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Abstract

We study broadband, coherent interferometric array imaging (CINT) in ¯nely layered me-
dia, in a regime with strong °uctuations. By coherent interferometric imaging we mean the
backpropagation of time-windowed crosscorrelations of the array data. For wavespropagating
over long distances there is statistical stabilization of the traces observed at the array. They
have the form of a coherent signal that can be described by the O'Doherty-Anstey (ODA) the-
ory, followed by long and noisy codas. We show that coherent interferometry exploits the time
coherencein the data, leading to stable images. Moreover, we prove that in this regimeonly the
ODA behavior plays a role in the imaging and we quantify explicitly the resolution of CINT in
terms of this time coherenceand the array aperture. We illustrate the theory with numerical
simulations.
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1 In tro duction

Broadband array imaging in cluttered environments arises in important applications such as ul-

trasonic imaging and nondestructive testing, ground or foliage penetrating radar, shallow water

sonar, seismicexploration, etc. The typical imaging setup consistsof small or distributed sources

or scatterersburied in clutter and a remote array A of N transducersat which we record the traces

of the received signal

P(~x r ; t); ~x r 2 A; t 2 (t1; t2); r = 1; : : : ; N ; (1.1)

for a time window (t1; t2). When imaging sources,the excitation comesfrom them, usually in the

form of a short pulse

f (t) = e¡ i! 0 t f B (t); (1.2)

with carrier frequency ! o and bandwidth B . In this casethe array is passive, meaning it has only

receivers. Imaging of scatterers requires active arrays, where pulses such as (1.2) are sent from

sometransducers in A and the traces (1.1) are the recordedechoes.

For brevity, we focus attention on the simplest array imaging problem of a point source at

unknown location ~y , emitting the pulse(1.1) at t = 0. Our goal is not just the estimation of ~y from

the traces (1.1), which can be done with very few measurements. Instead, we use the whole array

and view the result as the point spread function of the imaging method that we propose. Then,

extensionsto the more generalproblem of imaging distributed sourcesor scatterers follow easily.

In this paper we only consider acoustic waves and not elastic onesas is more appropriate for

geophysical applications. The acoustic model can be usedfor imaging when mostly pressurewaves

propagate and shear waves can be neglected. Even though this acoustic model does not account

for mode conversion, it is often used in geophysical applications as well. We analyze here imaging

in ¯nely layered media in a regime with strong °uctuations that we assumeunknown.

Imaging in smooth and known media is done e±ciently with Kirc hho® migration and its nu-

merousvariants usedin seismicimaging [17, 7, 6], radar [19, 11, 15], etc. Thesemethods are based

on high frequency asymptotic techniques and they seekto estimate the sourceat ~y by migrating

traces (1.1) to a search location ~y s using the travel time ¿(~x r ; ~y s) between the transducer at ~x r
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and ~y s. The Kirc hho®migration imaging functional is

I KM (~y s) =
NX

r =1

P(~x r ; ¿(~x r ; ~y s)) (1.3)

and it peaks at ~y becauseof the approximate cancellation of phasesin the summation over the

array on the right side of (1.3). In the ideal situation of an in¯nite bandwidth B and aperture

a of the array, the Kirc hho® migration point spread function is I KM (~y s) » ±(~y ¡ ~y s) and the

estimation of the sourceis perfect in smooth and known media. In practice, this ideal resolution

is never achieved becauseof limited bandwidth and aperture, so our image will be blurred. In a

remote sensingregime, where the array aperture is much smaller than the range ´ of the source,

the rangeand cross-rangeresolution limits have a simple expression,if the medium is uniform with

speedof propagation co. Then, the rangeuncertainty is O
¡ ¼co

B

¢
and the array aperture a®ectsjust

the cross-rangeresolution, which is given by O
¡ ¼co ´

B a

¢
(seefor example [7]). We discussKirc hho®

migration in more detail in Section2.3 and explain there how it becomesunstable (statistically) in

cluttered media, in regimeswith signi¯cant multipathing of the wavesby the clutter, where traces

(1.1) have long and noisy codas.

Figure 1: Example of a simulated pressurewave velocity pro¯le in the Earth.

It is pointed out in [10, 9, 14] that to stabilize the imaging processin cluttered media we should

¯rst cross-correlatetraces (1.1) over appropriate space-time windows, in order to create the so

called coherent interferograms. We then migrate them to ~y s by meansof the deterministic travel

times ¿(~x r ; ~y s). This approach is called coherent interferometry and it is studied theoretically and

numerically in [10, 9], for isotropic clutter. In this paper we considerthe caseof ¯nely layeredmedia

3



with strong °uctuations, as encountered in geophysical problems where well log measurements

near the surface of the earth reveal velocity pro¯les as in Figure 1. For simplicit y, we consider

°uctuations about a uniform propagation velocity co, but extensions to general smooth, three

dimensional averagevelocity pro¯les are possible.

The main result of the paper is that coherent interferometry works in essentially the same

way as in isotropic clutter, which may be surprising considering the very di®erent wave scattering

regimesconsideredhere and in [10]. The isotropic clutter in [10] is weak, so most scattering is in

the forward direction, whereasherewe take the other extremeof layeredclutter, wherethere is very

strong backscattering of the wavesby the layers. That coherent interferometry works in basically

the sameway in thesetwo extreme casesindicates its potentially wide applicabilit y.

In isotropic media there are two key, clutter dependent parametersthat determine in a de¯nitiv e

way the quality of our image: the decoherencelength X d and frequency ­ d. If we have good

estimates of these parameters then we can form stable images in clutter, with resolution limits

O
³

¼co
­ d

´
and O

³
¼co ´
B X d

´
in range and cross-range,respectively [10]. Theseresolution estimates look

very similar to those for Kirc hho® migration in the absenceof clutter, except for two important

di®erences:the bandwidth in the range resolution is replacedby ­ d and the aperture in the cross-

range resolution is replaced by X d. Usually, ­ d ¿ B and X d ¿ a, so the images in clutter are

blurrier than in homogeneousbackgrounds, as expected. However, the images are stable, with

explicitly quanti¯ed blurring, so we can improve our results in a subsequent deblurring step, as

shown in [9].

In this paper, we show through analysisand numerical simulations that the resolution estimates

derived in [10] extend to ¯nely layered media, with one obvious simpli¯cation. Becauseof the

layering, there is no spatial decoherencein the array data, so X d = a, which meansthat the cross-

range resolution can be improved by increasing the array aperture. However, the range resolution

remains proportional to Td = ¼
­ d

, which is the length of the time window we useto cross-correlate

the traces for the purposeof stabilizing our images.

In the scaling regime consideredin this paper, the propagation distancesin the strongly °uc-

tuating clutter are long and the distance ¼co=B traveled over the pulse width ¼=B covers many

layers of size (correlation length) ` (¼=B of the order of 100 `). In this regime there is someaver-

aging and we observe a coherent signal at the array, followed by a long coda. The coherent part of

the transmitted pressure¯eld through the layered medium is described by the O'Doherty-Anstey

(ODA) theory [24, 12, 1, 18, 16, 5, 31]. ODA predicts that if we observe P(~x r ; t) in a time window

of width O(¼=B), centered at ¿(~x r ; ~y ) plus a small random shift, then we have a deterministic

signal which is given by the convolution of the emitted pulse f (t) with a Gaussian. This is known

as pulse stabilization and it is special to ¯nely layered media. Naturally , pulse stabilization occurs

just at the front of the traces; for later times we have a noisy coda that lasts for a long time.
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We shall seethat the coherent part of the traces, as described by the ODA theory, gives the

leading order term in our imaging functional. This is true for Kirc hho®migration too, which means

that I KM (~y s) should give fairly well resolved imagesin layered media. However, thesestatements

should be taken in the asymptotic sense,in the limit `B =co ! 0. In reality, coherent interferometry

is a better method becauseit involves an e±cient statistical smoothing and the images are less

noisy. This is illustrated clearly by the numerical simulations in Section 2.5.

We note also that pulse stabilization is speci¯c to layered media and since in applications it is

unlikely that the clutter is perfectly layered, it is a good idea to work with robust methods, such

as coherent interferometry, that are not model dependent.

The paper is organized as follows. In section 2 we formulate the imaging problem for a point

sourcein a ¯nely layered medium. We describe the acoustic equations, the random medium model

for the clutter and the forward model of the acoustic pressureat the array. Then, we intro duce

the coherent interferometric imaging function and compareit, qualitativ ely and through numerical

experiments, to Kirc ho® migration imaging in layered media. In section 3 we specify the scaling

and its implications on the statistics of the pressure¯eld recordedat the array. These results are

used then in section 4 to derive the coherent interferometric resolution theory in layered media.

We end with a summary in Section 5.

2 Imaging in ¯nely layered media

Consider the imaging set-up shown in Figure 2, where the array lies on a °at surface,parallel to

the layers in the medium. Using a system of coordinates with the z axis normal to the surfaceof

measurements, taken at z = 0, we intro duce the notation ~x = (x; z) that distinguishes the range

z from the cross-rangex 2 R2 of an arbitrary point ~x 2 R3. With this notation, the sourceis at

~y = (»; ¡ ´ ) and the transducer locations are ~x r = (x r ; 0), r = 1; : : : ; N .

2.1 The forw ard mo del for the acoustic pressure at the arra y

The acoustic wave equationsare

½
@~u
@t

(~x; t) + r P(~x; t) = ~F(~x; t); ~x 2 R3; t > 0;

1
c2(z)

@P
@t

(~x; t) + ½r ¢~u(~x; t) = 0; ~x 2 R3; t > 0; (2.1)

~u(~x; t) = 0; P(~x; t) = 0; t < 0;

where ~u is the velocity of the material particle located at ~x, ½ is the medium density that we

supposeis constant and c(z) is the °uctuating sound speed. The forcing term ~F(~x; t) is due to the

point sourceat ~y that emits pulse (1.1), in the vertical, upward direction ~e3, so we set

~F(~x; t) = f (t)±(~x ¡ ~y)~e3: (2.2)
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Finely layered medium

Point sourcelocated at
(»; ¡ ´ )

z = 0

z

array of transducers

Figure 2: Setup for recording at transducer locations ~x r on the measurement surface z = 0, the
acoustic wavesoriginating from a point sourceat ~y = (»; ¡ ´ ).

The clutter is contained in the half spacez < 0 and it is modeled as

1
c2(z)

=
1
c2

o

h
1 + ¾º

³ z
`

´ i
; z 2 (¡ L; 0); (2.3)

where º is a random, stationary processwith mean zero and rapidly decaying covariance

C(z1 ¡ z2) = E f º (z1)º (z2)g (2.4)

satisfying

C(0) = 1;
Z 1

¡1
C(z)dz = 1; (2.5)

sothat ` in (2.3) is a correlation length. The parameter ¾quanti¯es the strength of the °uctuations.

We considerherestrong °uctuations ¾» 1 and a hight frequencyregime, i.e. the wavelength covers

many correlation lengths ` ¿ ¸ o. In principle, the clutter can extend to the whole half spacez < 0,

but the hyperbolicit y of the problem and the ¯nite time window over which we record the traces

imply that we will not seethe e®ectof the layers below some¯nite depth L , so we may as well

restrict the random medium to the strip (¡ L; 0). For z outside the strip, we set c = co.

Equations (2.1) can be transformed easily to a system of ODE's in the z variable, by Fourier

transforming in x and t. This leadsto the solution [24, 13, 12, 25, 1, 18, 16, 31, 21, 20]

P(~x; t) =
1

2¼

Z

j! ¡ ! 0 j· B
d! bP(~x; ! )e¡ i! t ; (2.6)

for an arbitrary point ~x = (x; 0) on the surfaceof measurements, where

bP(~x; ! ) = ! 2 bf B (! ¡ ! 0 )
8¼2

Z
d·

n
T (! ; · z)ei! (· ;· z )¢(x ¡ »;´ ) + R(! ; · z)ei! (· ;· z )¢(x ¡ »;¡ ´ )

o
(2.7)
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T(! ; · ; ´ ) ~R(! ; · ; L ¡ ´ )
T(! ; · ; ´ )

z = ¡ ´

z = ¡ L

z = 0

Figure 3: Schematic of the ¯rst terms in the series(2.9) of T and R. T(! ; · ; ´ ) givesthe amplitude of
the total transmitted ¯eld that goesfrom the sourceto the array at the top. T(! ; · ; ´ ) ~R(! ; · ; L ¡ ´ )
accounts for the full scattered¯eld re°ected from the layer (¡ L; ¡ ´ ) below the source. ~R(! ; · ; L ¡ ´ )
is the upgoing re°ection coe±cient from the layer (¡ L; ¡ ´ ) at the level z = ¡ ´ .

is the superposition of plane waves traveling along direction ~· = (· ; · z), with · and · z being the

lateral and vertical slownesses,respectively. The plane wave decomposition is donewith respect to

the background medium, of constant slownessc¡ 1
o , so that

j· j2 + · 2
z = c¡ 2

o and · z =

p
1 ¡ c2

o· 2

co
; where · 2 = j· j2: (2.8)

The e®ectof the random medium on P(~x; t) is encoded in the coe±cients T (! ; · z) and R(! ; · z)

that account for multiple re°ections of the waves by the layers. Explicitly , if we let T(! ; · z; ´ )

and R(! ; · z; ´ ) be the transmission and re°ection coe±cients of the random medium occupying

the interval z 2 (¡ ´ ; 0) and ~R(! ; · z; L ¡ ´ ) be the re°ection coe±cient of the random medium in

z 2 (¡ L; ¡ ´ ), we have [21, 20]

T (! ; · z) = T(! ; · z; ´ )
1X

n=0

Rn (! ; · z; ´ ) ~Rn (! ; · z; L ¡ ´ ); R(! ; · z) = T (! ; · z) ~R(! ; · z; L ¡ ´ ): (2.9)

A schematic describing the ¯rst terms in T and R is given in Figure 3. The interpretation of the

next terms follows easily, as increasing n in (2.9) accounts for multiple re°ections from the layer

(¡ L; ¡ ´ ) at z = ¡ ´ . The re°ection coe±cient ~R(! ; · z; L ¡ ´ ) gives the up going ¯eld from the

layer (¡ L; ¡ ´ ) at the level z = ¡ ´ and R(! ; · z; ´ ) is the down going re°ection coe±cient from the

layer (¡ ´ ; 0) at the level z = ¡ ´ . Note that R(! ; · z) di®ersfrom T (! ; · z) by an extra re°ection

causedby the layer (¡ L; ¡ ´ ) at the level z = ¡ ´ .

7



2.2 The coheren t pressure ¯eld

In the absenceof the °uctuations, T (! ; · z) = 1, R = 0 and (2.6), (2.7) reduceto

Po(~x; t) =
Z

j! ¡ ! 0 j· B
d!

! 2 bf B (! ¡ ! o)
2(2¼)3

Z
d· ei! (· ;· z )¢(x ¡ »;´ )¡ i! t

= @
@z

n
f (t ¡ ¿(( x ;z);~y ))

4¼j(x ;z)¡ ~y j

o

z=0
;

(2.10)

where

¿(~x; ~y) = j~x ¡ ~y j=co (2.11)

is the travel time in the homogeneousmedium. Thus, each trace Po(~x r ; t) has a blip centered at

t = ¿(~x r ; t), of width O(¼=B), for r = 1; : : : ; N .

In the cluttered medium the traces are noisy (seefor exampleFigure 9), but if we look at their

expectation we obtain formula [24, 13, 12, 25, 1, 18, 16, 31]

E f P(~x; t)g ¼
@
@z

(
(f ? ~N )( t ¡ ¿((x ; z); ~y ))

4¼j(x; z) ¡ ~y j

)

z=0

; (2.12)

which is similar to (2.10), except for the convolution of the pulse with Gaussian

~N (t) =
sinµ(x)
2
p

¼Tps

e
¡ t 2 sin 2 µ( x )

4T 2
ps ; sinµ(x) =

´
j~x ¡ ~y j

: (2.13)

The many re°ections in the clutter lead to a di®usion or a spreading of the pulse, quanti¯ed by

Tps , a clutter dependent parameter with units of time. Note that Tps is the sameacrossthe array,

but the pulse spreading is more severe for wavespropagating at shallow anglesµ(x).

When we image,we only have tracesfrom a singlecluttered environment. We cannot, therefore,

observe the expected ¯eld (2.12). However, in the regime consideredhere (seeSection 3), the size

of the layers is small comparedto the distance ¼co=B covered by the width of the pulse and some

averagingoccurs to give us a coherent front that can be observed in a time window of sizeO(¼=B),

centered at the deterministic arrival time, plus a small time shift. This coherent front is described

by the ODA formula [24, 13, 12, 25, 1, 18, 16, 31] which predicts that, in the asymptotic limit

`B =co ! 0, we have for time window jt ¡ ¿((x ; z); ~y )j · O(¼=B),

P(~x; t) ¼
@
@z

½
(f ? N )( t ¡ ¿((x ; z); ~y ) ¡ ±¿(x))

4¼j(x; z) ¡ ~y j

¾

z=0
; N (t) =

sinµ(x)
p

2¼Tps

e
¡ t 2 sin 2 ( µ( x ))

2T 2
ps ; (2.14)

where ±¿ is a random time shift given by

±¿(x) =
Tps

sinµ(x)
W(´ )
p

´
: (2.15)
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HereW(´ ) is a standard Brownian motion. Note that the pulsespreadin the ODA formula (2.14) is

half of what we had in (2.12). This is due to the random time shift (2.15) that givessmearingwhen

averaging P over di®erent realizations of the medium, which doublesthe expected pulse spread.

Because(2.14) describesapproximately the coherent part of the pressurerecordedat the array,

it represents the ideal object to use in imaging. Thus, if we could separatethe coherent front of

the traces from the coda, we could imagewith any deterministic method and obtain a good image,

up to a small random shift. Moreover, we could use formula (2.15) and the array to eliminate

the random shift and improve the accuracy of the image [22]. However, such a method is model

dependent, becauseit relies heavily on the accuracy of the ODA formula and it is also di±cult to

generalizeto more interesting problemsof imaging distributed sourcesor scatterers,wherecoherent

arrivals coming from greater depths are hidden in the coda of signalsoriginating closerto the array.

In the next two sectionswe discussthe point spread function of two imaging methods: Kirc h-

ho® migration and coherent interferometry. Then, we compare their performancewith numerical

simulations, in Section 2.5.

2.3 Kirc hho® migration

As explained in the intro duction, Kirc hho®migration imaging function (1.1) works well when the

clutter is weak and there is no signi¯cant delay spread in the traces recorded at the array. We

considera squarearray centered at ~xc = (xc; 0), with aperture a ¿ j~xc ¡ ~y j, where the range and

direction of arrival resolution limits [7, 10] are

jj~xc ¡ ~y j ¡ j~xc ¡ ~y sjj · O
³ ¼co

B

´
;

¯
¯
¯
¯

xc ¡ »
j~xc ¡ ~y j

¡
xc ¡ »s

j~xc ¡ ~y sj

¯
¯
¯
¯ · O

³ ¼co

B a

´
: (2.16)

Here ~y s = (»s; ¡ ´ s) is the search point. Furthermore, if the remote array is located nearly above

the source,jx c ¡ »j ¿ ´ and (2.16) reducesto

j´ ¡ ´ sj · O
³ ¼co

B

´
; j» ¡ »sj · O

³ ¼co´
B a

´
: (2.17)

When there is signi¯cant multiple scattering due to clutter, Kirc hho®migration is known not work

well, becausethe traces are noisy and by migrating them to the search point ~y s, with the deter-

ministic travel times (2.11), we cannot compressthe delay spread in P(~x r ; t), r = 1; : : : ; N . There

is someaveraging in Kirc hho®migration, becauseof the summation over the array, but usually this

is not enough,so the results are noisy and they changeunpredictably with the realizations of the

clutter. This is illustrated in [8, 10, 9], for isotropic clutter.

In ¯nely layered media, where the pulse width covers many correlation lengths, we have pulse

stabilization [24, 13, 12, 25, 1, 18, 16, 31] so Kirc hho®migration should work, in principle. Ideally,

we should expect resolution limits similar to (2.17), except for the replacement of the bandwidth B

by a shorter one,B ps , due to the pulsespreadin the ODA formula (2.14). The random arrival time
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(2.15) a®ectsthe resolution as well, becausereceivers that are at a smaller angle µ(x) perceive a

longer time shift than the onesthat sit on top of the target, so the image will be smearedto some

degree.This latter e®ectshould be small, however, for small array apertures.

It may be surprising at ¯rst that, even for traces recordedin a long time window that contains

mostly coda, only the ODA formula plays a role in imaging. We explain this in Section3. In short,

we show there that in the asymptotic limit `B =co ! 0 and co=(B ´ ) ! 0, such that `´ » (co=B)2,

the re°ection coe±cients in (2.9) decorrelaterapidly in the frequencyand vertical slowness· z and

subsequently , that I KM (~y s) convergesweakly, in probabilit y, to the imaging function with the ODA

formula. Of course, this is an asymptotic result. In practice, the coda is felt to somedegreein

Kirc hho®migration and the imagesare somewhatnoisy, asillustrated in the numerical experiments

of Section 2.5. The noiseshould be even more visible in media that are not perfectly layered and

in other scaling regimes.

2.4 Coheren t in terferometry

The coherent interferometric imaging function is

I CINT (~y s; ­ d) =
NX

r =1

NX

r 0=1

Z
d!

Z

j! ¡ ! 0j· ­ d

d! 0bP(~x r ; ! ) bP(~x r 0; ! 0)e¡ i! ¿(~x r ;~y s )+ i! 0¿(~x r 0;~y s ) ; (2.18)

where we restrict the domain of integration over the frequenciesby the parameter ­ d < B , which

plays a key role in clutter becauseit allows an e±cient statistical smoothing [28] of the images,as

we show next.

Denote by bÂ(! ) the window function supported in the interval [¡ ­ d; ­ d] and intro duce the

central and di®erencefrequencyvariables

! =
! + ! 0

2
; ~! = ! ¡ ! 0; (2.19)

to rewrite (2.18) as

I CINT (~y s; ­ d) =
NX

r =1

NX

r 0=1

Z
d!

Z
d~! bÂ(~! ) bP

µ
~x r ; ! +

~!
2

¶
bP

µ
~x r 0; ! ¡

~!
2

¶
£

exp
©

¡ i ! [¿(~x r ; ~y s) ¡ ¿(~x r 0; ~y s)] ¡ i ~!
2 [¿(~x r ; ~y s) + ¿(~x r 0; ~y s)]

ª
:

(2.20)

Undoing the Fourier transforms in (2.20), we obtain after simple algebraic manipulations

I CINT (~y s; ­ d) »
NX

r =1

NX

r 0=1

Z
dt

Z
d~tP

µ
~x r ; t +

~t
2

¶
P

µ
~x r 0; t ¡

~t
2

¶
£

±B
£
~t ¡ ¿(~x r ; ~y s) + ¿(~x r 0; ~y s)

¤
Â

h
¿(~x r ;~y s )+ ¿(~x r 0;~y s )

2 ¡ t
i

;

(2.21)

10



wherethe symbol » standsfor approximate equality up to a multiplicativ e constant, Â is the inverse

Fourier transform of the window function bÂ, and

±B
£
~t ¡ ¿(~x r ; ~y s) + ¿(~x r 0; ~y s)

¤
=

Z

j! ¡ ! o j· B

d!
2¼

exp
©

i !
£
~t ¡ ¿(~x r ; ~y s) + ¿(~x r 0; ~y s)

¤ª

= ei! o[~t¡ ¿(~x r ;~y s )+ ¿(~x r 0;~y s )] sinf B [~t¡ ¿(~x r ;~y s )+ ¿(~x r 0;~y s )]g
¼[~t¡ ¿(~x r ;~y s )+ ¿(~x r 0;~y s )]

(2.22)

is an approximate delta function, for large bandwidth B .

The expression(2.21) shows that for B ! 1 ,

I CINT (~y s; ­ d) » J (~y s; t) ? Â(t)
¯
¯
t=

¿(~x r ;~y s )+ ¿(~x r 0;~y s )
2

; (2.23)

where

J (~y s; t) =
NX

r =1

NX

r 0=1

P
·
~x r ; t +

¿(~x r ; ~y s) ¡ ¿(~x r 0; ~y s)
2

¸
P

·
~x r 0; t ¡

¿(~x r ; ~y s) ¡ ¿(~x r 0; ~y s)
2

¸
(2.24)

and the symbol ? denotesconvolution. Because

J
·
~y s;

¿(~x r ; ~y s) + ¿(~x r 0; ~y s)
2

¸
= [I KM (~y s)]2 ; (2.25)

The expression(2.23) is a smoothed version of [I KM (~y s)]2, where the °uctuations in the Kirc hho®

migration image are diminished by the convolution with the window Â, so as to give a stable but

blurred estimateof the sourcelocation. Naturally , the smoothing comesat the expenseof resolution.

We analyzein detail the resolution of I CINT (~y s; ­ d) in Section4. Here, we give a heuristic estimate

using (2.21).

We begin by assumingas in the previous section that the array is small and centered at ~xc, and

approximate

¿(~x r ; ~y s) ¡ ¿(~x r 0; ~y s) ¼ ~x ¢r x ¿((x; 0); ~y s) ¼ ~x ¢r x ¿(~xc; ~y s) ; (2.26)
¿(~x r ; ~y s) + ¿(~x r 0; ~y s)

2
¼ ¿((x; 0); ~y s) ¼ ¿(~xc; ~y s) ;

for central and di®erencelocations x = (x r + x r 0)=2, ~x = x r ¡ x r 0 spanning the array A , as r; r 0

vary in 1; : : : ; N . Now, recall (2.22) and that Â is supported in interval ¼=­ d, to obtain roughly

I CINT (~y s; ­ d) »
X

x 2A

X

j ~x j· a

Z

jt ¡ ¿(~x c ;~y s )j· ¼=­ d

dt
Z

j~t ¡ ~x ¢r x ¿(~x c ;~y s )j· ¼=B
d~t

P
³

t + ~t
2 ; (x + ~x

2 ; 0)
´

P
³

t ¡ ~t
2 ; (x ¡ ~x

2 ; 0)
´

:

(2.27)

The resolution estimatesfollow from (2.27) and the results in Section2.2. The uncertainty in range

comesfrom the integration over t, which extendsto an interval of length ¼=­ d. The uncertainty in

11



the direction of arrival cor x ¿(~xc; ~y ) comesfrom the integration over the time lag ~t. Sincej~x j · a,

we have jr x ¿(~xc; ~y s) j · ¼=(B a) and the resolution limits are

jj~xc ¡ ~y j ¡ j~xc ¡ ~y sjj · O
µ

¼co

­ d

¶
;

¯
¯
¯
¯

xc ¡ »
j~xc ¡ ~y j

¡
xc ¡ »s

j~xc ¡ ~y sj

¯
¯
¯
¯ · O

³ ¼co

B a

´
: (2.28)

We show in Section 4 that estimates (2.28) are correct, except for the replacement of the

bandwidth by B ps , a smaller value than B due to the pulse spreadingthat occurs in ¯nely layered

media. In any case,wenote a delicatebalancebetweenthe smoothing e®ectof ­ d and the resolution.

The smaller ­ d is, the smoother the image but the worse the resolution. It is di±cult to ¯nd the

optimal ­ d from the theory of wave propagation in ¯nely layeredmedia. However, we can estimate

it from the image itself, as shown in [9] and in the next section.

2.5 Numerical simulations

We present in this section the results of numerical simulation for imaging both with Kirc hho®

migration and with the coherent interferometric functional. The setup for the numerical experi-

ments is shown in Figure 4 where the dimensionsof the problem are given in terms of the central

wavelength ¸ 0. We use an array of 41 transducers at a distance h = ¸ 0=2 from each other. The

object (the source) to be imaged is at range L = 78̧ 0 and at zero cross-range,measuredwith

respect to the center of the array. To obtain the numerical point spread function of the imaging

functionals, we consider¯rst the caseof imaging a point source. Then we illustrate the robustness

of the CINT functional with a more complicated extended source,consisting of four point sources

emitting simultaneously the samepulse f (t). The pulse f (t) is the time derivative of a Gaussian

with central frequency ! 0=(2¼) = 1kHz and bandwidth 0:6 ¡ 1:3kHz (measuredat 6dB). In the

following simulations the mean of the propagation speedis 3km/s and so the central wavelength is

¸ 0 = 3m.

The background randomly layeredmedium shown in ¯gure 4 is just schematic. Two realizations

of the actual randomly layered medium used in the simulations are shown in ¯gure 5. The sound

speedis given by (2.3) with mean c0 = 3:0Km/s and where the random, stationary processº (
z
l
) is

modeled using random Fourier seriesand a Gaussiancorrelation function. The correlation length

is l = 30cm and the standard deviation is ¾= 30%.

To generatethe array data we solve the acoustic wave equation, formulated as a ¯rst order in

time velocity-pressuresystem (2.1), using a mixed ¯nite element method [2, 3]. The propagation

medium is consideredto be in¯nite in all directions and in the numerical computations a perfectly

matched absorbing layer (PML) surrounds the domain [4]. In Figure 6 we show numerically gen-

erated time traces recordedat the array for one realization of the layered medium (left in ¯gure 5)

and the two sourcescon¯gurations considered.

12



�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	
































































���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���
































































�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

!�!

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

"�"

#

#

#

#

#

#

#

#

#

#

#

#

#

#

#

#

#

#

#

#

#

$

$

$

$

$

$

$

$

$

$

$

$

$

$

$

$

$

$

$

$

$

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

&

&

&

&

&

&

&

&

&

&

&

&

&

&

&

&

&

&

&

&

&

'

'

'

'

'

'

'

'

'

'

'

'

'

'

'

'

'

'

'

'

'

(

(

(

(

(

(

(

(

(

(

(

(

(

(

(

(

(

(

(

(

(

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

,

,

,

,

,

,

,

,

,

,

,

,

,

,

,

,

,

,

,

,

,

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

/�/

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

1�1

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

3�3

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

5�5

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

7�7

8

8

8

8

8

8

8

8

8

8

8

8

8

8

8

8

8

8

8

8

8

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

9�9

:

:

:

:

:

:

:

:

:

:

:

:

:

:

:

:

:

:

:

:

:

;

;

;

;

;

;

;

;

;

;

;

;

;

;

;

;

;

;

;

;

;

<

<

<

<

<

<

<

<

<

<

<

<

<

<

<

<

<

<

<

<

<

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

C�C

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

D�D

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

E�E

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

G�G

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

I�I

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

K�K

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

L�L

cr
os

s 
ra

ng
e

range

M

MN

NO

O

O

P

P

P

Q

Q

Q

R

R

RS

ST

T

U

UV

V

20

80

d

d

Figure 4: The setup for the numerical simulations. We show in this ¯gure the extended source
consistingof four point sourceslocated at (74; 0); (74; 4); (78; 2); (78; ¡ 2). The units are in carrier
wavelengths¸ o and the distanced is 4. The array has41 transducersat a distanceh = ¸ 0=2 apart,
with the central transducer located at point (0; 2).
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Figure 5: Two realizations of the randomly layeredmedium, with a sourceat the location indicated
by a red star. The abscissaunits are in carrier wavelength ¸ o and the sound speedis measuredin
km/s.

The imagesobtained with thesedata using the coherent interferometric functional are presented

in ¯gures 7-8, where they are also comparedwith imagesobtained using Kirc hho®migration. We

note that the CINT imagesare smoother and more stable than the onesobtained with Kirc hho®

migration, as the theory suggests. This can be seenby looking at the results closeto the source

location wherethe imagecorrespondsto the point spreadfunction of the imaging functional. What

the resolution theory cannot predict are the \ghost" reconstructedsourcesthat we observe both in

coherent interferometry and in Kirc hho® migration. These are due to the echoes form somepar-

ticular layers and their location changesfor di®erent realizations of the random medium (compare

the left and right column in ¯gure 7).

In the caseof one point source,we note that the imagesobtained with Kirc hho®migration are

slightly more noisy than the onesobtained with coherent interferometry. However, one can argue

that this doesnot really a®ectthe estimate of the location of the source. The important observation

here is that when the point spread function of the imaging method is noisy then this will a®ect

the resolution of the imagesfor extended objects and therefore make the method lessreliable for

imaging in clutter. To illustrate this we considerthe examplewith the four sourcesshown in ¯gure
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Figure 6: Tracesrecordedat the array for a single source(top) and four sources(bottom) buried
in the randomly layered medium shown in Figure 5, left.

4. The results obtained with coherent interferometry and Kirc hho®migration are shown in ¯gure

8. Clearly, with coherent interferometry the four sourcescan be reconstructed while the sourcesin

the back are lost in the noisefor Kirc hho®migration.

Remark 1 As pointed out in section 2.4 there is a trade-o®between stability and resolution, ex-

pressed here through the choice of the parameter ­ d. This parameter is adaptively estimated using

information from the reconstructed image (cf. [9]). To measure the quality of the reconstruction we

compute the total variation (TV , [29]) norm of the image(L 1 plus L 1 of the gradient) and we chose

the parameter ­ d as the one which minimizes this norm. The choice of the TV norm is based on

the following considerations. First, using the L 1 norm of the image is consistent with our objective

to minimize the image support, or in other words, to havea sparse representation that reduces the

blurring . Second, the L 1 norm of the gradient expressesour objective to penalize the noise by

minimizing rapid oscillations in the image. We do not claim that minimizing the TV norm is the

best possiblechoice. It is howeverthe one that givesthe best resultsamong the various methods we

tried (including the Shannonentropy method, [30]). In the examplespresented here, ­ d = B =6 for

the ¯rst realization of the layered medium and ­ d = B =4 for the second one.

Remark 2 In the reconstructed imagesthe source positions are shifted in rangeby approximately

4¸ 0. This corresponds to the random shift predicted by the ODA theory. The shift seems to be

constant along the array elementsin theseexperiments as the array aperture is small compared to
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Figure 7: Top: Kirc hho®migration imagesof a singlesourcefor the two realizations of the random
medium shown in Figure 5. The imageon the left (resp. right) corresponds to the random medium
shown in Figure 5, left (resp. right). Bottom: Coherent interferometric imagesof the samesource,
for the sametwo realizations of the background layeredmedium. The correct location of the source
is shown in each ¯gure with a greendot.

the range. Di®erent shifts are observed for di®erent realizations of the layered medium. The pulse

spreading as a function of depth is il lustrated in ¯gur e 9. At depth78̧ 0, corresponding to the source

position, the width of the pulse is approximately doublethe initial one.

3 The scaling and statistics of the recorded pressure ¯eld

There are three important length scales in this problem: The propagation distance O(´ ), the

correlation length ` of the °uctuations and the distance ¼co=B traveled by the the pulse of width
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Figure 8: Left: Kirc hho®migration image of four sourcesin the random medium shown in Figure
5, top. The traces recorded at the array are shown in Figure 6, bottom. Right: Coherent inter-
ferometric image of the samesources,in the samemedium. The correct location of the sourcesis
indicated with greendots.
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Figure 9: Tracesrecordedat a ¯xed transducer in the array, for a single sourceburied at di®erent
depths (the distance from the array is indicated in units of central wavelength ¸ o) in the layered
medium shown in Figure 5, top.

¼=B. We considera high frequency regime

¸ o = O
³ ¼co

B

´
¿ ´ ; (3.1)

and we set
¸ o

´
= ² ¿ 1: (3.2)

The °uctuations are strong ¾» 1 (seeequation (2.3)), but the wavelengthscover many correlation

lengths

` ¿
¼co

B
» ¸ o; (3.3)

so some averaging of the wave ¯eld occurs and we can get a coherent front at the array. This

averaging is done through a di®usion limit [26, 27, 1, 23], which requires that (3.1) and (3.3) be

related by

`´ = O
³ ¼co

B

´ 2
: (3.4)

We can then set the scaled range ´ to be O(1) relative to ², which means that the scaled

wavelengthsshould be proportional to ² and the scaledcorrelation length proportional to ²2. This

² scaling implies that the probing pulse has the form

f (t) = e¡ i ! 0
² t f B

²

µ
t
²

¶
; (3.5)
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with bandwidth B =². The forward model (2.6), (2.7) becomes

P(~x; t) =
Z

j! ¡ ! o j· B
d!

! 2 bf B (! ¡ ! 0)
2(2¼²)3

Z
d·

n
T

³ !
²

; · z

´
ei !

² (· ;· z )¢(x ¡ »;´ )+

R
¡ !

² ; · z
¢

ei !
² (· ;· z )¢(x ¡ »;2L ¡ ´ )

o
:

(3.6)

Finally, we scalethe smoothing parameter ­ d as

­ d ;
­ d

²
; (3.7)

and expect that ­ d ¿ B ; for somesmoothing to take place. If ­ d » B , the coherent interferometric

function becomesessentially [I KM (~y s)]2 and no smoothing occurs.

3.1 The asymptotic characterization of the recorded pressure ¯eld

The statistics of the pressure¯eld (3.6) are studied in detail in [24, 13, 12, 25, 1, 18, 16, 31, 21, 20],

in the asymptotic limit ² ! 0. Since the e®ectof the random medium on P(t; ~x) is encoded in

coe±cients T and R, that in turn depend on T
¡ !

² ; · z; ´
¢
, R

¡ !
² ; · z; ´

¢
and ~R

¡ !
² ; · z; L ¡ ´

¢
, the

characterization of P(~x; t) requires the moments of the transmission and re°ection coe±cients. In

this paper, we needjust a few facts about thesemoments, that we quote from [1, 18, 16, 20]:

(1) The re°ection coe±cient ~R
¡ !

² ; · z; L ¡ ´
¢

is decorrelatedfrom the transmissionand re°ection

coe±cients T
¡ !

² ; · z; ´
¢

and R
¡ !

² ; · z; ´
¢
, as ² ! 0. This is becausethey describe the behavior of

the waves in two di®erent parts of the random medium, in the bottom part z 2 (¡ L; ¡ ´ ) and the

top part z 2 (¡ ´ ; 0), respectively.

(2) For arbitrary frequencies! , ! 0 and slownessvectors · 0, · 0, we have, as ² ! 0,

E

(

T
³ !

²
; · z

´
R

µ
! 0

²
; · z

0

¶ )

! 0: (3.8)

(3) The coe±cients R decorrelate rapidly for frequenciesand vertical slownessesthat are not

within an ² neighborhood of each other. Explicitly , we have as ² ! 0

E

(

R
³ !

²
; · z

´
R

µ
! 0

²
; · z

0

¶ )

! 0; (3.9)

when j! ¡ ! 0j > O(²) or/and j· z ¡ · 0
z j > O(²).

(4) The coe±cients T remain correlated, even for frequenciesand slownessesthat are more than

² apart. In fact, if either j! ¡ ! 0j > O(²) or j· z ¡ · 0
z j > O(²), we have

E

(

T
³ !

²
; · z

´
T

µ
! 0

²
; · z

0

¶ )

! E
n

K OD A (! ; · z; ´ ) K OD A (! 0; · z
0; ´ )

o
; (3.10)
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where K OD A is the O'Doherty-Anstey kernel [24, 12, 5, 31]

K OD A (! ; · z; ´ ) = exp

"
i! W(´ )

c2
o· z

r
`
2

¡
! 2`´
4c4

o· 2
z

#

; (3.11)

and W(´ ) is standard Brownian motion.

3.2 Imaging with the OD A kernel

The expression(2.20) of the coherent interferometric imaging functional and the forward model (3.6)

show that I CINT (~y s; ­ d) involvesintegrals over frequencies! 2 [! o ¡ B ; ! o + B ], ~! 2 [¡ ­ d; ­ d] and

over slownesses· , · 0 of the products T
³

! + ~! =2
² ; · z

´
T

³
! ¡ ~! =2

² ; · z
0
´

, T
³

! + ~! =2
² ; · z

´
R

³
! ¡ ~! =2

² ; · z
0
´

and R
³

! + ~! =2
² ; · z

´
R

³
! ¡ ~! =2

² ; · z
0
´

:

Now, consider the expectation of I CINT (~y s; ­ d) and use the asymptotic results of Section 3.1.

Becauseof the decorrelation of the re°ection coe±cients at di®erent vertical slownessesand because

of the integrals over · and · 0 we seethat, as ² ! 0,

E fI CINT (~y s; ­ d)g ! E fI CINT
OD A (~y s; ­ d)g (3.12)

where

I CINT
OD A (~y s; ­ d) =

NX

r =1

NX

r 0=1

Z

j! ¡ ! o j· B

d!
²

Z

j ~! j· ­ d

d~!
²

³
! 2 ¡ ~! 2

4

´ 2

²4
bf B

µ
! +

~!
2

¡ ! o

¶
£

bf B
¡
! ¡ ~!

2 ¡ ! o
¢Z

d·
Z

d· 0K OD A

µ
! +

~!
2

; · z

¶
K OD A

µ
! ¡

~!
2

; · z
0

¶
£

exp
½

i
! + ~!

2
² [(· ; · z) ¢(~x r ¡ ~y ) ¡ ¿(~x r ; ~y s)] ¡ i

! ¡ ~!
2

² [(· 0; · 0
z) ¢(~x r 0 ¡ ~y ) ¡ ¿(~x r 0; ~y s)]

¾
:

(3.13)

In fact, all the moments of I CINT (~y s; ­ d) and I CINT
OD A (~y s; ­ d) are the samein the asymptotic limit

² ! 0 and one can show (see for example [22]) that I CINT (~y s; ­ d) converges in distribution to

I CINT
OD A (~y s; ­ d), the imaging function given by the ODA kernel.

A similar result can be obtained for Kirc hho®migration, sowe concludethat in the asymptotic

limit ² ! 0, only the ODA kernel (i.e. the coherent part of the signal) matters in both Kirc hho®

and coherent interferometric imaging. Naturally , ² will be small but ¯nite in general, so this

statement should be taken in an approximate sense. It is important to note that the asymptotic

approximation of I CINT by I CINT
OD A is more robust than that of Kirc hho® migration becauseof the

statistical smoothing intro duced with the parameter ­ d.
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4 Resolution analysis

We have seenin Section 3.2 that the coherent interferometric imaging function convergesin distri-

bution to I CINT
OD A , given by (3.13), so let us consider its resolution limits. We begin by describing in

Section 4.1 the data acquisition geometry and the time windowing of the traces. Then, we obtain

the resolution limits in Section 4.2.

4.1 The arra y data and acquisition geometry

Recall that the surfaceof measurements is at z = 0 and let ~x = (x; 0) be an arbitrary location in

the array. We simplify the notation with

¿((x; 0); ~y s) ; ¿(x; ~y); j(x ; 0) ¡ ~y sj = r (x ; ~y s); (4.1)

and supposethat we record the trace at ~x over a time window Ã(t) asymptotically independent of

², centered at the deterministic arrival time

¿(x; ~y) =
r (x; ~y)

c
: (4.2)

The measuredpressure¯eld is

P Ã(t; ~x) = P(t; ~x)Ã (t ¡ ¿(x; ~y)) (4.3)

with Fourier coe±cient

bP Ã
³ !

²
; ~x

´
=

Z
dt P Ã(t; ~x) ei !

² t =
1

2¼²

Z
d! 0 bP

µ
! 0

²
; ~x

¶
bÃ

µ
! ¡ ! 0

²

¶
ei ( ! ¡ ! 0)

² ¿(x ;~y )

=
1

2¼

Z
du bP

µ
! ¡ ²u

²
; ~x

¶
bÃ(u) eiu¿ (x ;~y ) (4.4)

where the domain of integration in u is determined by the bandwidth of the window, that is O(1).

In the following sectionwe usethe windowed pressure¯eld (4.3) for imaging the sourcelocation

~y . This requires measurements at various locations ~x in the array. Naturally , we can have many

acquisition geometriesbut under our assumption of small aperture a ¿ ´ the results come out

essentially the samefor most data gathering set-ups. Therefore, let us choosea commonmid-point

geometry, where we measureP Ã at transducer locations ~x r = (x r ; 0), ~x0
r = (x0

r ; 0) satisfying

x =
x r + x0

r

2
; ~x r = x r ¡ x0

r ; (4.5)

for x = x c, the center of the array, and ~x r varying with r = 1; 2; : : : ; N=2.

The array aperture is small, when comparedto the range ´ , so let us supposethat

a is proportional to ±; ² ¿ ± ¿ 1; ±2 · ²; (4.6)
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where the latter condition allows us to linearize the deterministic phasesin I CINT
OD A and thus to

simplify the calculations in Section 4.2. Of course,one can take large apertures too, in which case

the analysis of Section 4.2 should be modi¯ed accordingly.

Finally, we note that in our resolution analysis, we supposethat ­ d satis¯es

² ¿ ­ d = O(° ) ¿ B ; (4.7)

with B independent of ². Here the upper bound is neededfor the statistical smoothing and the

lower bound says that there is enoughcoherencein the data to have someresolution.

4.2 Resolution study

The imaging function I CINT
OD A (~y s; x ; ­ d) is given by (recall (3.13),

I CINT
OD A (~y s; ­ d; x) »

N =2X

r =1

Z

j! ¡ ! 0 j· B
d!

Z

j ~! j· ­ d

d~! bP Ã
OD A

Ã
! + ~!

2

²
; x +

~x r

2

!

bP Ã
OD A

Ã
! ¡ ~!

2

²
; x ¡

~x r

2

!

£ exp
½

¡ i
µ

! + ~!
2

²

¶
¿

¡
x + ~x r

2 ; ~y s
¢

+ i
µ

! ¡ ~!
2

²

¶
¿

¡
x ¡ ~x r

2 ; ~y s
¢
¾

;

(4.8)

where

bP Ã
OD A ( !

² ; ~x) = 1
16¼3

Z
du bÃ(u)

µ
! ¡ ²u

²

¶ 2
bf B (! ¡ ! 0 ¡ ²u)

Z
d· K OD A (! ¡ ²u; · z)

£ ei ( !
² ¡ u)(· ;· z )¢(x ¡ »;´ )+ iu¿ (x ;~y )

¼ ! 2 bf B (! ¡ ! 0 )
16¼2 ²2

Z
du bÂ(u)

Z
d· K OD A (! ; · z) ei ( !

² ¡ u)(· ;· z )¢(x ¡ »;´ )+ iu¿ (x ;~y ) ;

(4.9)

and where the integral over · can be approximated with the method of stationary phase. The

rapid phaseis

Á(· ) =
!
²

(· ; · z) ¢(x ¡ »; ´ ) ; where · z =

p
1 ¡ c2

o· 2

co
; (4.10)

so the main contribution to the · integral comesfrom slownessvectors · ? satisfying r Á(· ?) = 0.

We ¯nd easily that

· ? =
x ¡ »

cor (x ; ~y)
(4.11)

and the stationary phaseapproximation of (4.9) is

bP Ã
OD A

¡ !
² ; ~x

¢
¼ ! bf B (! ¡ ! 0 )´

8¼²c3
o¿2 (x ;~y ) K OD A (! ; · z

?) expf i !
² ¿(x; ~y)g

Z
du bÃ(u)

= ! bf B (! ¡ ! 0 ) sin2 µ(x )
8¼²co ´ exp

n
i !

² ¿(x; ~y) + i! Tps
sin µ(x )

W (´ )p
´ ¡

! 2T 2
ps

2 sin2 µ(x )

o
;

(4.12)
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where we set Z
du bÃ(u) = Ã(0) = 1; (4.13)

and de¯ned sinµ(x) = ´ =r(x; ~y) and the pulse spreadtime parameter

Tps =
1
co

r
`´
2

: (4.14)

The imaging function becomes,after approximating bf B (! § ~!
2 ¡ ! 0) ¼ f B (! ¡ ! 0) and setting

¿(x § ~x r =2; ~y) ¼ ¿(x; ~y) in the amplitude,

I CINT
OD A (~y s; ­ d; x) »

N =2X

r =1

´ 2

¿4(x ; ~y )

Z

j! ¡ ! 0 j· B
d! ! 2j bf B (! ¡ ! 0)j2

Z

j ~! j· ­ d

d~! £

e
i
µ

! + ~!
2

²

¶

[¿(x + ~x r
2 ;~y )¡ ¿(x + ~x r

2 ;~y s)]¡ i
µ

! ¡ ~!
2

²

¶

[¿(x ¡ ~x r
2 ;~y )¡ ¿(x ¡ ~x r

2 ;~y s)]
£

ei ! Tps
W ( ´ )p

´ [sin¡ 1 µ(x + ~x r
2 )¡ sin¡ 1 µ(x ¡ ~x r

2 )]+ i ~! Tps
W ( ´ )p

´
1
2 [sin¡ 1 µ(x + ~x r

2 )+sin ¡ 1 µ(x ¡ ~x r
2 )]£

e¡ ! 2T 2
ps

1
2 [sin¡ 2 µ(x + ~x r

2 )+sin ¡ 2 µ(x ¡ ~x r
2 )]¡ ~! 2

8 T 2
ps [sin¡ 2 µ(x + ~x r

2 )+sin ¡ 2 µ(x ¡ ~x r
2 )]£

e¡ ! ~! T 2
ps [sin¡ 2 µ(x + ~x r

2 )¡ sin¡ 2 µ(x ¡ ~x r
2 )] :

(4.15)

Now, let us recall that the array aperture is small and linearize the phasesin (4.15) as

¿
µ

x +
~x r

2
; ~y

¶
¡ ¿

µ
x ¡

~x r

2
; ~y

¶
¼ ~x r ¢r x ¿(x; ~y); (4.16)

1
2

·
¿

µ
x +

~x r

2
; ~y

¶
+ ¿

µ
x ¡

~x r

2
; ~y

¶ ¸
¼ ¿(x; ~y):

We also have

sin¡ 1 µ
µ

x +
~x r

2

¶
¡ sin¡ 1 µ

µ
x ¡

~x r

2

¶
¼ ~x r ¢r x sin¡ 1 µ(x) = ¡ ~x r ¢

(x ¡ »)
´ r (x ; ~y )

;

1
2

·
sin¡ 1 µ

µ
x +

~x r

2

¶
+ sin¡ 1 µ

µ
x ¡

~x r

2

¶ ¸
¼ sin¡ 1 µ(x) =

r (x; ~y)
´

; (4.17)

1
2

·
sin¡ 2 µ

µ
x +

~x r

2

¶
+ sin¡ 2 µ

µ
x ¡

~x r

2

¶ ¸
¼ sin¡ 2 µ(x) =

µ
r (x; ~y)

´

¶ 2

so neglecting quadratic terms of O(° ±+ ° 2) (recall (4.6) - (4.7)), and approximating the sum over
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the array by an integral over the aperture, we have

I CINT
OD A (~y s; ­ d; x) » ´ 2

¿4 (x ;~y )

Z

j ~x j· a
d~x

Z

j! ¡ ! 0 j· B
d!

! 2j bf B (! ¡ ! 0)j2

²2 e
¡

! 2 T 2
ps

sin 2 µ( x ) £

e
i !

² ~x ¢
·

r x ¿(x ;~y )¡r x ¿(x ;~y s )+ ²Tps sin µ(x )
x ¡ »

´ 2
W ( ´ )p

´

¸

£

Z

j ~! j· ­ d

d~! e
i ~!

²

h
¿(x ;~y )¡ ¿(x ;~y s )+

²T ps
sin µ( x )

W ( ´ )p
´

i

:

(4.18)

The evaluation of I CINT
OD A is now reducedto the computation of the integrals in ~! ; ~x and ! . The

integral over ~! is

F ~! =
Z

j ~! j· ­ d

d~! e
i ~!

²

h
¿(x ;~y )¡ ¿(x ;~y s )+

²T ps
sin µ( x )

W ( ´ )p
´

i

¼ 2
sin

n
­ d
²

h
¿(x; ~y) ¡ ¿(x; ~y s) + ²Tps

sin µ(x )
W (´ )p

´

io

h
¿(x; ~y) ¡ ¿(x; ~y s) + ²Tps

sin µ(x )
W (´ )p

´

i

(4.19)

and the integral over ~x gives

F ~x =
R

j ~x j· a d~xe
i !

² ~x ¢
·

r x ¿(x ;~y )¡r x ¿(x ;~y s )+ ²Tps sin µ(x )
x ¡ »

´ 2
W ( ´ )p

´

¸

= 4
sin

³
a! Á1

²

´

!
² Á1

sin
³

a! Á2
²

´

!
² Á2

; (4.20)

where

Á1 = ~e1 ¢
·
r x ¿(x; ~y) ¡ r x ¿(x; ~y s) + ²Tps sinµ(x)

x ¡ »
´ 2

W(´ )
p

´

¸
; (4.21)

Á2 = ~e2 ¢
·
r x ¿(x; ~y) ¡ r x ¿(x; ~y s) + ²Tps sinµ(x)

x ¡ »
´ 2

W(´ )
p

´

¸
:

Finally, to compute the integral over ! ,

F ! =
Z

j! ¡ ! o j· B
d! j bf B (! ¡ ! o)j2

e
¡

! 2T 2
ps

sin 2 µ( x )

Á1Á2

½
cos

·
a! (Á1 ¡ Á2)

²

¸
¡ cos

·
a! (Á1 + Á2)

²

¸¾
; (4.22)

we supposethat we have the Gaussianpulse

bf B (! ¡ ! o) = e¡
T 2

p ( ! ¡ ! o ) 2

2 ; (4.23)

with support O(1=Tp) » B . The integral (4.22) is

F ! » 1
Á1Á2

e

¡
a2 ( Á2

1+ Á2
2 )

4² 2
Ã

T 2
p +

T 2
ps

sin 2 µ( x )

!
8
<

:
sin

2

4 a! oÁ1

²
µ

1+
T 2

ps
T 2

p sin 2 µ( x )

¶

3

5 sin

2

4 a! oÁ2

²
µ

1+
T 2

ps
T 2

p sin 2 µ( x )

¶

3

5 cosh

2

4 Á1Á2a2

2²2

µ
T 2

p +
T 2

ps
sin 2 µ( x )

¶

3

5

+ cos

2

4 a! oÁ1

²
µ

1+
T 2

ps
T 2

p sin 2 µ( x )

¶

3

5 cos

2

4 a! oÁ2

²
µ

1+
T 2

ps
T 2

p sin 2 µ( x )

¶

3

5 sinh

2

4 Á1Á2a2

2²2

µ
T 2

p +
T 2

ps
sin 2 µ( x )

¶

3

5

9
=

;

(4.24)
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and it is a highly peaked function near the origin Á1 = Á2 = 0, as one can seeby plotting it.

Becauseformula (4.24) is rather complicated, to get an idea about the resolution limit, let us

look along the line Á2 = 0 in the two-dimensionalplane. Then, (4.24) becomes

F ! jÁ2=0 »

sin

2

4 a! oÁ1

²
µ

1+
T 2

ps
T 2

p sin 2 µ( x )

¶

3

5

Á1
e

¡
a2Á2

1

4² 2
Ã

T 2
p +

T 2
ps

sin 2 µ( x )

!

; (4.25)

so the uncertainty in Á1 is determined by

²
aBps

= min

(
²

aB

s

1 +
T2

ps

T2
p sin2 µ(x)

;
²

a! o

Ã

1 +
T2

ps

T2
p sin2 µ(x)

!)

; (4.26)

where we used that 1=Tp » B . Obviously, the sameconclusion holds for the uncertainty of Á2, if

we set Á1 = 0. Thus, gathering all our results and neglecting the O(²) random shifts in (4.19) and

(4.21), we have the resolution limits

r (x ; ~y ) ¡ r (x ; ~y s) · O
µ

²¼co

­ d

¶
;

¯
¯
¯
¯

x ¡ »
r (x; ~y)

¡
x ¡ »s

r (x ; ~y s)

¯
¯
¯
¯ · O

µ
²¼co

Bpsa

¶
: (4.27)

5 Summary

We have shown that, as in [10] for isotropic random media, the coherent interferometric functional

(2.18), which can be consideredto be a smoothed version of the squareof the Kirc hho®migration

functional (1.3), givesstatistically stable imagesin cluttered media that are ¯nely layered. When

the smoothing parameter ­ d, which is also the decoherencefrequency of the array data, is chosen

adaptively and in a suitably de¯ned optimal way (see Remark 1 in section 2.5) then there is

minimal lossof resolution and the imagesare stable. The properties of the coherent interferometric

functional (2.18) are ¯rst discussedinformally in a physical way, as in [10] for the isotropic case,

and then analyzed from ¯rst principles using the extensive theory of waves in randomly layered

media. The main result is that, as in [10], the range resolution is proportional to c0=­ d. Sincethe

decoherencefrequency is usually much smaller than the bandwidth, this result expressesin a clear

and e®ective manner the loss of range resolution due to the random layering. Contrary to what

happens in isotropic random media, analyzed in [10], there is no loss of cross-rangeresolution in

randomly layered media. We illustrate in section 2.5 with numerical simulations the e®ectiveness

of coherent interferometry for imaging in ¯nely layered random media.
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