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Abstract. We derive a probabilistic representation for solutions of matrix-valued transport

equations that account for polarization e�ects. Such equations arise in radiative transport for the

Stokes parameters that model the propagation of light through turbulent atmospheres. They also

arise in radiative transport for seismic wave propagation in the earth's crust. The probabilistic

representation involves an augmented scalar transport equation in which the polarization parameters

become independent variables. Our main result is that the linear moments of the augmented transport

equation with respect to the polarization variables are the solution of the matrix-valued transport

equation. The augmented scalar transport equation is well suited to analyzing the hydrodynamic

regime of small mean free paths. It is also well suited to getting approximate solutions by Monte

Carlo simulation.
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1 Introduction

Radiative transport equations were �rst used more than a hundred years ago to de-
scribe the propagation of light energy through the atmosphere [5]. Transport equations
have recently developed into an eÆcient tool for describing the propagation of energy
for other types of waves, like acoustic or elastic waves. They can be derived from �rst
principles, starting with the underlying wave equations in a randomly inhomogeneous
medium and in a high frequency regime. We refer to [14] for a detailed analysis and
an extended bibliography.

There is no closed equation for the propagation of wave energy, even in the high
frequency regime. It is necessary to consider the propagation of energy at time t and
position x resolved over angular direction or wave number k. For certain kinds of
waves, such as acoustic waves, the phase space energy density, a(t; x; k), is scalar. The
radiative transport equation is then a linear integro-di�erential equation, like the one
describing the propagation of neutrons in reactors or electrons in semiconductors.

It is well known that scalar transport equations, as well as some systems of such
scalar equations, admit a probabilistic representation [4]. The solution of the transport
equation is the probability density of a jump Markov process for the position and
velocity of a particle. This representation can be used to solve the transport equation
by Monte Carlo simulation [7, 10, 11, 16]. Even though its accuracy is relatively poor,
of order N�1=2 where N is the number of independent realizations, the Monte Carlo
method is a competitive way to obtain three dimensional solutions in complicated
geometries.

For polarized waves, such as electromagnetic waves or seismic waves, the corre-
sponding transport equations are matrix valued, or systems of matrix valued trans-
port equations, for a quantity that we denote by W (t; x; k). Systems of matrix valued
equations that come from polarized waves cannot be recast as bigger systems of scalar
equations with positive components. This is because the components are not only
energies but also polarization parameters, such as the ones that determine the polar-
ization ellipse. The way the components of W are transformed by interaction with
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the underlying scattering medium is di�erent from that of systems of scalar transport
equations. The usual probabilistic representation for scalar equations in no longer
valid.

The probabilistic representation of such systems of transport equations is what we
address in this paper. This is done by introducing a higher dimensional jump Markov
process which consists of the position x of a polarized particle, its direction k and its
matrix of polarization parameters U . Let the probability density of this process be
�(t; x; k; U ). We �rst derive a transport equation for the density of this augmented
jump Markov process. Our main result is that the solution of the matrix-valued
transport equation W (t; x; k) can be expressed in terms of the �rst order moments of
�(t; x; k; U ) with respect to the matrix of polarization parameters U . This gives the
probabilistic representation we want, as well as a theory of existence and uniqueness
for a general class of matrix radiative transport equations. It also provides a numerical
method to solve them, by �rst simulating the augmented transport equation by Monte
Carlo and then computing its �rst order moments with respect to the polarization
parameters.

The paper is organized as follows. In section 2, we recall briey the general theory of
scalar transport processes given in [4]. This theory was developed with the application
of scalar transport equations in mind, with no polarization e�ects. The main result
here is to show that the scalar transport equation is the backward Kolmogorov equation
(9) for the expectation of functionals of the random process. The probability density
of the process is the solution of a forward Kolmogorov equation (10). This gives a
probabilistic representation of the forward and backward transport equations (10) and
(9).

We introduce in section 3 the probabilistic theory of matrix transport equations
with the simplest physical example that includes polarization: electromagnetic energy
transport. In section 4 we generalize the probabilistic theory to any system of transport
equations with an arbitrary number of wave types and polarization parameters. We
present the electromagnetic case in detail in section 3 because the construction of
the augmented process is transparent and explicit. In the general case in section 4
the analysis is more abstract but it can be readily applied to more complex wave
propagation phenomena such as elastic waves, which we consider in appendix A.

In section 5 we consider the di�usion approximation of matrix transport equations
using the probabilistic representation with the augmented jump Markov process.

2 Scalar Transport Theory

We follow the framework in [4] for scalar equations, and consider a pair of processes

(X(t); Y (t)), t � 0 with values in IRl = IRd� IRd0

. Here d is the space dimension and
d0 is the \velocity" dimension. The process Y (t) in scalar transport theory corresponds
usually to the velocity of the particle undergoing scattering. We will call X(t) the
position process and Y (t) the velocity process even though in some applications these
quantities have di�erent physical meaning. Given an initial state, X(t0) = x and
Y (t0) = y, the evolution of the jump Markov process (X(t); Y (t)) is de�ned as follows.
Let (�(t;x; y); �(t;x; y)) denote the solution of the deterministic system of ordinary
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di�erential equations

d�(t;x; y)

dt
= F (�(t;x; y); �(t;x; y)); �(0;x; y) = x

d�(t;x; y)

dt
= H(�(t;x; y); �(t;x; y)); �(0;x; y) = y:

(1)

We assume that F and H are smooth and bounded vector functions with values in
IRd and IRd0

, respectively so that (1) has a unique solution for all t � 0. Let �(x; y)
denote the total scattering cross section, which we assume is uniformly positive and
smooth, and let �1 be an exponentially distributed random variable with distribution
function

P (�1 > t) = exp
�
�

Z t

0

�(�(s;x; y); �(s;x; y))ds
�
: (2)

In the time interval 0 � t < �1, we de�ne (X(t); Y (t)) by

X(t) = �(t;x; y)

Y (t) = �(t;x; y) 0 � t < �1:
(3)

At time �1, the process Y jumps to a new value. The time �1 is the �rst time of
interaction between the particle and the scattering medium. After this interaction, the
particle is reemitted with a di�erent velocity vector Y (�1). Let �(x; y; A), x 2 IRd,

y 2 IRd0

, A � IRd0

be a probability measure for each x and y and a continuous
function for each Borel subset A. We de�ne the probability that a scattering takes
place before time t and that the velocity Y (�1) is in the subset A after scattering by
the expression

P (�1 � t; Y (�1) 2 A) =

Z t

0
�(�(s;x; y); �(s;x; y); A)�(�(s;x; y); �(s;x; y))�

� exp
�
�

Z s

0

�(�(� ;x; y); �(� ;x; y))d�
�
ds:

(4)

We let x1 = X(�1) = �(�1;x; y) and y1 = Y (�1) be the position and velocity imme-
diately after the jump. Note that only the process Y jumps at time �1 while X is
continuous.

Let now �2 be an independent exponentially distributed random variable with the
same distribution function as �1, given x1 and y1:

P (�2 > t) = exp
�
�

Z t

0

�(�(s;x1; y1); �(s;x1; y1))ds
�
: (5)

In the interval �1 � t < �1 + �2, we de�ne (X(t); Y (t)) given x1 and y1 by

X(t) = �(t � �1;x1; y1)

Y (t) = �(t � �1;x1; y1):
(6)
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This construction is now continued in an obvious manner until a �nal time T . It is well
de�ned since only �nitely many jumps occur in a given interval [0; T ] with probability
one [4]. We denote by Px;y and Ex;y the Markov probability measure and expectation
for the position and velocity process starting at (x; y). The measure is de�ned in the
space of trajectories in IRl with the �rst d components continuous and remaining d0

components right-continuous having left hand limits.
The in�nitesimal generator of the process (X(t); Y (t)) is given by

Lg(x; y) = F (x; y) �
@g(x; y)

@x
+H(x; y) �

@g(x; y)

@y
+Qg(x; y); (7)

where

Qg(x; y) = �(x; y)

Z
IRd0

g(x; z)�(x; y; dz)� �(x; y)g(x; y): (8)

The operator L is the sum of two terms: the streaming term along the vector �elds
F and H and the jump operator Q. It characterizes the process (X(t); Y (t)) com-
pletely. Moreover, given any bounded function a0(x; y), the function a(t; x; y) =
Ex;yfa0(X(t); Y (t))g is a solution of the backward Kolmogorov equation

@a(t; x; y)

@t
= La(t; x; y); t > 0;

a(0; x; y) = a0(x; y):
(9)

The probability density �(t; x; y) of the jump process satis�es the forward Kolmogorov
equation

@�(t; x; y)

@t
= L��(t; x; y); t > 0;

�(0; x; y) = �0(x; y):
(10)

Here L� denotes the adjoint operator to L.
Example 1. Let X(t) 2 IR3 be the position of a particle and Y (t) its velocity which
does not change between the jumps and has unit length so we denote it by K(t) 2 S2,
the unit sphere. We now have that F (x; k) = k; H(x; k) = 0 and the scattering law is

�(x; k; dk0) =
�(k; k0)dk0

�(k)
with �(k) =

R
S2
dk0�(k; k0). Then the Kolmogorov equation

(9) has the form of the usual scalar transport equation

@a

@t
= k � rxa+

Z
S2
dk0�(k; k0)a(x; k0)� �(k)a(x; k): (11)

Example 2. A system of coupled transport equations of the form (11) is obtained
as follows. The process X(t) is the position of the particle which may be in several
states labeled by i: 1 � i � M . The velocity process is now Y (t) = (K(t); i(t)), and
i 2 f1; 2; : : : ;Mg with the evolution between jumps given by

dX

dt
= K(t);

dK

dt
= 0;

di

dt
= 0;
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so that the state of the particle does not change between jumps. The probability
distribution of the time between jumps in state i is given by (2) with � = �i(x), that
is, the total scattering cross-section may depend on the state. At the time of the jump
the probability density of scattering from a state i with velocity k into a state j with

velocity k0 is pij =
�ij(x; k; k

0)

�i(x; k)
. Then the Kolmogorov equation is a system of coupled

scalar transport equations for the functions

ai(t; x; k) = Ei;x;k fa0(X(t);K(t); i(t))g ;

and has the form

@ai
@t

= k � rxai +

Z
S2
dk0

MX
j=1

�ij(x; k; k
0)aj(t; x; k

0) � �i(x; k)ai(t; x; k); (12)

i = 1; 2; :::;M . This is the system of multi-group transport equations used in reactor
theory [10].

3 Electromagnetism and Transport Equations

Electromagnetic waves are polarized and the evolution of their angularly resolved en-
ergy density cannot be described by a scalar transport equation of the type considered
in the previous section. It is necessary to track the evolution of the 2�2 coherence ma-
trix that satis�es the matrix radiative transport equation (13) given below. The wave
energy density is the trace of this coherence matrix [5, 18]. The transport equation does
not seem to have a direct probabilistic interpretation in terms of jump processes like
the ones in the previous section. However, it is possible to have an indirect probabilis-
tic representation by �rst introducing a transport process with forward Kolmogorov
equation (32) for the energy density resolved not only over directions but also over the
polarization states. The augmented transport equation corresponds to a jump Markov
process as in section 2. In addition to the position X(t) and wave vector (velocity)
K(t) we now have a pair of polarization processes u11(t) and u12(t). The position
X(t) is continuous in space, while the generalized velocity Y (t) = (K(t); u11(t); u12(t))
jumps at the scattering times. The jump probabilities are de�ned in such a way that
the solution of the matrix radiative transport equation is essentially the matrix of �rst
order moments, with respect to the polarization parameters, of the solution of the
augmented transport equation. This is explained in section 3.3.

3.1 Radiative Transport Equations

The evolution of electromagnetic wave energy in phase space is described by a 2 � 2
coherence matrix W (t; x; k), which is related to the Stokes parameters IS ; QS; US ; VS
(see [5]), by:

W (t; x; k) =
1

2

�
IS +QS US + iVS
US � iVS IS �QS

�
:
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The trace TrfWg = IS is the energy density. The transport equation for the coherence
matrix W has the form

@W

@t
+ rk! � rxW �rx! � rkW +NW �WN

=

Z
jk0j=jkj

dk0 �(x; k0; k)T (k; k0)W (x; k0)T �(k; k0)� �W: (13)

Here the dispersion relation is !(x; k) = v(x)jkj. The initial condition is W (0; x; k) =
W0(x; k).

The scattering cross-section �(x; k0; k) is scalar and the 2 � 2 matrix T (k; k0) is
de�ned by

Tij(k; k
0) = (z(i)(k) � z(j)(k0)); T �(k; k0) = T (k0; k) (14)

with the vectors (k̂; z(1)(k); z(2)(k)), where k = k̂jkj, forming an orthonormal basis in
IR3:

k̂ =

0
@ sin � cos �
sin � sin�
cos �

1
A ; z(1)(k) =

0
@ cos � cos�
cos � sin�
� sin �

1
A ; z(2)(k) =

0
@� sin�

cos �
0

1
A :

The coupling matrix N is given by

N (x; k) =
3X

i=1

@v(x)

@xi
(z(1)(k) �

@z(2)(k)

@ki
)

�
0 �1
1 0

�
= n(x; k)

�
0 �1
1 0

�
: (15)

The di�erential scattering cross-section �(x; k0; k) is a positive function bounded from
above and below,

0 < C1 � �(x; k0; k) � C2 <1;

and is symmetric in k; k0 and rotation invariant,

�(x; k; k0) = �(x; k0; k) = �(x; k � k0):

The total scattering cross-section �(x; k) has no absorption
Z
jk0j=jkj

dk0�(x; k � k0)T (k; k0)T �(k; k0) = �(x; k)I2; (16)

where I2 is the 2� 2 identity matrix. Thus the total energy is conserved in time:

E(t) =

Z
IR3

dx

Z
IR3

dkTrfW (t; x; k)g =

Z
IR3

dx

Z
IR3

dkTrfW0(x; k)g:

The matrix W (t; x; k) is positive de�nite and hermitian for all x and k provided
that W0(x; k) is. A consequence of this is that the equation for the Stokes parameter
VS decouples from IS , QS and US and we shall assume for simplicity that VS = 0.
Then it is convenient to rewrite the matrix W as

W (t; x; k) =
TrW (t; x; k)

2

��
1 0
0 1

�
+

�
u11 u12
u12 �u11

��
(17)
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with

u11 =
QS

IS
; u12 =

US
IS

being the two polarization parameters.

3.2 The Augmented Transport Equation

We now construct the jump process

(X(t);K(t); u11(t); u12(t)); (18)

whose probability density satis�es the forward Kolmogorov equation (32). The process
X(t) 2 IR3 describes the position of the particle, K(t) 2 IR3 the wave vector and
u11(t), u12(t) are the polarization parameters as in (17).

Since the matrix W (t; x; k) is positive de�nite, the matrix

�
1 + u11 u12
u12 1� u11

�
(19)

is also positive de�nite. Thus the process (u11(t); u12(t)) takes values in the unit disc
in IR2:

K =
�
(u11; u12) : u

2
11 + u212 � 1

	
: (20)

The processes X(t) and K(t) evolve between jumps by the equations

dX

dt
= rk!(x; k) = v(x)k̂ (21)

dK

dt
= �rx!(x; k) = �jkjrxv(x): (22)

The polarization parameters evolve as follows. Let the matrix U be de�ned by

U =

�
u11 u12
u12 �u11

�
: (23)

Then, because of the form of the left side of the transport equation (13) we have:

dU

dt
= UN �NU;

or in components,

du11
dt

= 2n(X(t);K(t))u12;
du12
dt

= �2n(X(t);K(t))u11; (24)

with n(x; k) de�ned in (15). Equations (24) preserve u211+u
2
12 and describe the rotation

of the polarization vector along the ray in a variable medium [8]. In particular, the
polarization parameters remain in the unit disc K.

8



The probability distribution for the time �1 between two consecutive jumps is given
by

P (�1 > t) = exp

�
�

Z t

0

�(X(s);K(s))ds

�
:

Let the particle have wave vector k and polarization parameters u11 and u12 before
scattering . Then we de�ne the probability that after scattering the wave vector is k0

by

~�(x; k; U; k0) =
�(x; k � k0)Tr fT (k0; k)[I2 + U ]T �(k0; k)g

2�(x; k)
(25)

with the matrix U de�ned by (23).
Given the scattered direction, the outgoing polarization parameters u011, u

0
12 are as

follows. Let the traceless symmetric matrix Us(k; U; k0) be de�ned by

1

2
(I2 + Us) =

T (k0; k)[I2 + U ]T �(k0; k)

TrfT (k0; k)[I2 + U ]T �(k0; k)g
; (26)

which is the normalized scattering operator on the right side of Chandrasekhar's equa-
tion (13). The average polarization matrix after scattering should be Us. One way
to de�ne the probability density for a transition from wave vector k and polarization
matrix U into wave vector k0 and polarization matrix U 0 is

��(x; k; U; k0; U 0) =
�(x; k � k0)Tr fT (k0; k)[I2 + U ]T �(k0; k)g

2�(x; k)
Æ(U 0 � Us(k; U; k

0)): (27)

This, however, is not the only way to de�ne jump probabilities consistently with Chan-
drasekhar's equation (13).

We will show that the linear momentswith respect to the polarization parameters of
the solution of the Kolmogorov equation for the process de�ned above solve the matrix
valued transport equation (13). However, the choice of the scattering probability (27)
that gives this result is not unique. A class of scattering probabilities, generalizing
(27), which are consistent with (13) in the above sense, is as follows.

We introduce a function �(k; u11; u12; k
0; u011; u

0
12) (we shall also write �(k; U; k

0; U 0))
that is positive and bounded from above and below:

0 < C1 � �(k; u11; u12; k
0; u011; u

0
12) � C2 <1; (28)

and has the following moments with respect to U 0:
Z
K

du011du
0
12�(k; U; k

0; U 0) = 1 (29)

Z
K

du011du
0
12�(k; U; k

0; U 0)u0lr = us;lr: (l; r) = (1; 1); (1; 2); (30)

where K is de�ned in (20). As in (27), the prototype for the function � is Æ(U 0 �
Us(k; U; k

0)) except that it does not satisfy the bounds (28). The � is a smoothed
version of the delta function with the correct �rst two moments. Thus, the probability
density to have outgoing polarization matrix U 0 given the scattered direction k0, the
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incoming wave vector k and polarization matrix U , is �(k; U; k0; U 0). The probability
density for a jump from wave vector k and polarization matrix U into wave vector k0

and polarization matrix U 0 is

�(x; k; U; k0; U 0) =
�(x; k � k0)Tr fT (k0; k)[I2 + U ]T �(k0; k)g

2�(x; k)
�(k; U; k0; U 0): (31)

It can be veri�ed that this is indeed a probability density:

Z
jk0j=jkj

dk0
Z
K

du011du
0
12�(x; k; U; k

0; U 0)

=

Z
jk0j=jkj

dk0
�(x; k � k0)Tr fT (k0; k)[I2 + U ]T �(k0; k)g

2�(x; k)
= 1;

where we used (29) in the �rst equality, and (14) and (16) in the second one.
There are two aspects of the regularized scattering kernel � that are important.

First, it is positive everywhere. This allows a derivation of the di�usion approximation
without technical diÆculties. We note, however, that the rest of this section is not
modi�ed when � is replaced by �� de�ned in (27). Second, the choice of � allows
for more exibility in the numerical simulation of the augmented transport equation.
Indeed, we need to average over the polarization parameters to obtain the solution
of (13). This averaging may require a large number of simulated trajectories of the
jump process to be accurate. The inherent noise of the simulation can be signi�cantly
reduced by a suitable choice of the regularization function �.

The forward Kolmogorov equation for the probability density function �(x; k; U ;x0; k0; U0),
k 2 IR3, (u11; u12) 2 K of the jump process (X(t);K(t); U (t)) starting at the point
(x0; k0; U0) is now given by

@�

@t
+ v(x)k̂ � rx� � jkjrxv � rk� + n(x; k)

�
2u12

@�

@u11
� 2u11

@�

@u12

�

=
1

2

Z
jk0j=jkj

dk0
Z
K

du011du
0
12�(x; k � k

0)Tr fT (k; k0)[I2 + U 0]T �(k; k0)g�(k0; U 0; k; U )

��(t; x; k0; u011; u
0
12) � �(x; k)�(t; x; k; u11; u12) (32)

with the initial data

�(0; x; k; u11; u12) = Æ(x� x0)Æ(k � k0)Æ(u11 � u011)Æ(u12 � u012) (33)

and the boundary condition

�(t; x; k; u11; u12;x0; k0; U
0) = 0 if u211 + u212 = 1: (34)

We call this equation, which is the main result of this section, the augmented transport
equation, since, as we shall see below, it describes the propagation of the scalar energy
density of polarized (electromagnetic) waves in an expanded (augmented) phase space
that includes polarization.
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3.3 Probabilistic Representation for Chandrasekhar's Equations

We now show that the solution of Chandrasekhar's equation (13) may be expressed
in terms of the probability density of the jump process introduced in section 3.2.
Let W (t; x; k) be the solution of (13) with initial data W (0; x; k) = W0(x; k). We
decompose the initial data as in (17)

W0(x; k) =
w0(x; k)

2

�
1 + u011 u012
u012 1� u011

�
=
w0(x; k)

2

�
I2 + U0(x; k)

�

with w0(x; k) = TrfW0(x; k)g. Then we show that W (t; x; k) is given by

W (t; x; k) =

Z
IR3

dx0

Z
jk0j=jkj

dk0

Z
K

du11du12�(t; x; k; U ;x0; k0; U
0(x0; k0))

� w0(x0; k0)
I2 + U

2
=

Z
K

du11du12��(t; x; k; U )
I2+ U

2
(35)

where the function � is the solution of (32) with the initial condition (33) and boundary
condition (34), and the matrix U is given by (23). The function �� also solves (32) with
the same boundary conditions and the initial condition

��(0; x; k; U ) = w0(x; k)Æ(U � U0(x; k)): (36)

In order to show that (35) satis�es (13), we multiply equation (32) for the function
�� by the matrix 1

2 [I2+U ], with the matrix U given by (19), and integrate with respect
to u11 and u12 over the unit disc K. The �rst three terms on the left side of (32) are

@W

@t
+rk! � rxW �rx! � rkW (37)

since the dispersion law !(x; k) is independent of the polarization parameters. The
last term is

n(x; k)

Z
K

du11du12

�
2u12

@��

@u11
� 2u11

@��

@u12

��
1 + u11 u12
u12 1� u11

�
;

which we integrate by parts, using the boundary conditions (34), to get

n(x; k)

Z
K

du11du12��(t; x; k; U )

�
�2u12 2u11
2u11 2u12

�
= NW �WN: (38)

This is the last term on the left side of the Chandrasekhar's equation (13).
The �rst term on the right side of equation (32) for the function �� is, after multi-

plication by (I2 + U )=2 and integration,

1

4

Z
K

du11du12[I2 + U ]

Z
jk0j=jkj

dk0
Z
K

du011du
0
12�(x; k � k

0)

�Tr fT (k; k0)[I2 + U 0]T �(k; k0)g�(k0; U 0; k; U )��(t; x; k0; u011; u
0
12): (39)
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The integration in u11, u12 is done using (29) for the zeroth and �rst moments of the
function �:

1

4

Z
jk0j=jkj

dk0
Z
K

du011du
0
12[I2 + Us(k

0; k; U 0)]�(x; k � k0)

�Tr fT (k; k0)[I2 + U 0]T �(k; k0)g ��(t; x; k0; u011; u
0
12):

Finally we use (26), which de�nes the matrix Us, to get

1

2

Z
jk0j=jkj

dk0
Z
K

du011du
0
12�(x; k � k

0)T (k; k0)[I2 + U 0]T �(k; k0)��(t; x; k0; u011; u
0
12)

=

Z
jk0j=jkj

dk0�(x; k � k0)T (k; k0)W (k0)T �(k; k0): (40)

After multiplication by (I2 + U )=2 and integration over u11, u12, the last term on the
right side of (32) gives �(x; k)W (t; x; k). Combining now this term, (37), (38) and
(40) we get Chandrasekhar's equation (13) for the coherence matrixW (t; x; k) de�ned
by (35).

4 General Theory of Transport with Polarization

4.1 Radiative Transport Equations

We now generalize the theory of the previous section to more complex transport phe-
nomena. Consider the transport of M di�erent species of particles which may corre-
spond to di�erent states of particles or waves. The coherence state of each species is
represented by a positive hermitian matrix, which we shall take for simplicity to be real
symmetric and positive de�nite, W i(x; k), for 1 � i �M , of size ni�ni. The number
ni is the multiplicity of the polarization and ni = 1 corresponds to a scalar energy
density. For electromagnetic waves, M = 1 and n1 = 2. For elastic waves, M = 2,
n1 = 1 and n2 = 2 (see appendix A for more details). We de�ne the block-diagonal
matrix W by

W (t; x; k) = Diag (W i(t; x; k); i = 1; : : : ;M ): (41)

It is positive de�nite and its size is
PM

i=1 n
i �

PM
i=1 n

i. From the general theory of
radiative transport equations [14], it satis�es the following transport equation in a
phase space IRd

x � IRd
k:

@W (t; x; k)

@t
+rk
 � rxW (t; x; k)�rx
 � rkW +NW �WN

=

Z
dk0��(x; k0; k)[W (t; x; k0)] � �(x; k)[W (t; x; k)]

(42)

with an initial condition W (0; x; k) = W0(x; k).
The dispersion matrix 
 has the form


 = Diag(
i; i = 1; : : : ;M ); where 
i = !i(x; k)Ini:

12



We have denoted by Ini the identity matrix in IRni

, and by !i(x; k) the local dispersion
relation of each of the species, or wave types. The matrix N is given by

N (x; k) = Diag (N i(x; k); i = 1; : : : ;M ); (43)

where all ni � ni sub-matrices N i are skew-symmetric. They account for the rotation
of the polarization parameters along the characteristics, when they are curved. In
particular N i = 0 if !i = !i(k) is independent of the position x. The scattering cross
section ��(k; k0) is a fourth order tensor. We assume that it preserves the symmetric
and positive de�nite structure of the matrix W , that is, if W (k0) is a positive de�nite
symmetric matrix of the form (41) then we have

��(x; k0; k)[W (k0)] = Diag (W i
s(x; k

0; k); i = 1; : : : ;M ) in IRd � IRd (44)

where the ni � ni matrices W i
s are symmetric and positive. Moreover, the tensor � is

diagonal:
�[W ] = Diag (�i(x; k)W i)

and the cross sections �i(x; k) are bounded positive scalar functions. We assume that
scattering is conservative in the sense thatZ

dk0
Z

dkTrf��(x; k0; k)[W (k0)]g =

Z
dkTrf�(x; k)[W (k)]g: (45)

for every matrix W of the form (41).
We rewrite (45) in terms of the blocks �ij that de�ne the tensor � when it is acting

on W 's of the form (41):

nlX
p=1

MX
i=1

Z
dk0�lippmn(x; k; k

0) = �l(k)Æmn; (46)

where (�ij [W ])mn =
P

p;q �
ij
mnpqWpq. Here � is the tensor adjoint to ��, de�ned by

�il�mnpq(x; k
0; k) = �limnpq(x; k

0; k); (47)

and repeated indices are summed throughout, unless stated otherwise. The conser-
vation relation (46) implies in particular that given any traceless matrix U (k), we
have

Trf
MX
i=1

Z
dk0�il�(x; k; k0)[U (k)]g = 0 (48)

for all 1 � l �M .

4.2 The Augmented Transport Process

In this section we will extend to general matrix radiative transport equations the
construction of the augmented jump Markov process with polarization that we carried
out for electromagnetic wave transport in section 3.2.
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4.2.1 Jump Process with Polarization

We write the matrix W i corresponding to the ith species in the form

W i = wi ~U i; where

8<
:

wi = TrfW ig;

~U i =
1

ni
(Ini + U i):

(49)

Here U i is a ni�ni symmetric matrix with null trace, TrfU ig = 0. The energy density

of the i-th species is wi = TrfW ig. There are ni(ni+1)
2 � 1 polarization parameters

since the matrix W i is symmetric and positive de�nite.
For i = 1; : : : ;M we introduce

Y i(t) =
�
uimn(t)

�
(m;n)2Ii

; (50)

where

Ii = f(m;n) 2 IN2 such that 1 � m � n � ni and m + n 6= 2nig: (51)

The matrix U i has then the form

U i =

0
BBB@

ui11 ui12 : : : ui1ni

ui12 ui22 : : : ui2ni

...
...

...
...

ui1ni
ui2ni

: : : �
Pni�1

j=1 uijj

1
CCCA : (52)

The random process Y i is an element of IRd0

i , where

d0i = #Ii =
ni(ni + 1)

2
� 1

and ni, for 1 � i �M , is the size of the matrix of polarization parameters correspond-
ing to species i. The integer M is the total number of species. Since the matrix ~U i is
positive de�nite, Y i takes values in a compact set Ki � IRdi since

jjU ijj22 = sup
jjvjj=1

(U iU i�v; v) � (ni � 1)2;

for Y i 2 Ki, because TrfU ig = 0 and ~U i in (49) is positive de�nite.
The full space of velocity and polarization parameters is denoted by

Y (t) =
�
K(t); Y 1(t); : : : ; Y N (t); i(t)

�
: (53)

The index i(t) indicates to which species the particle belongs at time t. The rule is
that the state of the particle does not change between jumps. However, it can change
by scattering, i.e. at the time of a jump. Moreover, all the vectors Y j for j 6= i(t)
are zero, since only one species is present between jumps. Therefore the state space of
Y (t) is the set S of vectors of the form (k; 0; : : : ; 0; yi; 0; : : : ; 0; i) with yi 2 Ki. Here,

yi 2 IRd0

i denotes the set of polarization parameters that are currently non-zero. We
shall denote such a point in S by (k; yi; i).

14



4.2.2 Construction of the Process

We will apply the general theory of section 2 to processes with polarization e�ects.
The construction of the random process (X(t); Y (t)) is threefold: we describe �rst the
trajectory of a particle before the time of the �rst jump �1, then the distribution of
the random variable �1, and �nally the scattering kernel �, which is a measure on S.

We assume that the particle is in state i0 at time t = 0. The total cross-section for
species i0 is given by �i0(x; y) = �i0(x; k). The random variable �1 has the exponential
distribution function

P (�1 > t) = exp
�
�

Z t

0

�i0(�(s;x; y); �(s;x; y))ds
�
: (54)

The type of species does not change between jumps:

i(t) = i0 for 0 � t < �1: (55)

The initial conditions for the trajectories are given by

X(0) = �(0;x; y) = x

Y (0) = �(0;x; y) = (k; 0; : : : ; yi0 ; : : : ; 0; i0)
(56)

where Y i0(0) = yi0 2 Ki0 is at position i0 in the vector Y (0) and corresponds to the
initial value of the polarization parameters. The evolution of the variables Y i for i 6= i0
is given by

Y i(t) = 0 for i 6= i0 and 0 � t < �1:

Let !i(x; k) be the dispersion relation for species i. The remaining evolution equa-
tions for (X(t); Y (t)) are given by

dX(t)

dt
= F (X(t);K(t)) = rk!

i0 (X(t);K(t))

dK(t)

dt
= H(X(t);K(t)) = �rx!

i0(X(t);K(t)) (57)

dU i0(t)

dt
= Gi0(X(t);K(t); U i0(t))

= U i0(t)N i0(X(t);K(t)) �N i0(X(t);K(t))U i0 (t)

with U i0 related to Y i0 by (50) and (52). The skew symmetric matrix N i0 governs
the rotation of the polarization parameters along the characteristics. Since N i0 is
skew symmetric, the third relation in (57) preserves the symmetry of the matrix U i0 .
Moreover, the spectrum of the matrix U i0(t) is preserved, so it remains traceless, and
the matrix ~U i0 de�ned in (49) remains positive de�nite with its trace equal to 1, for
all times t � 0. These equations give us an expression for the stream operators F and
H.

It remains to de�ne the scattering probability�(x; y; A), y = (k; 0; : : :U i0 ; : : : ; 0; i0).
It describes the probability that a particle undergoing scattering at time �1 at a posi-
tion x with the incoming wave vector k and polarization matrix U i0 is scattered into
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a particle of species j with wave vector k0 and matrix of polarization parameters U 0j,
so that the state vector (k0; 0; : : : ; U 0j; : : : ; 0; j) belongs to the set A.

The probability �(x; y; A), A � S, is constructed using the scattering cross-section
tensor �. Recall that it acts on a matrixW (x; k) = Diag(W i(x; k); i = 1; : : : ;M ) with
each W i being a matrix of size ni � ni, as follows,

�(x; k; k0)[W (x; k)] = Diag(W i
s (x; k

0); i = 1; : : : ;M ): (58)

We assume that the matrices W j
s are symmetric positive de�nite if the matrices W i

are symmetric and positive de�nite and that the scattering process is conservative, so
that (45) holds. The fourth order tensor � is decomposed into M �M fourth order
tensors �ij de�ned by

W j
s (x; k; k

0;W i) =
MX
i=1

�ij(x; k; k0)[W i(x; k)]; (59)

where W i(x; k0) and W j
s (x; k) are the blocks indexed by i and j on the right and

left hand side of (58) respectively. We denote by �(x; k; yi; i; k0; zj; j) the probability
density of �(x; y; A). Here x is the position of the scattering, y = (k; yi; i) 2 S records
the incident wave vector, the incident polarization parameters yi = (uimn), and the
type i of species, and z = (k0; zj; j) 2 S is the wave vector and polarization parameters
zj = (u0jmn) of the particle scattered into state j . The density � is de�ned as follows.
First we de�ne the probability of being scattered with velocity k0 and in state j:

~�(x; k; yi; i; k0; j) =
Trf�ij(x; k; k0)[ ~U i]g

�i(x; k)
: (60)

Here ~U i is a positive de�nite matrix given in terms of the polarization parameters
uimn by (49). Since �ij(x; k; k0)[ ~U i] is a non-negative de�nite matrix, we �nd that
~�(x; yi; i; k0; j) is non-negative if ~U i is non-negative. Moreover, energy conservation
(46) implies that

MX
j=1

Z
dk0~�(x; k; yi; i; k0; j) =

MX
j=1

Z
dk0

Trf�ij(x; k; k0)[ ~U i]g

�i(x; k)

=
MX
j=1

Z
dk0

�ijmmpq(x; k; k
0)[ ~U i

pq ]

�i(x; k)
= 1 (61)

since Trf ~U ig = 1.
Let �(k; yi; i; k0; zj; j) be a continuous uniformly positive bounded function such

that Z
Kj

�(k; U i; i; k0; U 0j; j)dU 0j = 1 (62)

for all k and U i. Here
dU j =

Y
(p;q)2Ij

dujpq: (63)
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Moreover, we impose that the mean value for the emitted polarization parameters be
given by Z

Kj

�(k; U i; i; k0; U 0j; j)u0jlrdU
0j = ujs;lr(k; k

0; U i); (64)

where the matrix U j
s is determined from

1

nj
(Inj + U j

s ) =
�ij(x; k; k0)[ ~U i]

�i(x; k)~�(x; yi; i; k0; j)
: (65)

The matrix U j
s is an nj � nj matrix with trace equal to zero. By de�nition of the

scattering tensor �, the matrix

~U j
s =

1

nj
(Inj + U j

s )

is positive de�nite. We can then de�ne the probability density �(x; k; yi; k0; zj; j) with
yi = (uimn) and zj = (u0jpq), as

�(x; k; yi; i; k0; zj; j) = ~�(x; k; yi; i; k0; j)�(k; U i; i; k0; U 0j; j) (66)

if ~�(x; yi; i; k0; j) > 0, and �(x; k; yi; i; k0; zj; j) = 0 elsewhere. Note that the density
�(x; k; yi; i; k0; zj; j) de�nes a probability measure:

MX
j=1

Z
dzjdk0�(x; k; yi; i; k0; zj; j) (67)

=
MX
j=1

Z
dU 0jdk0~�(x; k; yi; i; k0; j)�(k; U i; i; k0; U 0j; j) = 1

according to (61) and (62). This completes the construction of the jump process.

4.2.3 Augmented Transport Equation with Polarization

We consider next the backward Kolmogorov equation for the jump process constructed
in the previous section. Let a0(x; k; yi; i) be a function de�ned on S and let

a(t; x; k; yj; j) = Ex;k;yj;j fa0(X(t); Y (t))g : (68)

It is convenient to write the backward Kolmogorov equation as a system of equations
for the restrictions of a(t; x; k; yi; i) to sets of the form IRd

x � IRd
k � f0g � : : :� Ki �

: : :� f0g � fig:
aj(t; x; k; U

j) = a(t; x; k; yj; j)

with yj = (ujmn), (m;n) 2 Ij . Then these functions satisfy the system of equations:

@ai(t; x; k; U
i)

@t
= rk!

i � rxai �rx!
j � rkai +

X
(p;q)2Ii

Gi
pq@uipqai � �i(x; k)ai

+
MX
j=1

Z
IRd

dk0
Z
Kj

dU 0jTr

�
�ij(x; k; k0)

�
Ini + U i

ni

��
�

��(k; U i; i; k0; U 0j; j) aj(t; x; k
0; U 0j):

(69)
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The forward Kolmogorov equation can be written as a system of equations for the
restriction on the same sets, of the probability density of the jump process:

@�i(t; x; k; U i)

@t
+rk!

i � rx�i �rx!
j � rk�i +

X
(p;q)2Ii

Gi
pq@uipq�i +�i(x; k)�i

=
MX
j=1

Z
IRd

dk0
Z
Kj

dU 0jTr

�
�ji(x; k0; k)

�
Inj + U 0j

nj

��
�

��(k0; U 0j; j; k; U i; i) �j(t; x; k
0; U 0j):

(70)

4.3 Probabilistic Representation of Transport Equations with
Polarization

The process constructed in section 4.2 does not directly allow us to solve either the
transport equation (42), or its adjoint version. The reason for the introduction of this
augmented process is that the solution W of the radiative transport equation is found
to be given in terms of linear moments with respect to the polarization parameters,
of the solution of the forward Kolmogorov equation �(t; x; y). More precisely, we have
the following Theorem.

Theorem 4.1 Let (X(t); Y (t)), with Y (t) = (K(t); 0; : : : ; Y i(t); : : : ; 0; i(t)), Y i(t) =
(uim;n(t)) be the jump Markov process constructed above starting at x0 in the state i0
with initial direction k0 and matrix of polarization parameters U i0

0 . Let �(t; x; y;x0; k0; U
i0
0 )

be its probability density, with the restrictions

�i(t; x; k; U
i) = �(t; x; k; 0; : : :; uimn; : : : ; 0; i)

satisfying the system of forward transport equations (70) with initial data

�i(0; x; k; U
i;x0; k0; U

i0
0 ) = Æ(x� x0)Æ(k � k0)Æ(u

i
mn � uimn;0)Æi;i0

and boundary conditions
�i j@Ki

= 0:

Then, for any smooth scalar functions wi
0(x; k) and matrix-valued functions U i

0(x; k)
taking values in the set of traceless symmetric matrices, the matrix-valued functions

W i(t; x; k) =
MX
i0=1

Z
dx0 dk0

Z
Ki

dU i�i(t; x; k; U
i;x0; k0; U

i0
0 (x0; k0)) �

�wi0
0 (x0; k0)

Ini + U i

ni
(71)

satisfy the system of the transport equations (42). The initial data for (42) are

W i(0; x; k) = W i
0(x; k) = wi

0(x; k)
I + U i

0(x; k)

ni
; for i = 1; : : : ;M:
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Notice that

TrfW i(t; x; k)g =

Z
Ki

dU i��i(t; x; k; U
i);

where �� solves (70) with initial conditions ��(o; x; k; U i) = wi
0(x; k)Æ(U

i � U i
0(x; k)).

Thus, ��(t; x; y) is an energy, which is resolved both in velocity and polarization pa-
rameters. Its average over the polarization parameters yields the angularly resolved
energy TrfW i(t; x; k)g.

Our construction provides an existence theory for the matrix-valued transport
equation, although classical methods of functional analysis similar to those in [6] may
also be used. Since the total energy is conserved (see [14]), the linearity of the transport
equation also yields uniqueness.

We prove Theorem 4.1 in the next two sections, �rst computing the streaming
terms of the transport equations, and then the scattering part.

4.3.1 The Liouville Equation

Let us start with the terms corresponding to free transport, i.e. the ones on the left
side of the transport equation. The left side of the forward Kolmogorov equation for
�� is

@��i
@t

+rk!
i � rx��i �rx!

i � rk��i +
X

(p;q)2Ii

Gi
pq@uipq ��i:

We multiply this equation by the matrix ~U i and integrate over the polarization pa-
rameters uimn. The two �rst terms clearly yield

@tW
i(t; x; k) +rk!

i � rxW
i(t; x; k)�rx!

i � rkW
i(t; x; k)

since the dispersion relations !i are independent of the polarization parameters. Let us
show that the last term yields W iN i �N iW i. Recall that we have for all (m;n) 2 Ii,

Gi
pq(x; k; u

i) =
X
l

�
uipln

i
lq(x; k)� uilqn

i
pl(x; k)

�
: (72)

Since N (x; k) is skew-symmetric, all coeÆcients nmm = 0 and therefore Gi
mn does not

depend on the polarization parameters uimn. Therefore we haveZ
Ki

dU i
X

(p;q)2Ii

@uipq ��i(t; x; k; U
i)
�
Gi
pq(x; k; U

i)
� �
Ini + U i

�

= �

Z
Ki

dU i��i(t; x; k; U
i)

X
(p;q)2Ii

�
Gi
pq(x; k; U

i)
� �

@uipqU
i
�
:
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We easily check for (p; q) 2 Ii that

(@uippU
i)mn =

8>>><
>>>:

1 if (m;n) = (p; p)

�1 if (m;n) = (ni; ni)

0 otherwise,

for p 6= q; (@uipqU
i)mn =

8<
:

1 if (m;n) = (p; q) or (m;n) = (q; p)

0 otherwise.

We deduce from (72) that

X
(p;q)2Ii

�
Gi
pq(x; k; U

i)
� �

@uipqU
i
�
= U iN i(x; k)� N i(x; k)U i:

So far we have that the left side is

@

@t
W i(t; x; k) +

�
rk!

i � rxW
i �rx!

i � rkW
i + (N iW i �W iN i)

�
(t; x; k):

It now remains to add the contribution generated by the scattering operator.

4.3.2 Radiative Transport

In the previous section, we calculated the streaming terms in the transport equation.
We now compute the contribution from the scattering operator. First, we have

1

ni

Z
Ki

dU i�i(x; k)��i(t; x; U
i)[I + U i] = �i(x; k)[W i(t; x; k)]

since �i does not depend on the polarization parameters. Let us compute the second
contribution

1

ni

MX
j=1

Z
dk0

Z
Ki

dU i

Z
Kj

dU 0jTrf�
ji(x; k0; k)[Inj + U 0j]

nj
g �

� ��j(t; x; k
0; U 0j)

�
U i + Ini

�
�(k0; U 0j; j; k; U i; i):

Using the expressions (62) and (64) for the moments of the function � to evaluate the
integral with respect to uimn we see that this expression is equal to

MX
j=1

Z
dk0

Z
Kj

dU 0jTrf�
ji(x; k0; k)[Inj + U 0j]g

nj
(Ini + U i

s(k
0; k; U 0j))��j(k

0; U 0j)

ni

=
MX
j=1

Z
dk0

Z
Kj

dU 0jTrf�
ji(x; k0; k)[Inj + U 0j]g

nj
�ji(x; k0; k)[ ~U 0j]��j(k0; U 0j)

Trf�ji(x; k0; k)[ ~U 0j]g

=
MX
j=1

Z
dk0�ji(x; k0; k)[W j(k0)] =

MX
j=1

Z
dk0�ij�(x; k0; k)[W j(k0)]:
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This completes the derivation of the radiative transport equation for the matrix W .
The statement regarding the initial value for W (0; x; k) is veri�ed directly, and the
proof of Theorem 4.1 is complete.

5 The Di�usive Regime

For long times and large distances, scalar transport processes have asymptotically a
simpler form, in which the directional behavior is known and the spatial process is a
solution of a di�usion equation. We refer to [4, 9] for more details. Transport processes
with polarization e�ects also converge to di�usion processes, as was shown in [14]. We
�rst recall the di�usion theory for scalar processes, then apply it to the augmented
transport process to derive the di�usion approximation for matrix-valued transport
equations. We start with electromagnetic wave transport and then consider general
matrix-valued transport equations.

5.1 General Theory in the Scalar Case

Let us assume that the transition probability �(y; dz) is independent of the space
variable x. For the di�usion limit of the jump Markov process (X(t); Y (t)) of section
4.2 we rescale time and space variables

x!
x

"
; t!

t

"2
:

Here " is a small dimensionless parameter. We also assume for simplicity that the
variable Y (t) does not change between jumps, so that the function H(x; y) = 0 in (1)
and, in addition, that F (x; y) = F (y) is a bounded continuous function independent
of the position x. The generator L, given by (7), then becomes

L" =
1

"
F (y)

@

@x
+

1

"2
Q

where Q is related to � by (8). We assume that Y (t) takes values in a compact set

G � IRd0

and that the measure �(y; dz) has a continuous density �(y; z) with respect
to the Lebesgue measure on G. The density � is bounded from above and below:

0 < �l � �(y; z) � �u <1; y; z 2 G

and the total scattering cross-section �(y) is continuous and obeys similar bounds

0 < �l � �(y) � �u <1; y 2 G:

Under these conditions the Fredholm alternative holds for the operator Q, that is,
there exists a unique invariant measure �P (dy) such that given any bounded continuous
function h(y) the equation

Qg(y) = h(y)
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has a bounded solution g(y) if and only if

Z
h(y) �P (dy) = 0:

We assume that the drift F (y) = (F1; : : : ; Fd) has mean zero with respect to the
invariant measure �P (dy):

Z
G

Fj(y) �P (dy) = 0; j = 1; : : : ; d (73)

and that �P (y) has a density �p(y). Then there exists a vector valued function � =
(�1; : : : ; �d) such that

Q�j = �Fj(y):

Similarly, we denote by ��j one solution of

Q���j = Fj(y)�p(y):

We de�ne an operator �L by

�Lf(x) =
X
i;j

Dij
@2f

@xi@xj
; (74)

where

Dij =

Z
G

dy�p(y)Fj(y)�i(y) = �

Z
G

dy Fi(y)�
�
j (y)

and assume that the coeÆcient matrixDij is positive de�nite. It is always non-negative
de�nite because it is a covariance. The following Theorem was established in [4].

Theorem 5.1 Under the above hypotheses, the process X"(t), 0 � t � T , converges
weakly to the di�usion Markov process generated by �L.

Therefore, the solution of the forward transport equation

@a"
@t

= L�"a"

a(0; x; y) = a0(x; y)

has a representation as "! 0

a"(t; x; y) = g(t; x)�p(y) +O(");

with the function g(t; x) satisfying the di�usion equation

@g(t; x)

@t
= �L�g(t; x)

g(0; x) =

Z
G

dya0(x; y): (75)
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Example. Let us consider the system of appropriately scaled multi-group trans-
port equations as in Example 2 of section 2 with the cross-sections �ij independent of
x and symmetric �ij(k; k0) = �ji(k0; k):

@u"i
@t

+
1

"
k � rxu

"
i =

1

"2

Z
S2
dk0�ij(k; k0)u"j(x; k

0) �
1

"2
�j(k)uj(k) (76)

u"i (0; x; k) = ui0(x; k):

Then the density �p of the invariantmeasure is given by �p = 1
4�N (1; : : : ; 1), and therefore

the solution (u"1; : : : ; u
"
N ) of (76) converges as " ! 0 to (g(x); : : : ; g(x)), and g(x)

satis�es the di�usion equation

@g

@t
=
X
i;j

Dij
@2g

@xi@xj

g(0; x) =
1

4�N

NX
j=1

Z
S2
uj0(x; k)dk:

5.2 Di�usion for Electromagnetic Wave Transport

We consider now the long time, large propagation distance limit for the augmented
transport equation (32). Our analysis in this section is by direct asymptotic expan-
sions. In the next section we consider the general case, which can be analyzed by
probabilistic methods. In both cases we derive the di�usion limit of the augmented
transport equation and from it the corresponding results for the matrix transport
equation itself. In the electromagnetic case the results agree with those in [14]. We
shall assume for simplicity that the velocity v = const (and hence n(x; k) = 0 in (32)),
the di�erential scattering cross-section �(k; k0) = �(k � k0) is independent of x and is
rotationally invariant, and the total cross-section � is independent of x and k. We
rescale the time and space variables x ! x=", t ! t="2 with " � 1, so that (32)
becomes

"2
@��

@t
+ "vk̂ � rx�� =

Z
S2�K

dk0du011du
0
12�(k � k

0)
Tr fT (k; k0)[I2 + U 0]T �(k; k0)g

2

��(k0; U 0; k; U )��(t; x; k0; u011; u
0
12)� ���(t; x; k; u11; u12) (77)

We expand the solution �� in a series in ":

�� = ��0 + "��1 + "2��2 + : : : (78)

which leads to a corresponding expansion for the coherence matrix W (35):

W = W0 + "W1 + "2W2 + : : : (79)

We insert the expansion (78) into (77). The leading order term satis�esZ
S2�K

dk0du011du
0
12�(k � k

0)
Tr fT (k; k0)[I2 + U 0]T �(k; k0)g

2

��(k0; U 0; k; U )��0(t; x; k
0; u011; u

0
12) = ���0(t; x; k; u11; u12):
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This equation has a unique (up to multiplication by a function of t and x only) solution
�p(k; u11; u12). Indeed, the function �p� = 1 is a positive solution of the adjoint equation,
as follows from the normalization (29) and energy conservation (16), and hence it is
unique according to the Krein-Rutman theorem [6]. Therefore the leading term ��0 has
the form

��0 = w(t; x)�p(k; u11; u12) (80)

with the leading term in the expansion (79) being

W0(t; x; k) = w(t; x)

Z
K

du11du12
�p(k; u11; u12)

2

�
I2 +

�
u11 u12
u12 �u11

��
:

It is straightforward to verify that the matrix

�W =

Z
K

du11du12
�p(k; u11; u12)

2

�
I2 +

�
u11 u12
u12 �u11

��

is a solution of Z
dk0�(k � k0)T (k; k0) �W (k0)T �(k; k0) = � �W (k): (81)

By the Krein-Rutman theorem [6], any solution of (81) has the form

�W (k) = CI2; C 2 IR: (82)

Therefore, the leading order term in the expansion (79) is proportional to the identity
matrix:

W0(t; x; k) = w(t; x)I2:

and waves become depolarized in the limit of long times and large propagation dis-
tances, as was observed in [14].

Using the expression (80) for ��0 we �nd that the next order term ��1 satis�es the
equation

v(k̂ � rxw)�p =

Z
S2�K

dk0du011du
0
12�(k � k

0)
Tr fT (k; k0)[I2 + U 0]T �(k; k0)g

2

� �(k0; U 0; k; U )��1(t; x; k
0; u011; u

0
12)� ���1(t; x; k; u11; u12):

Let the functions ��i (k; u11; u12), for i = 1; 2; 3, solve the equations

vki�p(k; u11; u12) =
1

2

Z
S2�K

dk0du011du
0
12�(k � k

0)Tr [T (k; k0)[I2 + U 0]T �(k; k0)] �

��(k0; U 0; k; U )��i (k
0; u011; u

0
12) ����i (k; u11; u12): (83)

Note that (83) has a solution since

Z
S2�K

dkdu11du12k̂i�p(k; u11; u12) =

Z
S2
dkk̂iTrf �Wg = 0:
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This follows from the identity

1

4�

Z
K

du11du12�p(k; u11; u12) = 1 (84)

implied by (82). Then ��1 is given by

��1 =
3X

j=1

��j (k; u11; u12)
@w

@xj
+ ��10(x); (85)

with an unknown function ��10.
Using expressions (80) for ��0 and (85) for ��1, the equation for ��2 is

@w

@t
�p + vk̂i

�
��j

@2w

@xi@xj
+
@��10
@xi

�

=

Z
S2�K

dk0du011du
0
12�(k � k

0)
Tr fT (k; k0)[I2 + U 0]T �(k; k0)g

2

��(k0; U 0; k; U )��2(t; x; k
0; u011; u

0
12)� ���2(t; x; k; u11; u12):

The solvability condition for this equation requires that the integral of the left side
over S2�K vanishes. Therefore we get the di�usion equation for the function w(t; x):

@w

@t
=
X
i;j

Dij
@2w

@xi@xj
: (86)

The di�usion tensor Dij is given by (89):

Dij = �
1

4�2

Z
S2�K

dkdu11du12vk̂i�
�
j (k; u11; u12):

The integral of ��j (k; u11; u12) with respect to u11;12 may be evaluated explicitly. Let

W j
�(k) =

1

2

Z
K

du11du12�
�
j (k; u11; u12)

�
1 + u11 u12
u12 1� u11

�
:

Then, integrating (83) over K we get, using (84) that the matrix W j
� satis�es

vkjI2 =

Z
dk0�(k � k0)T (k; k0)W j

�(k
0)T �(k0; k)� �W j

�(k):

Straightforward computations give

W j
�(k) =

vkj
�� �

I2

where � is determined by

�kjI2 =

Z
dk0k0j�(k � k

0)T (k; k0)T �(k0; k):
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Hence we have Z
K

du11du12�
�
j (k; u11; u12) =

vkj
�� �

;

and the di�usion tensor Dij has a simple form

Dij =
v2

3(�� �)
Æij :

Note that � > � by the Krein-Rutman theorem, hence D > 0. This expression coin-
cides with the one obtained in [14] by considering asymptotic expansions forW (t; x; k)
directly.

5.3 Di�usion Limit for Transport Equation with Polarization

We apply now the general theory of section 5.1 to the jump process for the velocity and
polarization parameters constructed in section 4.2.1. We assume for simplicity that
the dispersion relations have the form !i = vijkj and are independent of the position
x. Then the characteristics are straight lines and Ni = 0 (see [14]). Moreover, we
assume that the length of the vector K(t) does not change during the scattering, so
that K(t) 2 S2. Let �p = (�p1(k; U1); : : : ; �pM(k; UM)) be the invariant measure of the
operator L acting on vector valued functions as

(Lf)i(k; U
i) =

MX
j=1

Lijfj(k; U
i) =

MX
j=1

Z
S2
dk0

Z
Kj

dU 0jfj(k
0; U 0j) �

�Trf�ij(k; k0)
Ini + U i

ni
g�(k; U i; i; k0; U 0j; j) ��ifi + vik̂ � rfjÆij ; (87)

that is,
MX
j=1

L�ij �pj = 0;
MX
j=1

Z
S2
dk

Z
Kj

dU j �pj(k; U
j) = 1:

Let us assume that the cross-sections �ij are bounded and uniformly positive functions,
as in the previous section. Moreover, we assume, as in (73), that for 1 � l � d,

MX
j=1

Z
S2
dk

Z
Kj

dU jklvj �pj(k; U
j) = 0;

so that the mean drift is zero. Then the process X"(t) = "X(t="2) converges, accord-
ing to Theorem 5.1, to a di�usion process with generator �L given by (74) and the
probability densities �i"(t; x; k; U

i) have the form

�i"(t; x; k; U
i) = ��(t; x)�pi(k; U

i) +O("):

The function ��(t; x) satis�es the di�usion equation

@��

@t
=
X
i;j

Dij
@2��

@xi@xj
:
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The di�usion tensor Dij is de�ned as follows. Let the functions ��in(k; U
i), for i =

1; : : : ;M and n = 1; : : : ; d, be mean zero solutions of

vikn�pi =
MX
j=1

L�ij��jn: (88)

Then Dij is given by

Djn = �

MX
i=1

Z
S2
dk

Z
Ki

dU ivikj�
�
in(k; U

i): (89)

Thus, the solution W i
"(t; x; k) of the system of the radiative transport equations

satis�es

W j
" (t; x; k)� g(x)

Z
Kj

dU j �pj(k; U
j)
Inj + U j

nj
= O("); (90)

which may be also established, at least formally, using a multi scale asymptotic ex-
pansion for W i

" . The scalar function g(x) satis�es a di�usion equation

@g

@t
=
X
i;j

Dij
@2g

@xi@xj
(91)

g(0; x) = g0(x):

The initial data g0(x) is given by

g0(x) =
MX
j=1

Z
S2
dkTrfW j

0 (x; k)g:

The approximation (90) implies that in the di�usion limit, each matrix W j can be
decomposed as the product of two terms. The �rst term only depends on the velocity
k and state j. The second term g is independent of the state j, and describes long time
and large distance behavior. This implies that the energy is asymptotically distributed
among the states in a prescribed ratio, which is independent of the initial conditions.
We will come back to this important observation in section A.1.

6 Summary and Conclusions

We have summarized in Theorem 4.1 the main result of the paper, which is that matrix-
valued solutions of radiative transport equations can be represented as the �rst order
moments with respect to polarization parameters of solutions of a scalar, augmented
transport equation. Moreover, the solution of the augmented transport equation is
the probability law of a jump Markov process. The probabilistic representation can
be used to give an elegantly simple theory of existence and uniqueness of solutions of
matrix radiative transport equations. In addition, we have shown how to get conver-
gence of the jump Markov processes of radiative transport to a di�usion process, for
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long times and large distances. This is done by using the general theory of di�usion
approximations to the augmented scalar transport equation.

We have restricted ourselves to transport equations in all space, even though bound-
aries and interfaces are very important in practice. The theory of scalar jump processes
can also be carried out when boundaries are present [4]. The generalization of the aug-
mented jump process to account for boundary and interface conditions, like the ones
derived in [2], can be done without diÆculty.

We have presented a probabilistic theory for general radiative transport equations
but the main objective is to formulate e�ective numerical methods for computing the
energy density of electromagnetic and elastic waves. Discretization of the radiative
transport equations (13) or (92) by �nite di�erences or �nite elements is not useful for
genuine three-dimensional geometries. This is because of the large number of degrees of
freedom, seven in 3D. Even coarse discretizations of the integro-di�erential transport
equation require a lot of computer memory. However, the propagation of seismic
waves generated by an earthquake, which is an application where time dependent 3D
radiative transport solutions are required, can be done by Monte Carlo [7, 16] using the
probabilistic representation. We can estimate the probability law of the jump Markov
process by simulating a large number of its trajectories. Even though the convergence
to the solution is slow, like N�1=2 where N is the number of realizations, the memory
requirements are minimal. The probabilistic representation has been used in [3], where
the polarization and depolarization of shear waves is analyzed in detail.
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A Application to Elasticity

We consider in this appendix an example of matrix transport equations with two
species. The propagation of the elastic waves, seismic waves, for example, can be
modeled in the high frequency regime by matrix transport equations. It is a coupled
system of a scalar transport equation for to compressional waves, and a 2� 2 matrix
transport equation for the coherence matrix of shear waves.

Radiative transport equations have recently been used to interpret the \coda",
or wave trains which appear in the tail portion of seismograms from earthquakes.
Pioneered by the work of Aki [1], the subject has developed substantially in the past few
years. We refer to [15] for the current state of the art and to other recent contributions
[12, 13, 17].
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A.1 The Elastic Transport Equations

There are two types of elastic waves: the transverse shear waves, or S waves, and the
longitudinal compressional waves, the P waves. Shear waves are polarized, and we
describe their energy transport by a coherence matrix WS , while P waves, which are
faster than S waves, are unpolarized. Their energy density is denoted by wP . The
matrix WS and the scalar wP satisfy a system of two radiative transport equations
which are coupled. This system has the following form, where all integrals run over
k0 2 IR3,

@aP

@t
+rk!

P � rxa
P �rx!

P � rka
P =

Z
�PP (k0; k)aP (k0)dk0 (92)

+

Z
�SP (k0; k)[W S(k0)]dk0 � [�PP (k) + �SP (k)]aP (k)

and

@W S

@t
+rk!

S � rxW
S �rx!

S � rkW
S +WN �NW + [�SS +�PS ]WS

=

Z
�SS(k0; k)[WS(k0)]dk0 +

Z
�PS (k0; k)[aP (k0)]dk0: (93)

The coupling matrix N is the same as for electromagnetic waves, see (15), except
that the speed v is now the shear speed vS . The di�erential scattering cross-section
�PP (k0; k) is a scalar function, and the di�erential scattering tensor �SS(k0; k) is similar
to the one for electromagnetic waves. They have the form

�PP (k0; k) = �pp(k
0; k)Æ(vP jkj � vP jk

0j) (94)

and

�SS(k0; k)[W (k0)] = f �TTss T (k; k
0)W (k0)T (k0; k) + ���ss �(k; k

0)W (k0)�(k0; k)

+ ��Tss [T (k; k
0)W (k0)�(k0; k) + �(k; k0)W (k0)T (k0; k)]�g

� Æ(vSjkj � vS jk
0j): (95)

The 2� 2 matrix �(k; k0) is similar to T , and is de�ned by

�ij(k; k
0) = (k̂ � k̂0)(z(i)(k) � z(j)(k0)) + (k̂ � z(j)(k0))(k̂0 � z(i)(k)) (96)

while �pp and �ss are scalar functions symmetric in k and k0.
The scattering cross-sections for the S to P and P to S coupling terms, �PS and

�SP , respectively, have the form

�PS (k0; k)[aP (k0)] = �ps(k
0; k)G(k0; k)aP (k0)Æ(vS jkj � vP jk

0j) (97)

�SP (k0; k)[WS(k0)] = Trf�ps(k; k
0)G(k; k0)W S(k0)gÆ(vP jkj � vS jk

0j) (98)

where the 2� 2 matrix G is given by

Gij(k; k
0) = (k̂ � z(i)(k0))(k̂ � z(j)(k0)): (99)

The function �ps is scalar. Finally, the total scattering cross-sections � are determined
from energy conservation, as in (46).
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A.2 The Augmented Transport Equation

We have two species, one corresponding to P waves, and one corresponding to S waves,
hence M = 2. We denote these states by P and S, respectively. There is no polarization
e�ect for particles in state P, while a 2 � 2 traceless symmetric polarization matrix
U (t) describes the polarization of a particle in state S. Its independent elements u11
and u12 lie inside the unit disc K, as in (20). The evolution between jumps is given
by the equations

dX

dt
= vP (x)k̂;

dK

dt
= �jK(t)jrxvP

for state P, and by

dX

dt
= vS(x)k̂;

dK

dt
= �jK(t)jrxvS ;

dU

dt
= UN �NU

for state S.
Let us now describe the jump process corresponding to the transport equations

(92) and (93). The probability distribution of the time between successive jumps is
given by (54) with � = �PP + �PS in state P, and by � = �SP + �SS in state S.
We note that P waves with wave vector kP can be scattered into S waves with wave
vector kS only if the resonance condition vS jkS j = vP jkP j holds. Therefore the vector
K(t) lies on the unit sphere S2 if our particle is in state P, and K(t) lies on the sphere

S2r of radius r =
vP
vS

> 1 if it is in state S. Let us �rst give the probability for K(t) to

jump from k (with polarization matrix U if the incoming state is S) into direction k0

(as in (60))

~�(x; k; P; k0; P ) =
�pp(k; k0)Æ(vP jkj � vP jk

0j)

�PP +�PS

~�(x; k; P; k0; S) =
�ps(k; k0)TrfG(k; k0)gÆ(vS jk0j � vP jkj)

�PP + �PS

~�(x; k; U; S; k0; P ) =
�ps(k0; k)TrfG(k0; k) ~UgÆ(vP jk0j � vS jkj)

�SS + �SP

~�(x; k; U; S; k0; S) =
Trf�SS(k; k0)[ ~U ]gÆ(vSjk0j � vS jkj)

�SS +�SP
:

Here the matrix ~U is related to U as in (49) by ~U =
1

2
[I2 + U ].

It remains to prescribe the probability density that a particle scattered into state
S, either from state S, or from state P, have the new polarization matrix U 0. It is given
by two functions: �P (k; k

0; U 0), which is the conditional probability to be scattered
from state P into state S, and �S(k; U; k

0; U 0), which corresponds to scattering from
state S into state S. These functions have to satisfy the constraints:

Z
K

du011du
0
12�P (kP ; k

0; U 0) =

Z
K

du011du
0
12�S(kS ; U; k

0; U 0) = 1
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for all kP 2 S2, kS 2 S2r , andZ
K

du011du
0
12�P (kP ; k

0; U 0)u0lr = UPS
s;lr(k; k

0)

Z
K

du011du
0
12�S(kS ; k

0; U 0)u0lr = USS
s;lr(k; k

0):

Here the matrices UPS
s and USS

s are determined by

1

2
(I2 + UPS

s ) =
G(k; k0)

TrfG(k; k0)g

and
1

2
(I2 + USS

s ) =
�SS(k; k

0)[U ]

Trf�SS(k; k0)[U ]g
:

This completely describes the jump process associated with the transport equations of
elastic waves.

A.3 The Di�usion Limit

It is straightforward to consider the long time limit, which leads to the result obtained
in [14] by asymptotic expansion. The main result is that

WS
" (t; x; k)! w(t; x)I2; wP

" ! w(t; x);

where w(t; x) is the solution of a di�usion equation

@w

@t
= D�w:

The di�usion coeÆcient can be written explicitly in terms of the scattering cross-
section as it was done for electromagnetic waves in the previous section. The physical
implications is that there exists a universal asymptotic equipartition relation of the
energy between P and S waves. This observation is discussed in detail in [13] and [17].
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