powers of e. This leads to a sequence of problems the solution of
the first of which requires that u (x, x/e) has the form

Ul X, Xi u(x),
i= Ox

with Xi, 1 <-/" <_-n, as determined by (3). The second problem is similar to the first, but
with a different right-hand side. It is the solvability requirement for this problem that
leads to the effective equation (2) for u.

An interesting variation of this argument is found in [10]. There the effective
equations are found entirely from considerations involving convergence of the energy,
i.e., only a very weak form of matching.

In the references given above several other examples are treated" problems in
fluid mechanics [3], [14], probabilistic problems [3], [12], etc. Connections with the
averaging method for ordinary differential equations and other asymptotic problems
are presented in detail in [12], while dynamic and high frequency problems are analyzed
in [3].

In [3] it is shown by many methods, the most efficient and elegant being the one
given by Tartar [16], that

(4) u(x) u(x+ x m(x)-x U(X) C81/2

provided u E H2(l-), (O/Oxi)u EL(f) and Xi WX’([0, 1]"), 1 <-_f <-_n. me(x)is a func-
tion of the form

(dist (x, 012))m (x)=m ,



1304 M. VOGELIUS AND G. PAPANICOLAOU

where m e WI’(R+) is such that m (0)= 0 and m (s)= 1 for s => 1. (It is here implicitly
assumed that 0f is piecewise C1.) The presence of the cutoff function m in (4) is
crucial since we want the approximation to satisfy the homogeneous boundary con-
dition.

Some clear disadvantages of (2) and (4) are
(a) The cutoff function m can be chosen rather arbitrarily. This leaves open the

very difficult question of how to select it optimally in order to obtain the smallest error.
(b) If the right-hand side f is not sufficiently regular and u therefore is not in

H2(f), then in general the expression

(5) u(x)+e X,()m(x) 0
u(x)

j=o Ox

does not make sense in/_x(f). Standard homogenization therefore fails to produce
a family s such that u s 0 strongly in/-it (l).

(c) If the boundary Ofl is not sufficiently smooth (e.g., has corners) and u therefore
is not in HZ(f) then the results as contained in [3] do not apply.

u(x)+e X,()m(x) 0
u(x)

i=0 Ox

may still make sense in/-(f) provided f is at least in LZ(l) and Xi W’([0, 1]"),
1 <_-j <_-n (and for an appropriate cutoff m (x)), but a separate analysis is needed to
see if we recover the convergence in/_]rl(f) and at what rate. This analysis is to the
authors’ best knowledge not found in the literature.

(d) From a computational point of view

u(x)+e X,()m(x) c3
u(x)

i= Ox
is not very natural. If u is approximated by, say, a finite element method as u a, then
for the above expression to be in H(f) requires that (O/Oxi)uaH(f), l<-f<-_n.
This means we have to use C-elements or alternatively treat (2) by a socalled mixed
method.

The purpose of this paper is to introduce a new second order constant coefficient
elliptic system that preserves the homogeneous boundary condition, leads directly to
an approximation result of the same type as (4) and furthermore does not exhibit the
disadvantages mentioned above. To be more specific:

(a) It will be shown that the solution to this system has a boundary-layer behavior
identical to the optimal cutoff (to be defined) of

u(x)+e x u(x)
i= 3x

relative to the energy.
(b)-(c) In the case of a sufficiently smooth domain it is shown that we have strong

/_it x(li)_convergence provided only f H (f) for some -1 < s. Regarding nonsmooth
domains we restrict ourselves to the case n 2 and show that if the boundary 3f is
piecewise smooth with a finite number of corners, then this system will provide a
family s such that u s 0 strongly in/-it (f) as e 0.

(d) Since the new system that we introduce is of second order it has a natural
discretization by the finite element method using only C-elements. The analog of
(5) in this case does not involve differentiation so we have no need for more regular
elements.
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For some numerical experiments, comparing this alternate method to the more
standard technique, we refer to [17].

2. The nondegeneraey assumptions. The system we shall derive is essentially
based on taking higher order terms in an asymptotic expansion and then incorporating
them in the equations via a variational principle. It is therefore very natural that we
have to make some kind of assumption to the effect that these terms are really present
in the particular problem.

At various points in this paper we shall need either of the following two assump-
tions regarding the functions Xj defined by (3).

if/3j , 1 -<_/" -<_ n, are such that

(N) fliVyxi(y) 0 Vy,
j=l

then/i 0, 1 _-< j _-< n.

if at Nn, 0 <_- j <_- n, and/3, e N, 1 -<_ j -<_ n are such that

(NN) to+ Xi(y)ti+ fljVyXi(y)=0
j=l j=l

then et 0,/3 0, //’.
Remark 2.1. If A(y) a(y)L a L(") and a(y)->_a0, then the assumption (N)

is clearly satisfied if and only if

I" Vya(y) 0

i.e., if and only if a is not totally independent of one particular direction.
Remark 2.2. The assumption (NN) is generally stronger than (N). If n 1 the

two are equivalent; this is because in that case, there is only one function X and at
the same time 0 X (Y)(d/dy)x (y)dy 0. For, n 1 both assumptions are therefore
equivalent to the requirement that the function a is not a constant.

In 6 we shall take a closer look at what happens near or in the degenerate case.
We show that although our elliptic system becomes singular the estimate corresponding
to (4) is uniformly valid. This analysis is only carried out for n 1.

3. The derivation of the system. Introduce the new independent variable y x/e
in (1). It is quite clear that if U denotes the solution to

-(Vx +e-iVy) (A(y)(Vx +e-Vy)U(x, y))+b(y)U(x, y) =/(x),

(6) U is periodic in y with period 1, and

U(x, y)=O Vxsaf,Vy,

then u(x) U(x,x/e) solves (1).
The function U(x, y) itself has a physical meaning. For a fixed yos [0, 1]n,

V (x, y0) U (x, e-Xx + yo) is the solution to the boundary value problem

-V (A(e-x +yo)VxV(x, yo))+b(e-x +yo)V(x, yo) =f(x) in

V(x,yo)=0 on

This problem is identical to (1) except that the periodic microstructure is no
longer centered at the origin but at y0. For the treatment of equations with rapidly
oscillating random coefficients this formulation is essential. In that case yo is taken to
be a uniformly distributed random variable with values in [0, 1]" and V (x, y0) is
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interpreted as a function on lq with values in L2(, d/J, where (, dtx) is the probability
space associated with y0 (for more details see [13]).

Let denote the set of functions

Vo(X)+e Z Xj(y)vj(x) vieIl(f), 0 <-] <=n
j=l

where Xi, 1--<] _-<n, are as defined in (3). We can then "project" U onto 7/" in the
semi-inner product associated with (6). By setting y x/e in the result of this projection
we obtain an approximation to u (x) of the form

(7) u(x)+e . X,()u(x),
1=1

where u, {ui }’=1 e/-]r() is the solution to

eAx eZAxx?vx
{} AX"

(8)

The system (8) for u, 0 =</" _-< n, may also be obtained by averaging the variational
principle associated with (1) as in Whitham’s approach to modulation theory (cf. [18]).
That is, in the expression

we insert for V a function of the form Vo(X)+e i=xXi(x/e)vj(x), keep x fixed and
average the integrand with respect to y x/e and then calculate the variation of the
integral with respect to vi, 0-< f <-n. This leads to the system (8).

We now prove two results about the structure of this system and its solutions.
LEMMA 3.1. If the condition (N) is satisfied then (8) is a positive definite uniformly

elliptic system. If

12 W

denotes the energy inner product associated with the system (8) and the condition (NN)
is satisfied, then there exists C (independent of e) such that

I1 o11 +  I1 ,11 + II ,II <CB == = {v} {v}

for all v e 11(), 0 <-_ j <-_ n.

Proof. First let us prove that the system is positive definite, uniformly elliptic
provided (N) holds. Let :0, {:i}i"= be n + 1 vectors in R". Then

e :zAx,xJ L{}’
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2

i=1
[0, 1]"

Now the condition (N) is clearly equivalent to the statement that 1, {X} is a
set of n + 1 linearly independent functions. It therefore immediately follows that

:o+e X(Y) dy >-C +e
1--1

[0, 1]"

and this proves the first assertion.
Concerning the second part of the lemma it suffices to prove

1=1 ]=1
(9)

2

C II II’lI[ (’x-’-E-I’y)(I’)O(X)’’-E ,](F)V](X))] dxdy,
i=1

[o,1]"

due to the fact that A(y) is uniformly positive definite.
With the assumption (NN), and since

i=1 ]=1 1=1

(9) easily follows. V1
Remark 3.1. It is also easy to see that, provided only (N) is satisfied, 0 is not an

eigenvalue for (8), i.e. (8) has a unique solution. For the particular coercivity estimate,
however, we need the stronger assumption (NN).

LEMMA 3.2. Assume that the boundary of the domain 12 is locally given as the
graph of a piecewise C function (with bounded derivatives). Assume that the condition
(NN) is satisfied and that xje WI’([0, 1]")Vl <=] <=n. Let u denote the solution to (2)
and u, {u[}j"=l the solution to (8).

There exists a constant C (independent of e) such that

Ilu , u II1 -<- Ce’/(llu I1 + Ilu I1.,oo),

<-/<-n,

and

IIVuTIIo c-’/(llull + <-i<-_n,

provided u H2(’) 0 Wl’(’).
Proof. The formal "limit" equations, for e 0, corresponding to (8) are

(10)

-V. (KV.Uo)- AVx. V.u + b-uo=f,
i=l

AV,x, V,Uo-e AVyXiuj O,
]--1

1 _-<k <_-n,



1308 M. VOGELIUS AND G. PAPANICOLAOU

with uo=O on 3f. (Here we used the identity tyXkyXi =-ek’ATygj.) Simple
manipulations give that (10) is equivalent to

-Vx (l,,Uo) + buo L
uo=O onOf,

uj Uo, 1 <=f<-n.

Let m WI’(I+) be such that m(0)= 0 and m --- 1 on [1, oo[. Define

(dist (x, Of))t (x m uj(x ).

Because of Lemma 3.1 we know that

(11) Ilu , uolll + s Ilu7 a7111 / Ilu7 aTII0 <-- c
/=1 /=1

sup Uo --Uo Vou {u-a} {v;}

where

M

We easily get that
Uo --Uo 19o

{uT-aT} {v}

eAXt e2tkxXi {Ui}

ebx, e2bxt,Xj+ eA(V,Xt,Xj -Xt, VyXj )" V {u} {v}

j=l j=l

+B {u-a} {v;}
From this identity it follows that

(12) sup u <-c/(lluoll+lluolll,).

Since we also have

and

i=1

uo- a, <- Ce ’/2lluolll,oo,
j=l 0

(11) and (12) immediately lead to

Ilu; uolll + e
i=1

Ilu jill -1--
i=1

u uo
o

--< c (lluoll "+- [[U0][1,oo).
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We note that u u0, and hence this is exactly the desired result. F3
Remark 3.2. If 0f is sufficiently smooth, then we have the following two regularity

results:

and

=IC such that I1,11. <-- cllfllo

Vq > n, =lCq such that 11/,/111,oo_-< Cllfllo,.
For a proof of the last one see, e.g., [9]. This combined with Lemma 3.2 implies that
for all q > max (n, 2) there exists Cq such that

(13) ui
Oxi

u o<-Gel/2llf]l’"’ 1 <-i <-n

4. The approximation results [o smooth domains. We are now in a position to
prove that this alternate procedure for homogenization gives results that are close to
u in energy as e - 0. Whenever we require that the domain 1) be "sufficiently smooth"
this means that we assume as much smoothness as needed for the regularity results
of Remark 3.2 to hold (and at least a piecewise C boundary).

THEOREM 4.1. Assume that the condition (NN) is satisfied and that
Wa’([0, 1]")V1 <-!" <-n. Let u;, {u7}7= be the solution to (8). Provided 12 is sufficiently
smooth, then for all q > max (n, 2) there exists Cq (independent of e) such that

Proof. Using the same technique as in the proof of [3, Thm. 1.5.1] one easily
gets that

i=1 OX]

where u is the solution to (2). Because of the inequalities of Remark 3.2 it follows that

]=1 OX.i /=1

For any q > max (n, 2) we therefore obtain the estimate

which is exactly as desired.
Theorem 4.1 ensures that the procedure developed for homogenization here is

as powerful as standard homogenization and formation of the sum

u(x)+e X,()m(x) 0

But, more important, we are also in a position to show that the alternate procedure
guarantees strong HX-convergence in cases where this sum is not well defined as an
HX-function, due to lack of regularity of fi
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THEOREM 4.2. Assume that the condition (NN) is satisfied and that Xj
WI’([0, 1In), for all l <-_j <-n. Let u, {u}jl be the solution to (8), with f HS(f) for
some -1 < s. Provided f is sufficiently smooth we then have

u(x)-(u;(x)+e X,()u(x))-O as e0,
/=1

strongly in
Proof. Both u (x) and Uo(x)+e i=, Xi(x/e)ui (x) are uniformly bounded in

H’(Iq) provided only f e H-I(fD, i.e.

and

We therefore have

u0(x)+ x u(x) _-<cllfll_.
j=l

(14) u(x) u,(x)+ 2 x uT(x) <=cIIfll-.

From the previous theorem we also know that

(15) u(x) u,(x)+

for any q > max (n, 2).
Applying interpolation by the socalled K-method (cf. [4]) to (14) and (15) we

obtain for 0 < O < 1 and q > max (n, 2) that

(16) I]u(x)-(u(x)+e
i=

where ]]l’[[0 is the norm on
The Sobolev embedding theorem says that

for t=n/2-n/q and 2Nq <.
Let us in the following assume that n 2. The case n 1 may be handled by a

similar argument. By taking q n + 8 and suciently small we thus obtain

(17) H

for a given but arbitrarily small > 0. The inclusion (17) immediately implies that

(18) n-+(/2+(n) (n-(n), L(n))0,.
Here we have used the well known fact (cf. [4], [11]) that H-+(/2+()

(n-(a),n/-+(a))o,.
Now choose 0 < 0 < 1 such that

(This can be done since -1 <s), then by a combination of (16) and (18) we get the
desired result.



DIFFUSION IN A PERIODIC STRUCTURE 1311

Remark 4.1. fH-I(Y) is necessary and sufficient in order for (8) to have a
solution with components in H (fl). If we only know about f that f H () for some
-1 < s < 0, then standard homogenization and formation of the sum (5) will not give
any H1-convergence, but the alternate procedure does.

Remark 4.2. We actually proved a little more than just strong convergence in
the previous proof. Specifically we got that fHS(f), -1 <s<n/2-1 implies a
convergence rate for u(x)-(u(x)+e Y’.j=l Xj(x/e )u (x )) of order e, where v is
smaller than but arbitrarily close to (1 + s)/n. This particular statement is only valid
for n >= 2, but a similar result holds in the case n 1.

5. An approximation result |or domains with corners. Throughout this section
we assume that

_
R2 has only a piecewise smooth boundary (for simplicity let us

take this to mean piecewise C) with a finite number of corners Ci and corresponding
angles 0<ai <2r, cti # r. As our main result we shall prove that the contents of
Theorem 4.2 remain valid also in this case. The proof of this is based on Lemma 3.2
and interpolation. The interpolation result we need is one between spaces that satisfy
certain boundary conditions, but because of the corners of the domain f we cannot
rely on the results of this type proven e.g. by Lions and Magenes (cf. [11]). Instead
we use a slight variation of a result due to Babuska, Kellogg and PitkSranta. Since
we are here only interested in the case of ordinary Sobolev spaces, which somewhat
simplifies the proof, we shall give a sketch following the main ideas in [2].

LEMMA 5.1. Let 1) 2 be piecewise smooth with a finite number of corners. The
following result then holds for any 0 < 0 < 1 and 1 <- t:

(/l(fl), H’() /-l(fl))0, (H1(1), H’(fl))0,oo

Proof. The inclusion (/l(n), H’(n) /-l(n))0.o (Hl(O),H’())o.ooIl(fl) is
trivial. To prove the converse it obviously suffices, by means of a localization argument,
to consider a domain with only one corner of angle 0 < a < 2rr, a # r, the sides of
which are locally linear.

Let us first take the case a < rr. By a linear transformation it is possible to map
fl onto a new domain with a corner of angle < min (rr/(t-1), r). This induces a
mapping L of functions on fl to functions on ft.

We define a bounded operator P: H1()-->/_1() the following way,

-APu +Pu =-Au + u in (Z,
Pu 0 on 0.

Because of the size of the angle t it is clear (cf. [6]) that P is also a bounded operator

Define

Pn := L oP oL-1

as an operator HI()/-1(). It is clear that Pn also takes Ht(fl) continuously into
H’()f/-1(). By interpolation Pn is therefore a bounded operator,

en: (Hi(O), H’(fl))0.o - (/- (O), H’(n) /-1(O))0,oo.
On/_l(fl) Pn is by definition the identity, which proves that

(n (n), n’(n))o.oo i:t (n)
_
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The case rr < a < 2rr is a bit more difficult because we can no longer map the
domain l by a linear transformation onto one with a convex corner. Let B be a ball
centered at the corner and containing f. By Ea we denote the Stein extension (cf.
[15, Chap. 6, 3]) of functions on f to functions on B vanishing at OB. In the following

denotes the complement of with respect to B, i.e. B, and Ea, the Stein
extension of functions on to all of B. Define

Pa := Ea pn Ea+ (I -Eac En).

Pn is as defined before, since now the angle of is <u. It is easily seen that Pn is
a bounded operator

(H’(fl), H’(fl))0, (’(n), H’(fl) n ’(fl))0.
such that Pn I (the identity) on (fl). This concludes the proof of the lemma.

With this lemma we are now in a position to prove the main result of this section.
TEOREM 5.1. Let be piecewise smooth with a finite number of corners.

Assume that condition (NN) is satisfied, and that Xi W’([0, 1]), f 1, 2. Let u,
{u}=x be the solution to (8), with fHS() for some -1 <s. We then have that

u(x) u;(x)+e E X u (x 0 ase0,

strongly in ().
Proof. It follows directly from Lemma 3.2 and the proof of Theorem 4.1 that

there exists C such that

(19) u(x)-(u(x)+e E uT(x)
]=1

provided u H2(), (O/Ox)u L(), and the boundary is piecewise C (u here
denotes the solution to (2)). Since n 2 we know from the Sobolev embedding theorem
that

H() W’() for any > 2,

i.e., for all > 2 there exists Ct such that

(20) u(x) u;(x)+ E x uT(x)

provided H
We also have the estimate

(21)
i=1

<-- clifll- <-- Cllu I1,

2Through (2) f is given as a function of u /_]rx(f). Since u and u0, {uj }i=1 are
defined in terms of f these can also be regarded as functions of u x(f). With this
interpretation in mind we can interpolate between (20) and (21) and obtain for any
0 < 0 < 1 that

u (x) u (x) + E x u; (x c, /211[u Ill0,
]=1

provided u (/_it 1(-), H’(l) (q/_it 1(’))0,o. (111" III0 denotes a norm on this space.)
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Using Lemma 5.1 we therefore get

(22) I[u(x)-(u;(x)+e X]()uT(x))l <-cte/2lllulllo,
/=I

provided u e (H’(l),H(fl))o, and II[’II[ denotes a norm on this space (remember
that u by definition is always in/-

It is well known that

H’+(’-1) (f) (HI(I), H’(a))o,.

A combination of this and (22) gives

where can take any value <rain ((r- 1)/2, 1/2), provided u eH(fl). From, e.g., [6]
we know that if f e H (fl) for some 1 < s then u eH (l-l) for some 1 < r (how large
r can be taken depends both on s and the size of maximal angle). Formula (23) thus
immediately guarantees convergence.

Remark 5.1. From the proof of Theorem 5.1 we also gain some information
about approximation rates.

It is always possible to perform a linear change of variables such that (2) transforms
into

-zu+b-u =f in

u 0 on

If f e L2(f) and d denotes the size of the maximal corner in (l then we have (cf. [6])
that u n (),) for any r < min ((zr/d)+ 1, 2). Based on the previous proof, this implies
that

u(x) u;(x)+ 2 x(x)uT(x)
/’=1

converges like e where v is smaller than, but arbitrarily close to min (7r/2c, 1/2).

6. The "nearly" degenerate ease. We now study more closely what happens to
this procedure for homogenization when A gets very near a point of degeneracy.

We limit our analysis to the case n 1, i.e., A(y) a (y), and shall always implicitly
assume that f is sufficiently smooth for our arguments to be valid. Our main result,
Theorem 6.1, shows that although the system (8) becomes singular, the estimate
[[u (x (u (x + eX(x/e )u (x ))[[1 -<- Ce 1/2 holds uniformly and independently of how
close we get to a point of degeneracy.

In the following the notation shall be used in place of d/dy. The absolute terms
involving b have no bearing on the problem addressed here, so for convenience we
set b 0. The domain f is taken to be [-1, 1].

Due to the well-known formulas (a-l)-1 i + ah" and -ah" a (g’)2,
equations (8) for u and u take the form

u; +a u-2-;x u; =f,

(24) 2

-e ax u7 +a(x’) ul--x u =e,f,
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Here the undetermined constant of X has been selected such that - 0.
2 -1Multiply the first equation by e a ax differentiate and subtract it from the

second to obtain

2 d ,)2 d 2 --’r d
(25) -e C U;---x U; nt’a(x Ul---x U; =e2f-e a ax

with c=ax2(l+a-a(x’)=). Let us now estimate the boundary conditions for
u -(d/dx)u;. Integration of the first equation in (24) gives

(26) -a u;(1)-7u;(-1 f(x) dx.

Multiplication of the same equation by x and integration leads to

ua()+ ua(-) -a’)= uT (x) ax f(x)x

LEMMA 6.1. Assume that 0 < ao a (y) al < m and a is nonconstant. There exists
C (independent of a and e, but dependent on ao and a) such that

u; (xo) < cllllo,1

for Xo 1 and all e.

Pro@ From (24) it follows through multiplication of the first equation by u;, the
second by u , addition and integration that

2 2

(a_,,_,I ( ;) I_ ( d ;)u dx +a’)2 u-u dx

(28) 2

+ e u dx fuo dx +e fu dx.

Since 0 < ao N a (y) it immediately follows that

Ilc{)/=,
and therefore due to (28) that

(29) (a ’)2)/21u N

Here we have used the inequality

(30) a (x’)= G
which can be derived from the identity

ax’ -a + (a-)-and the assumption 0 < ao N a (y) N a < m. Based on (29) and (30) we immediately get

This inequality combined with (26) and (27) leads to the desired result.
Since u (Xo) 0 at Xo 1 the conclusion in Lemma 6.1 may also be written

(31) u7 (xo)- u;(xo) cIlllo,1

for xo 1 and all e.
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LEMMA 6.2. Assume that 0 < ao <-_ a (y) -<_ a < 00 and a is nonconstant. There exist
constants a, c, d and a function R such that

u (x)--z- u (x)=c +de +R
ax

Specifically,

a =[a(x’)2[ax:(1 +a-:r-. a (x’)2)]-1]1/2,
c and d are bounded independently of a, e and

0

[or some C independent of a, e (but dependent on ao, a 1).

Pro@ Dividing (25) by a (’) we get the equation

where

2

u; + --Yfx u; 2-;x f,

/31 )?a (a (X’)2)-1 and 3 a---fax2a2(a(x,)2)-l.
It is easy to see that 1/321 <- C independently of a. The similar result for/31 is not quite
as obvious. We have that

1 1
Ig[ [X(y)(C a (y))[ <_- IIx [lolla (y)- Clio,

for any constant c. Since 0 < ao <- a(y) this leads to the existence of a constant D
independent of a such that

(32) [2l <D (a---) 1/2 incf Ila (y)- Clio,

where the infimum is taken over all constants C. Based on the identity ax’=
-a + (a-r)-1 and the assumption a (y)=< a < oo we conclude that there exists D > 0
(independent of a) with

(33) a(x’)2>-D inf [[a (y)- Cl]:o.
c

Formulas (32) and (33) now lead to the existence of a constant C (independent of a)
such that ]/31[ <= C.

By a very similar argument it is possible to prove that a(x). (a(x’)2)-1 =<C
independently of a. This implies that a is bounded from below independently of a.

The fact that 13i[-<C, 1, 2, and 0<c <=a independently of a now combine
with (31) to give the result of this lemma.

Based on Lemma 6.2 and the first equation of (24) we immediately get
LEMMA 6.3. Assume that 0 < ao <- a (y) _-< al < oo and a is nonconstant. Let a, c

and d be the same constants as in the previous lemma. Then

d
(x) =a -1 a -a(x+l)/e -a(1--x)/e

dx ul
e
(-ce +de )+t

where 1 satisfies II1  11o <--c for some constant independent of a and e (but dependent
on ao and a 1).
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We are now in a position to prove the main result of this section. It shows that
although the alternate procedure for homogenization at first glance may seem singular
at points a (y)= constant, this is not really so.

THEOREM 6.1. Assume that 0 < ao <-_ a (y) -<_ a < o, and that f is sufficiently
smooth. Let X be adjusted so that ax O. Let u o, u be the solution to (24) with
homogeneous Dirichlet boundary conditions and u the solution to the present version

of (1). There exists a constant C independent of a and e (but dependent on ao, a and
f) such that

u(x)-(u;(x)+ex()u(x))l <-Ce /.

Pro@ It is not difficult to see that

a x u(x)-u;(x)-eX u(x) -xV(X)dx

(34) a-a u;(x)-u (x) -22. v(x) dx

e a x -x U (x -x V (X dx

By use of Lemma 6.2 the first term on the right-hand side of (34) is easily bounded by

c /=1111, with C independent of a and .
From [7, p. 194], we have the inequality

I1 II0, <-- cll IIo/11 III/
for any 4, e H([0, 1]).

This immediately gives that

Ilax II0,-<- cllxll/llxlll/ c(x;/4,
with C independent of a (but of course dependent on a0 and a 1).

Combining this estimate with the result of Lemma 6.3 we obtain that the second
term in the right-hand side of (34) can be bounded by

with C independent of a, e. This finishes the proof of the theorem.
Remark 6.1. Consider the case that a is a constant. The term u; is still uniquely

determined by (24) (actually u; is also the exact solution to (1)). The term u7 is
completely undetermined, but due to the fact that 0 this does not matter to the
sum u;(x)+eX(x/e)u7 (x). As it should do, the alternate procedure thus produces the
true solution.. 1 boundary-layer analysis for th uto. In this and the following section we
shall justify that the boundary-layers associated with the singularly perturbed system
(8) are identical to the optimal cutoff (near 0) of the first two terms

u(x)+e x u(x)

of the formal asymptotic expansion. The optimality is defined in terms of energy.
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This is the basis for our claim that not only does the system (8) preserve
homogeneous Dirichlet boundary conditions, it automatically provides a solution
which is at least as good as the optimal one can obtain based on u (x), Vxu (x) and a
cutoff. The optimality of boundary-layers also provides heuristic insight as to why this
method is very good with problems with nonsmooth data.

The analysis presented here could be carried out in any dimension n (along the
normal direction to the boundary 0II), but for simplicity of exposition we only consider
the case n 1, II [-1, 1].

It is quite clear that the absolute terms involving b in the equations (1), (2) and
(8) do not influence the optimal cutoff, nor the boundary layers of (8), so for
convenience we set b 0. Since (8) is already an averaged system it is very natural
that we have to define the optimal cutoff for u(x)+eX(x/e)(d/dx)u(x) in an averaged
sense in order to compare. To this end let us assume that the coefficient A in (1) is
not only a function of x/e but also of a random grid location. To be specific the
coefficient is

a -+yo(tx
E

where 0-< yo -< 1 is a uniformly distributed random variable on the probability space
(, d/x). (Remember that the matrix A is just a single function a in this case.)

We now proceed to find the equations that characterize the optimal cutoff.
Let mi(" ), 0, 1, be two Wl’-functions on [0, m[ with the following properties:

ml(O)=O, mi(t)= 1 Vte[1, co[, i=0, 1.

We shall refer to (mo, m l) as a set of cutoff functions, although only m is required
to be 0 at =0.

Let u denote the solution to (2), i.e.

in [-1, 1],

u(x)=O forx=+l,

andM=(a-1)-1.
Define s (x,/z) to be

s (x, lz mo u (x + e) + yo(/z) m -x U (X ),

with d min {1 + x, 1-x }.
Note that we allow for adjustment of both u and (d/dx) u near the boundary.
As before, u (x, ix) denotes the solution to (1). (Remember that it depends on

Ix e through the random shift y0.)
We shall first derive an expression for the average energy of u (x,/x)- s (x, ix)

on [-1, 0].
LEMMA 7.1. Assume that feLl(I-I, 1]) and that X has been selected so that

aX O. IfE(x, too, m 1) denotes

a +y0(tx (u-s) dx,

then
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a,
E(, too, m)

2 2 2

--[x u->l. I Io (, (,o())) ,+’’ Io ("I()) ,
d

2

-[-a (X’)2 Io (MI(/)
where Mi 1- mi, 0, 1.

Proof. From the definition of u and s it follows that

a + yO(/.) -x(U --S
d

)v clx

a -+ yo(tx) Mo -x u v dx

(35) + a +yo(tX) (X’) +y0(/z) M1 -xU-x1ax

+ a +yo(Z) -xMo U-xVdX

+ e a + Yo(g) X + Y(tx) "x MI -X U -X V dx + 0 (e)[Iv 111

for any v e/- ([_ 1, 1]).
Based on (35) we conclude that

(x )da-+Yo() -x (U S)
E

(36)

d=a(+ Yo(t))Mo({) -x U

x >) ,o()u+ a(-+ Y(tz )) (X’)( + Y(la" ))ml( ) -x U + a( +Y( -x
+ea +yo(/z) X -+yo(/Z) xxMa x u +0=().

The term OL2(e) denotes a quantity with LZ-norm bounded by Ce. For the derivation
of this identity we have used the fact that M(t/e)dt<=Ce, i=0, 1, and

(d/dt)M(t/e)dt <=C to bound the constant of integration undetermined by (35).
Formula (36) immediately leads to
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(xa -+ yo(.) (u s)

_d
dx u(-1)[a(+Y())M(-)

+a -+yoOz) (X Y
E E

d Mo(1 + l+x)

and

a +yo() (u-s)=o(e)
in the interior of [-1, 1] (a distance e away from the boundary).

We therefore get

2

[ u(-’,]’[ Io ( (,o())) ,

near x -1,

Since

Io d
2 ’M1 Mx dt -1,

we have proven the result of this lemma.
Remark 7.1. The same argument, but performed on [0, 1] would lead to

ox(( )[;x ]), ,;+,o() (u-s) x d

=[u(,] [Io ((()))"a
Xd

2
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By adding the expression in Lemma 7.1 and the one corresponding to the interval
[0, 1] we get an expression for the total averaged energy of u (x, )-s(x, ). In
order to find M0 and M1 (i.e. m0 and ml) that minimize this expression (assuming
((d/dx )u (-1))= / ((d/dx )u (1))= 0), it is asymptotically in e necessary and sufficient
to minimize

2 2

+2eax’ 01 ()(Mo())MI()dt+a(x’)2 o (Ml())2dt.
Performing the change of variable tie and taking variations we are finally led

to the following set of equations for the optimal Mo(t) tMo(t) and Ml(t)"

--
X M1 + ax’ o+ a ’)2M1 0,

with 0(0) o(1) M(1) 0, M(0) 1.

8. A boundary-layer analysis lot the elliptic system. In this section we shall,
based on the analysis of the cutoff in the previous section and a result about the
boundary-layer behavior of our elliptic system, justify the earlier claims made concern-
ing optimality. I we select ax 0, the system (8) in this case takes the form

-a u;-ax’u =L

(
2 d =u ef, with uo=ul=O for x=l-e ax

xax/
ul +aX uo+a(x

Let Mo and M1 be the solution to (37) of the previous section, and let us also
introduce

Mo(t) t-lIo(t),

U; (x (1-Mo()) u (x ),

U (x)= l-M1 -X
where u as before denotes the solution to (2) and d =min {1 +x, l-x}.

LEMMA 8.1. Assume that a is nonconstant. With notation as explained above we
have the following 3 estimates,

I1o-o 11 c, llu o c, lu = c,
and therefore also

all provided f L([- 1, 1 ]).
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Proof. This is a standard singular perturbation argument and shall for reasons of
brevity not be given here.

If we recall the results of Lemma 3.2, which in this case state that

1/2 u -u 0 u-x U <=C

(and which for general f are optimal), then Lemma 8.1 simply expresses the fact that
U, U and U(x)+ex(x/e)U (x) correctly reproduce the first boundary layers of
u6, u and u(x)+ex(x/e)u (x) respectively.

Now, because of the way U and U were defined and the way we derived the
functions M0 and M1, we have finally arrived at the following result.

THEOREM 8.2. The first boundary-layer of u(x)+ex(x/e)u(x) is identical to

that which appears when an optimal set of cutofffunctions (too, m 1) is applied to the sum

u(x)+x x U(X).

The optimality is defined in terms of smallest energy-error.

9. Concluding remarks.
Remark 9.1. In order to solve the system (8) numerically we can e.g. use a finite

element discretization. This shall be based on a mesh . As test and trial functions
for the u T’s we can choose piecewise polynomials of degree Nr. The test and trial
functions only have to be continuous.

In the engineering literature (see, e.g., [1] and references therein) the following
numerical method to deal with problems involving composite materials can be found:

Introduce the set

where Pa denotes the set of continuous piecewise polynomials of degree <=r,
with respect to the mesh //. (Elements of W are sometimes referred to as "super
elements" because of their similarity to splines in the "fast" variable x/e.)
Select the set W as test and trial functions in the weak formulation

Ia I (A({)Vu(x)Vv(x)+b()u(x)v(x)) dx Ic I f(x)v(x) dx".

Since the coefficients of the bilinear form are nonconstant (highly oscillatory) and
the test and trial functions are also highly oscillatory there is a considerable amount
of work associated with computing the matrices for this finite dimensional problem
exactly.

The finite dimensional equations resulting from the discretization of the system
(8), as outlined before, represent the natural homogenization or "lumping" of the
equations derived from the "super elements".

Remark 9.2. The numerical experiments that have been carried out, and some
of which were presented in [17], indicate an additional benefit of the system (8). It
seems to give good results even for moderate to large size e, a range in which standard
homogenization in general fails. This feature is not totally surprising, since after all
(8) is very closely related to an energy projection.
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Remark 9.3. The system (8) can be viewed as finding a stationary point for an
appropriate energy expression within a certain class of functions. This stationary point
is more specifically a minimum. Based on (8) we may therefore obtain reliable upper
bounds for the energy. For more details and numerical experiments see [17].

A system similar to (8) can also be derived from the complementary energy
expression and the adjoint asymptotic analysis as carried out in [3]. Since the energy
principle is now one of maximizing an energy expression, this approach will naturally
lead to lower bounds for the energy.
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