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We present a study of the image blurring and depolarization resulting from

the transmission of a narrow beam of light through a continuous random
medium. We investigate the dependence of image quality degradation and
of the depolarization on optical thickness, correlation length of the inhomo-
geneities, and incident polarization state. This is done numerically with a
Monte Carlo method based on a transport equation which takes into account
polarization of light. We compare our results with transport in media with
discrete spherical scatterers. We show that depolarization effects are different
in the two models. (©) 2000 Optical Society of America
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1. Introduction

Optical imaging through scattering media has been intensively investigated over the
last few years in different fields, such as atmospheric remote sensing,'® underwa-
ter photography,* biological optics,> " and medical imaging.®*' Because multiple
scattering results in image blurring, various techniques (e.g., time gating, optical
coherence, confocal detection, etc ...) have been devised to overcome this difficulty.
All these techniques discriminate between weakly and strongly scattered photons.
More recently, methods involving polarization effects have attracted significant in-
terest for their simplicity and low cost.'?>'* Multiple scattering gives rise to diffusion
of the total intensity, and also to depolarization. Schmitt et al.!? showed experimen-
tally that a polarization-sensitive technique could discriminate between short path
photons (carrying the information) and long path photons transmitted through opti-



cally thick media. Their results clearly displayed that polarization-sensitive methods
gave better contrast of images of absorbing strips in highly scattering media. Depo-
larization effects can be used as a discrimination criterion because the polarization
of short-path photons (ballistic and snake photons) differs from that of long-path
photons (diffusive photons).

We shall consider transmission of narrow polarized laser beams through biolog-
ical tissues. Usually, a biological tissue is modeled as a medium containing discrete
spherical particles of the same or different sizes. However, it is not likely that spher-
ical inclusions are adequate to represent tissue inhomogeneities. On a microscopic
scale, tissue does not have clear boundaries between its different constituents. In-
stead, random low contrast inhomogeneities (of the order of 5 %) in the refractive
index are observed in most soft tissues.!® This suggests an approach based on the
theory of wave propagation in continuous random media, where light scattering is
not due to the discontinuities in refractive index. Moreover, Sankaran et al.” have
reported recently on the distinctly different polarization effects in common tissue
phantoms composed of microspheres diluted in water'®'® and biological tissues.

The theory of radiative transfer, employing Stokes parameters, can be used to
describe light propagation through a medium. Analytical solutions are not known
except in simple particular cases, such as plane parallel atmospheres with a constant
net flux.! When the incident laser beam is narrow no solution is known. Therefore
we have developed a Monte Carlo method to obtain the spatial distribution of the
total intensity and of the polarization components of the transmitted beam. The
magnitudes of these components and of the total intensity for a narrow incident
beam are called the point-spread functions. The analysis of the degradation of the
image and of the depolarization is usually done in terms of these functions.? %2

In the next section we describe our model and we discuss how it differs from
models that consider media with discrete spherical scatterers. In the third section
we describe a Monte Carlo method for three-dimensional problems. It solves the
radiative transport equation, as is explained in Appendix A, and it is exact up to
statistical errors. Section four contains the numerical results for the point-spread
functions. It also presents the results of a numerical experiment which demonstrates
that polarization-sensitive techniques can improve the image quality of a target
embbeded in turbid media. The last section contains our conclusions.

2. Scattering process for the Stokes parameters
A. Weakly fluctuating random media versus microsphere suspensions

A biological tissue is a medium varying randomly in space containing inhomo-
geneities with no clear boundaries. We describe it as a medium with weak random
fluctuations of the dielectric permittivity e(r) = €y[1 + de(r)], where r denotes posi-
tion and de(r) is the random fractional permittivity fluctuation. We suppose that it



is illuminated by a light source. Due to interaction with the inhomogeneities, light
waves with wave vector k” at point r can scatter into any direction k with wave vec-
tor k, where k = k/|k| . The statistical properties of the light propagating through
the medium can be specified by the Stokes vector (see Appendix A)
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where

I = (EE’ + E,E)

Q=(EE - EE}) ,

U = (E,E* + E,E})

V =i(EE — EE}) . (2)
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Here E; and FE, are the complex amplitudes of the field referred to a chosen or-
thonormal system (e;, e,.), see Fig. 1a. They are perpendicular to the direction k of
propagation of the wave (i.e., k x e, = e,), and (- ) denotes statistical averaging. The
Stokes parameters can be measured easily using linear and circular analyzers. @) is
determined as the difference between the intensities transmitted through two linear
polarizers with orthogonal directions. The parameter U is determined similarly to
@, but with reference to linear polarizers rotated by 45° with respect to those of
Q. Finally V' is measured as the difference between the intensities passing through
right and left circular analyzers.
The scattered Stokes vector I¢*) is related to the incident Stokes vector I®) by
the 4 x 4 scattering matrix F':
1) = FI® | (3)

To determine F' we make use of the statistical properties of the fractional per-
mittivity fluctuation de(r). If it is space-homogeneous and isotropic, its correlation
function R(r) is a function of the separation distance r:

R(r) = (de(r")de(r' + 1)) . (4)

The corresponding power spectral density function R(k) is a function of the length

of the wave vector k: )
> _ ik-r
R(H) = 5 / T R(r)dr. (5)

When the correlation length of the fluctuations is small compared with the wave-
length, then it is convenient to approximate R(r) by a delta function, R(r) =
R(0)d(r). Then R(k) = R(0)/(2m)3.




For weakly fluctuating random media, the scattering matrix is directly related
to the power spectral density of the fluctuations by:?

F(0) = Tk*R(2ksin %)5(@) . (6)

Here the scattering angle © is the angle between the incident wave vector k' and
the scattered wave vector k, and

14+ cos’O cos?2O —1 0 0
1| cos?0©—1 1+4cos?0O 0 0
5(0) = 2 0 0 2cos O 0 ' (7)
0 0 0 2cos©

The total scattering cross-section ¥,(k) is given in terms of R(k) by

Ys(k) = %21474 /11 R(kv/2 = 2cos ©)[1 + cos? Od(cos ©) . (8)

This form of the scattering matrix (6), involving the power spectral density,
comes from the Born expansion of the solution of Maxwell’s equations in a weakly
fluctuating medium. The Born approximation is the single-scattering approximation.
From it, the scattered Stokes vector I computed from (2) is found to be related
to the incident Stokes vector I¥ by (3), with F' given by (6).

Equation (7) shows that the circularly polarized component V' is decoupled
from the other components in weakly fluctuating random media, independently of
the size of the inhomogeneities. This is because the electric fields scattered from
different small volumes within the medium are always independent.?* This is in
clear contrast with the scattering by a medium composed of spherical scatterers
with refractive index discontinuities. For such a medium, the 4 x 4 scattering matrix
M, derived by Mie theory, is of the form

My, Mo 0 0
| My My 0 0
MO)=|"0" 0 My My | )

0 0 M43 M44

The elements M3, and M,3, which couple the circularly polarized component to the
others, are in general different from zero. The matrix elements are functions of the
the sphere radius and the relative index of refraction between the spheres and the
surrounding medium. When the sphere radius tends to zero, M3, and M,3 tend to
zero, and M (©) tends to S(O).

Scattering matrices (7) and (9) are referred to the scattering plane as the plane
of reference. The vectors e; used to define the incident and scattered Stokes vectors



are contained in this plane, see Fig. 1b. In multiple scattering problems, it is more
convenient to express (7) with the e; parallel to the meridian plane as in Fig. 7. This
is discussed in Appendix A where the form of the scattering matrix in this basis is
given.

B. Correlation Function and Power Spectral Density Function

Equation (6) is the basic expression for the scattering matrix in a weakly fluctuating
random medium, and relates the angular scattering pattern to the statistical char-
acteristics of the medium. The scattering pattern is the product of the matrix S(©),
which is a purely geometrical factor, and the scalar function R(2ksin ©/2), which
involves the statistical properties of the medium. The power spectral density func-
tion R can be obtained experimentally.'® However, in many practical situations the
spectral characteristics of the fluctuations can be modeled by simple functions. For
mathematical simplicity we consider a model with only two parameters: the relative
strength of the fluctuations, €, and the correlation length, {. We use an exponential
form for the correlation function,

R(r) =%/t . (10)

In this case the power spectral density function is given by
. g2[3

Rk)=———. 11

(k) w2(1 + k212)? (11)

The exponential correlation function (10) is a especial case of the von Karman
correlation function, used to model the spectral characteristics of the fluctuations
in turbulent media.

We note that the power spectral density function (11) becomes independent of
k for kl < 1, so then the factor R in (6) is independent of ©. R(k) is proportional
to (kI)™* for kl > 1, so as kl increases, the scattering becomes more peaked in the
forward direction.

The mean value of the cosine of the scattering angle, called the anisotropy factor,
is defined by

21.4 1

g(k) = 2; ]Zk) /1 cos OR(kv/2 — 2 cos ©)[1 + cos? O]d(cos ©) . (12)
It is one of the parameters used to describe the optical properties of a medium. For
the correlation function (10) with &kl equal to 0, 1, or 2, g is equal to 0, 0.30, or 0.48,
respectively. We note that g is typically larger than these values in biological tissues
(> 0.70 for wavelengths in the visible). This is so because although the majority of
the scattering takes place from structures within the cell, like mitochondria (diam-
eter of the order 0.3 — 0.7um) or lysomes and peroxisomes (diameter of the order



0.2 — 0.5um), g is very sensitive to the largest structures of the tissue, that is, to
the cell itself (diameter of the order 10 — 30um).?>26 More complicated correlation
functions than (10) could yield larger values of g for wavelengths in the visible.

To sum up, a tissue is characterized by a power spectral density function R which
gives the scattering matrix (6), the scattering coefficient (8), and the anisotropy fac-
tor (12). The differences between the scattering matrices F' and M as the size of the
scatterers increases can explain the distinctly different polarization effects reported
by Sankaran et al.” between polarized light propagation in common tissue phantoms
(microsphere suspensions) and in biological tissues. Although the phantom is cho-
sen to match the scattering and absorbing properties of the tissue, the high index
of refraction ratio between the microspheres and the water alters the polarization
effects.

3. Description of the Monte Carlo method
A. Brief review of the literature

Monte Carlo calculations for the study of light propagation in turbid media have
been employed by Plass and Kattawar,?” Meier,?® Wilson and Adam,?® Tinet et al.,?°
Zaccanti,?! and others. In all these papers the vector nature of light propagation
was not taken into account. To our knowledge, the first Monte Carlo method which
takes into consideration the polarization of light was carried out by Kattawar and
Plass.? However, in this work the scattering angle is sampled from the scalar phase
function, which is the one-one element of the matrix F' or M, in (6) or (9), and does
not depend on the polarization state. This scheme is followed by other workers such
as, for example, Aruga and Igarashi.?! If the scalar phase function is used to select
the scattering angle, then the light can be scattered in any direction. This is not
what happens physically. Since light waves are transverse, they are not emitted along
the direction of polarization. Bruscaglioni et al.** corrected this by weighting the
scattered photon according to the scattering angle and to the incident polarization
state. We note that in all these papers?!:3%33 the scattering matrix is defined with
respect to the scattering plane as the plane of reference. Consequently, at each
scattering event the Stokes vectors, both incident and scattered, have to be rotated
appropriately. Since this is time consuming, we express the scattering matrix with
respect to the meridian plane as explained in the Appendix.

Partially polarized light is governed by the transport equation (34) for its co-
herence matrix W (¢, x, k), which is related to the Stokes vector by (33). To solve
(34) for W, or for the Stokes vector, we shall use a Monte Carlo method devised
especially for this purpose by Bal, Papanicolaou and Ryzhik.3*

The backbone of a Monte Carlo method for particle transport problems is a
simulation of the trajectories of the particles according to underlying probability laws
which depend on the scattering medium. The simplest method involves mimicking



the random walk of the physical particle transport process and recording a score
each time a particle encounters the scoring region. This analog simulation, although
simple, will be ineffective when few particles reach the scoring region, since the score
converges to the expected value at the rate const./ V/N, where N is the number of
scores. For problems with an extended source this difficulty can be overcome by
using a backward Monte Carlo method, but if the source is a point the difficulty
remains.

We use two basic approaches to improve the convergence.?®3¢ First, we modify
the random walk sampling to follow more particles in important regions where the
scoring contributes more to the final tally. This is especially relevant in computing
light transmission through a medium of large optical thickness. In that case, only
a small fraction of particles penetrates into the deeper regions of the medium, pro-
ducing bad statistics in the computation. Second, we modify the scoring method to
maximize the statistical information of a given random walk. In doing this, a tra-
jectory is no longer associated with a single particle. The replacement of the analog
simulation by a non-analog one is usually called a variance reduction technique.

In the next subsection we describe the simplest case of the analog simulation.
In subsection C we explain the geometry splitting and Russian roulette, whose
objective is to spend more time sampling particles in important regions and less
time sampling particles in unimportant regions. In subsection D we explain the
point detector technique, which is a deterministic estimate of the flux at a point
from each collision.

B. Analog Monte Carlo Sampling

The history of each photon is initiated by releasing it from the point ry = (0,0, 0)
with direction 120 normal to the surface of the medium, and with a specified polariza-
tion state. When the beam is linearly polarized, it is 100% polarized parallel to the
(z, z) plane, so the Stokes vector can be written as [Iy, Qo, Up, Vo] = [1, 1,0, 0]. When
the beam is circularly polarized, the Stokes vector is [y, Qo, Us, Vo] = [1, 0,0, 1].
The path length traveled by the photon before undergoing scattering is given
by
leow = —In(£)/%s , (13)

where ¢ is a random number uniformly distributed in the interval (0, 1). The photon’s
scattering position r is R
r1 = ro + Koleou , (14)

with RO = (sin 6y cos ¢y, sin Oy sin ¢y, cos fy). Next, the scattering direction 1A<1 is de-
termined according to the probability density function3*37:38

7Tk‘4 ~ [T121 + T221 + T122 +T222 + T121 +T221 - T122 B T222Q
0

P(k17 k07 QO: UO) = 223 R D) D)



+ (ThTie +T21T22)U0] . (15)

Equation (15) corresponds to the first component of I¢*) in equation (3) when the
intensity of the incident Stokes vector I is normalized to one. The probability
density function P also contains a normalization factor to preserve particle number
in a pure scattering event. This normalization factor is independent of the incoming
state of polarization.

In (15), T;j, (¢,j = 1,2) is defined in Appendix A. P has been normalized to
satisfy

/P(ffl,f(o,Qoan)df(l =1, (16)

and the argument of R is k\ﬁl — lAco\ = 2k sin%. Equation (16) expresses particle
conservation in each scattering event. We note that P in (15) depends on the in-
cidence and scattering directions, and also on the incoming polarization state. We
also note that in (16), the integral of the terms multiplied by Qo and Uy is zero.
Once the new direction k; is chosen, the outgoing polarization state is

1
%, P(ky, ko, Qo, Up)

This does not depend on R(k). In (17) F is the scattering matrix with the merid-
ian plane as plane of reference for the Stokes vectors. It can be checked by direct
computation that if the incident photon is fully polarized, i.e. I3 = Q3 + U2 + V2,
then the scattered photon, with polarization I() given by (17), is also completely
polarized.

Next, a new path length is calculated from (13) and the tracing continues using
(14)-(17), where now sub-indices 0 and 1 denote the variables of the photon before
and after each scattering event, respectively.

If a photon reaches the detector at an angle with the normal to the sample
surface that is less than its semiaperture, then its contribution to the quantities of
interest (intensity and polarization) are stored. If the incident beam is circularly
polarized, two quantities are computed: the total intensity I and the circular com-
ponent V. In the case of a linearly polarized incident beam, three intensities are
computed: the total intensity I, the parallel-polarized component [;, and the cross-
polarized component I,.. If a photon of intensity dI = 1 arrives at the detector with
polar direction (64, ¢4), these two last intensities can be calculated easily from the
Stokes parameters )y and Uy of the photon. The direction of polarization makes an
angle x4 = 1/2arctan(Uy/Qq) with the meridian plane (plane of constant ¢,4), and
therefore the contribution of the photon is:

I = dl, (18)
I, = dI[cos®(¢a+ Xxa) cos® 4 + sin® 0] , (19)
I, = dI[sin®(¢g + Xxa) cos® 04 + sin® 0] . (20)

I Fky, ko)IO (17)



Here we are interested in the transmitted intensity. To compute the reflected inten-
sity, we must change x4 to —xq in equations (19) and (20).

After N photons have been traced, and the intensities 1™, Il(n), IT("), and V()
of the N histories have been stored, we average to obtain the statistical result,

olsge, o lsgm o lsgm polsye
_Nn:1 ’ l_anll , T_anlr’ _Nn:1 .

We note from (19) and (20) that I, + I, = I(1 + sin® ). This is not equal to
I unless sinf; = 0, because if sinf; # 0 there is a component of the electric field
normal to the analyzers. This component is transmitted through them independently
of their orientation. Consequently, when measuring a bundle of light, in a typical
experimental situation, the sum I;+1, of the parallel and cross-polarized components
is not equal to the total intensity I, measured without polarization analyzers.

We also note that the fraction of light with the original polarization, (I, —I,.)/I,

coincides with the common definition of the degree of polarization /Q% + U?/I,
only for small apertures. In this case, the intensity of light that has maintained the
incident polarization state, I; — I,, is a measure of the Stokes parameter Q). In the
problem that we shall consider, U is zero due to symmetry.

C. Splitting and Russian Roulette

One of the most widely used variance reduction methods is the combination of the
so called importance splitting and Russian roulette techniques. The problem domain
is divided into M subdomains with different importances Z™ (m =0,..., M —1).
We will assume for simplicity that Z™ = ¢™ where ¢ is a chosen positive integer.
The more probable it is that a particle in a sub-domain can score at the detector,
the more important is the sub-domain. Let a particle of weight W evolve between
two collisions ¢ and ¢4 1, and let us denote the importance of the particle by Z; and
T;41 at each collision (Z; = ZU™ if at collision 7 the photon is in sub-domain m).
We form the importance ratio n = Z;y1/Z;. If n = 1 the importance of the photon
does not change and its transport continues in the usual way. If n > 1 the photon
has moved to a more important region and it is split into Ny, = 1 photons. The
weight W of each of the split photons is divided by Ngy;. If n < 1 it has entered into
a less important region, and a Russian roulette game is played where the particle
has probability pg,., = n of surviving. A random number £ is drawn uniformly on
the interval (0,1) and compared with psyy- If & < psyury the photon survives and its
weight is increased by 1/pgur. Otherwise, it is eliminated. In doing this, however,
a balance has to be struck. Implementing splitting generally decreases the history
variance but increases the computing time per history. On the contrary, Russian
roulette increases the former and decreases the latter, so that more histories can be
run. The usual measure of efficiency of the Monte Carlo simulations is the figure
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of merit 1/0°t, where the variance o measures the inaccuracy of the result, and ¢
is the mean time per history. We have seen experimentally that, for example, for a
medium of optical thickness 12, the choice ¢ = 2 and M = 5 improves the figure of
merit by a factor 10. However, for optical thickness less than 8 we have not found the
splitting/Russian roulette necessary. For deep penetration, experience has indicated
that the best splitting results are achieved keeping the particle flux through the
medium close to a flat distribution, and that there is a broad range of parameters
close to the optimal choice.?® If splitting with Russian roulette is the only variance
reduction technique used, all particles in the same sub-domain m have the same
weight 1/Z(™ | assuming that all particle histories began with weight 1.

D. Point detectors

We now consider scoring at a small detector of area dA, often called a point detector.
For each scattering event ¢ of the n-th photon, we store the probability that the n-th
scattered photon, of weight I/Vi("), will arrive at the detector without further colli-
sions. Let P(©,P)dS2 be the probability of scattering into the solid angle df) about
©, where O is the scattering angle directed to the detector, and P = (Q, Up) de-
notes the liner polarization state of the photon. Taking into account the attenuation
suffered by particles traveling through the medium, the probability of arriving at
the detector is N

P(©,P)dQe Jo Zs0d (22)

where R is the distance covered within the medium. We recall that we are consid-
ering non-absorbing media. Absorption can be accounted for easily by replacing the
scattering coefficient ¥, in (22) by the total extinction coefficient ¥, = ¥, + 3,
where ¥, is the absorption coefficient.

If the detector of area dA has normal vector forming the angle 6, with respect
to the line of flight, then dQ2 = cos ;dA/R?, and (22) becomes

cos Bze” foR s ()l
R2

P(©,P) dA . (23)
Since the flux is the number of particles crossing unit area per unit time, the con-
tribution of the ¢-th collision to the flux at the detector is given by

cos fge 7R

Fi = WP, P)—F;

(24)
Here we have evaluated the integral for a homogeneous medium. The contribution
to the Stokes parameters is given by equation (17) times .7-"}?). In the case of a
linearly polarized incident beam, the contributions to the parallel and cross-polarized
components are evaluated with expressions similar to (19) and (20), respectively.



After N photons have been traced, the statistical averages are computed as
_ 1 XN _ 1 X _ 1 ~ 1 N
Fr=5227Fr =22 F" F=gXXF F =Xy F

here ,, is the number of scatterings events of the th photon
n spite of the simplicit of the method, the point detector estimator has a
serious dra bac he e pression becomes in nite hen a collision ta es place
in nitel close to the detector, giving rise to an unbounded estimator ith in nite
variance and conse uentl a lo rate of convergence everal methods have been
developed to overcome this di cult o ever, if the detector is not in the
scattering medium, a collision close to the detector is impossible and the estimator
is bounded ur point detectors are placed at a distance =1 from the e it
surface, so e replace the in the denominator of b cos oint
detectors have been used idel in the literature n the paper of inet et
al  point detectors are used along ith the statistical estimator idea to accelerate
the convergence for scalar transport
ince tracing photons from each collision to the detector is time consuming,
especiall in the case here an ob ect is embedded, e have also implemented a
ussian roullete game for the detector f the collision ta es place in a region of

importance , e introduce the probabilit to contribute to the u e ual to

= f the particle ins the game its deterministic contribution
is multiplied b and it is stored ther ise, the contribution is not
stored

igure a sho s the geometr of our numerical e periment A normall incident
linearl polari ed laser beam is used to illuminate an sam
ple he di erent laser beam positions at the top of the sample are apart
A single measurement is made b placing the laser beam at one of these positions
and the detector on the optical a is at the bottom of the sample he detector
collects transmitted photons ith polari ation parallel and perpendicular to the in
cident polari ation, at angles less than 1  from the normal to the sample surface
n the middle of the sample there is a absorbing strip A complete scan
consists of measurements his con guration is motivated b the e periments of
chmitt et al he same results are obtained for similarl scaled geometries if
the optical thic ness of the medium, = ,is ept constant and the media are
non absorbing or microsphere suspensions, the mean free path depends on
the scatterer concentration and is in the range in some recent e peri
ments measuring polari ation o ever, biological tissues have smaller mean
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