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Abstract

We consider the inverse problem of array imaging of active sources(targets) in randomly
inhomogeneousmedia, in a remote sensingregime with signi cant multiple scattering of the
waves by the inhomogeneities. The active source emits a pulse that propagatesthrough the
inhomogeneousmedium and is captured by an array of aperture a that is far from the source.
We consider an analytical model for the matched "eld imaging functional and study the e®ect
of random inhomogeneitieson the resolution of the imagesproduced. In our model the e®ectof
the random medium is quanti ed by a single parameter, the narrow-band e®ectie aperture of
the array a.. We give a robust procedurefor estimating a., which is of great interest in many
applications. In time reversal, knowing a. allows us to estimate the refocusedspot size, that
is, the resolution of the time reversed,badk-propagated "eld, which we can usein applications
sud as securecommunications. The e®ectie aperture a. quanti es in an explicit way the
loss of resolution in imaging active sourcesembedded at unknown locations in a randomly
inhomogeneousmedium, as well as the gain in resolution beyond the di®raction limit, the
super-resolution, in time reversal.

1 Intro duction

In many important applications, suc asultrasound medicalimaging [18{20, 28], foliage penetrating

radar [22,34], land and shallonv water mine detection [12], seismicinversion [5,13], etc., one seeks
to detect and image small or extended scatterersembeddedin inhomogeneouanedia. We consider
here randomly inhomogeneouanedia whose characterizing properties suc as acousticimpedance,
bulk modulus, etc. have a known large scalevariation and an additional, unkno wn, weak, small
scalevariation, which we model asarandom function of space. The scatterersareto be detectedand
imagedvia an array of 2N + 1 transducers (antennas), which can emit acoustic (electromagnetic)
pulsesand record the badkscattered echoes. Depending on the application, there are se\eral types
of arrays. In ultrasound imaging, the arrays are usually linear, with N - 100, and the data recorded
at the array, the responsematrix P (t) = (Ppqg(t)), can be measuredand processed20] exciently.

In seismicimaging the arrays can be very large but they are mostly passiw, consisting of receivers
and very few emitters [13]. In radar, the array may be xed or it may be mounted on °ying aircraft,

thus generatinga large synthetic aperture [15,23,29], etc. To x ideas,let us supposethat we have
a linear array of aperture a, that the targets are in the far "eld, at distance L A a, and that the
responsematrix P(t) is measuredfor a suzciently long time interval (0; T] that cortains all echoes
from the targets.
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Coherert array imaging of targets in known host media is well understood and there are seweral
methods that work well. For example, we have: (a) Time domain, broad-band methods which
usearrival time and/or amplitude information from the responsematrix. This includes synthetic
aperture radar (sonar) imaging [10,12,15,23,26]whereonly the diagonal part Ppy(t) of the response
matrix is recorded, and synthetic aperture radar interferometry [29], where a few diagonals of the
response matrix are known. (b) Narrow-band methods, which use di®erertial phaseinformation
from the responsematrix and they image by beam forming [15,23], by subspacemethods suc as
MUItiple Slgnal Classi cation (MUSIC) [16,24,30,33], or by least squares(maximum lik elihood)
direction of arrival methods [23,32].

We areinterestedin imaging in randomly inhomogeneousnedia, in a regimewhere multipathing
due to the inhomogeneitiesis signi cant. Sud a regime arisesin ultrasound imaging, underwater
acoustics, ground or foliage penetrating radar, etc. and, depending on the applications, there is
a variety of length scalesthat enter the formulation. For example, in underwater acoustics, the
averagewave propagation speedis ¢y = 1:5km/s, the certral wavelength of the probing pulse may
be,o » 1m, the target rangeL = 1 100km, the propagation speed °uctuates by 1 2% with
correlation lengths Iy » 100mand |y, » 10min the horizontal and vertical directions, respectively.
In ultrasound imaging, , o » 1mm, ¢cg = 1:5km/s, L - 10; 50cm, the °uctuations are around 1%
with a correlation length | » 1mm, and soon. In spite of such a diversity of scales,we can roughly
classify remote sensingproblems in weakly °uctuating random media as belonging to either high
frequency(,o0¢ | ¢ a¢ L) orradiative transport (,o» | ¢ a¢ L) regimes.In both cases,even
though the °uctuations in the medium are weak the waves travel over many correlation lengths
and multipathing due to the inhomogeneitiesis signi cant. Imaging in regimeswith signi cant
multipathing is quite challenging and requires very di®erent methods from the usual onesin a
homogeneousor known environment. In particular, it requires understanding of wave propagation
in random media.

There have beenrecertly sometheoretical and experimental developmerts in time reversal,
where signals emitted by a sourcein the medium are recorded at the array, time reversed and
sert bad into the samemedium. Becauseof the time reversibility of the wave equation we have
(di®raction limited) refocusing of the time reversedsignal at the source, in any non attenuating
medium. For example, in a homogeneousmedium we get a refocusing spot of approximate size
., oL=a, together with spurious Fresnel zones[11]. Howewer, in random media, experimental [20,
25,31] and theoretical [1,6,17,27] studies shaw that the refocusingis much better and the Fresnel
zonesare eliminated. This is the phenomenonof sup er-resolution and it is due to the random
inhomogeneities, which distribute the waves over a larger part of the medium than they would
in the homogeneouscase, and therefore carry more information about the source location. One
can then say that the array appearsto have an e®ective aperture ae A a and this leadsto
super-resolution and the elimination of Fresnel zonesbecauseof random phase cancellations. A
guartitativ e assessmenof super-resolution can be made, for example, by looking at the average,
time reversedbadpropagated eld, calculated explicitly in [17]. However, it is remarkable that
in appropriate regimes this phenomenondoes not happen just in the mean but for almost all
realizations of the random medium. This is the self-averaging phenomenonwhich has been
explored numerically and analytically in [1,6,27], and for layeredrandom mediain [14,21] and the
referencestherein.

Sinceany re°ection basedimaging method involvessomeform of time reversal or badkpropaga-
tion into the real (or a ctitious) medium, we can intro duce statistically stable inversion method-
ologiesfor random media by taking advantage of our understanding of time reversal. In [4,9] we
dewveloped such an approad to statistically stable imaging of small targets buried in a randomly



inhomogeneous,isotropic, in nite medium. In this paper we study the resolution limit of images
in such media. We consider a model for matched eld imaging which accourts in a simple and
explicit manner for the e®ectof the random medium on the image. This e®ectis quanti ed by a
single parameter, the e®ectie aperture a, which is unknown. We use our matched eld model
to estimate a, and we demonstrate the feasibility of our approac with numerical simulations. In
particular, we shaw that the estimated a predicts very accurately the spot sizein time reversalin
random media.

This paper is organizedasfollows. In section2, we formulate the problem and the mathematical
model. Time reversalin both deterministic and random mediais discussedn section3. Our results
on matched eld imaging in random media are given in section4. In section5 we usethe matched
“eld model derived in section4 to estimate the e®ectiwe aperture ae, which dependson the random
medium and on the range. We demonstrate the feasibility of the estimation processwith numerical
simulations in section5.3. Finally, in section 6, we give a brief summary and conclusions.

2 Formulation and mathematical model

For simplicity we assumethroughout the paper that there is a single target to be identied in
the noisy medium. We distinguish betweentwo types of targets: (1) Active ones, which emit a
signal f (t) that propagatesthrough the medium and is received at the array and (2) passiwe ones,
which are quiet and which can be detected from the scattered signalswhich have traveled from the
emitting array elemers to the target and bad to the array. The target can be small, point like,
or extended but of nite support. Imaging passiwe, small or extended targets in random media is
consideredin [8]. In this paper we focus attention on the caseof a small, active target located at
y = (0;0;L) with respect to the certer of the array, where L is the range and the cross-range

The separation h=2 betweenthe array elemers is chosenso that in a remote sensingregime the
transducers behave like an array of aperture a= Nh ¢ L and not like separateertities, while
interferenceis kept at a minimum. Often, h = | o, the wavelength of the carrier frequency of the

pulse.
Supposethat we have an active target (source)which emits a pulse
dA 1 e i!o+% A2
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Clearly, there are many choicesfor f (t). For example, chirps suc asf (t) = €' ot+i®2 gre com-
monly usedin synthetic aperture radar imaging [10,12,15,23,26]. We take the pulse (2.1) just for
simplicity in the calculations. The signal received at x, (seeFigure 1) is

Z,

S0 = 10 2600¥i0 = 57 EGGiyine "t (2.3)

Z3
where 8 is the two point Green'sfunction at radian frequency! , and where ? denotesconvolution
in time.
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Figure 1: The setup for array time reversal and imaging

We choosethe scalar wave equation as our mathematical model for wave propagation in the
medium and we let c(x) be the propagation speed at a point x 2 IR®. This scalar model is
appropriate for sonar and ultrasound regimes but not for electromagnetic waves or for seismic
inversion, although it is often used there too. At frequency® = ! =2Y% the two point Green's
function satis es the reducedwave equation

¢ BOGy;!) + K208 y; 1) = i #Hx i y); (2.4)
wherek = | =@ is the wavenumber, ¢ is a referencespeed of propagation and
- %
n(x) = ) (2.5)

is the index of refraction of the medium. At in nit y 8 satises the radiation condition
A 1

lim r %; ikn@ =0 (2.6)

wherer = jX i Vj.

Note that in this model we neglect the presenceof boundaries and interfacesin the medium
and focus attention just on the scattering by the random inhomogeneities. For simplicity we also
neglect large scalebadkground variations, although they can be accourted for easily in numerical
calculations, and we let the °uctuations of the index of refraction be

s -

7! )I(_ =n?(x)i 1 (2.7)

wherel is the correlation length (the scaleat which the medium °uctuates), %¢, 1 (weak °uctua-
tions) and ! is a stationary, isotropic random eld with mean zero and covariance

© a
R(x) = R(jxj) = E * (x%+ x)* (x9 : (2.8)
In imaging , we seekthe unknown location y of the sourcethat is buried in the unknown

random medium by reversing in time the signalssp(t), p= i N;::; N; and badk-propagating them
numerically into a ctitious medium , which is here homogeneouswith constart sound speed co.
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This process,which is alsoreferred to as migration [5, 13], or badkprojection [26]in geoptysicsand
in X-ray crystallography, respectively, is a form of time reversal [6,14,18{20,25,31]. In time
reversal, the signalssp(t), p = i N;::; N; received at the array, are time reversedand re-emitted
into the actual medium . They badk-propagate to the sourceand focus near it.

Thus, in both imaging and time reversal, we considerthe badck-propagated eld at a \search"
point ys as shown in Figure 1. We take ys in the plane determined by y and the array, at range
L + ~ and cross-range». The point-spread function for time reversalis de ned by

Z,

1 .
i TRyiysit)= = @ " IPTR(ysyg)dt (2.9)
2]/4 il
where
TR o XN
PTR(yiysit)=10) By )B(Xpiysi!); (2.10)
p=i N
and wherethe bar in (2.10) standsfor complex conjugation. The point-spread function for imaging
is given by Z,
1 o
Myiys = o @M (yysid (2.11)
4 il
where

X X
P'™M (y;ys;t) = (1) B(xp;y;!)Bo(xp;ysi!) = B(1)Bo(xpiys:!); (2.12)

p=i N p=i N
and where @o(xp;ys;! ) is the Green'sfunction in a homogeneousmedium

akixi yj

Bo(x;y;!) = (2.13)

Y4x i yi
We note that j '™ di®ersfrom j TR only insofar asthe badk-propagation is donein a homogeneous
or referencemedium in imaging.

In this paper, we analyzethe point-spread functions for time reversal and imaging, both in the
frequencyand in the time domain, for randomly inhomogeneousnedia, in a remote sensingregime.

3 Time reversal

Becauseof the time reversibility of the wave equation, it is clear that if we capture wavesat the
array, time reversethem and sendthem back, they will focus neary, the location of the source.
The focusing is perfect if all the waves are captured by a time reversal mirror which enclosesthe
source. Howewer, when only part of the waves are captured by an array of receivers/transmitters
of aperture a, then the focusing resolution is di®raction limited and the point-spread function TR
is not entirely concerrated at y but is spreadout around it.

It is well known that the point-spread function for time reversalis tighter in random mediathan
in homogeneousones|[6,20]. This is due to multiple scattering (multipathing ) in the random
medium, which makesrays that are directed initially away from the array to be scattered onto it
by the inhomogeneities. Thus, the random medium createsthe illusion of a larger aperture and
an improved refocusing resolution. This is the super-resolution phenomenon. It manifestsitself
by a smaller refocused spot and by the disappearanceof the spurious Fresnel zones, becauseof
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random phasecancellations. Of course, multipathing has a negative e®ecton the captured signal
as well, through the diminution of intensity carried away by rays scattered away from the array.
However, the intensity losscan be compensatedby ampli cation of the retransmitted signal, since
the problem is linear.

In order to quartify the refocusing resolution in random media we use the e®ective aper-
ture . We distinguish two types of e®ectiwe apertures: (1) The narrow-band e®ecti\e aperture ae,
determined by the random medium [6,27] and the range, and (2) the broad-band e®ecti\e aperture
Ae, which dependson as and on the probing pulse f (t), its bandwidth in particular. As shown
in section 3.2, the e®ectof the random medium on the TR point-spread function j 'R is given
explicitly by as and Ae, in the frequency and in time domain, respectively. Since the randomly
scattering medium is not known, ae is not known either, although, aswe show in section 5, it can
be accurately estimated.

Another remarkable property of time reversal, besidessuper resolution, is its deterministic
nature, at least in the time domain, in a suitable remote sensingand multiple scattering regime
[6,27],wherej TR doesnot depend on the particular realization of the random medium, that is, it is
self-averaging . In ultrasound and underwater sound experiments [20,31] the statistical stability
is a time domain phenomenonwhich does not apply to narrow-band signals. Howewer, in high
frequency regimes such as those occurring in optical or infrared applications, the time reversal
point-spread function can be self-areraging even for narrow-band signals[27]. We focus attention
on the lower frequency regimeswith ordering of scales

o> e ad L (3.1)

and we require that the signalsbe broad-band in order for | TR to be self-averaging.

3.1 Time reversal in homogeneous media

The time reversal point-spread function in homogeneousmedia is

11 i
i Rysi= o PR(ysit)e " tar; (3.2)
2/4 i1
where
X —— X gk(ixpi ysiii Xpi ¥i)
PoR(ysit)=11)  Bo(xpiy:!)Bo(xpiysit) = 1) a—— = (33)
0 s ey Prrs @20 YiiXp i Vs
i p=i
In a remote sensingregime (a ¢, L), we can usethe parabolic approximation of the phase
. 2
RO PR Xp .
Xpi yi= Lo+ xp 2%l + oL (3.4)
and, after somecalculation [6, 7], we obtain
Z A AT LA H L2 Tz - e »'"
TR .- . o1 il e 2 ERE- IS (530 . iisy ey toe .
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In particular, if we place a screenat the exact range (" = 0) and we obsene the point-spread
function for various crossranges», we have, after evaluating at the arrival time,
»2 Co | Pl| »aﬂ j _ab?
i Re = 0it= o) p—sin 2= e “57F: (3.6)
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Thus, for pulse (2.1), the time revegsal poin-spread function in homogeneousmedlals determined

by the product of sinc /‘;’f = sin Vg)f = 1%":‘ and a Gaussiane' ZZ with standard deviation
- ZCO%'L = 20 %LL E& (3_7)

a B a

where! o = 2424 and B = 1=(°¢3%) is the bandwidth, 0 < B < 1. For a narrow-band pulse s is
large, the deterministic resolution limit 0?'- comesfrom the sinc function and the Fresnelzonesare
visible. For a broad-band pulse s is comparableto , gpL=a, which is the spot sizedetermined by the
Gaussianfactor and the Fresnelzonesare now eliminated. In either case,the larger the aperture a
is the better the focusing.

3.2 Time reversal in random media

The time reversed,badk-propagated eld in the random medium is

z D E
1 o — 3w b
i Rysit) = o, PTR(ysit)e "t for PTR(ysi1) = (1) Bxp;y; ! )B(xpiysi!)
p=i N
(3.8)
where @ is the random, time harmonic Green's function and where, becauseof the self-aseraging
property of TR(yS;t) (see[6,7,27]), we can take the expectation of 8d8. Then, using the momert
formula [6,7,27]

»232

b E
Bxpy: 1 )B(Xpiysi!) ¥aBo(xpyi! )Bo(xpiysil )& 77 ; (3.9)

P—r0. — : : :
whereae = a.(L) = DL3isalengththat de nesthe e®ective aperture and D is a reciprocal length
parameter that dependson the statistics of the random °uctuations of the speed of propagation.
We then have [6,7]

» az w YN )) a
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p=i N
(3.10)
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i a=2

and, as in the homogeneousmedium, we evaluate the point-spread function at the exact range
(" = 0) and for a » which is smaller than the focal spot

sl _ 0% , oL

< = T 3.11
7T Ta 2 ae (3.11)
to obtain (see[6,7])
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Here A¢ is the broad-band e®ective aperture given by
M )P
4y,
A2= a2+ 4 2%a2 = al + _Bae : (3.13)



Comparing this result with the deterministic one (3.6) we note that the physical array aperture
a is replacedby a larger aperture (A > a) in random media, which explains the super-resolution
phenomenon. The narrow-band e®ecti\e aperture ag(L) can be very large in a regime with signi -
cant multipathing by inhomogeneities. In sudh a regime, the physical aperture a is negligible and
there is remarkable focusing of j TR on the source, even when the signal has been captured and
time reversedby a small array. In the numerical simulations the rangeL is limited by our compu-
tational capabilities so ae is roughly the sameas a and the physical aperture still plays arole. The
broad-band e®ectie aperture Ae dependsalso on the bandwidth B = 1=(°¢%), 0< B < 1, of the
pulse. The smaller the bandwidth, the better the focusing. Howewer, the bandwidth cannot be too
small, sincethen statistical stability is lost. The precisetrade-o® between enhancedtime-domain
spatial focusing and loss of statistical stability with reducedbandwidth is not known. If ¢! is an
estimate of the decoherencdrequency interval for PTR then a good empirical rule for statistical
stability in the time domain is that the bandwidth B divided by ¢! belarge (» 30; 50).

4 Matc hed eld imaging

While the time reversal and imaging point-spread functions are the same in homogeneous(or
deterministic) media, they behave very di®ererily in random media. First, unlikej TR, ;'™ iswider
in random media than in homogeneou®ones,becausemultiple scattering impedesthe identi cation
of the sourcelocation. Second,the imaging point-spread function is not self-averaging. However,
the time autocorrelation of j 'M is self-averaging. At zerotime-lag this is the matched "eld imaging
functional Z,
iMF(ys) = ) P (ysysi )P (4.2)
|

which is statistically stable, and provides an estimate of the cross-rangeof the source. The range
is lost, howewver, and it must be estimated separately say from arrival time information. Various
functionals for imaging the location of an active sourceand their relative performanceare considered
in [4,9]. Our main result in this paper (seealso [7]) is an analytical formula for the matched eld
functional j MF (ys) that can be usedto estimate the narrow-band e®ectie aperture ae, when the
range L is known.

The estimation of the e®ective aperture ae is important not only in assessingguartitativ ely
super-resolution in time reversal. As we show in section 4.2, a. also quarti es the loss of cross-
range resolution in matched eld imaging.

4.1 Matc hed eld in homogeneous media

In homogeneousnedia, the matched eld estimator is
7 _

. MF (.- _ 1 DTR (7 V2
o (7)) = o dt P (st ) )
zZ 3 . Z .- W e T2
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A contour plot is shawvn the left in Figure 2, for the parametersusedin our simulations. Becausethis
functional is an autocorrelation, range information is lost but the cross-rangecan be estimated.
The cross-rangeresolution limit decreasesas we seard deeper in range (i.e. for large ") and it



improvesas we increasethe array aperture. To illustrate this we evaluate (4.2) at the exact range

(r = O), 2 - 3 - 3
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We note now that, asin time reversal, the cross-rangeresolution of the matched eld estimator is
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Figure 2: The matched eld estimator in deterministic media (left gure, equation (4.3)) and in
random media (right gure, equation (4.6)), for an e®ective aperture a. = 2a.

inversely proportional to the aperture a. The larger a is, the better the accuracy of the estimated
cross-rangeof the source. In the next section, we show that in random media matched eld and
time reversal behave very di®erenly and that the physical aperture of the array is lessimportant.
In particular, we show that becauseof multiple scattering by the inhomogeneitiesthe imagesare
blurred in a manner quanti ed by the narrow-band e®ectiwe aperture ae.

4.2 Matc hed eld in random media

The matched eld in random mediais very di®ereri from the time reversalprocessbecausehe badk-
propagation is done numerically through a known, reference(homogeneousin our case) medium.
The matched "eld functional is now

- X XD — E
PMF (yg;1) = (1)~ Bo(xp;ysi! )G(xp;y; 1 )B(Xqy; 1 )Go(Xgiysi!) & (4.4)
p=i N g=i N

R
Becauseof its statistical stability in the time domain (see[6,7,27]), d! PMF(yS;! ) is essetially
equalto its expectation. Using the momert formula [6,7,27]

D E e
Bxpy;)B(xgy;!) YaBo(xp;y;! )Bo(xqy;! )el 2z X Xaj?, (4.5)
we nd after somecalculations given in [7] that
. »2 ’ L ' 2
i MF(»") vuC(L; a)e' 2377 3 (4.6)

where C(L; a) is independert of the random medium and of the cross-range».

We have now a simple analytical expressionthat allows us to assesghe e®ectof the random
medium on imaging of the sourceby a matched eld functional. Unliketime reversal, wherea larger
ae (i.e. stronger multipath) givesa tighter point-spread function (seeequation (3.12)), in imaging,
the resolution is worsewith larger a.. Rich scattering ervironments produce blurry images.
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5 Estimation of the e®ective aperture

Given the simple analytical expressionfor the matched eld functional, in this sectionwe estimate
ae by matching the formula (4.6) with the numerically calculated imaging functional | M (»;").
First we describe the numerical simulations and the numerical procedurefor estimating a.. Then
we demonstrate the feasibility of the estimation with numerical tests.

5.1 Setup for the numerical simulations

12 : L ™ v »
(o2 st s hes "o o ¥
10 ;..-. 00N R e '.l N
o 0 K} | -' X 0L > " et "
absorbing medium o[ : S :4‘ o g
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9.5 @ ° 24| A 2T\ Tl 9% SOLC
A 2 ; - i . -
S » e .“ B
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Figure 3: The computational setup. The dimen-
sions of the problem are given in terms of the
certral wavelength , = 0:5mm. The medium is
consideredto be in nite in all directions soin
the numerical computations an absorbing layer
surrounds the domain.

Figure 4: Typical realization of random sound
speedc(x). The target is shavn asa large black
dot 2. The units in the horizontal and vertical
axesare mm and, in the color bar, km/s. The
standard deviation for this exampleis s = 4:95%

In the numerical simulations we generatethe eld c(x) by a random Fourier serieswith mean
co = 1:5km/s, a Gaussiancorrelation function with correlation length | = 0:3mm and a standard
deviation ranging from 1% to 5%. A typical realization of the random medium is shonvn on the
right in Figure 4. The width of the probing pulse (2.1) is % = 0:2325 s, the certral frequencyis
21 o = 3MHz (i.e. , o = 0:5mm) and the bandwidth is 2 4MHz (measuredat 6dB). We take
an array of 10 transducersat a distance h = | (=2 from ead other sothe aperture is a = 2:.5mm.
The sourceis at range L = 2cm and at zero cross-range,measuredwith respect to the certer
of the array. To calculate the acoustic pressureat the array we solve the wave equation in the
time domain with a nite elemert method that discretizesthe mixed velocity-pressure( rst order
system) formulation [2,3]. To simulate the in nite medium we surround the computational domain
by a perfectly matched absorbing layer, as shavn on the left in Figure 4. To avoid excessie
computational cost we solve numerically the two dimensional problem, while all the analysis is
basedon three dimensional Green'sfunctions. However, we have seenin the previous sectionsthat
it is the phaseof the Green's function and not its amplitude that matters in imaging and time
reversal, especially in the remote sensingregime. In this regimethe phasesof the Green'sfunctions
are the samein two and in three dimensionsso we expect that the results of our direct numerical
computations will be in good agreemen with the theory.
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5.2 The estimation of ae

We estimate a, by matching (4.6) with the numerically computed function j MF (»;") as follows.
With the simulation setup described in section 5.1 we solve the wave equation in the time domain,
with an approximate point sourcelocated at y = (0;0;L) and supported in a square elemern of
size, ¢=30. At time t = 0, the sourceemits the pulse (2.1) and we calculate numerically the signals

enoughto ensurethat all is quiet for t > T. The numerical matched eld functional at seard point
Ys= (»0;L + ") isthen

NN

z 0
iMFG7) = IMF(»750)dl; where [MF(» ;1) = =
p=1

(1) Bo(xp;ys;! )= (5.1)

To nd a. we samplethe searth domain in stepsof , o=2, we assumethat we know the range
L of the source,and we minimize the discrepancybetweenthe theoretical and numerical matched
“eld functionals (4.6) and (5.1), respectively,

" #
X x4 H 0 Oﬂ .02 2
mjn o J >2 ’m>2 i e 2(L+m, 9=2)2 : (52)
j=i5m=j4
Here L
—2_ L.
= —: 5.3
o (5.3)
and for eah ©~ we normalize (5.1) by
°(»7 )= in" (n)=maxi gt (»): (5.4)

The minimization (5.2) is donein MATLAB with fminunc.

5.3 Estimation results

The estimated values of ap are 1:43; 1:54; 1:37; 1:46 in mm, for four realizations of the random
medium. We show in the top two panels of Figure 5 the numerically computed matched eld
functional (5.1), for two sudh realizations. The theoretical matched eld functional (4.6) when
calculated with the estimated a. looks the same as the numerical ones. In order to assesshe
feasibility of our approad we usethe estimated a¢ in the expressionof the theoretical time rever-
sal point-spread function (3.12), and we compare the result with the numerically simulated time
reversed eld. The results are shavn in the bottom panelsof Figure 5. First, we obsene the super-
resolution phenomenon,becausethe point-spread function is tighter in a random medium than in
the homogeneousone. Second,we note that the theoretical model (3.12) with the estimated ae
givesa rather accurate spot sizeat the source. The °uctuations that we obsene (for large » )in the
numerically computed eld (right bottom panels) are not captured by the theoretical model (3.12),
as expected, but the refocused eld is captured correctly near the source. Finally, the statistical
stability of both (5.1) and the time reversed eld is obsened in numerical simulations with se\eral
realizations of the random medium.
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tinmm

Figure 5: Top: i MF (ys) computed numerically for two realizations of the random medium, the
estimation of ae is 1:43mm (resp. 1:47mm) for the data on the left (resp. right). The horizontal
axisis L + ~ in mm and the vertical axis is the cross-range» in mm. Bottom (left to right): the
theoretical prediction of the time reversed eld in a homogeneousmedium, in a random medium
(obtained using ag = 1:45mmin (3.12)) and the numerically calculated time reversed eld for the
sametwo realizations of the random medium consideredin the top matched eld estimates. The
horizontal axis is time in 1 s and the vertical axis is the cross-range» in mm.

6 Summary

We have analyzedmatched eld imaging of small, active sourcesat unknown locationsin a random
medium, in a remote sensingregime with signi cant multipathing of the waves scattered by the
inhomogeneities. We have shown that the imaging resolution in random media can be quanti ed
by a single parameter, the narrow-band e®ecti\e aperture a.. We have derived a simple analytical
expressionfor the matched eld imaging functional which can be usedfor estimating the unknown
ae in arobust way. We have assessethe feasibility of our estimation approacd with direct numerical
simulations. We have obtained remarkably good agreemem betweenthe estimated e®ective aperture
and the obsened refocusedspot sizein direct numerical simulations of time reversal.
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