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Abstract

We consideracoustic pulse propagation in inhomogeneousmedia over relatively long propa-
gation distances. Our main objective is to characterize the spreadingof the travelling pulse due
to microscalevariations in the medium parameters. The pulse is generatedby a point source
and the medium is modeled by a smooth three dimensional badground that is modulated by
stratied random °uctuations. We refer to such media as locally layered.

We shaw that, whenthe pulseis obsened relative to its random arrival time, it stabilizesto
a shape determined by the slowly varying badkground corvoluted with a Gaussian. The width
of the Gaussianand the random travel time are determined by the medium parameters along
the ray connecting the source and the point of obsenation. The ray is determined by high
frequency asymptotics (geometrical optics). If we obsene the pulse in a deterministic frame
moving with the e®etive slownessit doesnot stabilize and its meanis broader becauseof the
random componert of the travel time. The analysisof this phenomenoninvolvesthe asymptotic
solution of partial di®ererial equationswith randomly varying coezcients and is basedon a new
represertation of the “eld in terms of generalizedplane wavesthat travel in opposite directions
relative to the layering.

Keyw ords : Wave propagation, random medium, locally layeredmedium, homogenization, high
frequency asymptotics, acoustic pulse shaping, anelastic di®usion.

1 Intro duction

When an acoustic pulse propagatesthrough an inhomogeneousmedium its shape and travel time
are modi ed by ne scaleheterogeneities.We will analyzein detail this phenomenonand the way
the modi cations depend on the inhomogeneities, which we model as random. Our analysis is
partly basedon the framework set forth in [1, 25].

The modi cation of the acousticpulseis well known in the one dimensional purely layered case.
We consider a generalization to more realistic three-dimensional wave propagation problems, to
media that are locally layered. Such media have general, three dimensional, smooth, badground
variations with a randomly layered microstructure, which need not be plane on the macroscale.
The model is motivated by wave propagation in sedimenrary rock. Here the sedimenary cycles
produce structures that on a microscale might resenble a tilted stack of layers. On top of this
local variation there are coarsescalefeatures that come from macroscopicgeologicalevents. As
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discussedin [21], the motivation for using random media and stochastic equations is the belief
that their solution represents physical phenomenawhich could not be investigated satisfactory in
any other way. In our casea description capturing details of the scattering of the wave by all
the heterogeneitiesof the earth's crust would be prohibitiv ely complex. Moreover, the detailed
structure of the earth's crust is not known. Thus, we replace the actual ne scalevariations by
random variations whosestatistics re°ect those of the actual medium. As a result the propagating
pulse becomesa random process.Howewer, up to a random travel time correction, the accurnulated
e®ectof the ne scalelayering can be described in a relatively simple, deterministic way. That is,
the pulse shape is modi ed by corvolution in time with a kernel whose parameters depend on a
path integral of medium statistics. The integration path is the geometrical optics characteristic ray
path from the surfaceto the obsenation point.

The rst onesto describe the modi cation of the pulse shape where O'Doherty and Anstey in
[32]. They did so for a purely layered medium. In Section 2 we review some pertinent literature
concerningthe one dimensional purely layered case. Then, in Section3 we present our formulation
of the more generallocally layered problem, the governing equations and the scaling assumptions.
The solution to the locally layered problem can be seenas a conmbination of the high frequencyray
approximation with pulse stabilization in the one dimensional case. We review the high frequency
approximation in Section 4 and discussthe one dimensional pulse stabilization theory in Section
5. The main result is preseried in Section 6 and it characterizesthe modi cation of the pulse
shape and arrival time that is assaiated with the locally layered medium when the impinging
pulseis generatedby a point source. In Section 7 we derive the approximation, rst in the purely
layered caseby combining the method of stationary phasewith an invariant imbedding formulation
of stochastic boundary value problems. Then we introduce a modi cation of the high frequency
formulation which enablesus to generalizethe analysis of the layered caseto the locally layered
case. Finally, in Section 8 we present someconcluding remarks.

2 The O'Dohert y-Anstey appro ximation

In order to illustrate our main result concerningpulse propagation in mediathat are not restricted
to layeredoneswe rst considerthe simple one dimensional casewith a sound pulseimpinging upon
a heterogeneoudalfspacez > 0. The halfspacez < 0 is homogeneousand the pulse impinging on
the surfaceis

f = fo(t="2):

The dimensionlessparameter 2 is small and is intro duced soasto distinguish phenomenaoccurring
on di®eren scales.The pressurevariations solve for z > 0

Pzz i 02(2) pe = O

with the slowness® (z), the reciprocal of the local speed of sound, being modeled by

c2py = CBAF(z=?) forz, O

(2) °3 forz< 0 ° 2.1)
The °uctuation © is a statistically stationary processwith rapidly decaing correlations and repre-
serts the ne scalelayering. Above we made someimportant scaling assumptions. First, that the
support of the impinging pulseis on the samescaleasthe ne scalemedium heterogeneiy, the scale



"2 Second,the magnitude of the °uctuations is small O("). For short propagation distancesthe
pulse travels essetially undistorted with a speed1=°y. This is described by the e®ective medium
approximation. However, for relatively long propagation distances,an O(1) distancein the above
scaling, the e®ectof the ne scalelayering becomesappreciable. The scattering assaiated with
the layering gradually delays the pulse and changesits shape, the net e®ectcan be described by

p(z; éa(2) + "A-(2) + "?s) » [fo(9 ?H(z;9l(s) (2.2)
= fo(si § H(z;§ df
Z
= (1=2v) fo(1)el 2 it gils g as "#0
with
a(@) = %z
Hzis) = (1=2) e #7810 eils g
Z
try = 01 C(s)e" 2% ds

C(s) = E[0)°(s)]

z
A (2) °y  9(s="?)=2ds:
0

Here ¢; is the travel time when° ~ 0 and "A-(z) is an O("?) random correction. We obsene
the transmitted pulse in a “window' of width O("?) certered at the corrected travel time. Thus,
the time variable s is shifted by ¢; + "A-(z) and scaledby "2. The function H determines the
transformation of the pulse shape and is dened in terms of  which is the Fourier transform of C,
the auto-covariance of the random °uctuations ©.

It follows from (2.2) that the pure propagation picture has been modi ed in two important
ways.

First, the travel time to depth z is random and obtained by adding a zero-meanrandom cor-
rection "A- to ¢1(z), the travel time assaiated with the e®ective medium.

Second,when we obsene the pulse relative to a random arrival time we seea deterministic
pulse shape, the original pulse convolved with the deterministic function H. This is what we call
pulse stabilization. The corvolution of the pulse with H re°ects its spreading which is causedby
the ne scalerandom scattering which in a sensemixes the signal componerts and causesit to
di®useabout its certer.

Note that in the low frequency limit, when the incident pulse is relatively broad and fo(! ) is
narrowly supported at the origin, then

P(zca(2) + "A(2) + "%5) ¥ [Fo(9 2N (z; 0)(S) (2:3)
= (1=21) fp(1)e @81 ei s g as "#0 (2.4)
where
Zl

| = Ho) = . C(s) ds

and N is a certered Gaussianpulse with variance z°31=2. In this casethe pulseis broad relative to
the medium °uctuations and doesnot “feel' their detailed structure, only the intensity as measured
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by the correlation length I. If the variance of the process® is small or its spatial correlation
relatively small, the "e®ectie di®usion' determined by the correlation length | is small, producing
lessspreading of the pulse.

The study of the e®ectof ne scalelayering on a propagating pulse was initiated in [32] by
O'Doherty and Anstey. On physical grounds they proposeda formula which embodies somewhat
implicitly the two e®ectsmertioned above, we will refer to this approximation and its generaliza-
tions as the O'Doherty-Anstey pulse shaping approximation. O'Doherty and Anstey basedtheir
derivations on a discrete equal travel time represertation of the medium. The rst to give a math-
ematical account for the phenomenonin the contin uous casewere Banik et al. in [3] and [4]. They
obtain the O'Doherty-Anstey approximation using a mean- eld approad, and applied it to investi-
gate the pulse shaping assaiated with speci ¢ stochastic models for the heterogeneit. Resnik et
al. [34] preser an interesting alternativ e derivation of the formula, and werethe rst to approac
the problem from an invariant imbedding point of view. However, the rst rigorous accoun for
the stabilization phenomenonwas given by Burridge et al. in [11]. Here they derive the version
of the formula which appliesto an equal travel time discretized medium using an averaging tech-
nique. Basedon this result Burridge et al. performed a careful numerical investigation in [7] and
[8] which shawved that the formula generalizesto elastic wave propagation with obliquely travelling
plane waves. Moreover, with this astheir starting point they generalizethe formula alsoto pulses
generated by a point source over a layered medium in [9] by decomposing the sourcein terms
of plane waves and using a stationary phase argumert. Berlyand et al. [5] derive a correction
estimate for O'Doherty-Anstey approximation basedon an equal travel time or Goupillaud repre-
sertation of the medium. Asch et al. [1] preseris the rst rigorous derivation of the formula in
a continuous framework using invariant imbedding and by applying a limit theorem for stochastic
ordinary di®erenial equations. This analysis was generalizedto re°ections, rather than only the
directly transmitted pulse, in [33] by Lewicki and Papanicolaou. Finally, in [27] Lewicki general-
izesthe O'Doherty-Anstey formula to certain rather generalhyperbolic systemsusing an averaging
approad.

In these last three reports the °uctuations in the medium were assumedto be di®ereriiable.
Furthermore, in all of the above the °uctuations were assumedto be weak asin (2.1). The fact
that the coupling to the °uctuations is weak is what allows oneto probe the medium with a pulse
on the same scale as the °uctuations, the scale"i 2, and still obsene stabilization. Recerly, a
di®eren type of medium model has been considered. Here, the °uctuations are strong O(1) and
not necessarilycortin uous with the slownessbeing modeled by

"Hz) = L+ (z=):

In this scaling the impinging pulse is fo(t=") and thus de ned on the time scalet=" rather than
t="2, otherwise the pulse would interact strongly with every feature of the random medium and a
characterization of the transmitted pulsein generalterms would not be possible. What enablesone
to pushthrough the argumert shawing stabilization arethe rapid variations in the °uctuations. For
this new scaling of the sourcethere would be no pulse shaping assaiated with weak °uctuations.
For strong °uctuations the description (2.3) essetially prevails, now

P(z:ca(z) + A+ "s) » [fo(9 ?N (z;9](s) as "#0 (2.5)

with N de ned asin (2.3), it is a certered Gaussianpulse. As above we obsene the transmitted
pulsein a randomly correctedtime frame and on the scaleof the incident pulse width, in this case
the O(") scale. The variance V of N and the random travel time correction A- to the e®ective



medium travel time ¢; are given by
Z

z
V(z) = °2l=2ds = z°2I=2 (2.6)
OZ ,
A(z) = °¢ ©°(s="%)=2ds
z,°
a(z) = °ods = °pz:

0

This model was rst analyzed by Burridge et al. in [10] and Clouet and Fouque in [14] using
invariant imbedding approades. Lewicki et al. generalizein [28] the results to certain rather
general hyperbolic systems. In [13] Chillan and Fouque extend the theory to the caseof a point
source over a strongly heterogeneoudayered halfspace. It is important to note that the above
description of the transmitted pulseis in a random time frame. The “coherer’ eld, or the mean
pulseis in a deterministic time frame and will be broader sinceit is obtained by “averaging' pulses
that are dispersedby the random travel time correction A-. As decribed in detail in Section 5.3,
the broadening of the pulsein a deterministic frame is approximately doublethat of the broadening
in the random frame.

O'Doherty and Anstey's original paper was motivated by the needto characterize the e®ectof
“ne scaleheterogeneily in seismicwave propagation. Realizing the importance of such a description
a string of studies followed, aimed at a more analytical derivation of the formula and at extending
it to more generalmedium models. However, these deal with purely layered media. To be able to
describe wave propagation in an actual application it is necessaryto understand the signi cance of
lateral variation in the parameters. Here we presern a theory [36] that generalizesthe O'Doherty
Anstey approximation to locally layered media. Recerily, in [26], the O'Doherty-Anstey approxi-
mation and alsoa theory for the signal °uctuations was derived for a locally layered medium when
the lateral variations are small. We show in detail that the results we presen here specialize to
the O'Dohert-Anstey results preseried in [26]. The model that we usein this paper has general
three dimensional smooth, deterministic background variations which are modulated by strati ed
‘ne scalerandom °uctuations. We basethe analysis on a new represenation of the wave eld in
terms of locally up- and down-propagating wavesand a new way of describing their interaction.

We nd that for locally layered media the main aspects of the layered results prevail. The
random traveltime correction and the kernel modifying the pulse shape are asin (2.5). Howeer,
now the depth variable z is replacedby the arc length parameter along the geometrical optics ray
path that connectsthe sourceto the obsenation point and is assaiated with solving the eiconal
equation for the deterministic part of the medium. The parametersin (2.5) are, in the generalcase,
de ned essetially asin (2.6), only the path of integration becomesthe geometrical optics ray. A
precisestatemert of this result is in Section 6.

The spreadingof pulsespropagating in random media arisesin many cortexts, in astrophysics,
in radar, in underwater sound propagation and elsewhere,and has received a lot of attention
[40, 41], and more recertly [39]. In these studies the random inhomogeneitiesare isotropic. They
are not layered or nearly layered as in our study which is motivated by geoptysical applications.
The methods usedin the isotropic caseare mostly basedon the parabolic or paraxial approximation
for time harmonic waves, and the assaiated momen equations, followed by a Fourier synthesis.
The connection with geometrical optics can also be made through path integrals [41, 15, 18, 39]
and their asymptotic analysis. There is no random certering in time to be made in the isotopic
case,sothe phenomenonof pulse stabilization doesnot arisein the form that it doesfor randomly
layered media. The possibility of having somekind of pulse stabilization in isotropic random media
is not precluded but there is no clear experimental or theoretical evidencefor it at this point.
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The mean eld or ensanble average of the propagated pulse is also investigated in the early
papers [20, 23], in the casewith weak random °uctuations.

Another approximation that is valid for relatively long propagation distancesand weak het-
erogeneitiesis the so-calledMarkov approximation. This amounts to letting the inhomogeneities
be +-correlated in the direction of propagation which leadsto closedmomert equations[16]. This
aproximation can be combined with the parabolic approximation [2] and give reults about the
statistical character of the °uctuations in the wave eld [19].

Our primary focusin this paper is the pulse stabilization which givesa description of the pulse
itself, for a single realization of the random medium.

3 The locally layered model equations

We consider acoustic wave propagation in three spacedimensions. Let u(x;z;t) and p(x; z;t) be
the acoustic velocity and pressuresatisfying the equation of cortinuity of momertum and mass

ui+rp = F«(Xx;z;t) (3.1
Kil(x;z) pp+r ¢u 0;

wheret is time, z is depth into the medium and x = (X1;x2) are the horizontal coordinates. Note
that z is de ned soasto increasewith depth. Furthermore, %and K i 1 are material properties, den-
sity and compliance,respectively. Above and in the sequelboldface indicates a vectorial quartit y.
The geometry of the problem is shown in Figure 3.1. A point source,modeledby F -, is located in
the homogeneousalf spacez < 0 and initiates a pulse impinging on the heterogeneoudalfspace.
Our main objective is to characterize how the heterogeneitiestransform the pulse asit travels. To
leading order this amounts to identifying the convolving function indicated by a question mark
in Figure 3.1. Recall that " is a small dimensionlessparameter separating the di®eren scalesin
the problem. The compliance,Ki 1, has a two scalestructure. Its mean varies on a macroscopic
scalewhile it is being randomly modulated on a microscopicscale. We nd it conveniert to order
the various length scalesrelative to the macroscopicscale of the compliance corresponding to the
macroscopicpropagation distance which is an O(1) quartity.

We will considertwo qualitativ ely di®erert models for the character of the material properties,
corresponding to two di®eren choicesin the de nition of Ki 1 in terms of ".

First, we considerwhat we refer to asa locally layered strongly heterogen@®us random medium.
In this casethe material properties, density and compliance are modeled by

%x;z) ’ 1(@ (3.2)
Kilx:z) = | K§* z 2 (il ;0] .
’ Kilx;2)@+°©(x;2)="2) z 2 (0;1)
where the meanK } ! is a smooth and positive function. The °uctuation © modulating the compli-
anceis a zero-mean,stationary stochastic processbounded below by (j 1+ d), with d a positive
constart. It is assumedto have a rapidly decaing correlation function. Note that the random
modulation includes the smooth function ©. This model can be transformed, by a change of vari-
ablesasin Appendix C of [38], to the more special one in which the modulation term is a function
of depth only. Hence,in the sequelwe assume® = °(z="2). The °uctuation embodiesthe random
character of the medium. The forcing is due to the point source

Fo(x;z;t) = "f(t=")Hx)Hzi z5)e; (3.3)
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e Point source

Figure 3.1: The physical problem that we consider. A point sourceis located in a homogeneous
halfspaceand generatesa spherical wave that is impinging on the heterogeneoudocally layered
halfspace. The locally layeredmedium comprisesa smooth three dimensionalbad<ground randomly
modulated by strati ed microscalevariations. We are interested in the shape of the transmitted
pulse after it has propagated through the random medium.

wheref is the pulse shape, e is the sourcedirectivit y vector and the sourcelocation is (0; zs), with
zs < 0. In order to simplify formulas we will assumea vertical sourcee = (0;1)° and the matched
medium case,that isK ] Y(x;0)" K 1. The " scalingof the sourcemagnitude hasbeenintro duced
only to make the transmitted pulse an O(1) quartity.

What setsthe above model apart from previously consideredmodelsis that the meancompliance
Ki?!is a function of all spacecoordinates. Furthermore, the °uctuation process® is a function
of the level surfacesof © rather than depth only. On the nest scaleof the model, the scale of
the °uctuations, the medium variations are essetially one-dimensional. We therefore refer to the
model aslocally layered. The rationale for denoting the model as strongly heterogeneouss that the
amplitude of the random modulation is O(1), and not small. Note also that the sourceis de ned
on a scaleintermediate betweenthat of the °uctuations and that of the badkground medium. In
this scaling the e®ectof the macroscopicfeatures of the medium on the propagating wave can be
analyzed by a high frequency approximation, while the propagation relative to the microstructure
can be understood in terms of averaging of stochastic equations.

Second,we considera scalingin which the density and compliance are modeled by

%x;z) = Y% (3.4)



: Kit z 2 (j1 ;0]

I 1 . = . 0 | ’ .
D KX+ ™ ©xD=2) 2z 2 (01)

and refer to this asa locally layered weakly heterogeneus random medium. In this casethe source
is taken to be

Fo(x;z;t) = "2f(t="9)Hx)Hz| zs)e: (3.5)

This model di®ersfrom (3.2) and (3.3) only in that the amplitude of the random °uctuations is
O("), and that the support of the sourceis on the same scale as the °uctuations, the scale"?.
This is the appropriate scalingin the weakly heterogeneouscasewhen the coupling between the
propagating pulse and the random process® is weak.

In both of the above caseswe assumethat the medium is initially at rest

f(t) = 0 for t 2 (j1 ;0] (3.6)
p(x;z;t) = 0 \
u(x;z;t) = 0 \:

When the mean complianceK‘1 1 and the °uctuations ° are functions of depth, z, only, then the
random medium is purely layered and this situation has beenextensively studied, seefor example
[1], [14] and [33].

The pulse shaping results can be generalizedto the casewith random variations also in the
density %2 Here, for easeof presenation, we will deal exclusively with the models de ned by (3.1)
{ (3.3) and (3.4) { (3.5) and the layeredversionsthereof. We assume®©(x;z) = z and the casewith
general© is discussedin Appendix C of [38, 36].

The strongly heterogeneousmodel (3.2) is relevant for instance in the corntext of re°ection
seismology in a region with strong variations in the earth parameters. Then the incident pulse is
typically about 50m wide, which is large relative to the strong (in amplitude) ne scale medium
°uctuations that are on the scaleof meters, but small relative to the distancetraveledby the pulse,
which is on the scaleof kilometers.

The weakly heterogeneousnodel (3.4) is relevant when the variations in the earth parameters
are small [37]. It is also relevant in surface gravity wavesin the long wavelength regime [30], or
in the context of sound pulsespropagating in a °uctuating ocean. In the latter casethe ne scale
variations occur typically on the scaleof kilometers, the scaleof internal waves,and are weak. The
propagation length is typically of the order 100 kilometers.

4 High frequency asymptotics

When there are no °uctuations, © = 0, we can analyze (3.1) in the high frequency or geometrical
optics approximation [22]. In this section we review the geometrical optics approximation for the
deterministic casesince this motivates our approac in later sections. The approximation for the
transmitted pulsein the random caseis a modi cation of the deterministic one. We carry out the
calculations for the strongly heterogeneougnodel. The result in the weakly heterogeneousaseis
completely analogous. The deterministic casecorresponds to using e®ective medium parameters,
appropriate for short propagation distances,on the order of seweral pulse lengths [29]
We consider rst the simple one dimensional version of the problem.



4.1 Appro ximation for a one dimensional medium

In the one dimensional casea normally incident plane wave is impinging upon a purely layered
medium. The governing equationswith appropriate scalingin the deterministic caseare

Yaug+ p, = f(t=") Hzi zs) 4.1)
Kilz)p+u, = O
De ne the scaledFourier transform by
p(z;!) = ’ p(z;s)e" 5='ds:
From (4.1) it follows that for z> 0
Pz + (1="2°Fp = O (4.2)

The slowness® is the e®ective medium slowness[29] in the locally layered medium

q q
1(2) = EK{'@@+°@=) %= K{'2) % (4.3)

The slownessis a constart, °g, for z < 0. We assumea matched boundary condition, that is
°1(0) = °o. The leading order high-frequency approximation now amounts to an approximation
for p of the form

P(z;!) » A(z;!)e' a@ as " #0; (4.4)
and then requiring (4.2) to be satis ed to rst order. We nd in the usual way that
z 4
a2 = °1(s)ds (4.5)

Zs

qi
A(z;') = A@G;!') °o0="1(2)

with the phase ¢1(z) being the e®ective medium travel time to depth z. Note that the pulse
impinging on the heterogeneoushalfspace,z > 0, does not depend on the value of °1 in this
halfspace. We can therefore nd A(0;! ) by comparisonwith the purely homogeneouscasewhen
°(z) © °p. Upon badcktransforming (4.4) in time and substituting the value for A(0;! ) we obtain

p(z;éa(z) +"s) » 2 . °0="1(2) T (S) as "#0: (4.6)

Thus, the travel time ¢; provides a certering and the amplitude term scalesthe pulse in terms of
variations in the slowness. For z > 0 the high-frequency approximation expresseghe propagating
wave in terms of a down-travelling wave mode only. In the simplest casediscussedabove, the
approximation is just a translation of the sourcepulse scaledby a geometric factor. We show next
that for wave propagation in three dimensionsthe geometric factor also re°ects dispersion and
con’uenceof the characteristic rays assaiated with the wave, moreover, the phasethen represens
travel time along theserays.



4.2 Propagation from a point source

Consider the deterministic version of the strongly heterogeneousmodel de ned in (3.1) { (3.3) &
(3.6). In view of the form of the incident pulse, we de ne the scaledFourier transform as
4
p(x;z;') =  p(x;z;s)e" ds:

By elimination of u in (3.1) we nd that the time transformed pressuresolves, in the e®ective
medium/deterministic case,

ap+(1=22p = "AH()HX)E(zi z) (4.7)
where the e®ective medium slownessis
q q
°i(x;z) =  EKiYMx;2)] %= Kil(x;z) % (4.8)

for z > 0. The upper halfspaceis homogeneouswith slowness®y. We assumeagain a matched
boundary condition, that is °(x;0) = °. The high frequency approximation for the point source
problem assaiated with the reducedwave equation

Lu ~ 4u+ (1="2°2u = | #xX)Hz| zs); (4.9)
has the form
u » Aea¥; (4.10)

The phase¢; is the travel time to a given point in the medium. The amplitude A describes how
the pulse spreadsasit travels. Substituting (4.10) in (4.9) we nd that away from the sourcethe
phase,¢;, solvesthe eiconal equation

(

°2 forz< 0
LN2 0
ra) = °2(x;z) forz, O (4.11)
and A satis es
2r gar A+4 4A I'=4A = O (4.12)

The leading order approximation for A is obtained by requiring it to solve the rst order transport
equation, that is

2r ¢18r Ag+ 4 sAg = O (4.13)

In order to obtain correct initial conditions we consider(4.9) in a neighborhood of the sourceand
match the approximation with the free spaceGreen's function of the homogeneouscase,with the
homogeneougarametersequal to those at the sourcepoint. Thus, we choose¢; = 0 at the source
and increasing isotropically away from it. The eiconal equation can be solved by the method of
characteristics and the transport equation asan ordinary di®ereriial equation integrated along the
characteristics. An example showing a possible con guration of characteristic rays orthogonal to
the phasefronts ¢; = constant is shown in Figure 4.1. Making use of the sourcepoint condition to
‘nd the initial value for the amplitude at the sourcepoint we arrive at the following approximation
for u
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E __ - = Point source
. -m= Phasefront
" _m Rays

3 s

Figure 4.1: Rays assaiated with propagation from a point source. In the upper halfspacethe
slowness®y is constart, then the rays are straight lines and the phasefronts that are orthogonal
to theseare spherical. In the lower halfspacethe medium is not homogeneoudeading to a curved
ray geometry and more general phasefronts.

p o o
@ =D g o
4Y4

asin (8.10) of [22]. Here °y is the slownessat the source point (0;zs) and d- is an elemen of
solid angle of the initial directions of rays about the ray path passingthrough (x;z) and da is the
assaiated elemert of area on the phasefrori. The ray passingthrough (x;z) is denoted j and
shawvn by a solid line in Figure 4.1.

Since

u as "#0;

Li " @ul = ()0 (i zo);
the leading order asymptotic approximation for p is

p
Ja. d_ =d o =O
P(X:Z i+ "s) » &2 ( J(*0="1) f°(s) as "#0: (4.14)
4Y4
In the special casethat the medium is homogeneous,with a constart slovness g, the above
approximation becomes

. .. " OOCOSQJ) 0 n
p(x;z;éa+"s) » Tf (s) as "#0
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with r the distance from the sourceto the obsenation point (X;z). In this casethe problem can
be solved explicitly and the exact expressionfor the transmitted pressureis
°ocCos() .o " cos)
G = —F7—F—Ff (5~
f O e

In the sequelwe needsomeassumptionsabout the phase¢; assaiated with the slowvness®;. Let
i denote asabove the characteristic ray segmem from the sourcepoint to the point of obsenation.
We assumethat the path j is nowhere horizontal and that ¢; is a uniquely de ned smooth function
in a neighborhood of this path.

f(s): (4.15)

For long propagation distances,scattering by the random °uctuations in the medium parameters
causesan appreciable statistical coupling between up- and down-travelling modes. In order to
accourt for this coupling we shall modify the ansatz (4.10) so asto include an up-travelling wave
mode as well as a down-travelling wave mode and shonv how the O'Doherty-Anstey comesabout
from this coupling. First, we state the results, the O'Doherty-Anstey pulse shaping approximation
in the one-dimensionalcaseand how this generalizesto locally layered media.

5 The layered pulse shaping appro ximation

We presen the pulse shaping approximation in the one-dimensionalcase,that is, for a strictly
layered medium with an normally incident plane wave. In this casethe approximation is well
known [1], [10], [14]. Our main result, the pulse shapingapproximation in alocally layered medium,
is in the next section. We review here the approximation in the one-dimensionalcasesince the
generalresult can be interpreted asa combination of this and the geometrical optics approximation
discussedabove. In Section’5.2.2 we give a new interpretation of the pulse shaping approximation
for weakly heterogeneousnediain terms of the distribution of a random sum. Note that we do not
require the weakly heterogeneousnedium to be di®ereriable asin [1].

5.1 Strong medium °uctuations

We consider rst the results in the strongly heterogeneouscase. A normally incident plane-wave
pulse is impinging upon the layered halfspacez > 0 and the governing equations are

Your + p, = F-(z;t) (5.2)
Kilz) p+u, = 0
with
%z) 1(@
Kilz) = . Kyt 2 2 (i1. ;0]
Ki* (@@ +°(z=")) z 2 (0;1)
F(z;t) = f({t=")xzi zs):
De ne the (scaled) Fourier transform of the pressurepulse by
p(z;!) = Z|0(Z;S)e” S'ds:

We show in Section 7.1 that R
E[p(z;!)e " AT » 211 co=oi(z) f) et o i IHdsgl a 55 mug (5.2)
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with

q_ ——

‘1(z2) = _ %=Ki(2) (5.3)
Zl

I’ E[°(0)°(s)] ds

2,

alz) = °1(s) ds
z%,

A(z) = . °1(s)° (s="?)=2 ds:

The slowness® is the reciprocal of the local speed of sound for the e®etive [29] medium and the
correlation length | is a measureof the strength and coherenceof the random °uctuations. In view
of (4.6) we nd that when corrected for a random phasethe mean of the time harmonic amplitude
is simply the amplitude in the deterministic casemultiplied by a Gaussianfunction. This simple
description concernshowever only the mean. The time harmonic amplitude itself exhibits strong
random °uctuations. It is interesting however that when we transform (5.2) to the time domain
we obtain a pulsewhoserandom °uctuations have disappeared. If we “open a time window at the
random arrival time' by “certering' with respect to the random phaseand using the time scaling of
the source,we nd

p(z; azt A +"s) » [Gf 2N](s) (5.4)

= Gi(z;si §H N(z;9 d§
z R,
= (1=29) Gi(z;1) e o iWIsdu s g as "#0

whereGs (z; (ti ¢1)=") is the exacttransmitted pressurepulsein the deterministic casewhen® ~ 0.
The high frequency approximation for G; is given by (4.6). In the above frame the transmitted
pulse appearssimply asthat of the deterministic medium corvolved with a pulse shaping function
N that solves

Nz = D(2) Ngs (5.5)
N (0;s) = %(s) (5.6)

with
D(z) = 1=4°%(2); (5.7)

that is, a di®usion|§quation with dﬁpth playing the role of time. Thus, N is a Gaussian pulse
of squaredwidth 2§ D(s)ds = 1=2 [} °%(s) ds. This is the O'Doherty-Anstey pulse shaping ap-
proximation rst derived in [10] and [14]. The transmitted pulse of the deterministic medium has
beenmodi ed in two ways. First, the arrival time contains a small random componert. Second,
when obsened in the time frame de ned by the random arrival, the pulse shape is to leading or-
der a deterministic modi cation of the onein the e®ective medium. The modi cation is through
corvolution with a Gaussianpulse shaping function.

5.2 Weak medium °uctuations

Next, we considerthe one-dimensionalweakly heterogeneousasewith a normally incident plane-
wave pulse impinging upon the layered halfspacez > 0. The governing equations are still (5.1),
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but now

z) -’ 1(@ (5.8)
Kyt z 2 (j1 ;0]
Kit@@+™(z="?) z2 (0;1)
f(t="2)Hzi zs):

The model di®ersfrom the one above in that the medium °uctuations are weak O(") and that the
sourcepulse is supported on the scaleof the °uctuations, the scale"?. In this casewe nd

p(z; éajr "Ar +"%s) » [Gr 2H](s) 9
G (z;si H H(z 9 df
z

RZ
1=2v) G (z;1) e o i )= dugiivs ) as " #0

Kil(z2)

F-(z;t)

with
Z

R, _
1:(21/4 gl 12 . °2(u)l(u;! )=4 du o s di
Z, .
b= t@l) = cué 2@y
0

C(u) E[°(0)° (u)]

where G (z; (t i ¢1)="?) is the exact transmitted pressurein the deterministic caseand the other
quartities are de ned as in the previous section. As above, in the time frame de ned relative
to the random arrival the pressurep is described asymptotically as a deterministic pulse that is
obtained by cornvolving the pulsein the e®ective medium with the pulse shaping function H. The
approximation (5.9) was rst derived in [1]. The pulse shaping function solves the di®erertial
equation

H(z;s)

@H(z;5) = (°1(2)=8)@Ih(z; 9 ?H(z; 9](s) (5.10)
H(O;s) = s

with (
hzs) = 0 s 2 (i1 ;0] :

C(s=2°1(2)) s 2 (0;1)

If H is smooth relative to h it ewlvesessetially like a di®usion.

5.2.1 Low frequency limit

A simple characterization of H can be obtained in the low frequencylimit. Then f(z;! ) Yal over
the support of G;. We therefore have

Pz i1+ "As + "25) Y, [Gf 2N(S) as " #0 (5.11)

whereH is approximated by N , a certered Gaussianpulsewith varianceV = V(z) = |=2 ROZ °2(s) ds.

We compare this approximation with the corresponding in the strongly heterogeneouscase
givenin (5.4). First, in both casesthe deterministic changein the pulse shape is determined by
convolution, on the scaleof the probing pulse, with a Gaussianof squaredwidth 1=2 O“f(s) ds.
Second,the random correction to the travel time is de ned analogouslyin the two cases.By the
Central Limit Theoremthe scaledgzavel time correction, A-=", is approximately a Gaussianrandom
variable with varianceV(z) = 1=2" § °#(s) ds.
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5.2.2 Connection to a random sum

Above we gave a simple interpretation of the pulse shaping function H in the low frequency limit.
We presernt next a new interpretation of the approximation in the generalcase. To obtain a more
transparent expressionfor H we write it as

z R, .
H(z;s) = 1=(2v) & '° o fWiuh)=adu giits g, (5.12)
Z . Rzu Rl . )
12(21/4) ei it C(0)=8 o 1(u)du+az(j 1+ 0 f (z;u) exp(i! u)du) gl i's d! :

where the secondequation was obtained using integration by parts. We also usethe notation
a ’ f c’(0*)=16
0 u2 (i1 ;0]
fzw | (C°01)2) g Cum2 o u(s) =2 *a(s)ds u 2 (01)
R
We assumethat CO(O") < 0, which is the casefor a rough medium. Note that 01 f(z;u)du = 1,
and that if °1(z) = °; the function f (z;u) is just a scaledversion of the secondderivative of the
covariance function of °.
Using the law of the iterated logarithm [17]it follows that in the weakly heterogeneousase
Z, q— —
A2) = a+"Ai ("*C(0)=8) °i(s)ds+ O("* loglog"i ?) (5.13)
0

where
Z, q——
(@) = cas) 1+ 0 (s="?)ds
Zs

is the rst arrival time at depth z. Thus, in view of (5.12), we nd that
p(z;e(2) + "%s) » [Gt ?H](S) as "#0
with H given by

z R,
1:(21@ eaz(i 1+ o f (z;u) exp(i! u)du)ei il s d!

H(z;s)

®
po(az) H(s) +  pn(az)f "*(z;9):
n=1

Here, pn(, ) is the discrete Poissondistribution with parameter, = az

() = e-()"=nt

This shaws that, sincef (z;u) = 0 for s < 0, we have obtained a strictly causal approximation.
If f , 0O, which is the caseif ° is exponertially correlated, we obtain a characterization of H as
the distribution of a random sum. Then H approatesthe Gaussiandistribution asz " 1 by a
generalizationof the Central Limit Theorem, [17]p. 265. The width and certering of H are de ned
in terms of the rst and secondmomerts of f, which are
Z, ; Z,

uf (z;u)du = j 2C(0)=(zC (0™)) °1(s) ds
Zo1 z, 0
my(z) = . u’f (z;u)du = | 8|:(ZCO(O+)) . °1(s) ds:

my(2)
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pulse shaping functions
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Figure 5.1: The pulse shaping function H plotted as a function of normalized time T for a set of
di®eren relative travel lengths Z. As the travel length becomeslarger the pulse shaping function
becomesbroader and approadiesthe Gaussianpulse shape, this corresponds to more broadening
of the propagating pulse asit reachesdeeper into the medium. The stars in the gure corresponds
to the part of the pulse that has propagated undistorted through the medium, the delta function
part of H.

Making use of the formulas for the momerts of a random sum we obtain the delay, !, and squared
width, 3%, of i as

z z
az my(z) = C(0)=8 . °1(s) ds

N
1]

%

az (my(2) i mfﬁz)) + az m2(2)

az my(z) = 1=2  °2(s) ds:
0

In view of (5.13) the resulting approximation for H conformswith the low frequencyapproximation
for H givenin (5.11). Thus, the low frequency approximation is also valid in the limit when the
depth becomesdlarge.

Consider now the special casewhen °1(z) ©~ °1 and when the °uctuations are exponertially
correlated, that is, the covariance of the °uctuations is given by E[° (0)°(s)] = C(0)e! 57': Then we
obtain H explicitly as

q _
H(Z:T) = e [KT)+¢€T d z=T I1(2pZT)]; (5.14)

with Z = z[C(0)=(16r)], T = s<2°1r) ° s d and I being the modi ed BesseIfH@tion of order 1.
In Figure 5.1 we shaw H for di®erert relative propagation distances,that is, for  Z 2 f 1:5; 2; 4; 6g.
As the wave penetratesdeeper into the medium we seethat the assaiated pulse-shapingfunction
loosesits impulsive character and approadies a Gaussianpulse. The delta function part of H is
indicated by the stars. These correspond to the part of a pulse that has “tunnelled’ undistorted
through the medium. This part decays with travelling length.

5.3 The pulse in the e®ective medium frame of reference

We show how the mean of the transmitted pulse, the coheren pulse, behaveswhen we obsene it
in the deterministic time frame de ned by the e®ective medium parameters. In the derivation we
follow [10, 12]. In the caseof a weakly heterogeneousnedium we considerthe large depth or low
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frequencyregimes. It then follows from the above results that the transmitted pulseis
P(zZ; éa + "k(ZA"=" +8)) » [Gt ?Ny»l(s) (5.15)
= (1=2) Gi(z;1) e ! V@2 ls g as "#0

with V(z) = 1=2 ROZ °1(s)?ds and wherek = 1 or k = 2 for strongly (5.1) or weakly (5.8) heteroge-
neousmedia, respectively. As above Gs (z;(ti °1)="¥) is the transmitted pulsein the e®ectie or
deterministic medium and ¢; is given by (5.3). We usethe notation Ny for a Gaussianpulse shape
with variance V. The pulsein the e®ective medium time frame is

(zia+ g (5.16)
» (1=21) G(z;1) e V@24l gl A@= g as " #0:

Note that
ZZ
A= = as)°(s="%)=2") ds

is, for small ", approximately a Gaussianrandom variable with variance V(z). The mean of the
pulsein this frame can be obtained by integrating (5.16) with respect to the density for A-(z)=".
We then nd that

e "k
Elp(z;aa + "¥s)) .
»  (1=2Y) Gi(z;!) & 'V@2 gills dl xgi X*=V ()= 21/ (7) dx dl
ZZ
= (1=2) Gi(z!)e ! VD2l s g V@2 gy g
ZZ
= (1=2) Gi(z!)e ! N@2els gyl

=[Gt ?Nay(»)l(s) as "#0:

Thus, the spredingof the coherert pulsein this time frameis asin (5.15) but with twice the variance
for the pulse shaping function.

Next we presert a numerical example that illustrates the above results. Basedon a random
medium model whoseparameters are estimated from North Seawell log data [37] we simulated a
set of realizations and propagated a pulse through them. The medium is weakly heterogeneous.
In Figure (5.2) we plot the transmitted pulsesrelative to the random frame when the pulse at the
surfacewas closeto an impulse. Note the stabilization phenomenonand corvergenceto a Gaussian
pulse shape. In Figure (5.3) we plot the pulsesrelative to a xed time frame, so they disperse
becauseof the random travel time componert. The solid line shons the mean or coheren pulse
and the dashedline a Gaussianpulse with the theoretical variance.

6 Pulse shaping for locally layered media

In this section we consider three dimensional wave propagation and presen the pulse shaping
approximation for the locally layered medium de ned in Section 3. This approximation is our
main new result and it can be interpreted as a conmbination of the high frequency approximation
of Section 4 with the layered pulse shaping results of the previous section.
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4 km impulse responses based on data and analysis
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Figure 5.2: The transmitted pulse shapesobtained by propagating an impulse through realizations
of a synthetic medium. The 20 dotted lines correspond to di®eren realizations of the medium, all
of length 4km. They agreewell with the O'Doherty-Anstey approximation showvn by the dashed
line. Note that all pulsesare plotted relative to their rst arrival time. We useda random medium
model corresponding to " ¥4 :1 and “correlation length' "2l ¥ 0:5m.

4 km impulse responses plotted at fixed time and depth.
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Figure 5.3: The dotted lines show transmitted pulsesassaiated with 20 di®eren realizations of the
medium. The pulsesare plotted relative to a xed time frame, in which casethey do not stabilize.
The solid line is the averageof the transmitted tracesand the dashedline a Gaussianwith variance
twice that of the individual transmitted pulses. We useda random medium model corresponding
to " ¥:1 and “correlation length' "2| ¥, 0:5m.

6.1 Locally layered strongly heterogeneous media.

Let u;p solve (3.1){(3.3) and (3.6) with ©(x;z) = z. Furthermore, let ¢; solve the eiconal equation
(4.11) assaiated with °1(x;z) and a point sourceat (0;zs). Assumethat the characteristic ray
segmern j betweenthe sourceand the obsenation point (x; z) is nowherehorizontal; seeFigure 4.1.
Furthermore, assumethat ¢; is smooth in a neighborhood of this path. Then for z > 0, with
probability one

p(x;2'25,1+ A +"s) » [Gf ?2N](s) (6.1)
Gi(x;z;si § N(x;z; 9 d§

y R
=2y G (x;z;1) e 7 oL ISAcos) dugiits g as "#0

with Gt (X;z;(ti ¢1)=") beingthe transmitted pressurepulsein the deterministic casewhen® ~ 0.
The ray segmen j ° is the part of j that goesbetweenthe surfacez = 0 and the point of obsenation
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(x;z). The high frequency approximation for G; is givenin (4.14). The pulse shaping function N

is a certered Gaussianpulse with varianceV and
Z

V = (I1=2) °2 cos !du
Z i

a = °1 du
ZI
A = °1°=2du (6.2)
zi]
I E[°(0)°(u)] du;
0
q
°1 = Y=K1

with u being arc-length along the path j and cos@(x;z)) = ¢1.z9r ¢éaj, thus, pis the angle between
i and the vertical direction.
The pulse shaping function N = N (u; s) solves

Ny = D Ngs
Njy, = =(s):

In this di®usionequation u is the arc-length parameter of the characteristic ray segmen between
sourceand obsenation point and plays the role of time, up correspondsto z = 0. The “di®usion
coexcient' is

D(x;z) = I°f(x;z)=(4cos(u(x;z))):

The pulse shapingfunction N is a probability distribution, hencethe L1 norm of a positive pulseis
presened by the convolution. The approximation (6.1) generalizesthe classicalO'Doherty-Anstey
approximation of the one dimensional case. It di®ersin that the random travel time correction A
and the squarewidth of the modulating pulse,V, are de ned asintegrals over the geometricaloptics
path j, which in the purely layered normally incident plane-wave casespecializesto (0; (0;z)). As
in the layered casethe approximation (6.1) modi es the usual high frequency approximation for
the e®ective medium in two important ways.
First, the arrival time of the transmitted pulse, de ned asthe certer of the impulse response,
is random and given by
z
& = a+th = cyud+°z(w)="?=2) du
i
with j the characteristic path from the source to the point of obsenation. The travel time along
i Is given by
z q
¢= °aw) L+ °(z(w="2) du;
I
hence¢ < ¢. Moreover, by the Central Limit Theorem
zZ
e oal = Mt ca(u) °(z(u)=")=2du ! X as " #0;
1

with X a certered Gaussianrandom variable with varianceV de ned asin (6.2). Therefore, we see
that the discrepancybetweenthe certer of the impulse responseand the e®ective medium arrival
time is a mean-zeroO(") random quartit y and is henceon the scaleof the probing pulse.

19



Second,the scattering assaiated with the °uctuations causesa smearingof the travelling pulse.
The asymptotic characterization of this phenomenonis through convolution with the Gaussianpulse
N . The corvolution is on the scaleof the probing pulse, and henceinteracts strongly with it. The
width of the Gaussianis given in terms of momens of medium parametersalong the path j only,
and doesnot depend on the particular realization. The pulse shaping, though only visible after a
long distance, is a local phenomenon. The random modulation of the medium parameters, on the
“nest scaleof the model, causesenergyto be scattered over to the up-propagating wave mode, but
this energy is quickly scattered badk again due to the °uctuations. Hence, only a small amount
of energy s carried by the up-propagating wave mode but it is important becausethe cortinuous
random channeling of energy gradually delays the pulse relative to the rst arrival and causesits
shape to di®useand approac a Gaussian. If there is a lot of structure in the °uctuations, that is,
strong correlations, then | will be relatively large. Coherenceand strong variability in the random
medium modulation meansthat the random scattering is assaiated with a stronger smearing of
the pulse. Obserne that the "e®ectie’ correlations length is I=coq}). If the pulse propagateswith
a shallow anglerelative to the layering it “sees'a medium with stronger coherence.

It follows from the above that the analysispreserted in Section5.3 prevails in the locally layered
case. That is, if we obsene the pulse in a deterministic e®ective medium time frame we seethe
mean or coherent pulse that is the deterministic pulse convolved with a certered Gaussian with
variance 2V, to leading order.

Note alsothat sinceN is strictly positive for all argumerts, the approximation (6.1), being a
di®usiwve transport approximation, actually violates causality. However, this concernsonly the tail
which is exponertially small.

Figure 6.1 illustrates the above results. The paths j ; are geometric optics ray paths assaiated
with a point sourceat (0;zs) and u; the arc length parameters along these. For a set of travel
times we plot the pulsein the deterministic or e®ective medium with dotted lines. To leading order
the ewlution of the pulseshape along the rays is described by the rst order transport equations
of the geometric optics approximation. The solid lines illustrate the corresponding pulse shapesin
the locally layered medium. They are blurred somewhatbecauseof scattering assaiated with the
microscale medium °uctuations. Moreover, the travel time along the ray is corrected by a mean
zero random variable. The di®usion depends only on the statistics of the medium °uctuations,
whereasthe travel time correction depends on the detailed structure of the medium °uctuations
along the geometric optics ray path.

6.2 Simpli cation for purely layered media

In the purely layered case,®; = °1(z), the above simpli es becausethe phaseand ray paths can
be written more explicitly. For the approximation (6.1) we get the following expressionsfor the
guartities involved .
z
°,0=2 cos)' ! ds
Z z
(1=2) . °2 cos()i 2 ds

A

\%

with s being the depth variable. The angle p is de ned by

q__ -~
cosiz) = 1i -2="}(2)

with - 2 determined by

z
, [°1(s)?=-2i 1] ¥2 ds= jixjiz
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Figure 6.1: The gure illustrates pulse shaping in a locally layered medium. We plot the pulse
shapesasit ewlvesalongtwo di®erert geometrical optics ray paths. The dotted lines correspond to
the pulse shapesin the e®ective medium. The pulse shapesin the locally layered medium are given
by the solid lines. The blurring or smearingof the pulse shapesis due to microscalescattering and
is a deterministic e®ect. The travel time of the pulseis corrected by a mean zero random variable.

where (x; z) is the point of obsenation. The pulse shaping approximation assaiated with a point
sourcewas rst discussedin [9]. There the approximation is presered in the context of a weakly
heterogeneoudliscretely layered medium. A rigorous derivation of the approximation in the caseof
a point sourceover a strongly heterogeneousnedium is givenin [13]usingIto calculus. In appendix
A we presert an alternativ e derivation basedon limit theoremsfor the momerts of certain stochastic
ordinary di®ererial equations.

6.3 The homogeneous case

In the special caseof a uniform badkground medium, that is °1(x;z) = °1, we nd using (4.15) the
approximation

p(x;z;°1r + A+ "s) » [Gf 2N(s) )
‘1c05) o, " #O,
ap 2NN as " #0;
with
Z z
A = (°1=2) ©° ds cos()i?
0
V = (r °f 1=2) cos()i !

cos) = (zi z5)=r

and r the distance from the sourceto the point of obsenation. Again, we seethat the random
layering is felt more strongly when the wave propagateswith a shallow angle p relative to the
layering.
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If we considerthe pulse just beneath the source, u = 0, and make the change of variables
Z =z="?)and T = s=(°1"l) we nd that N solves

Nz = (1=4) N7t (6.4)
N(@OT) = HT)

and in terms of these variables N, as a function of T, is a Gaussianpulse of squaredwidth Z=2.
Thus, if we refer to the correlation length of the °uctuations on the “macroscopic'spatial scale,"?l,
as ‘the correlation length’, we concludethat whenthe pulse hasreadyed N correlation lengths into
the medium, the spatial support of the corvolving pulseis about 2 N correlation lengths. Here
we de ne spatial support asthe interval cortaining about 99 % of the pulse energy

6.4 The weakly heterogeneous case.

Consider next the weakly heterogeneousasewith sourceand medium parametersde ned by (3.4)
and (3.5), but with otherwisethe sameassumptionsasin Section6.1. As above we assume®(x;z) =
z. Then with probability one

p(X; Ziga + "Av+ "25) » [G ?H](S) (6.5)
= Gi(x;z;si § H(x;z; 9 dY
Z 2R 02 1— .
= (=) G(x;z;l) ! o T bk dugiits g as " #0
where
Z,
b= tx;z;0) = C(s) &' 1 (X2)s gg
0
C(s) = E[P(0)°(s)]

and the other quartities being de ned asin (6.1). Again, the transmitted pulse is de ned analo-
gously to the transmitted pulsein the one-dimensionalcase(5.9). It di®ersin that the paths in the
integrals de'ning A- and V have beengeneralized.In this scalingthe support of the pulseis on the
scaleof the °uctuations and the pulseinteracts with the statistical structure of the °uctuations, not
only their intensity. Thus, now the pulse shaping function depends on the whole auto-covariance
function of the °uctuations °.

In the low frequencylimit, when the pulse becomesbroad relative to the medium °uctuations
and G; (x;z; ¢ is narrowly supported at the origin, we obtain the approximation

P(X;Z; ¢+ "Av+ "2s) Vs [Gf ?N](s) as "#0: (6.6)
The variance of the Gaussianpulse N is
Z

V = (1=2) °2 cos@)i ! du:
iﬂ

Hence,the cornvolving pulseis de ned asin the strongly heterogeneousase(6.1). The arrival time
is approximated by ¢ = ¢ + "A«. Thus, the approximations (6.1) and (6.6) di®er only in their
scaling. When time is scaledby "i * and "i 2 in the strong and weak noise casesrespectively we
canreplacethe question mark in Figure 3.1, modulo the e®ective medium response,by a Gaussian
pulse of squaredwidth V, time shifted by "i 1A..
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The approximation (6.6) is valid alsoin the limit whenthe depth z becomedarge. This follows
by a Central Limit Theorem argumert applied to the following reformulation of (6.5)

p(x:;z; ¢+ "%s) » [Gf ?H](s) as " #0: (6.7)

The derivation parallels the one presenried in Section 5.2.2. In this formulation we certer with
respect to ¢, the integral of the local speed of sound along the characteristic ray from the source
to the point of obsenation
Z
& = °1p 1+ ™ du:
i

Moreover, we have

%
Po(X;Z) Hs)+  pn(x;2)F""(x;Z;5)

H(x;z;8) =
n=1
with
pn(x;z) = €, "=nl
., = a¢tb
a ’ 'kCO(O+)=16
b = cosf) L du:

i
As before u and °1 are evaluated along the path of integration j, the characteristic line segmen

betweenthe sourceand the obsenation point. We assumethat C°(0+) < 0. The function F is
de ned by

g 0 s 2 (i1 ;0]
F(x;z;s) =~ R i (C°(0*)b)i? :

£ . CsH2°1)=(2°1cos() du s 2 (0;1)

The pulse shaping function H can be interpreted as the distribution of a random sum with p, the
discrete Poissondistribution with parameter , . In Section 5.2.2 we discussa particular example
for the pulse shaping function H, the one assaiated with a Markovian °uctuation process®.

7 Deriv ation of the pulse shaping appro ximation

In the next sectionswe derive the pulse shaping approximations described above. We start out
with a review of the one dimensional casein Sections7.1 and 7.2. Theseresults were rst obtained
in [1, 10, 14]. This review sets the stage for analysis in the caseof a locally layered medium.
The derivation is formal, a rigorous derivation of the layered casefollows from the analysis of the
momert equations preseried in Appendix A. A correspnding analysis of momert equations for
functionals that pertain to the locally layered caseis given in [36].
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7.1 Plane wave pulses in strongly heterogeneous layered media

First, we presert a derivation of the pulse shaping approximation in the purely one-dimensional
strongly heterogeneouscasediscussedin Section 5.1. In this casea normally incident plane-wave
pulseis impinging normally upon the strictly layeredhalfspacez > 0. The governing equationsare

Vu+ p, = F(z;t) (7.1)
Kilz)pi+u, = 0
with
z) -~ 1(@
Kilz) = K§* z 2 (i1 ;0]

Kit@@+°(z="3) z2 (0;1)

Fe(z:1) f(t=")xzi zs):

We seekan asymptotic approximation for the transmitted pressure.To this e®ectwe corvert (7.1)
into a stochastic integro-di®erettial equation for the time harmonic amplitudes of the down-going
wave part of the travelling pulse. The approximation follows from this represenation.

7.1.1 Decomp osition in terms of up- and down-tra velling waves

De ne the scaledFourier transform by

Z
p(z;!) = p(z;s)e" ds
Z .
a(z;!) = u(z;s)e" S='ds:
From (7.1) wegetforz, O
Pzz + [L+ °(z="9)( =)? °}2) p = O (7.2)

with the slownessbeing de ned by
q —
°1(z2) = Y%=Ky(2): (7.3)
We parameterizep in terms of up- and down-travelling wave componerts and make the ansatz

p = Ae'a™ +Bel'a” (7.4)

0 = A a¥ +B,e!"a” (7.5)
with ¢; being de ned in (4.5) and where A = A(z;! ) and B = B(z;! ) correspond respectively to
the transmitted (positive z-direction) and re°ected eld componerts.

Upon a change of variables it can be shown that the ansatz formulated in (7.4) { (7.5) corre-
spondsto (2.26) in [1].
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7.1.2 Equations for the amplitudes

We now proceedto obtain equations governing the ewlution of the amplitudes with respect to
depth. Substituting (7.4) in (7.2) we obtain

[2°1A2 + °12A | B("=1 )Az]e" @77 [2°1B, + °1,B + i("=! )Bylel ! &7
=il =" 012- o[Aei! a=" 4 Bel il (le"];

moreover, from (7.5) it follows
[olAzei! a=' i °1B.€ ! c.'l:"]i i("=! )[Azze“ a=" 4 Bz,€ ! é'l:"] = O
Combining the above two relations we nd

1A, + °1,Al" 47 [1B, + °1,Blel " &7 (7.6)
=i(l=" 012- O[Aei! a=" 4 Be il (',1="]:

Finally, adding/subtracting a multiple °4 of (7.5) to/from (7.6) gives

2°1AZ + ol;ZA = |(| —n o% o[A + Bél 2il ¢1:"]+ Ol;zBei 20 q=" (77)
2°1Bz + %1;,B it ="°2ope? 4= 1+ B]+ oA 4T

We return to the above calculationsin a more generalframework in Section7.4. Consider next the
transformation

RZ
® = Aeo [d[|n[p “1]]=dsj i(! =")°1°=2]ds (78)

- - Be oz[d[ln[p “Tll=ds (! =)°10=2]ds.

This transformation corresponds to compensating for a random travel time correction causedby
the random medium °uctuations and also for the transformation of the pulse shape that is due to
variations in the deterministic badkground medium. We arrive at the equations

d&=dz = 3~ (7.9)
d=dz = 3@®
with
. p——
300 _ A a(2°(z="%) dinl *a@), g e
(z') = [ > + iz le ; (7.10)
and
ZZ
e(2) = °1(s)(1 + °(s="%)=2) ds: (7.11)

Zs

Note that ® is "certered’ with respect to the frame ¢» that is slightly di®erent from the one moving
with e®ective medium slowness®1. The random travel time certering, ¢, makesthe system (7.9)
purely “o®diagonal'.

In the high frequency approximation the coupling of the amplitudes in (7.9) that is due to the
term “d[In[" “1]]=dZ in 3 can be ignored. In the e®ective medium approximation we also ignore
the stochastic coupling betweenthe amplitudes, that is, the coupling due to the term il °1°=(2")'.
As we shaw in the next section, this stochastic coupling causesa small modulation of the pulse
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which becomesappreciablefor long propagation distances,on the scaleon which the deterministic
badkground medium varies.

We assumethat the badkground medium variations are smooth so that the re°ected pulse is
small and obtain from (7.9) the expression

Z,
() =0 3(sh)e(sit) ds
z
for the up-going amplitude and the stochastic integro-di®erertial equation
d® Z1 —
E(Z;! ) = 3(z;1)3(s;! )®(s;! ) ds (7.12)
z

for the down-going amplitude. In the next section, we o®era simple heuristic argument showing
how the solution of (7.12) can be characterized for small ".
7.1.3 Stabilization of the pulse

Take the expected value of (7.12) to obtain

. z
W = 0 ER@ P EDEs ! ds:

z

The e®ective medium approximation suggeststhat the transformation of the travelling pulse, due
to the random °uctuations of the medium parameters, occurs on a scalewhich is slow relative to
that of the random °uctuations. The heuristic argumert now rests on the following approximation
motivated by this obsenation

EB(z! )3 (s )®(s;! )] » E[(z:!1)3(s;)IE[®(s;!)] as " #0: (7.13)
Furthermore, for z > 0 and ® smooth
Z
' E[(z;!)3(s;1)]®s) ds  » !2D(z) ®2) as "#0; (7.14)

z

with D(z) = °#(z)I=4. The correlation length | is dened in (6.2). Hence, assuming E [®(z;! )]
smooth, we get

E[®z!)] » a(z;!) as " #0; (7.15)
with a solving for z> 0
da z1) = i!2D(2a(z;!) (7.16)
dz
and a(0;! ) = A(0;! ). We nd from (7.4) and (7.8)
Z
p(z;t) » Paown(z;t) ~  1=(2¥&) A(z;!) €' (@i V¥ qi
R, P—— Z
= @ ol Gz @z & (@D g
qg —— z 4
= °p=*1(2)=(2¥8) ®z;!) €' €IV qr: (7.17)
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Next, we derive an approximation for p by substituting ® with a in (7.17). This leadsto the
O'Doherty-Anstey pulse shaping approximation. De ne
q 4 LR _
B(z;t) =  °0="1(2)=(2%%) A(@0;!)el'” o PO gl (¢i =" gy . (7.18)

If we certer with respect to the random phase and use the time scaling of the source we obtain
from (7.18)

B(zier+"s) = [fo?N](s) as "#0

with ¢ being de ned in (7.11) and where f o is the high frequency approximation assaiated with
the e®ective medium parameters

q
fo(z;s) = 21 °g=°4(2) f(s): (7.19)
The pulse shaping function N is de ned by
z R,
N(z;s) = 1=2¥) &'  oPMd gisgy,

R R
hence,N is a Gaussianpulseof squaredwidth 2§ D (u)du = 1=2 Oz°f(u)du. This is the O'Doherty-
Anstey pulse shapingapproximation introducedin Section5.1with N solving the di®usionequation
(5.5).

A key aspect of the O'Doherty-Anstey theory is that in the above random time frame the
transmitted pressure pulse is described asymptotically by a deterministic pulse. We shaw this
next. Using (7.15), (7.17) and (7.18) we get the following expressionfor the variance

zZZ

El(Pdown(Z; & + "S) i B(zZ; & + "s))?] » °0=(4¥%°1(2)"?)  TE[®(z;! 1)®&(z;! 2)]
R, _
i A(0;! )A(:! p)e ((T*12) o DOMsg i ittatta)s g1 \qi, as "#0:  (7.20)

Note that
Z

1 ]
fER(z;! 1)3(s;! 1)&(s;! 1)®(z;! 2)]
z
+ ER(z;! 2)3(s;! 2)®(z;! 1)®(s;! 2)]g ds:
Therefore, if we again make an assumption about “locality’ asin (7.13) we nd

E[®&z;! 1)®z;!'2)] » h(z;!1;!2) as "#0;

dE[®(z;! 1)®&(z;! 2)]
dz

with h solving for for z> 0

g:(z;!l;!z) = i (12+12)D(2)h(z;! 1;! 2): (7.21)
More precisely
RZ
E[®z! )&z 2] = E[®z! JE@Z! 2] = A0 DAQ;! )¢ 172 o PO,

Thus, from (7.20) we indeed nd that pgown(z;é + "S) » P(z; ¢ + 's).
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This is the remarkable stabilization aspect of the O'Doherty-Anstey theory. The random °uc-
tuations of the pulse, when obsenedin the appropriate random time frame are negligible for small
". Note that ® is complex and it does not follow from (7.21) that the time harmonic amplitude
itself stabilizes. In fact it doesnot. Therefore the above result cannot be obtained by considering
the ewolution of the di®erert harmonic amplitudes in isolation, which is done for instancein [35].

That the harmonic amplitudes evaluated at di®eren frequenciesare uncorrelated is the key
property that gives stabilization. There is, in general, a random time correction suc that the
resulting harmonic amplitudes have this property that stabilizes the pulse. Actually, in the above
problem the amplitudes are statistically independert when evaluated at di®eren frequencies,[24].

For general multidimensional problems, if there exists a phaseshift, that is, a time correction
such that the harmonic Greens functions are uncorrelated to leading order when evaluated at
frequenciesthat are distinct then we have stabilization. In the Section 7.4 we show that for a
locally layered medium this phaseshift is obtained as an integral of medium °uctuations along the
geometrical optics ray from the sourceto the point wherewe obsene the pulse. The ray is obtained
from the deterministic e®ective medium parameters.

7.2 The weakly heterogeneous layered case

Next, we turn our attention to the weakly heterogeneousase. The argumert leading to an approx-
imation of the transmitted pulsein the weakly heterogeneouscaseis a modi cation of the onein
the strongly heterogeneousase. The governing equations pertaining to the weakly heterogeneous
caseare asin (7.1). However, now the sourceand the medium parametersare given by

%z) 1(@
Kilz) = Kyt z 2 (j1 ;0]
KiY2)@+™(z=?) z 2 (0;1)
Fi(zit) = f(t="9)Hzi z):
In the weakly heterogeneousasewe de ne the Fourier transform by
y4
Bz;!') =  pz;9)e' = ds
4
0z:!) =  u(zs)e ds:

The appropriate ansatzis now

Ae! a=* 4 el It ="
0 = A @™+ Bt a™

~
|

with ¢; being de ned in (4.5). Proceedingas beforewe nd upon the change of variables

R
® = A eFQZ[d[In[p “T]=dsi i(! =")°1 °=2]ds
= Be OZ[d[In[p “1]Fds+i(! =")°1 ©=2]ds.

that the amplitudes satisfy

d®=dz
d =dz

3 (7.22)

I
®
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with

1@ =), dinl @ g o e,

3(z:1 =
(z;!) [ T i (7.23)
It followsthat ® satis es (7.12), asbefore,with 3 de ned asabove. Note that in this casewe de ne
z z
& = °1(s)(1 + " (s="%)=2) ds: (7.24)

Zs

In the weakly heterogeneousasewe motivate the approximation (7.13) by the fact that the coupling
betweenthe propagating pulse and the random process® is weak. Moreover, note that for z > 0
and ® smooth
Z,
ER(z;! )3(s;1)]®s) ds  » 12D(z;!) as "#0

z

with D(z;!) = °2(2)I(z;! )=4, and wherel is de ned by
Zy
I(z;!) - E[°(0)°(s)]e" *:(*)%ds
2,
C(s)€" Z1(@s(s:

Thus, the “di®usion parameter' D(z;! ) depends on the spatial auto-covariance function of the
process® and not only the correlation length as was the caseabove, which re°ects the fact that
the probing pulse now is de ned on the samescaleas the °uctuations. By an argumert similar to
that preceding(7.15) we nd E[®(z;!)] » a(z;! ) as " #0 with

g z1) = i!12D(z;))a(z;!): (7.25)

Moreover, a derivation asin in Section 7.1.3 leads to the conclusionthat the transmitted time
pulse stabilizes around the pulse that follows from the approximation (7.25). We get from this the
approximation

p(z; ¢ + "%s) » [fo?H](s) as " #0: (7.26)
with fo beingde ned in (7.19) and ¢ in (7.24). The pulse shaping function H is
z R _
Hzis) = 1=(21) @' o fWiuh=dugits g .

This is the O'Doherty-Anstey pulse shapingapproximation intro ducedin Section5.2with H solving
(5.10). Note again that in the random time frame the transmitted pressurepulse p is described
asymptotically by a deterministic pulse shape that is a modi cation of the pulse in the e®ectie
medium casethrough cornvolution with a pulse shaping function, here denoted H. We discussthe
approximation (7.26) in more detail in Section5.2.

7.3 Spherical wavesin layered media

In this sectionwe derive the O'Doherty-Anstey approximation for sphericalwavesin layered media.
The approximation for strongly heterogeneousmedia was rst derived in [13]. The rationale for
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considering the purely layered caseis that it setsthe stage for solving the locally layered case,
which we do in the next section. Although fundamertally di®eren from a global perspective, the
scattering processassaiated with a locally layered medium will resenble locally the oneassaiated
with the purely layered case. Thus, we aim at a parameterization of the locally layered casein
which the local scattering is captured much as in the layered casediscussedbelow, while global
aspects of the wave propagation phenomenonare captured asin the high frequency approximation
discussedin Section4.
We considerthe model de ned in (3.1) { (3.3) and (3.6) when

°1 7 °1(2): (7.27)

The problem di®ersfrom the onesconsideredin Sections7.1and 7.2only in that there we considered
an impinging plane wave pulse, whereasnow the sourceis a spherical wave. The main implication

of the assumption (7.27) is that the analysis becomesone dimensional since it allow us to apply
the Fourier transform not only with respect to time, but alsowith respect to the horizontal spatial
dimensions. This correspnds to decomposing the sourcein obliquely travelling plane waves, and
for eath of thesethe analysisis much asin the onedimensionalcasediscussedn Section7.1and 7.2.
We obtain the leading order cortribution to the Fourier integral over the plane wave componerts,

the O'Doherty-Anstey pulse shaping approximation, by a stationary phaseargumert. The analysis
concernsthe strongly heterogeneousanodel. Howewer, the result in the weakly heterogeneousase
follows similarly [36].

7.3.1 Decomp osition in terms of up- and down-tra velling plane waves

We state the version of the ansatz (7.4){(7.5) that is appropriate for the model at hand. First we
transform with respect to time and the horizontal spatial dimensionsand expressthe pressureas
4
(1=2vz) pe " dl
zzz ‘
(1=2v4) pe' KTl E g dr: (7.28)

©
1

Since the medium is purely layered and the amplitudes are independert of the horizontal space
argumert we obtain the appropriate ansatzasa generalizationof (7.4){(7.5) in the one-dimensional
case.We make the ansatz

p = A aT+Bela” (7.29)

0 = A e a7 +B, el a” (7.30)
whereA = A(z;-;!), B = B(z;- ;!G? are the amplitudes of the up- and down-travelling wave parts.
The phase¢; isdened by ¢; = 2 °%(s)i - 2dswith - 27 jj- jj3.

Zs

In subsequenh sectionswe will be able to eliminate the up-propagating wave componert, B, and
obtain an equation for the amplitude A which is a slight modi cation of (7.12). The transformed
pressure,p, solvesfor z , 0 the reducedwave equation obtained from (3.1) by elimination of u

Pzt (=200 -2+ 2@0(z=")p = O (7.31)
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7.3.2 Transp ort equations

We proceedto obtain the equationsfor the amplitudes which follow from the ansatz (7.29) { (7.30).
Using the sameargumerts asin Section 7.1 we derive equations for the amplitudes that we refer
to astransport equations

2i2Az + azzA = B(1=")°F0fA+ B e 4T g+ 4,B e A a7 (7.32)
2¢12Bz+ ¢122B = il =" 0% of A e a4 Bg+ é1.z-A et a="
Here¢i., = P °1(2)2j - 2and(7.7) correspondsto the case- = 0. In thesetransport equationsthe

terms “¢1.,,A" and “¢1:,,B"' govern the main behavior of the solution and give the geometrical e®ects
in the high frequency approximation, in the deterministic case. Moreover, the stochastic coupling,
de ned by the terms involving the °uctuations °, is not purely o® diagonal. This is becausethe
random °uctuations a®ectthe travel time of the propagating pulse. By a changeof the dependen
variable we obtain transport equations eliminating these e®ects.Thus, let

® = A eRZ[c',l;zz:(2°1)i it °1 °=(2")]cog(p)i * ds

- = Be o Leizz=@2° 1)+ it °1 °=(2")] cos(p)i * ds

with the angle p being de ned by

q__
cos(z;-)) = an(z-)="1(2) = 1i - 2=°(2): (7.33)

Then we arrive at the following pair of transport equations

de=dz = 3 (7.34)
d=dz = 33@®
with
3(z;-:1) = [i! °1(2)° (Z:'Iz) é1;22(25 ) ]é 20 ¢ (zi0 )="
C 2'coq(z;-))  2°1(z) cogW(z; - ))
and
Z z
&(z) = *1(S)(Li - 2=°{(s) + °(s="%)=2) coq(s; - )T * ds: (7.35)

Zs

We eliminate = from the rst equation and obtain a stochastic integro-di®erertial equation for the
downgoing amplitude as before
d® Z1
PRGN (2)3(s) ®(s)ds; (7.36)
z

which is a generalization of (7.12). Here and in the sequelwe suppressdependenceon! and - .

7.3.3 Stabilization and stationary phase evaluation

We next derive an asymptotic expressionfor the transmitted pressureat an arbitrary point (X;z)
in the medium. Recall that the pressureis expressedin terms of the integral (7.28). Basedon
the stochastic integro-di®erenial equation (7.36) we rst obtain an approximation for the wave
amplitude A. Upon substitution of this in (7.28) we arrive at an approximation of the transmitted
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pressure. However, this approximation is in terms of an integral expressionover slovnesses.We
then make use of a stationary phaseargumert to go from an integral expressionover wave com-
ponerts to an expressioninvolving one componert only. Furthermore, we show that the resulting
approximation is but a slight modi cation of the high frequencyapproximation of the deterministic
case. This represettation makes explicit the e®ectof the random modulation of the medium on
the transmitted pulse shape and travel time.

Recall that
Z Z

p = (1=24) [Ad a7 +BelaT)d &gl Eq g (7.37)

As above the re°ected signal will be small and
ZZ7ZZ _
P » Pdown = (1=2%4) Ae GTiDT g dl as "#0; (7.38)

where we intro duced the notation
St o= X+ (7.39)

The phaseS™ solvesthe eiconalequation (4.11) and is the plane wave phasein the halfspacez < 0.
Thus, S* is the geometric optics phasethat correspondsto the e®ective medium and plane waves
incident upon z > 0.
We nd that for ® smooth
Z,
EE(2)3(s)] ®s) ds  » ! 2°2I=(4cog (1) ®(z) as "#0:

Therefore, assuming ‘locality’ asin the layered casewe nd from (7.36) that E[®] » a as " #0
with a solving for z> 0

da=dz = ! ?cos@i D a; (7.40)
where
D = D(z;-) = °i(z)I=(4cosu(z;-))); (7.41)
which is a generalization of (7.16).

Basedon the results of the previous sectionswe expect that an asymptotic expressionfor p can
be obtained by replacing ® by a in (7.38). We show that this is indeed the caseand also how we
can obtain a simple expressionfor the transmitted pressurepulse by a stationary phaseargument.
De ne a stochastic pressure eld by replacing A by a in (7.38)

22722 R,

b = A e (2 o D cos(u)i 1ds) e” (ST +Aj t)=" d- d (7.42)
with
. RZ . —(D° il

A = gla')i 1A @ olazz=@7 1) cos(Wi * ds (7.43)

~ Z .

A = °,9=2 cos(i ! ds

A = 12f(1)=8%3):
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Note that D ~ 0 and A+ ~ 0 in the deterministic casewhen ® ~ 0. The above formulation
corresponds to decomposing the incoming "eld impinging on the heterogeneousalfspacein terms
of plane waves. We derive the corresponding expressionfor A that is assaiated with the point
sourcein Appendix A of [38].

The variance of pgown i P» Pi Pis
7 7 2222

El(Poown i Bz = @ (Cartae gl 18" (Xizin =" gl 28" (Xizir 2=
£A(z-1,'1) A@Z;- 2,1 2) E[R(z;- 1! 1)R(z; - 25! )] d! 1d! »d- 1d- >
with
~ RZ N
R = ¢ A--="(®i el ( 2, Dcos(pi 1ds)):
It follows from the results in Appendix A that
E[R(z;- 1;'1)R(z;-2;'2)] » O as "#0 (7.44)
and that by dominated corvergence
E [(Pdown i ﬁ)z] » 0 as "#0:

Thus the stochastic processp is an asymptotic approximation of the transmitted pressure. The
expressionfor p in (7.42) can be simpli ed. Considerthe asymptotic evaluation of the integral
ZZ R
| = A (17 g Doos)i tds) it (ST +A)=" 4. .
If weignorethe random perturbation of the phase,that is the A- term, this integral canbe evaluated
by a standard stationary-phase argumert. From the law of the iterated logarithm of probability
theory it follows that with probability 1

q_
lim supjA:(x;z;-)j - C" loglog"il: (7.45)
"40

for someconstart C > 0. Consequetly, to leading order the term A- doesnot cortribute to the
phase. In Appendix G of [38] we show that we thus can ignore A« when computing the stationary

phasepoint in the method of stationary phase. Therefore
z

p» (jisl)eitZA (7.46)

R R
£ @ oz[a;zz=(2°1)] cog(p)i tds el (2 OZ D cos(p)i 1ds) ol (S*+ A t)=" d! as " #0:

see[6]. The quartity ¢ = ¢( x;z;-) is the determinant of the Hessianof S* with respect to -
The above expressionis evaluated at the stationary phasepoint = de ned asin Appendix F of [38].
Modulo the random phasefactor A- and the Gaussianspreadingfactor, the expression(7.46) is the
high frequency approximation (4.14), we show this explicitly in Appendix E of [38]. Using that

q
[eaz  (d- =da](x;2)

a(x;2)

l:q C(x;z;7) »(X;z;7)
S*(x;z;7)

we nd

q
POX;Ziaa+ A+ 7s) » (W)L a,  (d- =da)(°o="1) [F°2N(S) as "#0; (7.47)
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where N is the Gaussiandistribution of squarewidth V and
Z z
2 Decos@i!ds
0z
z
(=) °$(s)=coS((s; 7)) ds:

\Y,

Thus, we have derived the layered version of the result (6.1), which was our objective.

From the approximation (7.47) and (4.14) it follows that the transmitted pulseto leading order
can be characterized as the exact transmitted pulse assa@iated with the e®ective medium when
this is modi ed in a similar fashion as in the one dimensional case. If we obsene the pulsein a
randomly corrected travel time frame then we seeto leading order a deterministic pulse that is
the transmitted pulse shape in the e®ective medium modi ed through convolution with a Gaussian
pulse. Note that the width of the Gaussian,V, is large if the ray from the sourceto the point of
obsenation makesa shallov anglewith respect to the vertical, that is, when the propagating pulse
experiencesrandom °uctuations with a large correlation length or strong coherence.

Finally, in order to obtain arigorous argument without explicitly dealingwith evanesceh modes
we needto assume,as in [13], a sourcethat is of compact support in the slownessspace:- in a
neighborhood of * .

7.4 Wavesin locally layered media

We consider the locally layered model de ned in Section 3 and derive our main new result the
O'Doherty-Anstey pulse shaping approximation in the strongly heterogeneouscase. See[36] for a
discussionof the weakly heterogeneousase. The model we consideris thus

Yug+rp = F-(X;z;1) (7.48)
Kil(x;z)pe+r ¢u = O
with
J/éx;z) ’ ](Q (749)
K§* z2 (i1 ;0]

i 1fy - —
Ki(xiz) = Kilx;z)1+°(z="%)) z 2 (0;1)
We start our treatment of (7.48) by deriving generalizations of the transport equations for the
harmonic amplitudes given in (7.32). In the purely layered casethe amplitudes do not vary hor-
izontally. In the locally layered casewe seeka formulation in which they vary only slowly in the
horizontal directions. As in the purely layered case,the amplitudes will vary rapidly, on the nest
scaleof the model, in the depth direction z. This premise, that the amplitudes vary slowly hori-
zontally, is important in order to obtain simple expressionsfor the asymptotic approximations of
the partial di®ererial equationsdescribingthe ewolution of the amplitudes.
To motivate our approad in the locally layered case,we now brie°y return to the purely layered
case.

7.4.1 The purely layered case revisited

Rewrite the expression(7.28) for the pressurein the layered caseas
ZZ
p = (1=2v2) [AST+BE ST Fd d; (7.50)
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where A = A(z;-;!), B = B(z;-;!). The phaseis
Z,9 —
S® = . ¢x8§¢ = - Cx§ °2(s)j - 2ds

Zs

and in the homogeneousalfspace

q
S8 = . ex§ °Fj -2(zj z): (7.51)

The variable - can be interpreted as the horizontal slownessvector of an incoming plane wave.
The phasesS® solve the eiconal equation assaiated with the deterministic part of the medium

(r S%)2 = °2 = 1=Ky(2) (7.52)

and are, respectively, up- and down-going plane wave phasesin the homogeneouspart of the
medium. We refer to S8 as generalizedplane wave phases.Thus
ZZ
Pdown = A€ ST d (7.53)

constitutes a decomposition of the impinging pulsein terms of obliquely travelling generalizedplane
waves. A possibleray con guration for S* is shavn in Figure 7.1, rays are denotedj *. The phase
fronts will be orthogonal to these. We also have the relation Si (x;z;-) " i ST (x;z;i - ). Thus,if
we changethe orientation of the raysin Figure 7.1, we obtain the rays assaiated with St (x;z;j - ).
The formulation (7.50) can be seenas a generalization of the high frequency ansatz (4.10) in that
we have included the re°ected eld. In cortrast to the usual high frequency asymptotics, analysis
basedon this represertation will capture the modulation of the propagating pulse due to a local
random coupling betweenthe up- and down-propagating wave- elds, the scattering processwhich
induces the pulse modulation we want to characterize. In the purely layered case,the problem
decouplesand becomesessetially one dimensional. The physical interpretation of this is that
becauseof ray symmetry only amplitude pairs with the samehorizontal slowvness- at the surface
interact through scattering, seeFigure 7.2. Equivalently, we can consideread Fourier componert
P in isolation. The ray denoted i in Figure 7.2 is assaiated with S and coupleswith the ray
i ¥ for a horizontal interface accordingto Snell's law of re°ection. Next, we showv how this picture
generalizesin the locally layered case.

7.4.2 Decomp osition in terms of generalized plane waves

We seekto generalizethe transport equations (7.32) to the locally layered case. We retain the
parameterization (7.50) for the time transformed pressure
zZ
p = A ST +Bd ST ; (7.54)

but hastento point out that this is not a standard represenation sincethe medium now is varying
horizontally. This new represenation of the pressurepulse enablesus to generalizethe analysis
concerning a layered medium to the locally layered case. The phasesS* and Si in (7.54) are
de ned as for a layered medium. They solwve the eiconal equation (7.52) with K1 = K1(x;z) and
with initial conditions at the surfacede ned by (7.51). However, becausethe medium parameters
vary horizontally, the assaiated rays will not be parallel in the halfspacez > 0 asthey are in the
purely layered caseillustrated in Figure 7.1. Furthermore, the generalray picture indicates that
the amplitudes A and B depend also on the horizontal argumert and that wave componerts with
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Figure 7.1: The gure shaws the geometrical optics rays assaiated with a particular incoming
plane wave, a particular - . In the homogeneoudalfspacethey are linear and parallel, in the het-
erogeneoudayered halfspacethey remain parallel but are curved. The rays are denoted * (x;z; )
and the angle betweentheseand the vertical .

di®erent horizontal slownessvectors at the surface interact as they propagate. The amplitudes
will vary in general on the scale of the local scattering, the scale"i 2, though according to our
formulation only in the z-direction.
As before we needto complemen the ansatz (7.54) with an additional constraint. We make
the ansatz
ZZ
p = A S +Bd ST (7.55)
ZZ
A, €S +B, & S Td; (7.56)

0

with A = A(x;z;-;!), B = B(x;z;-;!). The Fourier transformed pressure,p, solvesfor z , 0
the reducedwave equation obtained from (3.1) by elimination of u

Ap+ (1 =m%2@+0)p = O (7.57)

Note the integration over slownessesin (7.55) { (7.56). The lateral phase variation does not
correspond to the Fourier basis as in the layered case,thus the wave componerts now interact.
The situation di®ersfrom that of the previous sectionwhere decoupling of plane wave componerts
made it possibleto obtain asymptotic approximations for the amplitudes by standard techniques,
using stochastic ordinary di®ererial equations. To cope with the more general scattering picture
we introduce a mapping in the slownessdomain. This enablesus to derive stochastic integro-
di®ereriial equationsfor the amplitudes, similar to the onesof the previous section.
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Figure 7.2: An incoming geometrical optics ray is re°ected accordingto Snell'slaw. The medium
is purely layeredand the angleswith respect to the vertical are equal for the two rays showvn. Note
that the two rays are assaiated with the same- , and this de nes the horizontal slovnessat the
surface.

7.4.3 Mapping of slowness vector

In the locally layered casethe rays assaiated with a given surface slovnessvector will in general
form a complicated ray pattern. The rays, de ned asthe characteristic directions assaiated with

the solution of the eiconal equation, are parallel at the surface but do not remain so inside the
medium. Recall that the ne-scale modulation of the complianceis a function of the depth variable
z only. Hence, at a xed depth, scattering couplesthe up- and down-going modes whose ray-
paths have anglesof incidence with respect to the z-direction which are equal and coplanar. See
Figure 7.3 for a two-dimensional example. If the down-going ray path correspndsto the surface
slownessvector - , we denote the slownessvector corresponding to the re°ected path satisfying this

law of re°ection by ~(- ;X;z). The mapping is a function of the spaceargument. A local existence
proof of the mapping is given in Appendix B. In the sequelwe will make use of the following
notation for a function f = f (x;z;- ) ewaluated at the image/inverseimage of -

= f(x;z;0(- ;x;2)

= f(x;z;0 1 ;x;2):
From the denition of this mapping it follows that r »S* = r9Si and S} = | ) and that
~ril(ooxiz) = § A - :x;2). Here, r » denotesthe horizontal gradiert. Figure 7.3 illustrates

how we have generalizedthe ray picture of Figure 7.2 in the purely layered caseby introducing a
mapping in the slovnessdomain. This scattering picture is an idealization of the one we usein
[36], but capturesthe essetial aspectsof the ray geometry neededto describe the ewolution of the
front.
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Figure 7.3: Ray coupling through slovnessmapping for alocally layeredmedium. The ray geometry
is a generalizationof the geometry shawn in Figure 7.2. The rays still satisfy Snell'slaw of re°ection
with respect to a horizontal interface. However, due to lateral variation in the medium parameters
the involved rays have di®erernt horizontal slownessat the surface, corresponding to di®erert - .
The slownessmapping articulates this couping of rays asseiated with di®erent - .

7.4.4 Coupling in transp ort equations

In this section we obtain the equations for the amplitudes which follow from the ansatz (7.55) {
(7.56). In doing this we will make use of the mapping for the slovnessesde ned above. First we
substitute (7.55) in (7.57) to obtain
zZ
[f2r S* ¢r A+ 4STA | i("=! )4 Age' S

+f2r S ¢rB+4S B i("=!)4Bge' ST

(=20 fad ST e B e S Tgd = O
From (7.56) we nd
[fSIA, e S +siB, € S g
i =l fA, € ST+ B, S Tgd = o
We next combine the above two integral relations
zZ
[FSSA,+2r »SY ¢r A+ 4ST A i("=! )4 ,Age" 7 (7.58)

+fS£ B,+ 2r ?Si Cr ?B +4SiB i i(":! )4?Bge” si ="
i i(1=")°20fA ¢ S+ B 'S Tgd = O

In the standard high frequency approximation we can solve for ead wave componert separately
For the model at hand the "high frequency' uctuations in the medium parameterscausea coupling
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betweencomponerts. To articulate this coupling we rewrite (7.56) and (7.58) as
ZZ

[fSSA,+2r ST ¢r A+ 4STA | i("=1 )4 ,Age" S

+ 18,8, + 2rdsi ¢rd, B + 4951 B i("= )4d, Bge! & 7 g
i =piofA e ST B S T agd = 0

A, e S = +8,6d % 3]d =0

with J denoting the Jacobian of the transformation - 7! (- ;x;2)

J(x;z;-) = j@(:x:29)=@j:
At this point we require the integral kernelsof the above two integral relations to be zerosincethen
the appropriate local interaction betweenup- and down-propagating componerts are enforced. By

adding/subtracting a multiple of S; (= j é; ) times the secondkernel to/from the rst we obtain
the generalizedtransport equations

2r S+ ¢r A+ 4S+Ai |(| —n °]2_OfA+ @ ei! (éi i S*)=" Jg

=i("=1)4,A| Ri & i) (7.59)
2r S ¢rB+4SiBj i(l=")°2°fB+ A€ iS)F 3ilg
=i("=1)4,Bj R* & (STiS)F git (7.60)
with
RY = 2r»S" ¢r,A+4S" A i("=")4,A (7.61)
R = 2r,Si ¢r,B+4SiBji("=!)4,B: (7.62)

This is a generalizationof (7.32). If we comparethe above transport equationswith the correspond-
ing onesin the high frequency casegiven in (4.12), we seethat, apart from a stochastic coupling,
the transport equation for A has been changed only in that the horizontal rather than the full
Laplacian of A appears. By considering the amplitude pair rather than a forward propagating
componert only, we have eliminated the componert of the Laplacian in the direction in which the
microscalestructure will causethe amplitudes to be rapidly varying.

In these transport equations the terms "4 S*A' and 4 Si B' govern the main behavior of
the solution and cortain the geometrical spreading e®ectin the high frequency e®ective medium
approximation. As in the layered casethe stochastic coupling, de ned by the terms involving the
°uctuations ©, is not purely o® diagonal, since the random °uctuations a®ectthe travel time of
the propagating pulse. By a change of the dependert variable we next obtain transport equations
where these e®ectshave been compensatlgdfor

® Aer* [4 8" =(2°1)i i(! =")°1 °=2]ds
- = B eii [4 Si :(zol)i I(I :")01 °=2]du:

The paths j 8 are the geometrical optics ray paths assaiated with S8, seeFigure 7.3.
We thus arrive at the following pair of transport equations

de=ds = i(1=2")°,0 e 10 3 (7.63)
+i(=1 )4, A d ST IO RIS HOT gg(oey)
d=du = i(!=2")°,°®e @ *0" jJil

+i('=1)4,B @ SO R ST O gidg(20)
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with
4
© = il St="+ [4S"=2°1) i(! =")°1 °=2]ds (7.64)
z"
it St ="+ [4SI=2°1)j i(!=")°1°=2]du

©i

and with s and u arc-length along the characteristic ray paths i * and j | , respectively.

7.4.5 Leading order transp ort equations

In the purely layered casethe bracketed terms on the right hand sidesof (7.63) are asymptotically
negligible. In [36] we argue that they do not contribute to the leading order asymptotic approxi-
mation of the transmitted pressurein the locally layered case. Thus, retaining the notation for the
amplitudes we arrive at the following approximate transport equations

de=ds = i(1=2")°;° " e©i®) (7.65)
d=du = i(!=2")°,° ®eli®*@") gil

In a manner similar to the one in Section (7.3) we can eliminate ~ from the rst equation and
obtain a generalization of (7.36)

4
de(;zi- 1)=ds= i (1=2)?  [1(xi2) *a(x(w:iz(u) °(z=")° (z(u)="")
£ 3(x;2;- )31 H(x(u); 2(u); ~(u) €WI@(x (u); z(u); ~(u);! ) du ; (7.66)
Here [ = [ (x;z; (- ;X;Z)) is the semi-in nite characteristic ray-segmen, one of the rays as-

scaciated with Si and the slowvness (- ;x;z); that terminates at (X;z), seeFigure 7.4, and u is
arc-length along this path. The layered caseof the previous section correspondsto J ©~ 1. We use
the notation

~(u) "~ AR x5 2) x(u); Z(w))
©u) ~ © (x;z;-)i © (x(u);z(u); ~(u)
i © (x;zZ;0( ;%x;2) + ©F (x(u); z(u); A(- ;%5 2)):

It follows from the de nitions that ~(0) = - and ©(0) = 0 with (x(0);z(0)) = (x;2).

7.4.6 Stabilization of the pulse

In order to facilitate comparisonwith the layered case(7.36) we write (7.66) as

Z
diy ) - K (ysy(u) &y (u) du

with

y © (xX5z;-)
y(uy = (x(u);z(u); ~(u))
Ke(y;y(u) = i (1=2")21(x;2) °1(x(u); z(u)) °(z="2) °(z(u)="%)
£3(x;z;) 31 H(x (u); z(u); ~(u)) €%V,
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Figure 7.4: The rays involved in the integro di®erenial equation (7.66). An incoming ray j * in
the locally layered medium couplesto a re°ected ray j i through the slownessmapping.

and ~(u), J and ©(u) de ned asin (7.66) and where we suppressthe ! dependence.The path j
is j(u) = y(u) sud that its projection on the spacecoordinates is {7 and its projection on the
subspace- is ~(u), with u being arc-length along |7 .

As in the Iay(Zered casewe nd that for ® smooth

CE[K-(y;y(u)] ®y(u)) du » 1 2D (y) ®y) as " #0;
where
D = °2|=(4cos()) (7.67)

and with p being the angle between * and the vertical direction at (x;z), showvn in Figure 7.4.
We have assumedthat the path j * (x;z;- ) is nowhere horizontal, hencecos() > 0. If we assume
“locality’ asin the layered case,we nd that E[®] » a as " #0; with a solving for z> 0

da=ds = !?D a: (7.68)
As above, the transmitted pressureé:a? bZe represerted approximately by
p » (1=2%4) A€ TN g. gl as " #0:

In view of previous analysiswe de ne an approximation for p by replacing ® by a as
2272Z

R
p = Ae (" 2P0 gl (ST+AID=" ¢ g1 (7.69)

with A generalizing(7.43)
R
gl/llll)i 1A e| iu4S+:(2°1) ds

A =
A = °;0=2ds
A = 120(1)=(8Y4):
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Here j © is the part of the ray segmem betweenthe sourceand the point of obsenation that is
located in the halfspacez , 0. Note that (7.69) is an exact analogueof (7.42), and di®ersonly
in that the phase S* and the assaiated rays j ° are de ned more generally By an argumert
analogousto the onein the layered casewe obtain, therefore, an approximation for the transmitted
pulse alsoin the locally layered case.

Consider problem (3.1). Then for z > 0 with probability one the transmitted pressureadmits
the asymptotic characterization

P(X;Z;éa+ A+ "s) » (4% 1 iz ; (d- =da)(°0="1) [fo?N 1(s) as " #0;

where d- is an elemern of solid angle of the initial direction of rays going from the sourceto the
point of obsenation and da the assaiated elemeri of area on the wavefront. Figure 4.1 is an
illustration. The function N is the centered Gaussiandistribution of squarewidth V, where

Z

V = (1=2) °2 coqu)itds
z i °

A = °1°=2ds
zi]

I - E[v(0O)v(s)] ds
0
q

°1 = o=K1:

This is the result stated in Section6. It requiresa generalizationto functionals of the limit argumert
preseried in Appendix A. This is carried out in [36]. The argumert is basedon the above mentioned
assumptionson the ray geometry, that there are no con®uence of rays, no caustics. Moreover, as
in the layered case,to avoid dealing with evanesceh modes the Fourier content of the sourceis
con ned to a neighborhood of the stationary phaseslovness-.

8 Conclusions

We have generalizedthe O'Doherty-Anstey pulseshapingapproximation to alocally layeredmedium.
This is a medium with smooth deterministic three dimensional background variations modulated
by random laminated °uctuations, which neednot be plane on the macroscalenor di®ereriable
on the microscale. The O'Doherty-Anstey approximation determineshow the random °uctuations
a®ecta propagating acoustic pulse generatedby a point source. The pulseis a®ectedin two ways.
First, its arrival time is itself random. Second,when the pulse is obsened relative to its random
arrival time, it is to leading order deterministic, and is the convolution of the transmitted pulse
through the deterministic badkground medium with a pulse shaping function. The parameters
that determine the pulse shaping function are given by an integral of medium statistics over the
geometrical optics ray path that emanatesfrom the source point and goesthrough the point of
obsenation.

The O'Doherty-Anstey approximation is obtained by using a generalization of geometrical op-
tics. This generalizationincorporates a propagating aswell as a re°ected wave eld and enablesus
to extend the analysis for a purely layered medium to a locally layered medium. We also review
here the O'Doherty-Anstey approximation in the layered caseand introduce a new interpretation
for it in terms of the distribution of a random sum.

We consideronly transmitted pulses. Physically, it is clear that a corresponding pulse shaping
approximation can be constructed for a pulse re°ected from a discortinuity in the badkground
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medium. The path integral of medium statistics that determinesthe pulseshapingfunction becomes
in this casethe geometrical optics ray path that emanatesfrom the source,is re°ected from the
interface and then goesthrough the point of obsenation. A rigorous derivation of this result is,
however, rather complicated.

In addition to the analysis of re°ected pulses, future work will consider sets of transmitted or
re°ected signals and how these are correlated. Such information can be usedin the solution of
inverseproblems in seismicimaging and remote sensing. In [36, 37] we illustrate how this can be
donein a very simple context involving a layered medium.

A Limit result, layered case

We verify (7.44). This result follows from

E[@(2)] » € '@y (0) (A1)

E[@(2)€°®™] » E[®(2)] E[¢°?™] (A.2)
E[®(2)®(2)e®D™] » E[®(2)] E[®(2)] E[€°?™] as " #0: (A.3)

Here®(z) ~ ®&z;-i;!i), Vi(2) ROZ D(s;- i) cos(s; - i))! *ds with pand D being de ned respec-

tively by (7.33) and (7.41). Also ©(z) ~ ! 1A«(z;- 1) + ! 2A(z;- »), with A being de ned in (7.43).
We shaw only (A.1) and (A.3), (A.2) follows by a similar argument.

We will make us of the following result, [10]. Let X" be a nite dimensional state vector
satisfying

O = @Y D)= X )+ GO (2= @)= X ) (A4)

X'zt = Xi (A.5)

with © a random, mean zero, stationary processwith rapidly decaying correlation function and X |

a deterministic "end’ condition. The dependenceon ¢ is through a periodic function and @¢, 6 O.

Also E[F(z;°(s);¢,X)] = Ofor all z;s;¢; X.
De ne the operator

Bl (z;X) = Jm Yi 1ZOY 201 i E[F(2;°(0);y;X) ¢r x Fl(z;°(r);y; X)] drdy
+ Jim Y 1ZOYE[GJ' (z:°(0);y; X)] dy: (A.6)
If it is linear, Bi(z;X) = b (z) ¢X, then
<X> = B(z)< X > (A.7)
dz

with the rows of B beingb and < X >= E[X].

In order to apply the above result we use an invariant imbedding approach. We assumethat
the medium parametersare constart for z > L. Becauseof the nite speed of propagation we can
do this without a®ectingthe solution over a nite time frame.
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Recall the equations (7.32) for the amplitudes. We here make the change of variables

R
® = Ae Z[c',l;zzz(Zol)i i(1 =)0, =2 cos(p)i T ds

T = Be oz[él;zz:(2°1)+ i(! =")°1 °=2]cog(p)i ! ds ol 2! ¢O)="1 it T(0)
with
Z,q__
iz) = °1(s)2i - 2ds
z
Z
T(z) = "1 °y(s)°(s="?) cos(u(s))! ! ds:

z

Obsene that  di®ersfrom the one de ned in (7.34) by a phasefactor. The resulting amplitude
equations are

de=dz = 3 (A.8)
d=dz = 3@
with
3(2) = cos@ Uil °1°(z="9)=(2") + &gz =2 °1)] €' BT
(i°f="+ g)e(!);
where we de ned
e(!) - ei! (2(;:"+T):
We rst shav (A.1). De ne
i(z50) = (z-31)=®z;- ;1)
£(z;-31) = @L-;!1)=€z- ;1)

and let the state vector be X = [j ;£;T]. Then

dl — 3. 3.2
E - | |
= jief="le(i ')+ e)i’l+gleii )i e)i?
de
a4, C PCE
= jiof="e(l)£i i ge(!)Ei
((j:i_-lz- = j2f°o="):
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with the end conditions j( L) = 0, £(L) = 1and T(L) = 0. In view of (A.6) we nd that the drift
operator B assaiated with the above systemis linear, moreover it is diagonal In particular

d< £ >
7 = fA<E> A.
iz (A.9)
from which (A.1) follows.
Next we shaw (A.3). De ne
Iz 2005t 2) = E(Z-1ta) E(z- 250 2) Bz 15 23t et 2)
with
.RL
8( 711 gl 1ily) = @LIG@T o o o(farf)s

and subscript j indicating that the function is ewvaluated at (- j;!;). Let the state vector be
X = (32 £1,€25i 170 25 T1; T2]. Then

dJ S X

o - s fie('))ij+fi10i  [ge'))i;
j=1 j=1

@@ .

o T iP(airi="e

dj | o

G = I PHIe ) el )ifl+ g [l )i et)if]

df | N

d—ZJ = jiofi="e(' DEjiji g e'jEjij

dT,

@ = A

with J(L) = 1and3( L) = 1. In view of (A.6) we nd, for ! ; 6 ! ,, that the drift operator B is
diagonal and that

d<dj> = [[Z+13+ (fa+f2)?1<I>
a >
OKT = (f1+ )% <2 >

from which we can conclude (A.3). Finally, note that the above givesthe transmitted pulse at
depth z = L. We obtain the pulse at depth z = %, the depth at the point of obsenation, by
equating to zerothe sourceterms in the governing equation for £ in the interval (2;L).

B The slowness mapping

In this appendix we construct the slovnessmapping that we usein Section 7.4. This mapping
is simpli cation of the one usedin [36] for the analysis of the operator transport equations. The
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rationale for the more general mapping used there is to obtain a formulation of the transport
equations where somelaterally di®ereriated coupling terms can be controlled.

Denote the mapping by #(- ;x;z). The slowvnessmapping is a function of location. Recall the
notation § = g(x;z; *(- ;x;2z)) and alsog = g(x;z; - (- ;X;z), with - being the inverse mapping.
The mapping is constructed so that

r-S™(x;z;-) = r2Si(x;z,0): (B.1)
We shaw its existencein a neighborhood of
Y : (z;x;-) = (0;0;7);

with =~ being the slownessassaiated with a geometricoptics ray going from the sourceto the point
of obsenation. In the casethat the medium is layered the mapping is the identity. In general,the
mapping is the identity for z - 0

Let the phasefunctions S¢ solve the eiconal equation assaiated with the deterministic medium

(rs®)? = °f (B.2)
S+jz=zs = - @X

S jz=zs = - CX

S; jz=2 0

>
Sijz=z < O

with °1(x;2) = P Y%=K1(X;z) the slownessassaiated with the e®ective or deterministic medium.
In order to show the existencewe de ne the function <7 7! <2

H(x;z;-;0) = r»S"(x;z;-)i r»S (x;z;%) (B.3)
We assumethat S8 2 C1. Obsene that by de nition
jr aHjy = jr . Hjy =
with
Y o (zx;f) = (0;0,5):

SinceH 2 C! it follows by the implicit function theorem [31] (p 67) that a unique and invertible
mapping (- ;x;z) 2 C! existsin a neighborhood of Y. The mapping is de ned by

H(x;z;-;0(;x;z2) = 0

and (B.1) is thus satis ed in a neighborhood of Y.

C Comparison with the theory for small lateral variations

In [26] a theory is developed for a locally layered medium when the lateral variations are weak. We
specializethe locally layered medium consideredhereto this caseand ched that the approximation
givenin Section 6.1 conformswith that presened in [26].

The governing equationsin [26] are given by (3.1). Howewer, the bulk modulus is modeled as
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8

2 Kil z2[01)
Kitx;z) = | Ki'a+°o@="?) +"Kif(xi2) z 2 (i L;0)
' Kj? z 2 (i1 ;ilL]

In this formulation the orientation of the z coordinate has changed and a small deterministic
variation hasbeenaddedto the layered ne scale®uctuations. Note alsothat the sourceis located
at the origin. The resulting approximation for the transmitted pressurepulseis found from (8.12),
(11.10) and (11.12) of [26]

i 322 2 2 2%2 £
.. - HE I
£ ei! [S(- :X;i L) t]=" ei! p®ﬁ—1(0)i !2®nn L I 2 d| d as " #0’
with
q
S(;x;iLk) = - ex+L °2j -2
n e Kt 2 (L+ 99 d
+ n_ 4 . = + .
; 2 L 11(X|1/a( 79, Y) d¥a
i = YK,
q
3i = 1/@: °i2i . 2

In (C.1) we have correctedtwo misprints in [26]. The factor multiplying —1(0) is correctedto P ®hn
and we include an ! 2 factor that was left out. It can be shown that (C.1) equals(6.1) to leading
order. In (C.1) the term

ei! p®nn 1(0)j ! 2®nn L (C2)

represetts the e®ectsof the random modulation. Both 1 and ®,, dependon - . The integral over
the slownessvector - can be evaluated by the stationary phaseapproximation. Let = denote the
stationary slownessvector. Using (2.19), (6.4) and (11.4) of [26] we nd that

Av="
Z

(1=2) _(°;’)2 cos@®)  du:

P & 10)j—
®nn Lj-_

Thus, both the random travel time correction and the varianceof the pulse shapingfunction coincide
for the two approximations, to leading order.
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