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Abstract

We derive boundary conditions for the phase space energy density of

acoustic waves in a half space, in the high frequency limit. These bound-

ary conditions generalize the usual re
ection-transmission relations for

plane waves and are well suited for the study of wave propagation in

bounded random media in the radiative transport approximation [15].

The high frequency analysis is based on direct calculations with Fourier

integrals in the case of constant coe�cients and Wigner measures in

general, and it is presented in detail.
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1 Introduction

Energy propagation for high frequency waves can be described by the phase-

space energy density function (measure) that satis�es the Liouville equation

(transport equation). This is well known to researchers in wave propagation in

random media [1, 9] and was �rst analyzed mathematically for a deterministic

medium by L. Tartar [18] and P. G�erard [4, 5] as well as by P.L. Lions and

T. Paul [10]. High frequency asymptotic analysis (geometrical optics) [2, 8]

deals with the phase and amplitude of the waves, which leads to special forms

of the phase-space energy density. In this paper we analyze the phase-space

energy density in the presence of boundaries and interfaces, generalizing the

well known results of geometrical optics. This is of interest in wave propagation

in random media because it provides appropriate boundary conditions for the

radiative transport equation [15, 16].

We recall brie
y the transmission and re
ection of time harmonic, acoustic

plane waves, at a plane interface. The homogeneous acoustic equations are

�
@u

@t
+rp = 0 (1.1)

�
@p

@t
+ divu = 0

for the velocity u and pressure p. They admit plane wave solutions of the form

u = u0e
�i!t+ik�x; p = p0e

�i!t+ik�x: (1.2)

The frequency ! and the wave vector k are related by the dispersion law

! = vjkj; (1.3)

and with v = 1=
p
�� the sound speed. The amplitude vector (u0; p0) has the

form

u0 = A
k̂p
2�
; p0 = A

1p
2�

; (1.4)
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Figure 1.1: Re
ection and transmission of acoustic waves.

where k̂ =
k

jkj and A is a scalar amplitude.

We consider the re
ection and transmission between media 1 and 2 of a

plane wave incident at angle �1 on an interface, as is shown in Figure 1.1.

The interface conditions for the waves are continuity of the normal velocity

and pressure. This implies that the angle of incidence equals the angle of

re
ection, and Snell's law holds:

sin �1
v1

=
sin �2
v2

: (1.5)

Also, if A, B and C are the amplitudes of the incident, re
ected and trans-

mitted waves, respectively, then the re
ection coe�cient is

R(�1) =
B

A
=

�2 cos �1 � �1 cos �2
�2 cos �1 + �1 cos �2

; (1.6)

where �i = �ivi is the impedance of medium i, i = 1; 2, and the transmission

coe�cient is

T (�1) =
C

A
= 2

s
�2
�1

�1 cos �1
�1 cos �2 + �2 cos �1

: (1.7)

High frequency asymptotics, geometrical optics [2, 8], generalizes this plane

wave re
ection-transmission analysis to very general classes of waves that have
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a rapidly varying phase. The general theory of phase-space energy densities

[4, 5, 10, 18] does not address boundary and interface phenomena, except in

the special circumstances treated in [6]. In this paper we analyze in detail

the behavior of phase-space energy densities in the presence of boundaries and

interfaces.

We begin in Section 2 with a brief review of the Wigner distribution and

its properties. In the high frequency limit it tends to the phase-space energy

density, the object of our study. More details about the Wigner distribution

and its limit are given in Appendix A. In Section 3 we analyze re
ection and

transmission of time harmonic, high frequency acoustic waves in a homoge-

neous space with a plane interface. Here, incident, re
ected, and transmitted

waves are given explicitly by Fourier integrals and the high frequency analysis

can be done with direct calculations. The results are stated in Section 3.2 and

are what one expects from geometrical optics. Sections 3.3 and 3.4 contain

the asymptotic analysis. In Sections 3.5-3.7 we apply the results to the deriva-

tion of boundary conditions for the phase-space energy density (the limiting

Wigner measure). Section 4 contains the high frequency analysis of re
ection-

transmission by a plane interface when the medium is inhomogeneous, so that

we do not have explicit Fourier integral representations for the waves. The

general theory of the Wigner distribution (and semiclassical operators) is used

here, along with the necessary modi�cations to handle boundaries and inter-

faces. The results are stated in Section 4.2 and the derivations are given in

Section 4.3.

Our interest in the Wigner distribution and its high frequency limit is mo-

tivated by our experience with waves in random media [15], where it plays an

essential role. We are interested in spatial energy density, considered by Franc-

fort and Murat [3], which is one of the main objectives of geometrical optics

[2, 8], but also in the angularly resolved wave energy density. We do not deal
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with general H-measures [4, 18], because in the application to random media

di�erent spatial scales often appear explicitly. For example, the wavelength

may be comparable to the size of the scatterers and small compared to the

deterministic features of the medium and to the overall propagation distance.

After this paper was submitted L. Miller obtained by a di�erent tech-

nique the results on the re
ection-transmission problem for the time dependent

Schr�odinger and wave equations [11, 12, 13], including part of the grazing rays

region.

2 The Wigner distribution and

its high frequency limit

2.1 The Wigner distribution

We recall some basic facts about Wigner distributions which are useful in the

analysis of high frequency energy propagation. They can be found in [6, 7, 10]

and references therein. Given a function f(x) in S(Rd), the Schwartz space of

test functions, its Wigner distribution W (x;k) is de�ned by

W (x;k) =
Z dy

(2�)d
eik�yf(x� y

2
)f �(x+

y

2
): (2.1)

The function f(x) can be scalar or vector-valued; in the latter case W is a

matrix. The Wigner distribution is real valued, or a self-adjoint matrix in the

vector case, and its integral over all wave vectors k isZ
dkW (x;k) = f(x)f �(x): (2.2)

In the next section we will extend the de�nition (2.1) to f 2 S 0, the Schwartz
distributions. We may think of W as energy density in phase space. For

example, the Wigner distribution of a plane wave with wave vector �

f(x) = Aei��x (2.3)
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is supported on k = �:

W (x;k) = jAj2�(k� �): (2.4)

In general, however, it is not positive, i.e. not a measure, and so this interpre-

tation is not quite right.

2.2 High frequency limit

We want to consider the Wigner distributions of high frequency waves, i.e. of

functions f"(x) which are oscillating on a scale " as " ! 0. In order that W

have a nontrivial limit we rescale it:

W"(x;k) =
Z dy

(2�)d
eik�yf"(x� "y

2
)f �" (x+

"y

2
): (2.5)

In terms of the Fourier transform f̂ of f , the scaled form of W is

W"(x;k) =
Z dp

(2�
p
")2d

eip�xf̂"(
k

"
+
p

2
)f̂ �" (

k

"
� p

2
): (2.6)

Here f̂ is

f̂(k) =
Z
dxe�ik�xf(x): (2.7)

The duality between (2.5) and (2.6) can be expressed succinctly by

W"[f"(�)](x;k) = W"[
1

(2�")d=2
f̂"

� �
"

�
](k;�x): (2.8)

We are interested in the weak limit of W" as " ! 0. We �rst de�ne W"

weakly for f" 2 S 0, the space of tempered distributions. Let a(x;k) be a test

function in S(Rd � Rd). Then

< a;W" >= (aw(x; "D)f"; f"); (2.9)

where <;> is the usual inner product on Rd�Rd, (; ) is inner product on Rd,

and the Weyl operator aw(x; "D) is de�ned by

aw(x; "D)f(x) =
Z Z dydk

(2�)d
ei(x�y)�ka(

x+ y

2
; "k)f(y) (2.10)

=
Z dy

(2�")d
â(
x+ y

2
;
y � x

"
)f(y):
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Here â is the Fourier transform of a(x;k) in the variable k only. This operator

is bounded on L2, uniformly in " (see Appendix A)

jjaw(x; "D)jjL2!L2 � C(a): (2.11)

We note that if the functions f" are uniformly bounded in L2, then there

is a � in S 0(Rd�Rd) and a subsequence of their Wigner distributions W" that

converges weakly to it. This follows from the general theory in Chapter VII of

[17].

An alternative way to get to limits of Wigner distributions is to introduce

fW"(x;k) =
Z dy

(2�)d
eik�yf"(x� "y)f �" (x) =

eik�x="

(2�")d
f̂"(

k

"
)f �" (x): (2.12)

and weakly, for a(x;k) 2 S(Rd � Rd),

< a; fW" >= (a(x; "D)f"; f"): (2.13)

Now the semiclassical operators a(x; "D) are de�ned by

a(x; "D)f(x)=
Z dk

(2�)d
eik�xa(x; "k)f̂(k) (2.14)

=
Z dy

(2�")d
â(x;

y � x

"
)f(y):

and they are frequently more convenient for calculations than (2.10). The

main fact shown in Appendix A is that (2.14) and (2.10) are asymptotically

equivalent as "! 0

jjaw(x; "D)� a(x; "D)jjL2!L2 ! 0: (2.15)

Thus the family fW" has the same weak limits as W", as " ! 0, and if � is a

limit Wigner distribution of f" then

lim
"!0

(a(x; "D)f"; f") =< a; � >= Tr
Z
a(x;k)�(dxdk) (2.16)

with the limit taken along the subsequence "j corresponding to the subsequence

W"j converging weakly to �.
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The high frequency analog of (2.4) is the limit Wigner distribution of the

inhomogeneous high frequency plane wave

f" = A(x)eiS(x)="; (2.17)

where S(x) is the phase (real valued and smooth) and A(x) is the amplitude

(complex valued and continuous). The limit Wigner measure is easily seen to

be

�(x;k) = jA(x)j2 �(k�rS(x)): (2.18)

2.3 Some properties of limit Wigner distributions

A basic tool in Fourier integral operator calculus, proved in Appendix A along

with some other properties of semiclassical operators, is

Property 1 The product of two operators a(x; "D), b(x; "D) is

b(x; "D)a(x; "D) = (ba)(x; "D) +
"

i
(rkb � rxa)(x; "D) + "2Q"; (2.19)

where the operators Q" are uniformly bounded on L2.

The Weyl operators satisfy the same product rule (2.19). The adjoint Weyl

operators aw(x; "D) are given by

aw(x; "D)� = a�w(x; "D): (2.20)

A basic property of Wigner distributions is that their high frequency limits

are nonnegative distributions, that is, measures.

Property 2 (Positivity) Let the family f" be uniformly bounded on L2. Then

any limit Wigner distribution is a measure, called a Wigner measure.

Proof: It is su�cient to verify that < a; � >� 0 for all test functions a(x;k)

of the form a(x;k) = jb(x;k)j2 because those are dense in the set of positive
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test functions. Then (2.20) and the product rule (2.19) implies that for such

test functions

< a; � > = lim
"!0

(aw(x; "D)f"; f") (2.21)

= lim
"!0

(bw(x; "D)f"; b
w(x; "D)f") � 0;

where the limit is along a convergent subsequence.

Another important property is the following.

Property 3 (Localization) Let f"(x) be a family of uniformly bounded func-

tions in L2 and let �f(x;k) be any limit Wigner measure. Let �(x) be a

smooth function. Then the Wigner measure of the family g"(x) = �(x)f"(x) is

j�(x)j2�f(x;k). Moreover, let f", g" be two uniformly bounded families of L2

functions which coincide in an open neighbourhood of a point x0. Then any

limit Wigner measures �f and �g coincide in this neighborhood.

Proof. Let a(x;k) be a test function compactly supported in x, such that its

Fourier transform in k is compactly supported. Then

(a(x; "D)g"; g")� (j�(x)j2a(x; "D)f"; f")

=
Z
dxdzf �" (x) �

�(x)â(x; z)(�(x+ "z)� �(x))f"(x+ "z)! 0

as " ! 0. This proves the �rst statement which implies in turn the second

statement.

The localization property is quite useful because it allows the consideration

of Wigner measures for families of functions f" that are uniformly bounded in

L2
loc.

Another useful and intuitively clear property is that the Wigner measure

of waves going in di�erent directions is the sum of the individual Wigner

measures.
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Property 4 (Orthogonality) Let f", g" be two families of functions with

Wigner measures �f and �g, which are mutually singular. Then the Wigner

measure of the sum f" + g" is �f + �g.

Proof. Let a(x;k) be a positive test function of the form a(x;k) = jb(x;k)j2,
then by the product rule (2.19) and the Schwartz inequality we have

j(a(x; "D) f "; g")j = j(b(x; "D)f"; b(x; "D)g")j+O(")

� j(b(x; "D)f"; b(x; "D)f")j1=2j(b(x; "D)g"; b(x; "D)g")j1=2 +O(")

! < a; �f >
1=2< a; �g >

1=2 : (2.22)

Then, since �f and �g are mutually singular, we can split a(x;k) into a sum

of three terms:

a = a1 + a2 + a3; (2.23)

so that a1 is orthogonal to �f , a2 is orthogonal to �g, and the integral of a3

with respect to both measures can be made arbitrarily small. Then the right

side of (2.22) is arbitrarily small and thus its left side goes to zero in the limit

"! 0.

2.4 Convergence of energy

The Wigner distribution is well suited for studying high frequency limits and,

in particular, families of functions that depend on a small parameter in an

oscillatory manner, the "-oscillatory families of [6, 7]. The oscillatory property

is conveniently characterized by the following de�nition.

De�nition 1 A family of functions f" that is uniformly bounded in L2
loc is

said to be "-oscillatory if for every smooth and compactly supported function

�(x)

lim sup
"!0

Z
j�j�R="

jd�f"(�)j2d�! 0 as R! +1: (2.24)
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A simple and intuitive su�cient condition for (2.24) is that there exist a posi-

tive integer j and a constant C independent of " such that

"j
�����
�����@jf"@xj

�����
�����
L2
loc

� C: (2.25)

This condition holds, for instance, for high frequency plane waves

f"(x) = Aei��x=": (2.26)

Another natural example of "-oscillatory functions is

g"(x) = g(
x

"
); (2.27)

where g(x) is a periodic function with bounded gradient.

The main reason for introducing "-oscillatory functions is the following

theorem concerning weak convergence of energy, i.e. of the integral of the

square of the wave function.

Proposition 1 Let f" be a bounded family in L2
loc with limit Wigner measure

�(x;k). Then for any smooth function of compact support �(x)

Z Z
j�(x)j2�(dx; dk) � lim sup

"!0

Z
Rd
j�(x)f"(x)j2dx (2.28)

with equality holding if and only if f" is "-oscillatory. In this case lim sup can

be replaced by lim on the right side of (2.28).

The proof can be found in [6, 7].

With this proposition and the positivity property we can interpret �(x;k)

as a phase space energy density, that is, energy density resolved over directions

and wavenumbers. The relation between the limit Wigner measure and the

high frequency limit of the energy of the acoustic waves [15] is given in the

next Section.
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3 Transport equation and boundary conditions

for acoustic waves in a uniform half space

3.1 The acoustic equations

The equations for the acoustic velocity u and pressure p in the half space

xn � 0 are

�
@u

@t
+rp = 0 (3.1)

�
@p

@t
+ divu = 0;

where u = (u1; :::; un) and x = (x0; xn), x0 2 Rn�1, xn � 0, with n = 2 or 3.

The density � and compressibility � are constants. We consider time harmonic

high frequency solutions of (3.1) of the form

w"(t;x) = w"(x)e
�i!t="; (3.2)

where w" = (u"; p")
t, and !=" is the frequency. Then (3.1) becomes

�i!�u" + "rp" = 0 (3.3)

�i!�p" + "divu" = 0

and thus any uniformly bounded in L2
loc family of solutions is "-oscillatory by

(2.25). Equations (3.3) can be written as a time-reduced symmetric hyperbolic

system

"Dj @w"

@xj
� i!Aw" = 0; (3.4)

where the matrix A is

A = diag(�; �; �; �); (3.5)

the symmetric matrices Dj correspond to the divergence and gradient opera-

tors in (3.3), and repeated indices are summed. Let

w"(x) = veik�x=" (3.6)
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be a high frequency plane wave solution of (3.3). Then the vector v must be

an eigenvector of the dispersion matrix

L(k) = A�1kjD
j: (3.7)

The eigenvalues of L are

!+ = vjkj; !� = �vjkj; !3 = 0; (3.8)

where

v =
1p
��

(3.9)

is the speed of sound. The �rst two eigenvalues are simple and the eigenvalue

zero has multiplicity n� 1. The corresponding eigenvectors are

b+ = (
k̂p
2�
;� 1p

2�
); b� = (

k̂p
2�
;

1p
2�

); (3.10)

b3j = (
zjp
�
; 0); j = 1; :::; n� 1

where k̂ =
k

jkj is the unit vector in the direction of k and vectors zj and k̂

form an orthonormal frame. The b� are normalized so that

(Ab�;b�) = ���: (3.11)

The energy density of an acoustic wave is

E" = �(u")
2

2
+
�(p")

2

2
=

1

2

Z
(Aw";w")dk (3.12)

and since w" is "-oscillatory, its weak high frequency limit is

E(x) = lim
"!0

E"(x) = 1

2
Tr
Z
A�(x; dk); (3.13)

where � is the Wigner measure of w". The energy 
ux is

Fj" =
1

2
p"uj" =

1

2

Z
(Djw";w")dk (3.14)

and its high frequency limit is

Fj(x) = lim
"!0

Fj" =
1

2
Tr
Z
Dj�(x; dk): (3.15)

All integrals are over Rn.
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3.2 Statement of the results

Letw" be a family of solutions of (3.4) uniformly bounded in L2
loc. An arbitrary

solution of (3.4) can be decomposed into a sum of waves incident on and

re
ected from the plane xn = 0,

w"(x) = wI
"(x) +wR

" (x): (3.16)

Here

wI
"(x) =

Z dk0

(2�")(n�1)=2
eik

0�x0="+ik�n x
n="�"(k

0)b+(k
�) (3.17)

wR
" (x) =

Z dk0

(2�")(n�1)=2
eik

0�x0="+ik+n x
n="�"(k

0)b+(k
+): (3.18)

The vector k0 2 Rn�1 is called a horizontal wave vector and

k�(k0) = (k0; k�n ); k�n = �
s
!2

v2
� k02; (3.19)

with the square root chosen so that the imaginary part of k�n is nonnegative

since xn � 0. We deal with general waves in inhomogeneous media in Section 4

and so, for simplicity, we will analyze here only propagating waves. This means

that the amplitudes �"(k
0) and �"(k

0) of the incident and re
ected waves are

tempered distributions (in S 0) with support uniformly in fjk0j < !=vg. We

also assume that wI
" and wR

" are bounded in L2
loc and have boundary values

on xn = 0 that are bounded in L2
loc. In the next section we will prove

Proposition 2 The Wigner measure � of the family w" (3.16), with wI
"(x)

and wR
" (x) given by (3.17) and (3.18), respectively, has the form

�(x;k) = �(x;k)b+(k)b
�
+(k): (3.20)

The scalar measure �(x;k) is supported on the sphere

U = fk : vjkj = !g; (3.21)
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and satis�es weakly the transport equation

vk̂ � rx� = 0 (3.22)

in the half space xn > 0. The boundary value of � is

�(x0; 0;k) = ��(k
0;�x0)�(kn � k�n ) + ��(k

0;�x0)�(kn � k+n ); (3.23)

where �� and �� are the n � 1-dimensional Wigner measures of �"(k
0) and

�"(k
0), respectively.

The second statement (3.21) is a general form of the eiconal equation in

geometrical optics [2, 8]. The transport equation of geometrical optics r �
(jAj2rS) = 0 follows from (3.22) for Wigner measures of the form (2.18). The

scalar measure �(x;k) is the energy density in phase space since (3.11) implies

that the limit energy density (3.13) is

E(x) = 1

2

Z
�(x;k)dk (3.24)

and the energy density 
ux (3.15) is

F(x) = 1

2

Z
vk̂�(x;k)dk (3.25)

since

(Dib+;b+) = vk̂i: (3.26)

3.3 The transport equation in the interior

The limit Wigner distribution of the wave (3.16) can be computed directly

in a straightforward but tedious manner. By using Properties 2, 3 and 4 of

Section 2.3, this computation can be simpli�ed and systematized so that it can

be generalized to inhomogeneous media, in Section 4.
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Let x be a point inside the upper half space. Then the Wigner measure of

w" at x is the sum of four terms

�(x;k) = �I(x;k) + �R(x;k) + �IR(x;k) + �RI(x;k): (3.27)

The function wI
"(x) can be extended to all of Rn by (3.17) because we have

excluded evanescent waves. This extension will not change the values of the

Wigner measure �I(x;k) inside the upper half space by Property 3. The same

is true for wR
" (x) and �R(x;k). We denote by wI

" and wR
" these extended

functions. The Fourier transform of wI
" is

ŵI
"(
k

"
) = (2�")(n+1)=2�"(k

0)b+(k
�)�(kn � k�n ): (3.28)

Thus the Wigner measure �I is supported on the lower hemisphere of U in

(3.21) away from the equator, while the Wigner measure �R is supported on

the upper hemisphere. Then the cross Wigner measures �IR and �RI vanish

by Property 4 and

�(x;k) = �I(x;k) + �R(x;k): (3.29)

Property 3 and (2.8) imply that the Wigner measure �I(x;k) has the form

�I(x;k) = �I(x;k)b+(k)b
�
+(k); (3.30)

where �I(x;k) is the scalar Wigner measure of the family vI" given by

wI
"(x) =

Z dk0

(2�")(n�1)=2
eik

0�x0="+ik�n x
n="�"(k

0): (3.31)

This function satis�es the reduced wave equation

"2�wI
" +

!2

v2
wI
" = 0 (3.32)

and hence �I(x;k) satis�es weakly the transport equation [7, 10, 15]

k̂ � rx�I = 0: (3.33)
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This is veri�ed using (2.9), (3.32) and a test function a(x;k),

< a;k� r xW
I
" >=

Z
dxw�

"(x)
Z Z dydk

(2�)n
ei(x�y)�kk � rxa(

x+ y

2
; "k)w"(y)

= � 1

2i

Z
dxw�

"(x)
Z Z dydk

(2�)n
�y

�
ei(x�y)�ka(

x+ y

2
; "k)

�
w"(y)

+
1

2i

Z
dxw�

"(x)�x

"Z Z dydk

(2�)n
ei(x�y)�ka(

x+ y

2
; "k)w"(y)

#
= 0:

Similarly the Wigner measure �R has the form

�R(x;k) = �R(x;k)b+(k)b
�
+(k): (3.34)

The scalar measure �R(x;k) is supported on the upper hemisphere of U (3.21)

and satis�es the transport equation (3.33). Then (3.30) implies that �(x;k)

has the form (3.20)

�(x;k) = �(x;k)b+(k)b
�
+(k): (3.35)

The scalar measure � is supported on the sphere U in (3.21) and satis�es the

transport equation (3.22).

3.4 Boundary values of the Wigner distribution in the

high frequency limit

In order to compute �(x0; 0;k) let

rI"(x
0) = wI

"(x
0; 0) (3.36)

with wI
" de�ned by (3.31). Its Fourier transform is

1

(2�")(n�1)=2
r̂I"(

k0

"
) = �"(k

0): (3.37)

Then (2.12) and (2.8) imply that

fW "[wI
" ](x

0; 0;k) =
eik

0�x0="

(2�")n
ŵI
"(
k

"
)wI�

" (x0; 0) = fW"[r
I
" ](x

0;k0)�(kn � k�n )(3.38)

= fW"[�
I
"](k

0;�x0)�(kn � k�n );
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and thus

�I(x
0; 0;k) = ��(k

0;�x0)�(kn � k�n ); (3.39)

where ��(k
0;x0) is the Wigner measure of �"(k

0). A similar computation shows

that

�R(x
0; 0;k) = ��(k

0;�x0)�(kn � k+n ): (3.40)

The boundary value of �(x;k) is therefore

�(x0; 0;k) = ��(k
0;�x0)�(kn � k�n ) + ��(k

0;�x0)�(kn � k+n ); (3.41)

as claimed in (3.23).

3.5 Boundary conditions for a re
ecting boundary

We consider �rst the acoustic equations (3.3) with re
ecting boundary condi-

tions, Neumann

un jxn=0 = 0 (3.42)

or Dirichlet

p jxn=0 = 0: (3.43)

These boundary conditions imply that the amplitudes �"(k0) and �"(k0) are

related by

�"(k0) = �"(k0) (3.44)

or

�"(k0) = ��"(k0); (3.45)

respectively. Both (3.44) and (3.45) imply that

��(k
0;x0) = ��(k

0;x0) (3.46)
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and hence the Wigner measure �(x;k) satis�es the boundary condition

�(x0; 0;k0; kn) = �(x0; 0;k0;�kn): (3.47)

This is what one expects from physical considerations since (3.47) implies

that all the energy is re
ected under the boundary conditions (3.42) or (3.43),

and the normal energy 
ux at the boundary vanishes:

Fn(x
0; 0) =

unp

2
(x0; 0) =

1

2

Z
vk̂n�(x

0; 0;k)dk = 0: (3.48)

3.6 Interface conditions

Consider re
ection and transmission at the interface xn = 0 between two

homogeneous half spaces. In the upper half space xn > 0 the acoustic wave

w(x) has the form

w(1)(x) = w
(1)
I (x) +w

(1)
R (x) (3.49)

=
Z dk0

(2�")(n�1)=2
eik

0 � x0="+ ik(1)�n xn="�(1)
" (k0)b

(1)
+ (k�)

+
Z dk0

(2�")(n�1)=2
eik

0 � x0="+ ik(1)+n xn="�(1)" (k0)b
(1)
+ (k+)

and in the lower half space xn < 0

w(2)(x) = w
(2)
I (x) +w

(2)
R (x) (3.50)

=
Z dk0

(2�")(n�1)=2
eik

0 � x0="+ ik(2)�n xn="�(2)
" (k0)b

(2)
+ (k�)

+
Z dk0

(2�")(n�1)=2
eik

0 � x0="+ ik(2)+n xn="�(2)" (k0)b
(2)
+ (k+):

Here the quantities with the superscripts one and two correspond to the media

above and below the interface, respectively, and we omit the subscript ". The

interface conditions are continuity of the normal velocity and pressure:

u(1)n (x0; 0) = u(2)n (x0; 0) (3.51)

p(1)(x0; 0) = p(2)(x0; 0):
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This implies that the wave amplitudes in two media are related by

�(1)" (k0) = R(1)(k0)�(1)
" (k0) + T (2)(k0)�(2)" (k0) (3.52)

�(2)
" (k0) = T (1)(k0)�(1)

" (k0) +R(2)(k0)�(2)" (k0);

where R1(k0) and T 1(k0) are the plane waves re
ection and transmission coef-

�cients from the �rst medium into the second, and R2(k0) and T 2(k0) are those

from the second medium into the �rst. They are given by (1.6) and (1.7) with

jk0j = ! sin �=v. It follows that the boundary Wigner measures �(1;2)� and �
(1;2)
�

are related by

�
(1)
� (k0;x0) = jR(1)(k0)j2�(1)� + jT (2)(k0)j2�(2)� + 2Re

h
R(1)(k0) �T (2)(k0)�

(12)
��

i
(3.53)

�(2)� (k0;x0) = jT (1)(k0)j2�(1)� + jR(2)(k0)j2�(2)� + 2Re
h
T (1)(k0) �R(2)(k0)�

(12)
��

i
:

We see from these expressions that the values of �(1)� and �
(2)
� , which de-

termine the Wigner measures of the waves incident on the interface from each

side, do not determine the values of �
(1)
� and �(2)� . The additional information

needed is the cross Wigner measure �
(12)
�� of the waves incident from each side.

This determines the phase coherence of the incident waves. We now give some

examples of situations in which this information is known.

3.7 Coherent and incoherent incident waves

Example 1. Waves incident from one side.

We assume that

�(2)" = 0: (3.54)

If the medium above is slower than the one below the interface, that is if

v1 < v2: (3.55)
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then we can have total internal re
ection. Consider �rst a horizontal wave

vector k0 for which there is no total internal re
ection,

jk0j � !

v2
: (3.56)

Then (3.53) and (3.41) imply that for kn < 0

�(1)(x0; 0;k0;�kn) = jR(1)(k0)j2�(1)(x0; 0;k0; kn) (3.57)

�(2)(x0; 0;k0; k(2)n ) = jT (k0)j2�(1)(x0; 0;k0; kn): (3.58)

The normal component of the transmitted wave vector k(2)n is given by

k(2)n = �
vuutv21
v22
k02 � k02 +

v21
v22
k2n: (3.59)

The results (3.57) and (3.58) are the usual energy re
ection and transmission

boundary conditions.

There is total internal re
ection if the horizontal wave vector k0 is such

that

!

v2
< jk0j < !

v1
: (3.60)

Then k(2)n is imaginary and

�(2)(x0; 0;k0; kn) = 0 (3.61)

for all kn. Moreover, (1.6) implies that

jR(1)(k0)j = 1 (3.62)

and thus

�(1)(x0; 0;k0;�kn) = �(1)(x0; 0;k0; kn); (3.63)

as expected.

Example 2. Uncorrelated random incident waves.
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Assume that the incident amplitudes �(1)
" and �(2)" are independent random

processes with mean zero and let k0 be a horizontal wave vector for which

there is no total internal re
ection. Then the expectation of the cross Wigner

measure �
(12)
�� vanishes and (3.53) becomes

< �
(1)
� > = jR(1)(k0)j2 < �(1)� > +jT (2)(k0)j2 < �

(2)
� > (3.64)

< �(2)� > = jT (1)(k0)j2 < �(1)� > +jR(2)(k0)j2 < �
(2)
� >;

where <;> denotes ensemble average. In this case the averaged Wigner mea-

sures satisfy the usual transport-theoretic boundary conditions

< �(1)(x0; 0;k0;�kn) >=jR(1)(k0)j2 < �(1)(x0; 0;k0; kn) >

+jT (2)(k0)j2 < �(2)(x0; 0;k0;�k(2)n ) >

< �(2)(x0; 0;k0; k(2)n ) >=jT (1)(k0)j2 < �(1)(x0; 0;k0; kn) >

+jR(2)(k0)j2 < �(2)(x0; 0;k0;�k(2)n ) > :

Here the wave vector kn of the incident wave is negative and k
(2)
n is the vertical

wave vector of the transmitted wave given by (3.59).

Example 3. Correlated spatially homogeneous random beams.

We now consider wave amplitudes �(1)
" (k0) and �(2)" (k0) of the incident waves

that have the form

�(1)
" (k0) = "(n�1)=2�(k0) (3.65)

and

�(2)" (k0) = "(n�1)=2�(k0); (3.66)

with �(k0) and �(k0) the Fourier transforms of real valued spatially homoge-

neous random processes. Then ��(k0) = �(�k0), ��(k0) = �(�k0), and the

power spectra of �(k0) and �(k0) are given by

< �(k0)�(p0) > = (2�)n�1Q̂��(k
0)�(k0 + p0)
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< �(k0)�(p0) > = (2�)n�1Q̂��(k
0)�(k0 + p0) (3.67)

< �(k0)�(p0) > = (2�)n�1Q̂��(k
0)�(k0 + p0):

In this case the average of the Wigner measures �� is

< �(1)� (k0;�x0) >=<
Z dp0

(2�)n�1
e�ix

0�p0�"(k
0 � "p0

2
)��"(k

0 +
"p0

2
) >

= Q��(k
0): (3.68)

Similarly

< �
(2)
� (k0;�x0) >=<

Z dp0

(2�)n�1
e�ix

0�p0�"(k
0 � "p0

2
)��" (k

0 +
"p0

2
) >

= Q��(k
0) (3.69)

and

< �
(12)
�� (k0;�x0) >=<

Z dp0

(2�)n�1
e�ix

0�p0�"(k
0 � "p0

2
)��" (k

0 +
"p0

2
) >

= Q��(k
0): (3.70)

The boundary values of the average Wigner measures above and below the

interface are now given by

< �(1)(x0; 0;k0; kn) >= Q̂��(k
0)�(kn � k(1)�n ) (3.71)

+
n
jR(1)j2Q̂��(k

0) + jT (2)j2Q̂��(k
0) + 2Re[R(1) �T (2)Q̂��]

o
�(kn � k(1)+n )

and

< �(2)(x0; 0;k0; kn) >=
n
jR(2)j2Q̂��(k

0) + jT (2)j2Q̂��(k
0)

+ 2Re[R(2) �T (1)Q̂��]
o
�(kn � k(2)�n )

+Q̂��(k
0)�(kn � k(2)+n ): (3.72)
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4 Transport equation and boundary conditions

waves in an inhomogeneous half space

4.1 The acoustic equations in an inhomogeneous medium

We will now consider waves in an inhomogeneous medium, where the density

�(x) and compressibility �(x) are uniformly positive, bounded and smooth

functions. The acoustic equations (3.3) are

�i!�(x)u" + "rp" = 0 (4.1)

�i!�(x)p" + "divu" = 0:

This is a time-reduced symmetric hyperbolic system

"Dj @w"

@xj
� i!A(x)w" = 0; (4.2)

where the matrix A(x) is given by (3.5) and Dj are as before. The eigenvalues

and eigenvectors of the principal symbol

L(x;k) = A�1(x)kjD
j (4.3)

are given by (3.8) and (3.10) as in the constant coe�cients case, with �(x) and

�(x) depending on x.

The results that we obtained in Section 3 generalize without essential dif-

ferences to solutions of the inhomogeneous equations (4.1). However, now we

do not have Fourier integral representations for the solutions and we must de-

duce the results from the equations directly. This requires use of the theory of

Wigner measures outlined in Section 2 and it is carried out in this Section.
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4.2 Statement of results

Let w" be a family of solutions of (4.2), uniformly bounded in L2
loc , with

boundary values

r"(x
0) = w"(x

0; 0) (4.4)

that are also uniformly bounded in L2
loc. Given a tangential wave vector k0 2

Rn�1, we de�ne the wave vectors k�(k0) = (k0; k�n ), where

k�n (x
0; 0) = �

vuut !2

v(x0; 0)2
� k02: (4.5)

We assume that the singular support of the Wigner measure of rn(x
0) =

un(x
0; 0) is away from the sphere jk0j = !

v
.

Lemma 1 Any n� 1-dimensional Wigner measure �(x0;k0) for the boundary

value r"(x
0) has the form

� =�� b+(k
+)b�+(k

+) + ���b+(k
+)b�+(k

�) (4.6)

+ ����b+(k
�)b�+(k

+) + ��b+(k
�)b�+(k

�);

where all �'s on the right side of (4.6) are scalar measures, and the eigenvector

b+(x;k) is given by (3.10).

The analog of Proposition 2 is as follows.

Theorem 1 Any Wigner measure � of the family w" has the form

�(x;k) = �(x;k)b+(x;k)b
�
+(x;k): (4.7)

The scalar measure � is supported on the set

U = f(x;k) : v(x)jkj = !g (4.8)

and satis�es weakly the transport equation

rk!+ � rx��rx!+ � rk� = vk̂n(���(kn � k�n ) + ���(kn � k+n ))�(x
n):(4.9)
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Here the measures �� and �� are de�ned by (4.6), the weak limit � correspond-

ing to the same subsequence "j ! 0.

The second statement (4.8) generalizes the eiconal equation of geometrical

optics. It implies that the phase function S(x) for the geometrical optics

solutions (2.17), with the Wigner measure given by (2.18), satis�es the eiconal

equation [2, 8]

jrS(x)j2 = !2

v2(x)
: (4.10)

The transport equation (4.9) in the interior of the upper half space does not

depend on the presence of boundaries and is the same as for acoustics waves

in all of Rn [7, 15], as expected. It reduces to r � (rS(x)jA(x)j2) = 0, the

usual transport equation of geometrical optics, for Wigner measures of the

form (2.18).

Note that if � satis�es the transport equation

rk!+ � rx��rx!+ � rk� = 0 (4.11)

for xn > 0, � = 0 for xn < 0, and �(x;k) is continuous up to the boundary, so

that �(x0; 0;k) is de�ned, then the weak form of (4.11) is

rk!+ � rx��rx!+ � rk� =
@!+
@kn

�(x0; 0;k)�(xn): (4.12)

Since
@!+
@kn

= vk̂n, (4.9) is equivalent in that case to the boundary value prob-

lem

rk!+ � rx��rx!+ � rk� = 0; xn > 0 (4.13)

�(x0; 0;k) = ��(x
0;k0)�(kn � k+n ) + ��(x

0;k0)�(kn � k�n ): (4.14)

The boundary value (4.14) of �(x;k) has the same form as (3.23), the di�erence

being that the vertical wave number k�n varies with x. Furthermore, �� and
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��, de�ned by (4.6), are not given explicitly as limits of Fourier integrals as in

(3.17) and (3.18).

The form (4.14) of the Wigner measure on the boundary can be used to

derive boundary and interface conditions for re
ection and transmission as in

Sections 3.5, 3.6 and 3.7. The results in the inhomogeneous case are identical

to the ones in the homogeneous case but they are derived in a di�erent way.

We now illustrate this with re
ecting boundaries.

Consider the acoustic equations (4.1) with Dirichlet boundary conditions

(3.43). The last component of the vector r"(x
0) vanishes identically and hence

the last row and column of the matrix � vanish. Applying this condition to a

matrix of the form (4.6) and using the explicit form (3.10) of the eigenvectors

b+(x;k) we obtain

�� = �� = ���: (4.15)

The form (4.14) of the boundary Wigner measure implies now that

�(x0; 0;k0; kn) = �(x0; 0;k0;�kn) (4.16)

as in (3.47).

4.3 Derivation of the transport equation and

boundary conditions

4.3.1 Outline of the derivation

We cannot derive (4.7-4.14) using explicit solutions, as for a homogeneous

medium (3.16-3.18), because there aren't any in general. We use instead a

modi�cation of the technique of Gerard and Leichtnam [6], which can be ap-

plied to any symmetric time-harmonic hyperbolic system such as Maxwell's

equations and the elastic equations. First we prove Theorem 1, postponing

the proof of Lemma 1 till the end. In the next section we restrict solutions to
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a compact set and show that any Wigner measure � has the form (4.7) with

� supported on the set U de�ned by (4.8). We derive the weak form (4.43) of

the transport equation in Section 4.3.3. In Section 4.3.4 we evaluate the limit

on the right side of (4.43) in terms of the matrix-valued boundary Wigner

measure �(x0;k0) and in Section 4.3.5 we use expression (4.6) for this measure

to obtain (4.14). The proof of Lemma 1 is in Section 4.3.6.

4.3.2 The eiconal equation

We set w" to zero in the lower half space xn < 0 and, following [6], rewrite

(4.2) in weak form in Rn:

"Dj @w"

@xj
� i!A(x)w" = "Dnr"(x

0)
 �(xn): (4.17)

Here r"(x
0) are the boundary values given by (4.4). The Wigner measure of

families of functions uniformly bounded in L2
loc is de�ned in D0(Rn�Rn) using

the Localization Property 3 as follows. To de�ne a Wigner measure � on a

compact set K we multiply w" by a test function �(x) of compact support

that is equal to one on K. The Wigner measure of the family �w" on K is

independent of the choice of the cuto� function �. Let

w�
"(x) = �(x)w"(x) (4.18)

and let r�"(x
0) be its boundary value. Then w�

" and r
�
" are uniformly bounded

in L2. The system with cuto� is

"Dj @w
�
"

@xj
� i!A(x)w�

" � "Dj @�

@xj
w" = "Dnr�"(x

0)
 �(xn): (4.19)

Let a(x;k) be a matrix-valued test function having support with respect

to x inside K. We apply the operator a" = a(x; "D), given by (2.14), to both

sides of (4.19) and take inner product with w�
" to obtain

(a"("D
j @w

�
"

@xj
� i!Aw�

" � "Dj @�

@xj
w");w

�
") = "(a"(D

nr" 
 �);w�
"): (4.20)
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The family r�" 
 � is uniformly bounded in H�1=2�� for any � > 0, as can be

seen by taking Fourier transforms, and thus estimate (5.4) implies that the

right side of (4.20) vanishes as "! 0. To evaluate the limit on the left side we

note that the third and fourth terms go to zero and in the �rst two terms we

use the product rule (2.19). Thus

Tr
Z
a(x;k)(ikjD

j � i!A)�(dxdk) = 0 (4.21)

for all test functions a(x;k). This implies that

(kjD
j � !A)� = 0 (4.22)

and, since � is self-adjoint,

�(kjD
j � !A) = 0: (4.23)

Therefore the Wigner measure � is supported on the set U = fk : v(x)jkj =
!g, where the dispersion matrix L(x;k) in (4.3) has eigenvalue !. It has the

form

�(x;k) = �(x;k)b+(x;k)b
�
+(x;k) (4.24)

with the scalar measure � supported on the set U , as claimed in (4.7).

4.3.3 Weak form of the transport equation

We now derive the transport equation (4.9) for �(x;k). Equations (4.19) imply

the identity

0= i!(a"w
�
";w

�
")� i!(a"w

�
";w

�
") = (a"i!w";w

�
") + (a"w

�
"; i!w

�
") (4.25)

= "(a"

"
A�1Dj @w

�
"

@xj

#
;w�

")� "(a"
h
A�1Dnr�" 
 �

i
;w�

")

�"( @

@xj

h
DjA�1a"w

�
"

i
;w�

")� "(a"w
�
"; A

�1Dnr�" 
 �)

�"(a"
"
A�1Dj @�

@xj
w"

#
;w�

")� "(a"w
�
"; A

�1Dj @�

@xj
w"):
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The last term in the last line vanishes because the function � equals one iden-

tically on the support of a(x;k). We rewrite (4.25) as

"(a"

"
A�1Dj @w

�
"

@xj

#
;w�

")� "(
@

@xj

h
DjA�1a"w

�
"

i
;w�

")

�"(a"
"
A�1Dj @�

@xj
w"

#
;w�

")

= "(a"
h
A�1Dnr�" 
 �

i
;w�

") + "(a"w
�
"; A

�1Dnr�" 
 �): (4.26)

The product rule (2.19) implies that

"a"A
�1Dj @

@xj
� "

@

@xj
DjA�1a" = �0(x; "D) + "�1(x; "D) + "2R"; (4.27)

where �0 is

�0(x;k) = ia(x;k)A�1(x)kjD
j � ikjD

jA�1(x)a(x;k); (4.28)

�1 is

�1(x;k) =
@a

@km

@A�1

@xm
Djkj �Dj @A

�1

@xj
a�DjA�1 @a

@xj
(4.29)

and the operators R" are uniformly bounded on L2. To evaluate the limit of

(4.26) as "! 0 we use (4.27), (5.4) and (5.5), as in the previous section. We

obtain

Tr
Z
�0(x;k)�(dxdk) = 0 (4.30)

for all a(x;k). This holds automatically because of the eiconal equation (4.22)

or (4.23).

Next, we divide (4.26) by ", and take the limit "! 0. This gives

Tr
Z
�1(x;k)�(dxdk) + lim

"!0

1

"
(�0(x; "D)w�

";w
�
") = lim

"!0
M"(a); (4.31)

where

M"(a) = (a"[A
�1(x)Dnr�" 
 �];w�

") + (a"w
�
"; A

�1(x)Dnr�" 
 �): (4.32)
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The term involving @�=@xj in (4.26) vanishes in this limit since a(x;k) and

@�=@xj have disjoint support. To derive the transport equation for the scalar

measure � it is su�cient to consider test functions a(x;k) of the form

a(x;k) = a+(x;k)c+(x;k)c
�
+(x;k); (4.33)

with a+(x;k) scalar valued, and c+ the left eigenvector of the dispersion matrix

(4.3) corresponding to the eigenvalue !+. It is given by

c+(x;k) = A(x)b+(x;k): (4.34)

Then �0 vanishes and �1 becomes

�1 =
@a+
@ks

c+c
�
+

@A�1

@xs
Djkj � @a+

@xj
DjA�1c+c

�
+ + a+

(
@c+
@ks

c�+
@A�1

@xs
Djkj

+ c+
@c�+
@ks

@A�1

@xs
Djkj � Dj @A

�1

@xj
c+c

�
+ �DjA�1@c+

@xj
c�+ �DjA�1c+

@c�+
@xj

)
= �11 + �12 + �13: (4.35)

We calculate < �1;� > by evaluating � against each term in (4.35) sepa-

rately. This is similar to the calculation performed in Rn in [7] and [15]. Using

(4.24), the normalization (3.11) and (3.26), we �rst compute

< �11;� > = <
@a+
@ks

(b+; c+)(kjD
j @A

�1

@xs
c+;b+); � >

= <
@a+
@ks

(
@!+
@xs

c+ + !+
@c+
@xs

� kjD
jA�1@c+

@xs
;b+); � >

= <
@!+
@xs

@a+
@ks

; � > (4.36)

and

< �12;� >= � <
@a�im
@xj

(b+; c+)(D
jA�1c+;b+); � >= � <

@!+
@kj

@a+
@xj

; � > :(4.37)

We now show that

< �13;� >= 0: (4.38)
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We write

< �13;� >=< a+T; � >; (4.39)

where

T= (b+;
@c+
@ks

)(b+; kjD
j @A

�1

@xs
c+) + (b+; c+)(b+; kjD

j @A
�1

@xs
@c+
@ks

) (4.40)

�(b+; Dj @A
�1

@xj
c+)(b+; c+)� (b+; D

jA�1@c+
@xj

)(b+; c+)

�(b+; DjA�1c+)(b+;
@c+
@xj

):

The �rst term in T vanishes because of the normalization (3.11). We transform

the last term using (3.26) and (4.34) to get

T = (b+; kjD
j @A

�1

@xs
@c+
@ks

�Dj @A
�1

@xj
c+ �DjA�1@c+

@xj
� @!+

@kj

@c+
@xj

):(4.41)

Now we use the fact that b+ is an eigenvector of (4.3) and (4.34) to transform

the �rst term. We also use (4.34) to combine the second and third terms, and

use (3.11) to transform the last one in (4.41). This gives

T = �!+(b+; @A
@xs

@b+
@ks

)� (Djb+;
@b+
@xj

) +
@!+
@kj

(b+; A
@b+
@xj

): (4.42)

If we use again the fact that b+ is an eigenvector of L(x;k) we can rewrite the

last two terms and then collect them together to obtain

T= �!+(b+; @A
@xj

@b+
@kj

) + (
@b+
@xs

; kjD
j @b+
@ks

� A!+
@b+
@ks

)

=
@!+
@xj

(Ab+;
@b+
@kj

) = 0;

which is (4.38) . Then inserting (4.36), (4.37) and (4.38) into (4.31) we obtain

< a+;rk!+ � rx��rx!+ � rk� >= lim
"!0

M"(a): (4.43)

If the support of the test function a(x;k) lies inside the upper half space xn > 0,

then lim"!0M"(a) = 0. In fact, then the second term in (4.32) vanishes iden-

tically, and the �rst vanishes in the limit "! 0, because a is supported away

from the support of the �-function. Thus we obtain the transport equation

(4.9) in the interior of the upper half space.
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4.3.4 The boundary term in the transport equation

We now show that the limit on the right side of (4.43) is zero for a+ supported

in the interior, which gives the transport equation (4.9). It also gives the weak

form of the boundary conditions (4.14). We recall that M"(a) is de�ned by

(4.32)

M"(a) = (a"[A
�1(x)Dnr�" 
 �];w�

") + (a"w
�
"; A

�1(x)Dnr�" 
 �) (4.44)

and that a has the form (4.33).

Each term in (4.44) is of order "�1=2�� for any � > 0, as can be seen from

the Hs estimates (5.4) and (5.5) since r�" 
 � is uniformly bounded in Hs for

s = �1

2
� � for any � > 0. Thus cancellation of divergent terms should occur

if M"(a) is to have a �nite limit.

Let us �rst consider the limit ofM"(a) for a special class of matrices a(x;k)

of the form

a(x;k) = ~a(x;k)[L(x;k)� !I]: (4.45)

Here L(x;k) is the dispersion matrix (4.3), and the matrix ~a(x;k) satis�es

~a(x;k)[L(x;k)� !I] = [L�(x;k)� !I]~a(x;k): (4.46)

Then

M"(a)! 0 as "! 0; (4.47)

which is veri�ed using the product rule (2.19) and the acoustic equations (4.19)

as follows

M"(a)= (([L� � !I]~a)(x; "D)(A�1Dnr�" 
 �;w�
")

+((~a[L� !I])(x; "D)w�
"; A

�1Dnr�" 
 �)

� (~a(x; "D)(A�1Dnr�" 
 �);
"

i
A�1Dnr�" 
 � +

"

i
A�1Dj @�

@xj
w") (4.48)

+(~a(x; "D)(
"

i
A�1Dnr�" 
 � +

"

i
A�1Dj @�

@xj
w�

"; A
�1Dnr�" 
 �)! 0:
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Here � means that two expressions have the same limit as "! 0.

The scalar operators a+(x; "D) in the expression (4.33) for a act in (4.44)

approximately, by the product rule (2.19), on solutions w�
" of the acoustic

equations. If we could write a+ in the form ~a+(vjkj � !) then M"(a) ! 0

because ~a+(vjkj�!)c+c
�
+ = ~a+c+c

�
+[L�!I]. This means that a = a+c+c

�
+ has

the form (4.45) with ~a = ~a+c+c
�
+ and (4.46) holds. However, this is impossible

because the dispersion matrix L � !I is not invertible. It is singular on the

set U = f(x;k) : v(x)jkj = !g which means that not every matrix a is in the

range of L� !I. It is, however, possible to write every test function a+ in the

form

a+(x;k) = a0(x;k
0) + a1(x;k

0)kn + a2(x;k)(vjkj � !) (4.49)

with k = (k0; kn), the tangential and normal components of the wave vector,

and a0, a1 and a2 test functions that are uniquely determined by a+. Then

any a of the form (4.33) can be written as

a(x;k) = (a0(x;k
0) + a1(x;k

0)kn)A(x) (4.50)

+

 
a2(x;k)c+c

�
+ +

a0(x;k
0) + a1(x;k

0)kn
v(x)jkj+ !

c�c
�
�

+
a0(x;k

0) + a1(x;k
0)kn

!

n�1X
j=1

cj0c
j�
0

1A [L� !I](x;k):

This follows from the spectral representation of L� !I

L� !I = (!+ � !)b+c
�
+ + (!� � !)b�c

�
� � !

n�1X
j=1

bj0c
j�
0 (4.51)

and the resolution of the identity in the form

A = c+c
�
+ + c�c

�
� +

n�1X
j=1

cj0c
j�
0 (4.52)

The last term in the expression (4.50) for a has the form a = ~a[L � !I]

of (4.45) and the relation (4.46) holds. Therefore, in calculating the limit of
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M"(a) it is enough to consider the �rst two terms, the ones multiplied by A,

in (4.50).

Let a0 denote the �rst two terms in (4.50). Since it does not decay in kn

we regularize it by multiplying it by a suitable cuto� function

a00 = a0�("3kn): (4.53)

The function �(kn) is compactly supported and equal to one in a neighbour-

hood of zero and the scaling in " is faster than the oscillations so the limits

are not a�ected (see[6] for the details). The �rst term in M"(a
00) is, after using

the product rule to cancel A with its inverse,Z
dxw�

"(x)
Z d�

(2�)n
eik�xa0(x; "k

0)�("3kn)D
nr̂�"(k

0)

+
Z
dx0r��"

Z dk

(2�)n
eik

0�x0a0(x
0; 0;k0)�("3kn)D

nŵ�
"(k) (4.54)

! Tr
Z
d�Dna0(x

0; 0;k0):

Here � is the Wigner measure of r�"(x
0). Similarly, the second term in M"(a

00)

is approximatelyZ
dxw��

" (x)
Z d�

(2�)n
eik�xa1(x; "k

0)"kn�("
3kn)D

nr̂�"(k
0)

+
Z
dx0r��"

Z dk

(2�)n
eik

0�x0a1(x
0; 0;k0)"kn�("

3kn)D
nŵ�

"(k)

� �"
i

Z
dx

@w��
"

@xn
(x)

Z d�

(2�)n
eik�xa1(x; "k

0)�("3kn)D
nr̂�"(k

0) (4.55)

+
"

i

Z
dx0r��"

Z dk

(2�)n
eik

0�x0a1(x
0; 0;k0)�("3kn)D

n
d@w�

"

@xn
(k)

! �Tr
Z
d�[

n�1X
j=1

�jD
j � !A(x0; 0)]a1(x

0; 0;k0):

Thus we have

M"(a)! Tr
Z
d�[Dna0(x

0; 0;k0) (4.56)

�(
n�1X
j=1

�jD
j � !A(x0; 0))a1(x

0; 0;k0)]:
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This is zero if the test function a(x;k) is supported away from xn = 0 and

thus the transport equation (4.9) in the interior follows from (4.43).

4.3.5 Boundary conditions for the transport equation

We �rst recall the relation (3.26), (Dnb+(k);b+(k)) = vk̂n and

(Dnb+(k
+);b+(k

�)) = 0; (4.57)

(
n�1X
j=1

�jD
j � !A)b+(k

�) = �k�nDnb+(k
�):

We next use these relations and the form (4.6) of the boundary Wigner measure

� in the limit (4.56) to get, after using (4.50),

lim
"!0

M"(a) =
Z
��(dx

0dk0)[vk̂�n a0 + vk�n k̂
�
n a1] + (4.58)Z

��(dx
0dk0)[vk̂+n a0 + vk+n k̂

+
n a1]

=
Z
��(dx

0dk0)a+(x
0; 0;k0; k�n )vk̂

�
n

+
Z
��(dx

0dk0)a+(x
0; 0;k0; k+n )vk̂

+
n :

The cross term ��� has dropped out because of (4.57). Combining (4.43) and

(4.58), we obtain the weak form of the transport equation for the Wigner

measure �(x;k) in the upper half space

rk!+ � rx��rx!+ � rk� = vk̂n(���(kn � k�n ) + ���(kn � k+n ))�(x
n):(4.59)

The idea of using the representation (4.50) for the test matrix a comes from

a similar one used for the scalar wave equation by G�erard and Leichtman [6].

4.3.6 Form of the boundary Wigner measure

We prove now Lemma 1, which is independent of the results in Sections 4.3.2-

4.3.5.
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The function r"(x
0) satis�es the system

n�1X
j=1

"Dj @r"
@xj

� i!Ar" = �"Dn@w"

@xn

�����
xn=0

: (4.60)

Thus, for any matrix P such that

PDn = 0 (4.61)

we have

n�1X
j=1

"PDj @r"
@xj

� i!PAr" = 0 (4.62)

and hence

n�1X
j=1

P (kjD
j � !A)� = 0: (4.63)

From the form of Dn

Dn =

2666666664

0 0 : : : 0 0
...

... : : :
...

...

0 0 : : : 0 1

0 0 : : : 1 0

3777777775
(4.64)

and (4.62) we conclude that the �rst n � 1 rows of the matrix (
Pn�1

j=1 kjD
j �

!A)� are zero. Such matrices form a 2(n + 1)-dimensional subspace of the

space of (n + 1)� (n+ 1) matrices.

We distinguish two cases. First, we assume that jk0j 6= !

v
. Then the matrix

(
Pn�1

j=1 kjD
j � !A) is invertible and � belongs to the 2(n + 1)-dimensional

subspace of matrices of the form b+(k
�)u� for some vector u. Such matrices

satisfy (4.63) because

(k0jD
j � !A)b+(k

�) = �k�nDnb+(k
�) (4.65)

Therefore, since the Wigner matrix � is self-adjoint, it has the form (4.6)

�= ��b+(k
+)b�+(k

+) + ���b+(k
+)b�+(k

�)

+���b+(k
�)b�+(k

+) + ��b+(k
�)b�+(k

�);
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where all �'s are scalar valued measures and ��� = (���)
�.

Consider now the case when jk0j = !

v
. Then k+ = k� and the space of

matrices of the form b+(k
�)u� is (n + 1)-dimensional. There are two other

self-adjoint matrices, in addition to b+(k
�)b�+(k

�), satisfying (4.63)

Q1 = ee�; where e = (0; 0; : : : ; 1; 0) (4.66)

and

Q2 =

2666666664

0 0 : : : �1 0
...

... : : :
...

...

�1 �2 : : : 0 !�

0 0 : : : !� 0

3777777775
: (4.67)

However, both of these matrices, are non-zero only in the n-th column and row,

and, since we assumed that the Wigner measure of un(x
0; 0) is not singular on

the set jk0j = !

v
, they do not contribute to �. This completes the proof of

Lemma 1.

5 Basic properties of semiclassical operators

We derive some of the properties of the semiclassical operators a(x; "D) stated

in Section 2.3. Most of the proofs are either given or outlined in [6, 7]. We

recall �rst Schur's lemma.

Lemma 2 If K = K(x;y) is a continuous function on Rd � Rd and there

exists C such thatZ
Rd
jK(x;y)jdy � C;

Z
Rd
jK(x;y)jdx � C; (5.1)

then the operator

Af(x) =
Z
Rd
K(x;y)f(y)dy (5.2)

is bounded on L2 and jjAjjL2 � C:
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The next Lemma proves the L2-bound (2.11) and the Hs-estimates used in

Section 4.3.

Lemma 3 Let a(x;k) 2 S(Rd
x �Rd

k). Then for s > 0

jja(x; "D)jjL2!L2 � C(a) (5.3)

"s jja(x; "D)jjH�s!L2 � Cs(a) (5.4)

"s jja(x; "D)jjL2!Hs � Cs(a): (5.5)

Proof. We have

a(x; "D)f =
Z dy

(2�")d
â(x;

y � x

"
)f(y); (5.6)

where hat denotes the Fourier transform in k. Since

Z dy

(2�")d

����â(x; y� x

"
)

���� = Z dy

(2�)d
jâ(x;y)j (5.7)

and

Z dx

(2�")d

����â(x; y � x

"
)
���� = Z dz

(2�)d
jâ(y + "z; z)j �

Z dz

(2�)d
sup
x
jâ(x; z)j ;

the estimate (5.3) follows by Lemma 2. To show that (5.4) holds, we de�ne a

function g(x) by its Fourier transform

ĝ(k) =
f̂(k)

(1 + jkj2)s=2 ; (5.8)

so that jjf jjH�s = jjgjjL2. Then

"sa(x; "D)f = "s
Z dk

(2�)d
eik�xa(x; "k)(1 + jkj2)s=2ĝ(k) (5.9)

=
Z dk

(2�)d
eik�xa(x; "k)("2 + "2jkj2)s=2ĝ(k);

and (5.4) follows by Schur's Lemma. The estimate (5.5) for integer s is ob-

tained by di�erentiating (2.14) s times with respect to x.
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Lemma 4 The Weyl operators aw(x; "D) and the semiclassical operators a(x; "D)

are asymptotically equivalent, that is

jja(x; "D)� aw(x; "D)jjL2!L2 ! 0 (5.10)

as "! 0.

Proof. Given a function f 2 L2 we have

a(x; "D)f =
Z dy

"d
~a(x;

x� y

"
)f(y) (5.11)

aw(x; "D)f =
Z
dy

"d
~a(
x+ y

2
;
x� y

"
)f(y)

and thus

(aw(x; "D)� a(x; "D))f =
Z dy

"d
f~a(x+ y

2
;
x� y

"
)� ~a(x;

x� y

"
)gf(y):

Then (5.10) follows by Schur's Lemma and the dominated convergence theo-

rem.

We now show that the product of two semiclassical operators corresponds

to the operator which is nearly the product of their symbols.

Lemma 5 The product of two operators a(x; "D), b(x; "D) is

b(x; "D)a(x; "D) = (ba)(x; "D) +
"

i
(rkb � rxa)(x; "D) + "2Q"; (5.12)

where the operators Q" are uniformly bounded on L2.

Proof. We have

b(x; "D)a(x; "D)f =
Z Z dpdqeix�(p+q)

(2�)2d
b(x; "p+ "q)â(p; "q)f̂(q); (5.13)

where hat denotes the Fourier transform in x now. Then (5.12) follows by

expanding (5.13) in the powers of ". A more detailed proof is given in the

Appendix to [7].
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