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We consider the propagation of a Gaussian beam in a strongly focusing medium with random deviations
from uniformity. We compute the intensity and intensity fluctuations on the beam axis and the mean
power of the fundamental mode when the random inhomogeneities are weak and the distance between
source and observation point is large. We also compute the mean power transferred to each higher

mode.

1. INTRODUCTION

Several investigators?:2 have considered Gaussian
beams in homogeneous or inhomogeneous deterministic
media. We consider here a stochastic Gaussian beam
modeled so that the following conditions hold:

(i) The beam propagates in a strongly focusing axisym-
metric medium with random deviations from axial uni~
formity.

(ii) The random inhomogeneities are weak and the
source is far from the observation point.

Our analysis is based on an explicit representation of
the field of the beam in terms of a stochastic process
which satisfies a stochastic differential equation. We
analyze this stochastic process in the limit of weak in-
homogeneities and long distances between source and
observation point by using the method one of us3 em-
ployed previously to study wave propagation in a slab of
random medium,

In Sec. 2 we formulate the problem. In Sec.3 we analyze
the above mentioned stochastic differential equation.
Sections 4, 5, 6, and 7 contain the main results which are
as follows. The expected value of the beam intensity on
its axis remains constant even at large distances from
the source, but the fluctuations grow exponentially with
distance from the source. The expected value of the
power in the fundamental mode, normalized to 1 at the
source, decays with distance from the source. Finally
we give a general formula for the average power trans-
fered to each higher mode.

The above results can be generalized to nonaxisymmet-~
ric (nonorthogonall) beams by using certain group theo-
retical methods4 developed by Burridge and Papanico-
laouS for a random slab problem. We shall present these
results elsewhere.

The related problem of a Gaussian beam propagating
through a system of lenses with random imperfections
has been treated by Steier®, using the methods of geo-
metrical optics.

2. FORMULATION OF THE PROBLEM

Let efvt ¥(x,7,Z) be a time harmonic complex-valued
scalar field satisfying the reduced wave equation

i =v—1

H

(2.1)
where x,¥,z are Cartesian coordinates, 9, , 35, 3; denote
partial derivatives, # is the free space wavenumber, and

n is the index of refraction.

32W +32¥ +0F¥ + k2n2(x,y,2)¥ =0,

We shall suppose that, for each x, #2 attains a maximum
value of approximately unity on the x axis and we shall
restrict attention to wave propagation with large % in
the x direction and confined to the neighborhood of the
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x axis. Under these conditions it is useful to make the
so-called parabolic approximation in solving (2.1).

This approximation may be obtained as follows: Write
y =kV2y, z=kY2Z, ¥&,,2)=e*Yh,y,2).

(2.
Inserting (2. 2) into (2.1) yields

— 23,y + K12 + (02 + D)W + K20,k /2y,

EFV2z)- 11 =0. (2.3)
When % is large, we may neglect the term #°192¢ and
consider the initial value problem (with suitable initial
condition):

— 23 + 2P + 32y + k(nZ2— 1)Y =0,
V(0,y,2) =¥y(v,2)

This is the parabolic approximation. It is also called
the forward scattering approximation. Note that (2. 4)
also governs wave propagation in the negative x direc-
tion provided that we multiply ¥ by e *w? instead of
etvt, We shall use this fact in Sec. 4.

Let us now make some further assumptions about 72,
but first let us expand #2 as a Taylor series iny,Zz up
to quadratic terms:

x>0,

(given). (2.4)

n(,5,2) = alw) — [by;(®X)F2 + 2 ,(x)§ Z + byy(x) 23]

=alx) — kL[, (x)y2 + 2b;,(x)y 2 + by,22], (2.5)
where a(x) is approximately 1 and the guadratic form is
positive definite. The linear terms iny,z have been
neglected in (2. 5) since we wish %2 to have a maximum
on the x axis.

We shall now restrict (2. 5) to be axisymmetric about
the x axis and allow a(x) and 6 (x) to be random func-
tions of x as follows:

n2(x,y,2) = alx) — k" {x) (y2 +22),

with
a(x) = 1 + ealx), blx) = by + €Blx).

(2.6)
2.7

Here € is a small parameter and a (x), B(x) are sta~
tionary stochastic processes with expected value zero.
If the random medium is not strongly focusing, i.e., if
the term — & 1(y2 + 22) is not present in (2. 6), then it

is natural to assume o = a(x,y,2),a random field.
When the field ¢ is confined by the focusing to a narrow
cylinder about the x-axis, then our assumption (2. 6) is a
reasonable one. The problem without focusing has been
treated by Klyatskin and Tatarskii.? The problem with
focusing and @ = a(x,y,z),8 = B(x,y,z) has been analyz-
ed by one of the authors,® but here we seek more de-
tailed information which is difficult to obtain by the
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method presented there. We now proceed with the for-
mulation of the present problem.

Using (2. 6) and (2.7), we rewrite (2. 4):

b =402 +232) —byly2 + 2 + e[t kal)

— 392 +22BW)Y, ¥(0,3,2) =¥(y,2). (2.8)

By redefining dependent and independent variables we
may take by = 1 as we do in the sequel.

We shall choose ¥, to be the fundamental mode of the
unperturbed problem and so

Vo(0,3,2) = (1/Vr) e (32222, 2.9

The orthonormal modes k,,(y,2), £,4 =0,1,2,--+,
satisfy the eigenvalue problem

Yoz + 02— (v2 + 29k, (v ,2),
By (3,2) = (12091299 | T V2 H,(3) H, (e)e 0> <Y2,

Ng=— (0 +q+1), p,g=01,2---.  (2.10)
Here H,(y) denotes the p*® Hermite polynomial,
ar 2
H(y) = 1) yz——-y> 2.11
() = & Dre (dype , 2.11)

and we have
o0 o0
Lo v,y v, 2)dy dz = 6,00, (2.12)

Thus the initial field (2. 9) equals (¥, 2), the funda-
mental mode.

From (2. 8) and (2. 9) it follows that the solution of (2. 8)
is

* ek
l’/(x,y,Z) = —771_" exp (_“ fo /“L(g)dé —‘Z€_

= : N a(&)d&)

X exp[— 5ip()(y2 +22)], (2.13)

where p(x) is a complex-valued random function satis-
fying the equation

) ¢ pap) +[1+epE)] =0, x=0, p0) =i
dx @.14)
Define u{x) as the complex-valued solution of
d?ulx) +[1 + eplx)]ulx) =0, x=0,
dx?2
w(@) =1, 2O __;  (2.15)
dx
Then we have that
) -1 dub) , (2.16)
ulx) dx
Yix,y,z2)
1

(FI2 f) @t — L uriom + 29).

(2.17)

Thus the random field ¢ is completely determined by
the random function u#(x).

T a8
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Our objective is to determine the statistical characteris~
ties of u(x), hence of Y ,given the statistical characteris-
tics of a(x) and B(x). We shall do this in the limit of
large x and small € with €2x of order one. In particular
we shall obtain the first two moments of the beam inten-
sity J(x) on the beam axis

Ji) = [p(x,0,0)]2 = 1/(n|u(x)|2), (2.18)

and the expected value of Qoo(x), the squared modulus
of the amplitude of the fundamental mode

0 ] -(y2+22
Qo) = | [ [T ey, 2) E2 2 ayaz 2,
00 V-c0 N

Qoo® = 1. (2.19)

We also study the transfer of power to the higher modes.
Note that J(x) and @,,(x¥) do not depend on a(x) since it
only affects the phase of ¥,

3. THE STATISTICAL PROBLEM FOR u(x)

In this section we analyze the stochastic differential
equation (2.15). Let A(x) and B(x) be complex-valued
random functions and define

u(x) = A(x) cosx + B(x) sinx,

#(x) = — Alx) sinx + B(x) cosx. (3.1)
Here the dot stands for d/dx. On using (3.1) in (2.15)
and rearranging the result, we obtain the following sys-
tem of equations for A(x) and B (x)

(i)
<cosx — sinx) 0 O)< cosx sinx>(A(x)>
=€
sinx cosx (—— Bkx) 0/\- sinx cosx/\B)/’
G =()
B(0)) \—i/’
Let M(x,x’), x = x’, denote the fundamental solution
matrix of (3. 2), i.e., the matrix-valued solution of (3. 2)
with initial condition M (x’,x’) = I, the identity matrix.

Since the matrix multiplying (4 (x), B (x)) on the right
side of (3.2) has trace zero we have

(3.2)

detM{x,x) =1, x=x', (3.3)

Thus M{x,x’) is a real 2 X 2 unimodular matrix-valued
process; it belongs in SI(2, R), the group of all such
matrices.

Define the matrices b,,b,, 5, by

() nei D) ne(27)
1721 0/ 2T %0 -1/ P \~1 oS

3.4
Since M €SI(2,R), we can write5

b 6 b

M(x,O):elee2 el (3.5)

Here x (x), 6(x), ¢ (x) are random functions. The para-
metrization (3. 5) is analogous to the Euler-angle para-
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metrization of SU(2), the group of 2 X 2 unitary unimodu-
lar matrices, except that here x, 0, ¢ vary over the
ranges

O0=x<4r, O0=so¢<21r, 0O0=0<w, (3.6)
Now we insert (3. 5) into (3. 2) and, after some computa-
tion, obtain the following system of equations:

I

X = €B)[1 + cos(2x + x) cothd],

6 eflx) sin(2x + x),

Il

é =— €f{x) csch cos{2x + x),

6(0) =0, x(0)+¢(0) =0,

arbitrary.

x (0) — ¢(0)
(3.7

Let us denote expected values by E{ }. As in Sec. 2 we
assume that

E{B(X)} = 0,
E{p)B(')} = R(x — x7).

R{x) is the covariance of the process S(x). Let us also
assume that

(3.8)
(3.9)

) <1 (3.10)
almost surely. Under these circumstances and a few
other additional assumptions on B(x) we may use form-
ally a result of R. Z, Hashminskii? to obtain the asymp-
totic behavior of the processes x (v}, 6(x), ¢ (x) defined

by (3.7). We say formally because one condition in that
theorem cannot be satisfied namely, the right sides of
(3.7) are not bounded as a function of x, 8, ¢ in the

range (3. 6). By making additional restrictions on B{x)
however, the following analysis can be made rigorous.10

The above mentioned result is as follows: Let

x©r) = x(7/€2), 0E)(T) =06(r/€?),
(1) = ¢p(r/€2).

T = €2,
(3.11)

Then if f(x, 8, ¢) is any bounded smooth function of its
arguments, the conditional expectation

P©(r;x,6,0) = E{f(x© (1), 0 (), 6 @)}, (3.12)
given y €X0) = y,0€)0) = 6, ¢ X0) = ¢ converges as

€~ 0 to POr;y,0,), which satisfies the diffusion
equation

] 2 1 2
QL:7<L + cothe O + a—)Pm)

aT 262 26 sinh28 ?¢2
2p ()
+ < fm R(s)ds +-ycoth29> 9ZP©

“0 3y 2

3P O
ax )

- 3 fooo R(s) sin2sds (1 — csc26)

PO©; x,0,0) =flx,6,9), y=3 foeoR(s) cos2s ds.
(3.13)
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In the next section we shall see that the quantities of
principal interest to us do not depend on x . This leads
to a very significant simplification in (3. 13) since the
terms involving the x derivatives can be ignored on the
right side of (3.13). The differential operator in the 6,
¢ variables in (3.13) is the Laplace-Beltrami opera-
tor in the Lobachevski plane with 6, ¢ as polar coordin-~
ates,11

This could have been predicted heuristically from the
second and third equations in (3.7) since the third may
be written in the form sinhf¢ = — €B(x) cos(2x + ).
Thus, the ‘‘radial velocity’’ § and the ‘“‘transverse velo-
city” sinhf¢ are proportional to sin(2x + x) and

~— cos(2x + x ), respectively. Since x is a fast varying
variable in the above limit while x is slowly varying, we
would expect these equations to approximate a Brownian
motion which is characterized by the fact that all direc-
tions of infinitesimal motion are equally likely. The
first and second equations of (3.13), on the other hand,
would lead us not to expect Brownian motion in the
(6,%) plane.

The Laplace-Beltrami operator is self-adjoint relative
to the volume element
sinh 6 dod¢ (3.14)
and hence, because §(0) = 0, it suffices to have the funda-
mental solution of (3.13) (with the x derivatives absent)

which is initially concentrated at § = 0. This is given
by3

e YT/A ©  pe ¥ 4yTdp
Plr, 6 =
( ’ ’qb) 41/—2'(7’,7,7.)3/2 fe m ’

6=0, 0=¢<2r. (3.15)
This function is the transition probability density, rela-
tive to the volume element (3. 14), of 6¢) (1), ¢ ) (1)

given 6(0) = 0, ¢(0) arbitrary, in the limit € - 0,7 fixed.
Thus if £ (9, ¢) is a bounded smooth function of ¢ and ¢,
we have

lim E{ (6 (r), 9© (1))}

= fow (fOZHf(G,Mdtb) P(r, ) sinhs d§. (3.16)

Here and hereafter E{ } denotes expectation conditional
on §(0) = 0. In (3.16) we have also used the fact that P
of (3.16) is independent of ¢, i.e., ¢ (r) is uniformly
distributed in (0, 27) in the limit € - 0, given 6(0) = 0.

We now proceed with the application of (3.15), (3.16) to
the beam problem.

4. MEAN INTENSITY OF THE BEAM ON ITS AXIS

First we alter the original formulation (2. 8) of the prob-
lem for the field ¢/ (x,y,2) in the following way. Accord-
ing to (2.4) the source of the beam is located on the
plane x = 0,and J(x) in (2.18) is the intensity of the beam
at (x,0,0). Thus J(x) is considered a function of the
observation point. From (3.1) and the definition of the

matrix M{x, 0) we have
u*(xj) B cosx sinx\ /M;,(x,0) Mq,(x,0) 1
(it*(x) - <—— sinx cosx) <M21(x, 0)  My,lx, 0)> <~— i)’
(4.1)
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where now we have written #* for # to indicate that it
corresponds to waves propagating in the positive x
direction. We shall later use superscript ~ to indicate
propagation in the negative x direction.

If we locate the source at the point x and replace eiv! by
e"ivt then the beam points in the negative x direction.
We may seek the intensity at x = 0 as a function of x,
the location of the source. With this point of view we

have
< 1) < cosXx

—~ 3/ \- sinx cosx My1(%,0) Myy(x,0) w o (x)

(4.2)

where u~(x) and #~(x) are defined by (4. 2). Thus,J (x) =
(1/7)|u~(x)1-2 is the beam intensity at (0, 0, 0) consider-
ed as a function of the location of the source. Similar
remarks hold for @g4(x). Hereafter we shall adopt this
point of view. While #™(x),J (x), and @g,{x ) are physi-
cal quantities distinct from those denoted by u(x),J (x),
and @,,(x) in Sec. 2,J(x) and @,,(x) have the same
moments in both cases.

sinx \/M;{(x,0) M (%, 00N/u~ (x)
X M o)

Let us now express J (x) in terms of the functions yx, 6,
¢ of (3.5). From (4. 2), (3.4),and (3. 5) it follows that

C)-Came il 20 v
cosp/2 sing/2\ /% (x)
x(~ sing/2 cos¢/2>(if(x)>’ (4.3)

and hence

u(x) = el GV 2)+x] {cos[¢(x)/2]e-0 V2

+ 14 sin[¢(x)/2] o GV2}  (4.4)
w(x) = el (x Y 2)*x] {Sin[d)(x)/Z] 60V 2
— i cos[¢p(x)/2]e®@¥2}  (4.5)

J-(x) = (1/7){cos2[¢ (x)/2]e¢@ + sin2(¢ (x)/2]e0@}1,

(4.6)
For comparison we note the corresponding form for
JH(x):

J*(x) = @/m)[cos2(x + x /2) e® &) + sin2(x +x/2)e 6)] 7L,

To find the expected value of J~(x) in the limit x - o0,
€ — 0, e2x = 7 fixed, we use (4.6) in (3.16) and obtain

i ~ _T_ _ 00 21!_]; 9 i
e (5) = 7 [1)7 (co g e

-1
+ sin2§ ee) dqb] P(r,0) sinh6 do. (4.7)

Here P(r, 9) is given by (3.15). The angular integral
in (4.7) is elementary. We have

‘/.er

29,0 02 o6\ g =
o (cos 5 € + sin ze) dp =27, 0=0.

(4.8)
Thus, since P(r, §) is a probability density, (4.7) and
(4. 8) yield

lim E{J(7/€2)} = 1/m = J(0). 4.9
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This is the main result of this section.

The result (4.9) is somewhat surprising. Because the
operator on the right side of (2. 8) is self-adjoint we
have, for any x = 0,

7] ] =] ~(y2+ 2)
[0 ey, aleayde = [ [ S0 " ayaz =1

(4.10)
Thus, in addition to (4. 10) which is true for allx = 0
without taking expected values, the expected value of the
intensity at a point on the beam axis tends to the con-
stant 1/7 when the fluctuations are weak and the genera-
tor is far away. This is a consequence of the special
form (2. 6), (2. 7) of the strongly focusing index of re-
fraction.

We could, in principle, obtain (4. 9) by using the methods
of Secs. 3 and 4 in a previous work of one of the
authors.8 This, however, is not a simple matter. Our
analysis bypasses these difficulties because it exploits
the explicit representation (2.13) of the field . This
representation is in turn a consequence of the form
(2.8), (2.7) tor n2(x,y, z).

5. FLUCTUATIONS OF THE INTENSITY

In this section we compute the expected value of the
square of the difference of the beam intensity J(x) from
its expected value
L B({[J"(r/€2)] - E[T (7/€2]})
€=
= lir% E{[J(r/e2))2} — 2. (5.1)
€

From (4.6), (3.15) and (3. 16) we have

lig E B[J‘GE)]Z = foog 72 fozﬂ(cos2 52?2 e 6

0
-2
+ sinz—z? ee> do

P(r,0)sinhd do. (5.2)

The angular integral is again elementary:
2 -2
fo " <cosz%2 e ® + sin? % ee) d¢ = 2m coshé,

6=0. (53)

Thus, using (5. 3) in (5. 2) we obtain

- T\72 err/dg2
lim E)|J [— =—
€0 €2 2/2r1 (y7)3/2
peP¥4v7dp
vcoshp — coshé
coshf sinh6 df

o p
f pe-r 4yt === dp
Y 0 Jeoshp—cosh#

% f: cosh@ sinhd fe ° dae

_ey/4g2
2\/2_71' (’yT)3/2
er/4 -2

- 2v2m (y7)3/2

o
xfo pe Py ayT %{—2— (1 + 2 coshp) sinh—g—dp

= g~2e2r7, (5.4)

We have therefore

Downloaded 18 Apr 2006 to 171.64.38.75. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



88 Papanicolaou, et a/: A stochastic Gaussian beam

}Lnox E{(J (1/e2) — E[J7(1/€2)])2} = m-2(e2y" — 1), (5.5)

This is the main result of this section. Its physical
meaning should be clear. Even though the expected
value of the intensity E{J (x)}is approximately con-~
stant when € is small,x is large,and 7 = €2x is of order
one, the expected value of its fluctuation grows exponen-
tially in the parameter 7 at a rate equal to 2y where y
is given by (3. 13). The fluctuations in the intensity are,
of course, zero on the plane of the source and (5. 5) is
indeed zero when 7 = 0.

6. MEAN POWER OF THE FUNDAMENTAL MODE

In this section we compute the expected value of the
power @,q(x) in the fundamental mode, given by (2.19),
in the familiar limit.

By using (2.17), (2. 19) and (4. 4), (4. 5), we find that

Qoo(x) = 2fcoshd(x) + 171, (6.1)
On using (6.1) and (3.15) in (3. 16) it follows that
tim £ §Q50(-= )| = L% [ sinh6[coshd + 1]1
€0 °°(€2>$ VIT (y7)3/2 Yo
x [ LI _ g
6 coshp — coshf
_ e rT/4
V21 (7)3/2
% f°° pep?/ayr f" sinhg d6 dp
Y 0 (coshd + 1)Vcoshp — coshh
_4ert/a o= p2eetdp (6.2)

Ji 9 cosh(pVyT)®

Formula (6. 2) is the desired result. In the limit under
consideration the expected value of the power in the
fundamental mode decays exponentially with 7. For 7 =
0 the expected value equals 1 of course, Numerical

1.0

0.9

0.8

0.7

[oX]

7.5

04

Q.3

lim E{Qoo(T/sz)}

0 i I8 { i { i
4

YT
FIG.1. Here we plot the expected value of the power remaining in the
fundamental mode at the point x = 7/€2, in the limit € — 0 versusy7.
See formula (6. 2).
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integration of (6. 2) yields the graph shown in Fig.1.
The function (6. 2) arises also in a different context3,12
and its graph was obtained there.

Finally, we note the result (6. 2) and the graph shows in
a very explicit manner how power leaks out of the
excited (fundamental) mode into the other (higher)
modes.

7. EXPECTED VALUE OF THE POWER IN HIGHER
MODES

In previous sections we have been concerned only with
the total field on the beam axis and with the power in
the fundamental mode. However, one may also consider
the higher modes of propagation. We calculate here the
expected value of the power in each higher mode in the
familiar asymptotic limit. We also derive an expres~
sion for the generating function for the modal energy
distribution.

We define the (2p, 2) amplitude of the field by

I-zp,zq(x) = f:qz thlzq(y,z)d/'(x,y,z)dydz,

p,q:0,1,2,..., (7.1)
where the basis functions {i,, , } are given by (2.10)-
(2.11). The power in the (2p, 2g)th mode is then defined
as

Qp2s(%) = 115,0,012 ,  p,g=0,1,2,.... (1.2)
We need only consider these modes since all others
vanish., Utilizing the integral identity for Hermite poly-
nomials, 13

(2p)!

ID ety nar =7 EEL (2 y),

1 {(7.3)

we calculate @5, 5,(x) in terms of ™ and u:

Qzp.04(%) = 4727072 <2§> (23>

X [(iu-lz + (a2 + i @ )* — ({r)*u_))_l

btq

(lu‘lz + a2 — i) — (ﬁ‘)*u‘)) ] 1.4)

lu-(2 + [ (2 + i@ @)* — @) uw)

Here we have used (2.16), (2.17) for ¢~ and we have ex~
pressed the factorials in terms of binomial coefficients.
* stands for complex conjugate. When we use (4.4) and

(4. 5) in (7.4), we obtain the following expression:

2p\(2q -
5 = 22(1’*4)*1( >< ) he + 1) ltanh2(s+9) 8
Qp,24(%) 2\ g (cos Y ltan c.

(7.5)

While we could calculate the expected value of @y, 5.,
we prefer first to sum over the degenerate modes
corresponding to the same v =p + ¢. Thus, we fix » and
define @, (x) by

Q,(x): E sz'zq(x)y

prg=vr

r=0,1,2,""". (1.6)

When we employ the identities
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I w000 =2, e ()03
- 1)r<“ i) @.7)

we find that

Q,(x) = 2(- 1)~ <— :) (coshé + 1)1 tanh27 —g— .(7.8)

Next we use (7.8) and (3.15) in (3.16) and obtain

e /4

~ 1
imElS (T
}Lr{)l BQ'<€2>£ 2v2r (yT)s/z

—1 "
xf”[Z(—- )7 ~! tann2 (9/2)}

@ coshd + 1

9 o0 pe'f'z/‘”"dp
0 Jcoshp — coshd

e /4

27 )72

sinh® dé

fo peP¥4YF,(p)dp, (7.9)

where F,(p) is given by

fP tanh27(6/2) sinh6 do
0 (coshg + 1)ycoshp — coshd
(7.10)

Bo) =26 17 (7))

r

The qualitative behavior of the expected value of the
power in the th mode may be obtained from (7.9), For
fixed » > 0, the expected value is zero initially (r = 0)
and increases with increasing 7 until 2 maximum is
reached, after which it decays. For fixed 7, the expected
value of the power in the »th mode decreases with in-
creasing . (7.9) and (7. 10) are the main results of this
section. The function E (p) of (7.10) may be simplified
through the change of variable T = tanh2(6/2),

E(p) =2 (~ 1)r<— 1{> fofanh o2
TrdT

% VI=T JI—=T) cosh2(p/2) — 1 (7.11)

In this form the integral can be evaluated by repeated
integration by parts using formula (231, 7a).14

It is also possible to define a modal generating function
for which the integrations are elementary. Specifically
we define G by

G(x;z) = io Q,(x)zr. (7.12)

On using (7.9) we find that

~y1/4 ey
im E T . =._e_7.7____ -p2/ 4yt .
18 G<e2,’z>$ ST (e Jo PR32,
(7.13)
where F(p;z) is given by
F(p;z) = Z)Oﬁ;(p)ﬂ. (7.14)
o
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We now insert (7.11) in (7.14) and obtain

tanh?(p/2) 1
Y1 —T V{1 — T)cosh2(p/2) — 1

F(p;z) =2 fo

3 (‘5)(- 1)7 T)* dT

x
r =0
tanh2(p/2)
-z { an 1
0 V11— T V({1 —~ T)cosh2(p/2) — 1
x94T _ (7.15)
1—zT

This last integral is known; formula (221, Tb) yields14

V2
(1-—-2)[A—-2)S+1]

x JI=2[A—2)5 ¥ 1] |, S = sinh2(p/2). (1.16)

log[1+2(1—2)5—2

F(p;z) =
(pZ)\/

Thus, we have obtained a representation of the expected
value of the modal generating function as a single inte-
gral over p, (7.13). Clearly the expected value of the
power in the vth mode may be obtained by differentia-
tion as follows:

~ ~yr/4 © 1
lim E z sz_e_Y_T___ e P 4yT 2
€0 gQr(ez) 2V27 (y7)3/2 fO P 7!
X[Eﬂp_’ﬁ} dp. (7.17)
2z7 z2=0
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