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Abstract

The forward and Markov approximation for high frequency waves propagating in weakly fluctuating
random media is the solution of a stochastic Schrodinger equation. In this context, the strong intensity
fluctuations regime corresponds to long propagation distances. This regime has been studied by several
different methods, such as expansion of the moment equations and path integral representations. It 1s a well-
accepted fact that, in this regime, the field becomes Gaussian and completely decorrelated which implies, in
particular, that the intensity has an exponential probability distribution. The aim of this paper is to give
additional evidence for this by analyzing the stationary moment equations. Under the natural hypothesis of
asymptotic spatial decorrelation of the field, we construct boundary conditions for these stationary equations
which can then be solved explicitly. We note that the limiting probability distribution does not depend on
the spectral content of the randomnes; which plays an essential role at finite propagation distances in the
regime of saturation of the intensity fluctuations.
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1 Introduction

During the last thirty years a great deal of work has been devoted to the study of high frequency
wave propagation through weakly fluctuating random media. This problem arises in optics for light
passing through a turbulent atmosphere or in acoustics for sound waves propagating in the ocean
and elsewhere. A fairly recent and complete review can be found in the volume edited in 1993 by
V.I. Tatarskii, A. Ishimaru and V.U. Zavorotny and entitled ”Wave Propagation in Random Media
(Scintillation)” [1]. Even though the full problem, the reduced wave equation with random index
of refraction, is linear, it cannot be solved explicitly in the sense that it is impossible to compute
the probability distribution of the wave field as a (highly nonlinear) function of the probability
distribution of the medium. In most approaches, the different scales associated with the problem
are first identified and then approximations are introduced that are valid in various regimes defined
by the relative size of the scales.

In the high frequency regime, the parabolic or forward scattering approximation amounts to
neglecting the back-scattered part of the wave. It transforms the original elliptic problem (the re-
duced wave equation) into an evolution equation along the direction of propagation. This evolution
equation is a Schrodinger equation with a random potential and it is impossible to get from it closed
evolution equations for the moments of the wave field. These moments are important quantities in
the applications: the first moment, or mean field, corresponds to the coherent, or unscattered field;
the second moment (the field and its conjugate) corresponds to the mutual coherence function and
to the mean intensity of the field; the fourth moment gives the fluctuations of the intensity. In
general, the moments describe the probability distribution of the wave field.

Another approximation that is valid for long propagation distances, compared to the correlation
length of the inhomogeneities, and when the random coeflicients are weakly fluctuating, is the so-
called Markov approximation. It amounts to letting the inhomogeneities be §-correlated in the
direction of propagation. The corresponding equation for the wave field becomes a stochastic
Schrodinger equation which has been studied in detail [2,3]. Their moment equations are closed at
each order, as we recall in section 3. In a recent mathematical study, [4] and [5], it has been shown
that these two approximations, parabolic and white noise, can be performed simultaneously in the
regime of high frequency and weak noise, the wavelength being of the order of the 2/3 power of the
size of the noise. This stochastic Schrodinger equation is our starting point:

(s, a) = uo(x)—l—i/oz Au(zgx)dy”/j w(=,2) o W(d=', ) (1)

where z > 0 is distance along the direction of propagation, u(0,2) = ug(z) is the initial complex
field amplitude, # denotes the two-dimensional transverse space variables, A denotes the Lapla-
clan with respect to z, W(z, ) is a real, infinite dimensional Brownian Motion with covariance
(W(z,2)W(z,y)) = Q(z — y)(=z A 2’), and oW denotes a Stratonovich stochastic integral. This
equation can be rewritten in the Ito sense as follows:

z 1 z
(=, w) = uo(x)—l-/ (A — 5@(0))u(z’,x)dz’—|—i/ w(+ @) W(d',x) (2)
0 0
In atmospheric turbulence applications, we assume that ¢ has the spectral representation
Q)= [ eMa(in (3)
R

which may include the Kolmogorov case, ¢(|A]) = |A|="1/3, with appropriate cut-offs at |A| = %T

and |A| = %—7; corresponding to the inner and outer scales.



We note that the frequency does not appear in our equation since we have already gone to a high
frequency limit and the variables are scaled. We could have left the wavenumber &k in the equation
(1) by dividing the Laplacian by k and multiplying the Brownian motion by k, and multiplying
Q(0) by k? in (2). Since we are dealing here with a single frequency we may set k = 1. In fact, it
has been shown in [5] that the correct multi-frequency parabolic and white noise approximation is
obtained by writing an equation like (1) for each frequency with a single Brownian Motion W.

The solution of (1) has been characterized as the unique solution of an infinite dimensional
martingale problem in [2], in the case of an initial condition ug in L? for which the energy, ||u||* =

Jp2 u(z,@)u(z, x)dz, is conserved (i.e. remains constant in z). We are interested here in the plane
wave case, namely the case up(2) = 1 identically. This situation requires some extra work, but
roughly speaking, the translation invariance property of the noise W(z, 2) with respect to «, enables
us to consider the solution u(z,x) as a stationary field in the transverse direction.

Using an infinite dimensional version of It6’s calculus we obtain equations for the moments of any
order of the field. These equations are well-known (see for instance [6,7,8,9]). Up to second order
they can be solved explicitly. The higher order moment equations, and in particular the fourth order
moment equation, have been the subject of a lot of work, theoretical as well as numerical [10,11,12]
and experimental. In this paper we revisit the so-called regime of strong intensity fluctuations
which corresponds, in our notations, to the distance of propagation, z, becoming large. This large
distance limit has been studied by various methods and it is a well-accepted fact that the field
tends to an uncorrelated Gaussian. In particular, the probability distribution of the intensity is
asymptotically exponential. This can be seen by a formal high frequency expansion of the moment
equations, as was done in [13]. The limit exponential distribution cannot be completely proved
by this approach because of the non-uniformity of the expansion with respect to the order of the
moments. This is quite similar to what happens when path integral representations are used (see
[14,15] or [16]).

The aim of this paper is to give another argument showing that the large z distribution of the
intensity is expomnential. The main step in our analysis is a change of variables in the equation
for the higher order moments. We have used this to study only the equilibrium behavior of the
moments. We expect that this tool will also be useful in the large z, or even not so large z, analysis
of the higher moment equations.

2 Outline of the Argument

Our derivation of the exponential law for the field intensity relies on two hypotheses which are quite
natural. We assume first that, as z goes to +00, the moments of any given order converge to a
solution of the stationary equation corresponding to the evolution equation (section 3). Second, we
assume that these limiting moments "decorrelate” at infinity, meaning that they become products
of lower order moments as transverse points separate (section 4). This is usually assumed to be true
at finte z (but has not been proved) and is used in numerical computations [11]. These hypotheses
enable us in section 4 to construct, by induction, boundary conditions for the stationary equations,
the explicit solution of the first and second order moment equations being the starting point of the
induction.

The main technical part of our argument is a change of coordinates for the moment equations
of arbitrary order, given in section 5, that generalizes the widely used change of variables for the
fourth moment equations. The point of this transformation is that it allows us to obtain explicit
solutions of the stationary moment equations that are compatible with the boundary conditions of
section 4. We must also use here the special form of the potential term in the moment equations
that makes it vanish when coordinates coalesce (property (18) section 5).



Finally we shall show in section 5 that the moments corresponding to the uncorrelated Gaussian
field are solutions of the stationary moment equations with the prescribed boundary conditions.

We would like to point out that the field itself converges only in the sense of the finite dimensional
distributions: for any given set of distinct points {z1,..., 2}, the law of {u(z,21),...,u(z,2%)}
converges, as z goes to +o0o, to the law of k independent complex random variables having the
same centered Gaussian law with independent real and imaginary part with variance 1/2. This is
what we could call ”a perfect speckle”, which implies in particular that the probability distribution

of the intensity at a given point, I(z,2) = u(z,z)u(z, ), converges to an exponential law with
parameter 1, its density being given by exp(—1I).

In order to illustrate this type of convergence one can think of the simplified model where only
the phase is affected:

u(z,z) =1+ i/OZ u(2',2) o W(d, z) (4)

Its solution is given by u(z,2) = exp(iW(z,z)) and an elementary computation with Gaussians
shows that for given distinct points {z1, ..., zx}, the moments

(u(z,21)™ u(z,21) !

converge, as z goes to 400, to 0 unless m; = n; for every 7 = 1,...,k, in which case it converges
to 1. These limiting moments are those of exp(i¢(z)) where {¢(z),z € IR?} is a collection of
independent phases uniformly distributed over (0,27).

In the other extreme case, where there is no randomness, Q(0) = 0, the field is simply constant
and equal to 1. In the degenerate case where W depends only on z, the field is simply the free field,
equal to 1, with a phase exp(:W(z)) that does not depend on = and converges to exp(¢) where ¢
is a uniformly distributed phase.

Clearly, our case is a nontrivial interaction between diffraction and random scattering. Nev-
ertheless, as we shall see, the large z limit is independent of the spectral content of W in the
transverse variables.

3 Moment Equations

For points (21, ..., ¥k, Y1, ..., Y1) In IR? we denote by my, the moment defined by:

Mg (T1, s T3 Y15 oo Y15 2) = (w2, 21)u(z, 2p)u(z, y1).ou(z, y1)) (5)

where it is understood that if k¥ = 0 ounly conjugate fields appear, and if [ = 0 ounly fields appear in
the product. The points need not be distinct.
Equation (2) can be rewritten in differential form for the field and its conjugate:

du(z,z) = tAudz — %Q(O)udz +iu-W(dz,x) (6)
du(z,y) = —iAudz — $Q(0)udz — iw- W(dz,y)

A straightforward application of the stochastic calculus enables us to write a stochastic differential

equation for u(z,z1)...u(z, zr)u(z,y1)...u(z, y;). Taking a mathematical expectation in this equa-
tion, the martingale terms disappear and we are left with the following linear differential equation
for my

DL = (R Ay = Xy Ay i — 3+ DQ(0)my -
—{Zfﬂ Zé‘:1 Qzr — y;) — 21§T<j§k Qzy — ;) — Z1§r<]‘§l Q(yr — yj)ymu



Introducing the structure function V' given by V(2) = Q(0) — Q(x) and the potentials Fj; defined
by:

kool
Fra(@t, o @i yts s y) = 3 Viee —y))— Y, Vie,—2j)— >, Vig—y)  (8)
r=1;=1 1<r<j<k 1<r<y<l
the moment equations become:
dmpg; . il ! 1
el (D Asy = DAy )mpg — {Frg + (k= D*Q(0)}my (9)
r=1 7=1

These equations are well-known and have been derived before in many different ways [7,8,9].
In the plane wave case, the initial conditions are given by my|.—0 = 1. Up to second order
these equations are explicitly solvable and we get:

myo(x;2) = (u(z,2)) = moa(y; 2) = (ulz,y)) = eXP{—%Q(O)Z} (10)
mya(@;y;z) = (u(z, 2)u(z,y)) = exp{—V(z — y)z} (11)

Our first hypothesis is that the moments my, ; converge, as z goes to 400, to limiting quantities
M, ; which are solutions of the stationary equations associated to the evolution equations (9):

Z;I‘Eoo ka(xl’,,,7xk;y17...7yl;z):MkJ(l’l,---71’k§y17---7yl) (12)
and
k I 1
i(07 Mgy = 302 )My = (Fig + (k= 1)°Q(0) My (13)
r=1 j:l

From (10) and (11) one can see that My o= Moy =0 and My4(z;y)=1if e =yand 0if 2 #y
since Q(0) > 0, V(0) =0 and V(2 —y) > 0if  # y. In particular, for (k,7) = (1,0),(0,1) or (1,1)
the convergence part of the hypothesis is satisfied.

Since we are considering the plane wave case, ug = 1, and W stationary in z, u(z, ) is also
stationary in x; in particular my;, and therefore My ;, do not depend on the center of mass R =
1+ ...+ 25+ y1 + ... + yi. When studying M} one can always assume that R = 0 although (13)
has to be solved with respect to all the variables.

4 Boundary Conditions

In this section we formulate the decorrelation property of the My ;’s that we assume. We then show
that My ; = 0 identically for k # [ and we derive boundary conditions for (13) in the case k = [.

4.1 Second Hypothesis

For a set Ap; = (@1, ..., ks Y1, ..., 1) of points in IR? we denote by M4 = My, , the corresponding
quantity defined in (12). For two such sets A and B, let A + B be the combined set of points, the



@’s with the #’s and the y’s with the y’s. Denoting by d(A, B) the distance between the two sets
of points, our second hypothesis is

li M — M M| =0 14

. |MayB AMp| (14)

Note that this property is usually assumed to be valid for the m’s at z > 0 fixed: for instance, with

(10) and (11), one can check that |mq1(2;y;2) — my o(2; 2)mo1(y; 2)| goes to 0 as |z — y| goes to
+00 since V(+o0) = Q(0). This, however, has not been shown to hold in general.

4.2 The case k #1

We shall show that M} ; = 0 identically for k # I. This will be done by induction on k 4+ [. It has
already been observed that Mg = My = 0. Let us suppose that My = 0 for every (k’,1’) such
that &' # " and ¥ + 1" < 1+ k for (k,1) given such that k # [.

The boundary conditions for (13), satisfied by My, are obtained as follows. As was observed
at the end of the previous section, one can assume that the center of mass of the set Ap;is at the
origin without any influence on My ;. If the diameter of Ay, denoted by diam(Ay;), goes to +oo,
there exists a non trivial partition (B, C') of Ay, such that the distance between B and C goes to
+00; moreover at least one of the sets B or C' is such that ¥’ # " where &’ (resp. ') is the number
of #’s (resp. y’s) in that set. Since the partition is non trivial we have k' + 1’ < k + I. From our
second hypothesis and the induction hypothesis we deduce that My ; — 0 as diam(Ay ;) +o0.

Therefore M} is a solution of the linear equation (13) with boundary conditions 0 at +oco (in
the sense that diam(Ay ;)" +00), which implies that Mjy; = 0 identically, assuming a suitable
uniqueness property of solutions of the linear stationary moment equations.

4.3 Boundary Conditions in the case k =

The set A, = (21,..., 205 Y1, ..., Yp) Will be denoted by A,; we shall say that A, is coupled if
there exists a permutation o of {1,...,n} such that z; = Yo(;) for every 7 = 1,....n;if not, A, is
said to be uncoupled.

If A, is coupled, (@1,...,x,) is a set {2}, ...,x}} where all the 2/’s are distinct with & < n. We
denote by n; the multiplicity of x; in A, so that nqy + ... + nx = n.

With these notations we can state the main result of this paper:

)

(15)

0 if A, is uncoupled
nil...ng! if A, is coupled
From previous explicit computations we have seen that this result is true for n = 1 since M; =

Mig(z;y)=01if 2 # y and My = 1if 2 = y in which case k = 1 and ny = 1.

For a given n > 1, our induction hypothesis is that (15) holds for every n’ < n. We are now
going to derive the appropriate boundary conditions for M,,.

Since M,, does not depend on the center of mass R of the set A,,, we assume in the following
that R = 0.

If A, is uncoupled and diam(A, ), +oo, there exists a non trivial partition (B,C) of A4,
such that d(B,C) /" +oo and B or C is either of the form Ay; with k # [ or of the form Ay
uncoupled with & < n. Then by the second hypothesis (14) and either the case k # [ or our
induction hypothesis, M,, goes to 0 as diam(A,,) goes to +oo.

If A, is coupled with multiplicities (nq,...,n)) being fixed, and if diam(A4,),/ +oco, there
exists a non trivial partition (B, C') of A, such that B and C are coupled and d(B,C) / +co. The



multiplicities nq, ..., ng being obviously split between B and C, by the second hypothesis (14) and
our induction hypothesis we deduce that M, converges to

(H nz’)(H n;l) =mnq!- - ny!

1€B JjeC

In order to express more compactly the boundary conditions for (13) in the case k = I, we
denote by D, the linear subspace of (IR?)?" defined by {z; = Yo(j)»J = 1,...,n}, o being any
element of ¥,,, the set of permutations of {1,...,n}. For a set A, = (21,..., 20} Y1, ..., Yp) With its
center of mass R at the origin, we denote by ¥, (A,) the set of permutations which couple A4,
(0 € ,.(A,) <= A, € D,). If the diameter of A, goes to 400, A, remaining on the same D,’s,
we have shown that M, (A,) converges to |X,(A,)|, the cardinality of the set ¥,(A, ), which is
nil..np! if A, is coupled, and 0 if A, is uncoupled.

We end this section with the following remark: a fully coupled A, (ie. 21 =...=2, =y =
... = Yp) cannot be sent to co, when R = 0, since its diameter is always 0. This case is not part of
the boundary conditions for (13).

5 The Stationary Equations

The stationary equations (13) have been solved in the case k # [ and Mjy; = 0 identically. We
are now interested in the case k = [. For a set of points A, = (1, ..., 2n; Y1, .-, Yn), the stationary
equation (13) can be rewritten:

P> (Ag, — Ay)M, = F, M, (16)
j=1
where the potential F, is given by:

Fa) =S Ve )= S Ve — )+ Vi — 4)) (17)

r=1j=1 1<r<j<n

It has already been observed that F,(A,) does not depend on the center of mass R = 377 (2;+y;)-
The potential F,, has another essential property: it vanishes on coupled sets of points:

Vo€, , A, €D, = F,(4,)=0 (18)

which is obtained by noting that, for A,, € D,:

Fn(An) = Z Z V(ycr(r) - y]) - Z {V(ycr(r) - ycr(])) + V(@/r - y])} =0
r=17=1 1<r<j<n
since
1 n n
> Vo) =)= 2. V() = ¥otr) = 522 2. Vo) = ¥o(i)
1<r<j<n 1<r<j<n r=175=1

where we have used the fact that V' is even and V(0) = 0. Similarly

n

> V(%—@/;)Z% > Vi —v5)

n
1<r<j<n r=1 ;=1



and obviously:
n n n n n n
S VWt = 4) =D V(i —4) = 2.3 V(Uo(r) — ()
r=1j=1 r=1j=1 r=1j=1
Since M, is independent of the center of mass R, we want to perform a change of variables such
that R appears as one of the new variables. Also, since @ = 21 + ...+ 2, — (y1 + oc. + yn) 15 0
on any of the D,, we also choose @) as a new variable. The main property of equation (16), along
with property (18) of the potential, is the following change of variables property, which is valid
for finite z as well.

For every o € X, there exists a basis in (JRQ)Q” such that in the new system of variables
1< 1<
{R==) (2;+y;),@==> (2;—vy;),(v;ig=1,..,n—1),(w;57=1,...,n— 1)}
n

=1 s

equation (16) becomes:

4 ] n—1
Z(EVR : VQ + ﬁ Z VU] : VwJ)Mn = Fn(vilv ooy Un—1, W1, "'7wn—1)Mn
i=1
and D, is simply {w; =--- = w,—1 = Q =0}

Proof of the change of variables property. We first perform a change of variables (z;,y;) —
(77, p;) defined by:
TP = To() F Y5 P T To() —Yi s J = L m
Computing the operator }27_; (Az; — Ay)) = 3771 (As, ;) — Ay,) in the new variables gives:

4i(Y OV, Vo )My = Fo(r1, ey T p1s e po) My, (19)
=1

where D, is simply {p; = -+ = p, = 0} and F, does not depend on (3_7_; r;).

Our next change of variables consists in choosing a new basis such that the first vector is
orthogonal to { R = 0}, the second vector is orthogonal to {@ = 0}, completed by a particular basis
of D, and a particular basis of a D, chosen such that ¢'(j) # o(j) for every j = 1,...,n. These
vectors are those appearing as columns of the following 2n X 2n matrix P =

10 1-n 1 L L 1
10 1 1-»n 1 . . 1 1-%2 1.2 1 . 1
10 1 1 1-n 1 . 1 1 1-% 1-2%2 1 1
10 1 1 . .1 1-n 1 : A O
10 1 1 11 1 : 11—z
01 0 0o -z 0 : 0
01 0 0 oo 0
01 0 0 0 nooo_n 0
01 0 .0 0 o oz
01 0 0 0 0 0 0 0 0 o



In the case n = 2, the matrix P is simply:

-1 0

O O
= = O O

1
0 -1
0 1

associated to the usual change of variables (r1 + rg,p1 + p2,72 — 71, p2 — p1) in the study of the

fourth moments.
The inverse of the matrix P, P! =

1 1 1
i1 100 0
oo . .o L 1L 1
Bll B12
B21 B22

where Bq1, B3, Bo1, Byy are four n — 1 X n matrices:

1 0 0 0 1
0 -1 0 0 1
By = — , Ba1 =0
0 0 1 0 1
0 0 0 -1 1
n—2 -2 _2 . . . =2 ) n—2
2n—4 n—4 —4 . . . —4 —4 n—4
B _ L . . . . . . . . .
=2 oan—2r . . 2 —2k n—2%k —2k . —9k n— 2k
2 2 2 . . .2 —(n-2) —(n-2)
and
—2(n—1) 2 2 2 2
—2(n—2) —2(n—2) 4 4 4
B =13 —2(n — k) —2(n—k) 2k 2%k
) ) ) 2 2(n—1)




The new variables are given by:

R ™
Q
!
—pt| ™ (20)
Un—1 1
w
;
W1 Pn
Therefore, the first new variable is R = %Z?:l r; and the second is Q = %Z?:l pis (v; 5 j =

1,..,n—1) and (w}; j = 1,...,n—1) being the 2(n — 1) remaining new variables. In the old basis,
the 2n x 2n matrix of the coefficients of the second order operator > 7_; V, -V, is given by

4 1/ 0 I,
2\ I, 0O
In the new basis, the matrix of the coefficients of this same operator is given by
B =P AP Y (21)
This leads to the following expression for the operator in the new basis
1 2
“Vr-Vo+—5 Y, V- Vy (22)
" M <k<i<n—1

and D, becomes {Q =w| =...=w/_, =0}.

A last change of variables given by

n—1

(wj:Zw;;jzl,...,n—l)

=5
and (R,Q,v; ; 7 =1,...,n— 1) unchanged, gives:

n—1

1 2
4z(ng Vg + = > Vi,V )My = Fo(Q, 01, oy Uyt W1 ooy W1 ) My, (23)
j=1
where D, = {Q = wy = ... = w,—1 = 0} which ends the proof of the change of variables property.

Since M, is independent of R, equation (23) becomes:

8 n—1
EZ(Z VU] . ij )Mn = Fn(vilv ooy Un—1, W1, "'7wn—1)Mn (24)
j=1

10



This linear equation, with boundary conditions 1 at oo along D, and 0 at oo elsewhere, admits
the solution Mﬁbg) =1lon D, and Mﬁbg) = 0 on D;. This can be seen by observing that V,, Mﬁbg) =0

for y =1,...,n—1 and F,, = 0 on D,. Since Mﬁbg) is 0 outside of D,, (24) is satisfied everywhere

with the prescribed boundary conditions obviously satisfied by Mﬁbg).
(o)

Since equation (13)is linear, we deduce that M, = " s M’ is a solution and by construction
it satisfies the boundary conditions established in Section 3.3 and its value on the set A, is simply
the cardinality of ¥,,(A, ), the number of permutations o in ¥, such that 4,, € D, (or A, is coupled
by o). This gives the value of M,, which completes our induction started in Section 3.3 (15).

Finally we note that the limiting moments correspond to those of an uncorrelated field with one-
point moments (u™@") equal to n!é,,,. The real and imaginary parts of u, denoted respectively by
X and Y, are easily shown to be independent and Gaussian as follows. For every real numbers a and
b we denote by Z the real random variable aX 4 0Y. Setting A = (@ —b), we have Z = %()\u + A7)

with moments

w1 kg kb ek _ J O if 0 is odd
<Z >_ 2_nkz_:ocn)\ A <U u >_ ()\)\)52717%—;1 ifnis even

(N

Therefore the real random variable Z = aX +bY is A/(0, a2‘|2'b2 ) distributed, for every a and b. This
implies that the pair (X,Y) is Gaussian, that X and ¥ are N(0, %) distributed, and that they are

independent since (XY) = %(<u2> —{(u?)) = 0.

6 Conclusions

We have studied the stationary moment equations (13), associated with the moment evolution
equations (9), with boundary conditions obtained in Section 4. We have shown that, under the
two hypothesis (13) and (14), the moments corresponding to those of an uncorrelated Gaussian
field are natural solutions to these equations. They correspond to the regime of strong intensity
fluctuations in the plane wave case, and are as follows:

for every set {z1,...,x;} of distinct points and every set of integers my, ny, ..., mg, ng:

— 1N

k k
lim (T (u(z,2)™u(z,2;)7)) = [Tl (u(z,2;)" ulz,25)"))

z/ 400 i i z/ 400
and

li 5 " 5 My = Pomn

In particular, the intensity I(z,z) = |u(z,)|? is asymptotically exponentially distributed since

Z;Too (I(z,2)") =n!
and the probability distribution of u(z,z) converges, as z goes to +00, to a centered complex
Gaussian random variable with independent real and imaginary parts with the same variance 1/2.
Finally we note that the limiting probability distribution does not depend on the covariance @
provided that Q(0) < +oo and Q(+o0) = 0.
We also note that the limiting Gaussian distribution has been derived by identification of its
moments, without any use of the Central Limit Theorem.
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