Beam Self-Focusing in the Presence of Small Normal Time Dispersion

G. Fibich Department of Mathematics University of California - Los Angeles Los Angeles, CA 90024

V.M. Malkin Courant Institute 251 Mercer Street New York NY 10012

G.C. Papanicolaou Department of Mathematics Stanford University Stanford CA 94305

Abstract We present a new system of modulation equations that approximate the focusing of the nonlinear Schrödinger equation in the presence of small normal time dispersion (TDNLS). Since the modulation equations are much easier for analysis and for numerical simulations, they can be used to get a general picture of the TDNLS focusing. Analytical and numerical agreement between the modulation equations and the TDNLS is established.

1 Introduction

The nonlinear Schrödinger equation with time dispersion (TDNLS)

iψ_z + △_⊥ψ − ϵψ_{tt} + |ψ|^2ψ = 0 , ψ(z = 0, r, t) = ψ_0(r, t) (1)

arises in the study of the propagation of ultrashort laser pulses in media with a Kerr nonlinearity. Here ψ is the rescaled amplitude of the electric field, z is the axial coordinate in the direction of the beam, △_⊥ = ∂_{rr} + ∂_r/r is the Laplacian in the transverse r = (x, y) plane, ϵ is the time dispersion coefficient and t is the time in a coordinate system moving with the group velocity. Initial conditions are given at z = 0 for all x, y and t. Thus, z plays the role of time and t the role of a third spatial variable in this problem.

The time dispersion parameter ϵ depends on the optical properties of the medium. In the case of ultrashort laser-tissue interactions, where pulses in the visible regime propagate through aqueous media, its value is given by [9] ϵ = ( a cT )2

where a is the beam width, c is the speed of light and T is the pulse duration. Hence, ϵ is positive (normal time dispersion) and is proportional to the ratio of the radial pulse width to its axial length, indicating that time dispersion is still small for ‘cigar-like’ pulses (i.e. long and narrow) but is dominant for ‘disc-like’ pulses.

When time dispersion is negligible each t cross-section of the pulse (i.e. the plane t = constant in (x,y,t) space) evolves independently according to the Schrödinger equation with a cubic nonlinearity (CNLS):

iψ_z + △_⊥ψ + |ψ|^2ψ = 0 (2) In that case, CNLS theory predicts that sufficiently intense beams undergo self-focusing and blow up in a finite propagation distance.

The experimental evidence that ultrashort laser interactions depend on the pulse duration [4,22,25] is related to the increasing importance of time dispersion. Numerical simulations have shown that even a small amount of normal time dispersion in the TDNLS can have a substantial effect on the focusing and lead to the temporal splitting of the pulse into two peaks [5,17,20,24]. The peak splitting phenomenon has attracted attention because it delays the focusing and may provide a mechanism for its arrest. Although the onset of pulse splitting was explained based on a local analysis of self similar solutions very near the point of peak intensity [17,24], this analysis is not valid past the onset of pulse splitting. In addition, numerical simulation of the TDNLS cannot continue very far after the peak splitting, at present. Thus, the general question of whether normal time dispersion arrests collapse or not is still open.

In this paper we analyze the TDNLS focusing when time dispersion is small using a new system of modulation equations [19]. This provides a theoretical understanding of the focusing behavior well past the onset of pulse splitting. We start by reviewing the CNLS focusing (section 2). In section 3 we derive the modulation equations by treating the TDNLS as a small perturbation of the CNLS. We establish the validity of the modulation equations by demonstrating a correspondence between their analytical properties and those of TDNLS (section 3.3) and by extensive numerical computations (section 5). We analyze special solutions of the modulation equations in section 3.4.

Vysloukh and Matveeva [23] have analyzed the effects of time dispersion on the propagation of planar waveguides and have shown that normal time dispersion suppresses the modulation instability of CNLS with a single transverse dimension and slows the self-focusing rate considerably. As a result, the pulse splitting into 1D solitons is delayed. One cannot, however, extend this results to higher dimensions: Self-focusing is always balanced by radial dispersion in 1D but not in higher dimensions where it can result in wave collapse. Indeed, the sensitivity of self-focusing to small perturbations in 2D has to do with it being the critical dimension for blowup.

In several papers it is argued that the paraxial approximation used to derive nonlinear Schrödinger equations may be inappropriate when intense self-focusing occurs [6,21]. An important issue in understanding experimental results is whether time dispersion is the reason collapse is not observed or whether it is the breakdown of the paraxial approximation of the wave equation. The answer to this question depends on the initial pulse shape, since nonparaxiality arrests focusing when the beam width becomes comparable to a few wavelengths [7]. The beam width at which the effects of time dispersion become important depends also on the initial conditions. Other interesting phenomena have been observed in simulations perturbed CNLS equations. While some of these perturbations have a direct physical origin (e.g. anomalous dispersion [3]), others (e.g. saturable nonlinearity [18]) have a general, mathematical form.

2 Review of the CNLS Focusing

Since we will derive the modulation equations by considering TDNLS as a perturbation of CNLS, we start by giving a brief review of the CNLS focusing. For more comprehensive presentations see [7,14,16,18]. We consider only radially symmetric solutions in this paper.

Two important invariants of the CNLS (2) are mass N(ψ) = ∫_∞ 0 |ψ|^2 rdr = constant and energy H(ψ) = ∫_∞ 0 |ψ_r|^2 rdr − 1 2 ∫_∞ 0 |ψ|^4 rdr = constant The variance identity ∂^2V ∂z^2 = 8H , V = ∫_∞ 0 r^2|ψ|^2 rdr can be used to show the existence of solutions that blow up, because when H(ψ_0) < 0 there is a finite z for which V = 0, if the solution existed up to that point.

The CNLS has waveguide solutions ψ = e^{iz}R(r) where R(r) satisfies △_⊥ R − R + R^3 = 0 , R^′(0) = 0 , R(∞) = 0 (3) The unique positive solution of this equation is monotonically decreasing and is called the Townes soliton. A necessary condition for blowup is that the initial mass be above a critical value N ≥ N_c which is equal to the mass of the Townes soliton

N_c = ∫_∞ 0 R^2 rdr ≈ 1.86 . The CNLS has a similarity transformation where a linear function L(z) is used to rescale the solution as well as the independent variables: ψ → 1 L ψ(ζ, ξ)exp ( iLL_zξ^2 4 ) , ξ = r L , ζ = ∫ z 0 L^{−2}(s) ds , L = Z_c − z , z < Z_c Based on this transformation and on the waveguide solution, one can construct an exact CNLS solution that blows up in a finite distance Z_c: ψ = 1 Z_c − z R( r Z_c − z )exp ( −i r^2/4 + 1 Z_c − z )

This solution is unstable and has not been observed in numerical simulations because it has exactly the critical mass for blowup. However, it motivates looking for blowup solutions that have a quasi self-similar structure in the vicinity of the singularity ψ = 1 L V (ζ, ξ)exp ( iζ + iLL_zξ^2 4 ) , ξ = r L , ζ = ∫ z 0 L^{−2}(s) ds. Here V approaches the Townes soliton R and L is not necessarily linear in z. The equation for V is iV_ζ + △_⊥V − V + |V |^2V + 1 4 ξ^2βV = 0

where β = −L^3L_{zz} (4) is an important parameter in this problem.

As the pulse focuses, β ↘ 0 and V can be expanded in an asymptotic series of the form

V ∼ V_0 + V_1 + · · · (5)

where the leading order term V_0 depends on ζ only through β and satisfies [14,16]

△ V_0 − V_0 + V^3_0 + 1 4 βξ^2V_0 − iν(β)V_0 = 0 , ν(β) ∼ e^{−π/} √_β (6) Although ν(β) is exponentially small compared with the other terms, it has to be included in (6) to insure the right behavior for ξ ≫ 1, since in its absence the solution would have large oscillations V_0 ∼ ξ^{−d/2}e^i √_{βξ2} . When β ≪ 1, it is related to the excess mass above critical of the focusing part of the solution [18] β ∼ N_{sol} − N_{cr} M , N_{sol} = ∫_∞ 0 |V_0|^2rdr , M = 1 4 ∫_∞ 0 R^2r^3 dr ≈ 0.55 (7)

The rate of radial mass loss becomes very slow compared with the focusing rate: ∂ ∂z N_{sol} ∼= −Mν(β) (8) which can be also written as β_ζ ∼ −ν(β). (9) In [14,16] and in [17], β is written in the form β = a^2 + a_ζ so that a = −L_ζ /L. If we then regard a_ζ as small compared to a^2, (9) becomes a_ζ ∼ 1 2a e^{−π/a} (10) which appeared first in [14,16] without the exact exponential factor π. This equation can be solved asymptotically, leading to the loglog law [10,14,16] L ∼ ( 2π(Z_c − z) ln ln 1/(Z_c − z)

) 1_2

One can, however, consider (10) or better yet (9) directly and note that changes in β are exponentially slow compared with changes in L. This then leads to the adiabatic law [18] for the variation of the beam amplitude L^{−1} L = √ 2β^{1/2}(Z_c − z)

Asymptotic analysis and numerical simulations show that the adiabatic law, with β evaluated from (7) rather than from (9), is valid even in the early stages of self focusing, while the loglog asymptotics is reached only at huge focusing factors [7].

3 Modulation Theory for the TDNLS

Self-focusing in the CNLS depends on the initial mass and is also sensitive to perturbations of the power of the nonlinearity: If the power is less than 2 (subcritical case) the solution exists for all z, while if it is greater than 2 (supercritical case) the solution blows up in general. As a result, even a small time dispersion term can have an important effect on the TDNLS focusing. Focusing is much easier to understand in the case of anomalous time dispersion (ϵ < 0) because this case is supercritical for self-focusing as the dimension of the transverse variables is 3. It is the difference in signs between the Laplacian and the normal time dispersion that complicates the TDNLS analysis.

3.1 Derivation of the Modulation Equations At the initial stages of the TDNLS focusing the effect of small time dispersion is negligible and each t cross-section follows the adiabatic law L = √ 2β^{1/2}(Z_c(t) − z) (11)

where Z_c(t) is the location of blowup. As a result, the relative size the time dispersion term ψ_{tt} △_⊥ψ ∼ ϵL^2_t increases, indicating that the TDNLS solution is eventually not a small perturbation of (11).

In addition, as the pulse is focusing according to (11), V approaches R and the nonlinearity and the Laplacian almost cancel each other. Hence, time dispersive effects become important when ϵψ_{tt} becomes comparable to (△_⊥ψ + |ψ|^2ψ). Since in this regime ϵψ_{tt} is still a small term, for each t the solution is a small perturbation the CNLS and it is natural to look for it in the form ψ(z, r, t) = 1 L(z, t) V (ζ, ξ, t)exp(iζ + i L_z L r^2 4 ) , ξ = r L(z, t) , ζ = ∫ z 0 1 L^2(s, t) ds (12)

where now the radial scale L(z, t) depends also on t. We call this the generalized Talanov transformation. Using this in (1) we get the following equation for V iV_ζ + △_⊥V − V + |V |^2V + β ξ 4 2 V − ϵL^3 ( V L exp(iζ + i L_z L r^2 4 ) ) tt exp(−iζ − i L_z L r^2 4 ) = 0 (13)

As in the stationary case, β is defined by (4) and we assume that the cross-sectional mass is slightly above critical 0 < β ≪ 1 (14) The modulation equation can be derived from the mass balance between nearby t crosssections of the solution. From (1) we get the conservation relation ∂ ∂z ∫_∞ 0 |ψ|^2r dr = 2ϵ Im ∫_∞ 0 ψ^∗ψ_{tt}r dr (15) For ψ of the form (12) the rate of the cross-sectional mass change is computed as in (7, 8) ∂ ∂z ∫_∞ 0 |ψ|^2r dr ∼= M(β_z + ν(β)) (16)

To estimate the right side of (15) we use (12) and (14) to approximate the time dispersive term Im (( V L exp(iζ + i L_z L r^2 4 ) ) tt exp(−iζ − i L_z L r^2 4 ) ) ∼ R L ζ_{tt} + 2ζ_t ( 1 L ) t (Rξ)_ξ (17)

Using (16), (17) and the identity ∫_∞ 0 (Rξ)_ξR ξdξ = 0 (18)

the mass balance (15) reduces to:

β_z + ν(β) = 2ϵN_c M ζ_{tt} (19)

The exponentially small mass radiation effect had to be retained in the analysis of CNLS focusing because it is the only mass-reducing mechanism. However, radial mass losses are now negligible compared with the temporal mass flux so the term ν(β) can be omitted in (19). The equations (4,19) and the ζ, L relation in (12) form a closed system, the modulation equations

β_z = 2ϵN_c M ζ_{tt} (20)

L_{zz} = −βL^{−3} (21) ζ_z = L^{−2} (22) The variables in the modulation system for the TDNLS focusing are the pulse width (L), the excess mass above critical (β) and the local axial phase (ζ). When ϵ = 0 we recover the adiabatic law (11) and ζ has its maximum at the peak mass cross-section. Hence, normal time dispersion results in mass loss to the neighboring cross-sections leading to the pulse splitting, while anomalous time dispersion (ϵ < 0) tends to enhance the focusing.

To leading order in β equation (20) can be written as a conservation law ∂N_s ∂z = ∂ ∂t [uN] where u = 2ϵζ_t is the velocity in the t direction. The modulation equation can also be derived from energy balance arguments and from the solvability condition for linearized CNLS operator about the Townes soliton (appendix A).

3.2 Linear Stability Analysis To check the linear stability of uniform solutions of the modulation system we express it as a single equation in L:

−(L^3L_{zz})_{zz} = 2N_c M ( 1 L^2 ) tt We look for solutions of the form L = L_0 + δL where L_0 ≡ constant, and the perturbation δL is small compared to L_0. The linearized equation for δL is (δL)_{zzzz} = 4N_c M 1 L^6_0 (δL)_{tt} Substituting δL = exp(ikt − iωz) we get the dispersion relation

ω^4 = − 2C L^6_0 k^2

which shows that the system is linearly unstable for all k. However, it should be remembered the L_0 ≡ constant corresponds to the waveguide solution ψ = 1 L_0 e^{iζ}R ( r L_0 )

which is unstable in the radial direction as well.

3.3 Lagrangian Formulation We can use the Lagrangian of the TDNLS I = ∫ L dx dz , L = Im(ψψ^∗_z ) − |ψ_r|^2 + ϵ|ψ_t|^2 + 1 2 |ψ|^4 , x = (x, y, t) to derive a Lagrangian for the modulation equations, by following the same approach used in deriving the modulation equations, namely, using (12) and (14) and averaging in the radial direction (see the upper part of figure 1) L = ∫ L r dr = ϵN_c M (ζ_t)^2 +

(ζ_{zz})^2 4(ζ_z)^3

The modulation Lagrangian L can be written as a constrained one using only first derivatives:

L = M(L_z)^2 + ϵN_c(ζ_t)^2 + Mβ ( 1 L^2 − ζ_z )

with Mβ being the Lagrange multiplier.

3.3.1 Conservation Laws

Based on Noether’s theorem [11], we can use the transformation groups that leave the action integral I = ∫ [ ϵN c M (ζ_t)^2 +

(ζ_{zz})^2 4(ζ_z)^3 ] dz dt (23) invariant to derive conservation laws for the modulation system. Invariance to phase (i.e. the identity), time and space translations leads to mass, energy and momentum conservation: ∫ β dt = Const ∫ [− 1 2 (L^2)_{zz} + ϵN_c M (ζ_t)^2] dt = Const ∫ [βζ_t − 2L_zL_t] dt = Const These conservation laws could also be derived from the corresponding conservation laws for the TDNLS (figure 1).

A symmetry group for (23) that does not exist in the TDNLS is the dilation transformation ζ(z, t) → λ ζ(λz, t/λ). The resulting conservation law is: ∫ t_2 t1 [ (L^2)_z + βζ + z(− 1 2 (L^2)_{zz} + ϵN_c M (ζ_t)^2) − t(βζ_t − 2L_zL_t) ] dt = Const + t [( (L_z)^2 − ϵN_c M (ζ_t)^2 )]t_2 t1 3.4 Special Solutions of the Modulation Equations Let us look for solutions of the modulation equations (20-22) under the assumptions that there is a singularity curve Z_c(t) of the solution in the (z, t) plane and that in the neighborhood of this curve the solution depends only on distance from the curve. In this case solutions of the modulation equations have the form L(z, t) = L(Z_c(t) − z) , β(z, t) = β(Z_c(t) − z) , ζ(z, t) = ζ(Z_c(t) − z) . (24) Therefore ζ_{tt} = −Z̈_cζ_z + Ż_c^2ζ_{zz} (25)

where dot stands for differentiation with respect to time. Equation (20) reduces to

β_z = γ(−Z̈_cζ_z + Ż_c^2ζ_{zz}) , γ = 2N_c M ϵ Integrating the last equation gives

β = β_0 + γ(−Z̈_cζ + Ż_c^2ζ_z) (26) where β_0(t) = β(0, t) − γŻ_c^2 1 L_0(t)^2 , and L_0(t) = L(0, t) is the width of the beam at z = 0. It is convenient to make a change of variable to the reciprocal of the radial width of the beam A = 1 L . (27) Then β = A_{ζζ}/A and (26) can be rewritten in the form A_{ζζ} = (β_0 − γZ̈_cζ)A + γŻ_c^2A^3 (28) Introduce also a new independent variable by s = β_0 (γZ̈_c)^{2/3}

− (γZ̈_c)^{1/3}ζ

Then equation (28) becomes A_{ss} = sA + 2η^2A^3 (29) where η^2 = γ^{1/3}Ż_c^2 2Z̈_c^{2/3}

(30)

The initial condition at z = 0 or ζ = 0 is now at

s_0 = β_0 (γZ̈_c)^{2/3} and we note that for sufficiently small time dispersion s_0 ∼ β_0ϵ^{−2/3} ≫ 1 The focusing of each t cross section is described by equation (29) which defines the second Painlevé transcendent function [13]. When analyzing blowup in (29) we have to distinguish between three cases, depending on the relative size of the terms in (29).

At the time t_0 where Z_c(t) attains its minimum we have Ż_c(t_0) = 0 , Z̈_c(t_0) > 0 . (31) At this t cross-section (29) reduces to the Airy equation A_{ss} = sA and its solution is A = A_0 Ai(s_0)

Ai(s) , A_0 = 1 L_0

(32)

The asymptotic form of the Airy function is [2] Ai(s) ∼ √ π 2 s^{−1/4}exp(− 2 3 s^{3/2}) s ≫ 1 (33)

Using this in (32), we find that for 0 ≤ ζ ≪ β_0/ϵ A ∼ A_0e √_{β0ζ} (34)

This shows that during the initial stage of self focusing the solution agrees with that of the one in the dispersion-free case, in which ϵ = 0 in (28)

A_{ζζ} = β_0A

To express this dispersion free solution in terms of the original variables we use (12), (27) and (34) to get (L^2)_z = (L^2)_ζζ_z = −2β_0 from which the adiabatic law of critical collapse [7,18] follows

L = L_0 √ 2β^{1/2}_0 (Z_c − z) (35)

The effects of time-dispersion become important for ζ ≫ β_0/ϵ. In particular, since the Airy function attains its maximum around s_{max} ∼= −1.02 and decreases for s < s_{max} [2], the collapse at t_0 gets arrested at z_{max} = ∫ s_{max} s0 z_ζζ_s ds = 1 (γZ̈_c)^{1/3} ∫ s_0 smax 1 A^2 ds Using (33) we find that for s_0 ≫ 1 ∫ s_0 smax 1 A^2 ds = L^2_0 ∫ s_0 smax A^2i(s_0) A^2i(s) ds ∼ L^2_0 2s^{1/2}_0 and hence the collapse is arrested at z_{max} ∼= L^2_0 2β^{1/2}_0 which is the location Z_c of blowup of the dispersion free solution, as we can see by setting z = 0 in (35) [7]. The maximum amplification factor at t_0 can also be estimated: A(z_{max}) A(0) = Ai(s_{max}) Ai(s_0)

∼= 0.54 Ai(s_0) ∼ 1.08 √ π β^{1/4}_0 M^{1/6} (2N_cZ̈_c(t_0)ϵ)^{1/6} e^{β3/20 M/2NcZ̈c(t0)ϵ} In addition, from (26) the excess power at t_0 is

β = β_0 − γZ̈_cζ (36)

and it goes below critical at s = 0, prior to the arrest of the collapse.

For t cross-sections that are not in the neighborhood of t_0 the first term on the right side of (29) becomes negligible. This leads to solutions of the form A ∼ 1 η 1 s − s_c(t) and since z_s = z_ζζ_s = −(s − s_c)^2 η^2 (γZ̈_c)^{1/3} we get by integrating this equation solutions with a one-third power law for self focusing collapse

L ∼ (a(Z_c − z))^{1/3} , a = 3 ( N_c M )1/2 |Ż_c|ϵ^{1/2} (37)

In order to estimate the size of the neighborhood of t_0 where collapse is arrested a more careful analysis is required. Let B = ηA so that B_{ss} = sB + 2B^3 (38) The behavior of the solutions of (38) is characterized by the following result [1,12].

Any solution of (38) satisfying lim_{s→∞} B(s) = 0

is asymptotic to kAi(s) for some k. If |k| < 1 then as s → −∞ B(s) = O(|s|^{−1/4}) and if |k| > 1, B(s) has a pole at a finite s_c, depending on k.

To apply this result we express k in terms of the parameters of the problem and note that A should agree with (34) in the domain ζ ≪ β_0/ϵ, when it is given by (32). Thus, B ∼ kAi(s) , k = ηA_0 Ai(s_0) s ∼ s_0 and the solution does not blow up only if

|η| < L_0Ai(s_0) (39)

From (30, 31) we see that near t_0

η ∼ 2^{−1/2}γ^{1/6}Z̈_c^{2/3}(t − t_0)

or, using (39), |t − t_0| ≤ L_0 √ π 2 (Z̈_c(t_0))^{−1/6}β^{−1/4}_0 e^{−Mβ3/20 /3NcZ̈cϵ} which is an exponentially small in ϵ neighborhood of t_0.

The above analysis of the modulation equations suggests the following picture of self focusing with small, normal time dispersion. Solutions of the form (24) blowup for nearly all t crosssections following the one-third power law (37). However, collapse is arrested in an exponentially small temporal neighborhood of the cross section t_0 for which the initial focusing is fastest. Power will move away form the t_0 cross-section to the nearby cross-sections and the initial peak at t_0 will split into two peaks that will continue to focus.

There are, however, at least two problems with this picture.

• The arrest of collapse at t_0 becomes inconsistent with Z_c(t_0) being the earliest z for which collapse takes place.

• The one-third power law is not really valid for the TDNLS focusing since it implies that the corresponding β is β = −L^3L_{zz} ∼ (Z_c − z)^{−2/3} → ∞ which blows up, violating the basic assumption in the derivation of the modulation equations requiring that β be small.

Regarding the first problem, the initial stage of the self focusing is described by (11) with Z_c(t) the singularity curve in the absence of time dispersion and in the above analysis we assume that Z_c(t) in (24) is this singularity curve, since time dispersion is small. With this interpretation, t_0 is the cross-section of fastest initial self focusing. Time dispersive effects, however, make the power go below critical at t_0, followed by temporal peak splitting, arrest of the collapse at t_0 and a departure from the form (24) of solutions that is based on the dispersion free singularity curve Z_c(t). Away from t_0 where collapse is arrested there may be a different singularity curve for solutions of the modulation equations with the one-third power law. So the first problem is due to the way Z_c(t) is defined.

The second problem indicates that solutions that follow the one-third power law ultimately violate the assumptions for the validity of the modulation equations. In that case, another theory for the advanced stages of the self-focusing is needed. It is not clear that there are initial conditions for which the solution will follows the one-third power law, unless β is very small for all time cross sections of the pulse. In our numerical simulations of both TDNLS and the modulation equations we did not observe the one-third power law.

4 The Numerical Scheme

We have carried out extensive numerical simulations that compare solutions of the full TDNLS to those constructed with the modulation equations. In this section we outline briefly the numerical method used in the simulations. For more details, see [8].

4.1 TDNLS

The TDNLS (1) is solved by a split-step method, using a uniform (in t) dynamic rescaling in the radial direction. More specifically, under the rescaling transformation ψ(z, r, t) = 1 L̄(z)u( ζ̄, ξ, t) , ξ = r L̄(z) , ζ̄(z) = ∫ z 0 1 L̄2(s) ds, u(ζ̄, ξ, t) satisfies u¯_ζ = i △_⊥ u − iϵL̄^2u_{tt} + ā(uξ)_ξ + i|u|^2u where ā(ζ̄) = L̄ dL̄ dz = 1 L̄ dL̄ dζ̄ and the bar symbol indicates that ā, L̄ and ζ̄ are independent of t.

The split-step method has two stages:

1. Solve for each t cross-section (t = constant)

u¯_ζ = i △_⊥ u + a(uξ)_ξ + i|u|^2u

by combining a Crank-Nicholson implicit method on the Laplacian term and Adams- Bashford extrapolation on the others. The main modification to the method used in [15] for the CNLS focusing is in the way that a is chosen: a(u) = 1 G_0 ∫ dt ∫_∞ 0 |u|^2Im(u △_⊥ u^∗)ξ dξ where G_0 = G(u_0) , G(u) = ∫ dt ∫_∞ 0 |u_ξ|^2ξ dξ The global smoothness of u is maintained since G(u) ≡ G_0 . However, since L̄ is averaged over all t cross-sections it cannot follow the fastest collapse once the temporal variations increase, which eventually causes the simulation to break down.

2. Solve for each r cross-section (r = constant): u¯_ζ = −iL̄^2u_{tt} using an explicit Crank-Nicholson method.

As a consistency check, we monitor the conservation of

M := ∫ dt ∫_∞ 0 |u|^2 ξdξ , G := ∫ dt ∫_∞ 0 |u_ξ|^2ξ dξ and verify the convergence of the radial profile of |u| to a Townes soliton.

4.2 Recovering the Modulation Variables Recovering the modulation variables from the TDNLS simulation results is done using

ζ = arg u(r = 0) , β = N_{sol} − N_c M , L = ( dζ̄ dζ )_−2 L̄ These relations are only approximate since they are based on the asymptotic form of the focusing CNLS solution. In addition, the relation for β is only O(β) accurate. Additional inaccuracy is caused by the numerical differentiation and by the truncation of the integral when evaluating N_{sol}. 4.3 The Modulation Equations We solve the modulation equations (20–22) using a second order line-method with an adjustable ‘time’ step dz = dz_0 min_t L^2

4.4 The One-Third Law

Since with the current code we cannot integrate very far after the peak splitting, we cannot check directly whether the solution follows the one-third law (37). However, we can detect a power-law behavior by noting that if L ∼ (Z_c − z)^m then β ∼ (Z_c − z)^{4m−2}. and L^nβ ∼ constant n = 2 m − 4 . The value of n is estimated numerically by fitting n ln L + ln β ∼ constant.

4.5 Numerical Comparison of the TDNLS and the Modulation Equations

The numerical agreement between the TDNLS and the modulation equation for the case of periodic boundary conditions: ψ(·, t = 0) = ψ(·, t = 1)

(and similarly for β, Ł and ζ) was verified by comparing the modulation variables that were recovered from the TDNLS simulation with the solution of the modulation equations. The initial condition for the modulation system was the recovered value of the modulation variables at z_0, and the modulation variables were compared with those recovered from TDNLS for various z > z_0.

Since modulation theory is only O(β) accurate, comparing for the same numerical value of z translates into an O(β) error in the actual value of z, leading to a O(β/L^2) error in the modulation variables. To overcome this difficulty we use the time averaged ‘distance’

ζ̃ = ∫ ζdt instead of z as the basis for the comparison (since z(ζ̃) is a monotonically increasing function, this is the same as comparing for the same z).

Resolving the increasing t gradients is limited by the grid resolution in the t direction. While this resolution can be easily refined for the modulation equations, it requires more memory and slows the computations considerably for the TDNLS (which again demonstrate the advantage of the modulation equations).

5 Numerical Results

Various initial conditions were used for the comparison, showing good qualitative agreement between the TDNLS and the modulation equation. However, in order to demonstrate a good quantitative agreement, the initial condition should be chosen in such a way that the error in the recovered value of the ‘modulation variables’ (section 4.2) is much smaller than their slow temporal variation. It should be emphasized that this does not mean that the theory is valid only for specially constructed initial conditions, but rather reflects the difficulty of recovering the modulation variables from the TDNLS simulation with sufficient accuracy.

We have integrated the TDNLS with the initial condition ψ_0(r, t) = b(t)R(r)e^{−i} √_{(b2−1)Nc/Mr2/4} , b(t) = 1.03 + 0.01 ∗ sin(2πt) (40) with ϵ = 0.01 and where R is the Townes soliton (3). The comparison results with modulation theory are shown in figure 2 and figure 3, with the comparison starting at z_0 = 0.667 and z_0 = 0.886, respectively. The modulation equations capture the temporal distribution before and after the pulse splitting. Quantitative agreement starts to deteriorates as |β| increases. The agreement is better in figure 3, since the initial condition for the modulation variables is more accurate, since it is recovered at a later stage.

Results for the initial condition

ψ_0(r, t) = 3e^{−r2} (1 + 0.001 sin(2πt)) , (41)

which has 20% mass above critical with ϵ = 1, are presented in figure 4. Although the initial t modulation is very small, large temporal gradients are observed as the pulse is focusing. During the initial nonadiabatic stage ∫ 1 0 βdt is decreasing because the large excess mass above critical is removed by radiation. No peak splitting is observed in |ψ| for a focusing factor of over 2000, although there is one in β. The ‘flip’ of the minimum and maximum of β and L is typical for the nonadiabatic stage of the focusing and was also observed in other simulations. Note that most of the focusing occurs over a very short distance z while this domain is automatically stretched by the dynamical rescaling variable ζ̄, increasing z resolution.

6 Discussion

6.1 Comparison with Previous Studies

Zharova et al. [24] were the first to predict the peak splitting phenomenon, using arguments based on asymptotics and on numerical simulations. They went on to suggest that the new peaks would continue to split, resulting in a fractal collapse. Peak splitting was later observed in numerical simulations by Rothenberg [20] and by Chernev and Petrov [5].

Luther et al. [17] have considered solutions of the TDNLS of the form ψ(z, r, t) = ψ(Z_c(t) − z, r) where Z_c(t) is the singularity curve of the stationary CNLS. They showed that the evolution of the t_0 cross-section of the peak mass (i.e. where Z_c(t) attains its minimum) is described by

β_ζ = −ν(β) − Z̈_c(t_0) ( 2N_c M − 2(a^2 + β) ) (42)

Using phase plane analysis of (42) and

a_ζ = a^2 − β , L_ζ = aL (43)

they showed that a becomes negative, leading to a arrest of the focusing at t_0. They also demonstrated a numerical agreement between the TDNLS solution at t_0 and (42-43) in the regime where the pulse peak intensity has increased by a factor of two up to the peak splitting and then decreased by a factor of 25%. In this comparison Z̈_c(t_0) was calculated separately, from CNLS simulations with the same initial condition.

The results of Luther et al. fall within the framework of modulation theory:

• Equation (42) corresponds to equation (36) that was derived from the modulation equation (20) under the same assumption of the special 2D form (24). The terms in (42) that are missing in (36) were neglected in the derivation of (20), since they are of lower-order.

• The arrest of the focusing at t_0 was derived from modulation theory in section 3.4.

• Both equations (42–43) and the modulation equations are in numerical agreement with the peak splitting of the TDNLS (figures 2 and 3).

The main difference between the approach of Luther et al and ours is that they neglected the second term on the right side of (25) while we retained both terms. This allowed us to show that this term in (25) can be neglected only in a region around t_0 which is exponentially small in the time dispersion parameter ϵ. Therefore, while the modulation equations are valid for all t cross-sections, equations (42)–(43) are valid only in an exponentially small region around t_0. In particular, the arrest of the collapse occurs only in a very small small temporal section of the pulse. Moreover, the modulation equations do not depend on the unknown value Z̈_c(t_0) and continue to be valid for some distance after the onset of peak splitting when the solution departs from the 2D form (24).

6.2 The Emerging Picture of Focusing in the TDNLS

The main stages of the focusing in the presence of small normal time dispersion are:

Non-adiabatic 2D focusing Initially, time dispersion is negligible and each t cross-section undergoes a 2D non-adiabatic collapse, during which the focusing solution at each crosssection sheds by radiation most of its excess cross-sectional mass above critical while approaching a Townes profile.

Adiabatic 2D focusing Each cross-section continues to undergo a 2D self-similar collapse according to the adiabatic law (equation 11), where the fastest collapse is at the cross-section with the peak cross-sectional mass.

3D Modulation focusing As the higher temporal gradients become comparable to the balance of the Laplacian with the nonlinearity, temporal mass flux becomes important and the dynamics becomes three dimensional (i.e. (x, y, t)).

Modulation theory covers the Adiabatic 2D focusing stage and the 3D modulation focusing stage. It is still an open question whether at a certain point ϵψ_{tt} becomes comparable to the other terms or β becomes large, so that the validity of modulation theory breaks down. Although the time dispersion term is increasing this does not necessarily mean that modulation theory breaks down, since the Laplacian and the nonlinearity terms have also increased in the meantime. In our simulations with periodic boundary conditions and in [20] for short pulses, β does increase at some cross-sections. It is not clear, however, whether this increase is large enough so as to invalidate the modulation equations.

6.3 Why Peak Splitting, Why Only One?

Peak splitting received a lot of attention in TDNLS research because it is the most conspicuous phenomenon that is observed in numerical simulations and also because it may lead to the arrest of collapse. We have seen in section 3.4 that peak splitting is related to the departure of the solution from the self-similar 2D structure of the focusing CNLS. Since peak-splitting occurs in the transition between the Adiabatic 2D focusing stage and the 3D Modulation focusing stage, the new peaks are unlikely to split again, since by now the dynamics is fully three dimensional.

Numerical simulations of both the TDNLS and of the modulation equation support this explanation for peak-splitting. In particular, they predict correctly that peak splitting in β would occur before peak splitting in L (figure 3 and [20]) and explains why the splitting of new peaks has not been observed. It also explains why a solution with large initial mass may focus without peak splitting (figure 4): Since the 2D nonadiabatic focusing stage is longer, the temporal gradients will become large by the time the solution approaches a Townes profile, thus skipping the 2D adiabatic focusing stage.

7 Acknowledgment

The work of Fibich and Papanicolaou was supported by NSF grant DMS9308471 and by AFOSR grant F49620-92-J-0098. The work of V. Malkin was supported by a grant from the National Academy of Sciences.

A Other Derivations of the modulation Equations

A.1 Energy Balance Based (1), we can write an equation for the energy balance between the t cross-sections ∂ ∂z H + 2ϵRe ∫ ψ^∗_z ψ_{tt} r dr = 0 , H = ∫ |ψ_r|^2r dr − 1 2 ∫ |ψ|^4r dr (44) Since in the modulation theory ansatz

H ∼= M(L^2_z − β/L^2) = M 2 (L^2)_{zz} (45) and 2ϵRe ∫ ψ^∗_z ψ_{tt} r dr ∼= ϵN_c ζ_{tt} L^2 , (44) reduces to (L^2)_{zzz} = − 4ϵN_c M ζ_{tt} L^2 . This is equivalent to (20), since L^2(L^2)_{zzz} = −2β_z . (46)

A.2 Solvability Condition Motivated by the original derivation of the loglog law [14,16], equation (19) can also be derived from the equation for the second order term V_1 (13, 5, 6):

△_⊥V_1 − V_1 + 2|V_0|^2V_1 + V^2_0 V^∗_1 + β ξ 4 2 V_1 − iν(β)V_1 = (47) − i [ ∂V_0 ∂β β_ζ + ν(β)V_0 ] + ϵL^3(ζ) ( V_0 L exp(iζ + i L_z L r^2 4 ) ) tt exp(−iζ − i L_z L r^2 4 ) While the equation for the real part of V_1 is always solvable ([8]), the solvability condition for the imaginary part of V_1 is that R is perpendicular to the RHS of (47): ∫_∞ 0 R [ ∂V_0 ∂β β_ζ + ν(β)V_0 − L^3Im (( V_0 L exp(iζ + i L_z L r^2 4 ) ) tt exp(−iζ − i L_z L r^2 4 ) )] ξdξ = 0 (48)

From (17) and (18) we get:

L^3 ∫ R Im (( V_0 L exp(iζ + i L_z L r^2 4 ) ) tt exp(−iζ − i L_z L r^2 4 ) ) ξ dξ ∼ ζ_{tt}L^2 ∫ R^2ξ dξ Using the relations

β_ζ = L^2β_z ∫ ∂V 0 ∂β Rξdξ = M 2 the solvability condition (48) reduces to (19).

B Figure Captions

1. A summary of the relations between the TDNLS (1) and the modulation equations (20– 22). T_M is the transformation used to derive the modulation equations from the TDNLS, namely, changing from ψ to the modulation variables using (12) and (14). Since the Modulation Lagrangian is derived by applying T_M to the TDNLS Lagrangian, the operators T_M and the variational derivative (∂) commute. Likewise, using Noether theorem (N.T.) to derive a conservation law for the TDNLS based on a symmetry group of the TDNLS Lagrangian and applying T_M to this law, results in the same conservation law for the modulation system as if we used the symmetry group for the Modulation Lagrangian.

2. Comparison of the TDNLS (dashed line) and the modulation equations (solid line). The initial condition for the TDNLS is (40) with ϵ = 0.01. The comparison was started at z_0 = 0.6662 when the peak splitting in β has already formed. The peak splitting in the field amplitude (1/L) follows later. For each line z_{mod} and z_{T DNLS} are the recovered values of z from the modulation equations and from the TDNLS simulation, respectively.

3. Comparison of the TDNLS (dashed line) and the modulation equations (solid line) for the same conditions as in figure 2. The comparison was started at a later ‘time’ z_0 = 0.8856, at which the error in recovering the initial values of the ‘modulation variables’ is smaller. As a result, the agreement is much better than in figure 2.

4. The evolution in z of |ψ(t, r = 0)| and β(t) for the initial condition (41). β is a measure of the excess cross-sectional mass above critical, and is evaluated using (7).

References

[1] M. Ablowitz and P. Clarkson. Solitons, Nonlinear Evolution Equations and Inverse Scattering. Cambridge University Press, 1991.

[2] M. Abramowitz and I. Stegun. Handbook of Mathematical Functions. Dover, 1965.

[3] N. Akhmediev and J. Soto-Crespo. Generation of a train of three-dimensional optical solitons in a self-focusing medium. Phys. Rev. A, 47:1358–:1364, 1993.

[4] R. Birngruber, C. Puliafito, A. Gawande, W.-Z. Lin, R. Schoenlein, and J. Fujimoto. Femtosecond laser-tissue interactions: Retinal injury study. IEEE J. QE, 23(10):1836–1844, 1987.

[5] P. Chernev and V. Petrov. Self-focusing of light pulses in the presence of normal groupvelocity dispersion. Opt. Lett., 17(3):172–174, Feb 1992.

[6] M. Feit and J. Fleck. Beam nonparaxiality, filament formation, and beam breakup in the self-focusing of optical beams. J. Opt. Soc. Am. B, 5(3):633–640, 1988.

[7] G. Fibich. Adiabatic self-focusing and beam nonparaxiality. preprint.

[8] G. Fibich. Self-Focusing in the Nonlinear Schrödinger Equation for Ultrashort Laser-Tissue Interactions. PhD thesis, Courant Institute, NYU, 1994.

[9] G. Fibich. Time-dispersive effects in ultrashort laser-tissue interactions. In IMECE Proc., 1995. to appear.

[10] G. Fraiman. Asymptotic stability of manifold of self-similar solutions in self-focusing. Sov.

Phys. JETP, 61(2):228–233, feb 1985.

[11] I. Gelfand and S. Fomin. Calculus of Variations. Prentice-Hall, New-Jersey, 1963.

[12] S. Hastings and J. McLeod. A boundary value problem associated with the second Painlevé transcendent and the Korteweg-de Vries equation. Arch. Rat. Mech. Anal., 73:31–51, 1980.

[13] E. Ince. Ordinary Differential Equations. Dover, 1956.

[14] M. Landman, G. Papanicolaou, C. Sulem, and P. Sulem. Rate of blowup for solutions of the nonlinear Schrödinger equation at critical dimension. Phys. Rev. A, 38(8):3837–3843, Oct. 1988.

[15] B. LeMesurier, G. Papanicolaou, C. Sulem, and P. Sulem. The focusing singularity of the nonlinear Schrödinger equation. In M. Grandall, P. Rabinovitz, and R. Turner, editors, Directions in Partial Differential Equations, pages 159–201. Academic Press, New-York, 1987.

[16] B. LeMesurier, G. Papanicolaou, C. Sulem, and P. Sulem. Local structure of the selffocusing singularity of the nonlinear Schrödinger equation. Physica D, 32:210–226, 1988.

[17] G. Luther, A. Newell, and J. Moloney. The effects of normal dispersion on collapse events.

Physica D, 74:59, 1994.

[18] V. Malkin. On the analytical theory for stationary self-focusing of radiation. Physica D, 64:251–266, 1993.

[19] V. Malkin and G. Papanicolaou. On self-focusing of short laser pulses. 1993. November, Preprint.

[20] J. E. Rothenberg. Pulse splitting during self-focusing in normally dispersive media. Opt.

Lett., 17(8):583–585, April 1992.

[21] J. Soto-Crespo and N. Akhmediev. Description of the self-focusing and collapse effects by a modified nonlinear Schrödinger equation. Optics Comm., 101:223–230, 1993.

[22] D. Strickland and P. Corkum. Short pulse self-focusing. SPIE, 1413:54–58, 1991.

[23] V. Vysloukh and T. Matveeva. Self-focusing and self-compression of ultrashort pulses in planar waveguides: A role of the group velocity dispersion. Bull. of the Russian Acad. of Sci. Phys., 56(9):1289–1293, 1992.

[24] N. Zharova, A. Litvak, T. Petrova, A. Sergeev, and A. Yunakovsky. Multiple fractionation of wave structures in a nonlinear medium. JETP Lett., 44(1):13–17, 1986.

[25] B. Zysset, J. Fujimoto, and T. Deutsch. Time-resolved measurements of picosecond optical duration. Appl. Phys. B, 4853:139–147, 1989.

TDNLS Equation T_M -^{Modulation}

Equations

6_{∂ ∂} 6

N.T.

?

N.T.

?

TDNLS Lagrangian

Modulation Lagrangian

T_M

-

T_M

-

TDNLS Invariants

Modulation Invariants

Figure 1: Fibich-PhysRevA

1 L^{z0 = 0.6662} β

1 L^{zmod = 0.8939}z_{DNLS} = 0.9064 β

1 L^{zmod = 0.9392}z_{DNLS} = 0.9598 β

1 L t z_{mod} = 0.9638 z_{DNLS} = 0.9926 β t

Figure 2: Fibich-PhysRevA

1 L^{z0 = 0.8856} β

1 L^{zmod = 0.9498}z_{DNLS} = 0.9533 β

1 L^{zmod = 0.988}z_{DNLS} = 0.9968 β

1 L t z_{mod} = 1.005 z_{DNLS} = 1.02 β t

Figure 3: Fibich-PhysRevA

|ψ| β

Figure 4: Fibich-PhysRevA