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Abstract

We derive localization theory for elastic waves in plane-stratified media, a multi-
mode problem complicated by the interconversion of shear and compressional waves,
both in propagation and in backscatter. In the low frequency limit, i.e. when the
randomness constitutes a microstructure, we give analytical expressions for the follow-
ing quantities: the localization length, and another deterministic length, called the
equilibration length, which gives the scale for the equilibration of compressional and
shear energy in propagation; the probability density of the fraction of reflected energy
which remains in the same mode (shear or compressional) as the incident field; and
the probability density of the ratio of shear to compressional energy in transmission
through a large slab. This last quantity is shown to be asymptotically independent
of the incident field. Our main mathematical tools are: the Oseledec theorem, which
establishes the existence of the localization length and other structural information,
and himit theorems for stochastic differential equations with a small parameter.
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1 Introduction

In this paper we study the reflection and transmission of time-harmonic, elastic plane waves
obliquely incident on a randomly layered region whose mean or effective elastic parameters are
uniform. Our analysis is carried out in the asymptotic limit where the random layering is on a
scale much smaller than typical propagation distances while the wavelength of the incident waves
is intermediate between these two length scales. The random fluctuations in the elastic parameters
are not, however, assumed to be small.

We studied in detail acoustic wave reflection and transmission in this regime in [1] and pointed
out its relevance to exploration geophysics, discussed extensively in [2]. For waves in random media
this asymptotic regime is interesting because localization phenomena [3] are fully developed. In
its simplest form localization means that time harmonic plane waves are exponentially attenuated
by multiple scattering when passing through a randomly layered medium. The rate of multiple
scattering attenuation is the reciprocal of the localization length, which depends on the frequency
of the waves and the statistical properties of the medium. For layered random media the localization
length for acoustic wave propagation is always finite and its behavior for low frequencies or weak
fluctuations, as well as some other cases, is known [4,5]. Multiple scattering attenuation is seen
clearly in numerical experiments [6] and its separation from intrinsic attenuation is an important
problem for which a lot of progress has been made in the acoustic case ([1] and the references
therein). This paper is the first one, as far as we know, where localization phenomena for elastic
waves in randomly layered media are analyzed in detail, in particular, modal wave energy conversion
and Lyapounov exponents. Earlier attempts [7,8] dealt with a more general, somewhat abstract
vector wave problem with mode coupling but the results were not as explicit and informative as
the ones in this paper.

The vector nature of elastic waves makes the analysis of reflection-transmission much more
complicated than for acoustic or even electromagnetic waves, which are vector waves. In the
latter case, plane waves at an arbitrary angle of incidence can be decomposed into horizontally and
vertically polarized modes that do not couple except statistically since they both propagate through
the same randomly layered medium. The horizontally and vertically polarized wave modes behave
like acoustic waves [9]. In the elastic case, compressional or P waves, horizontally polarized shear
(SH) waves and vertically polarized shear (SV) waves decouple for normal incidence. At oblique
incidence the SH mode decouples from the P and SV modes but these two stay coupled. The SH
mode behaves like an acoustic wave. The P-SV coupled mode problem gives rise to four-by-four
propagator matrices (section 4) while for acoustic waves the propagator matrices are two-by-two.
This 1s an essential complication that requires special analysis and leads to new results.

The main results in this paper are as follows. We calculate explicitly, in the above mentioned
asymptotic regime, (i) the probability density of backscatter mode conversion from a randomly



layered half space, (ii) the probability density of transmitted mode conversion, (iii) the localization
length of the waves (the reciprocal of the smallest of the two positive Lyapounov exponents) and
(iv) the mode equilibration length for transmission (the reciprocal of the larger of the two posi-
tive Lyapounov exponents). The main methods in our analysis are limit theorems for stochastic
equations that depend on a parameter, as in [1] and elsewhere, and the Oseledec theorem (section
6) which defines the Lyapounov exponents and the associated limit eigenspaces for the propagator
madtrices.

In the case of acoustic waves we can study more complicated reflection and transmission prob-
lems by randomly layered media because we do not have to deal with coupled modes, the propaga-
tors being two-by-two matrices. In [1] we studied the reflection and transmission of pulsed spherical
waves in randomly layered media with varying deterministic background and with intrinsic atten-
uation. We also formulated and solved some inverse problems. We are now studying the solution
of these more complicated problems in the case of elastic waves.

In sections 2-4 we formulate the P-SV reflection transmission problem in a manner that is conve-
nient for the asymptotic analysis where we exploit the special structure of the propagator matrices.
In section 5 we apply the asymptotics for stochastic equations to calculate the probability density
of backscatter mode conversion and calculate moments by numerically evaluating the analytical
formulas. In section 6 we use the Oseledec theorem to define suitably the Lyapounov exponents of
the propagator matrices which we calculate in section 7. We compare our analytical results with
numerical simulations and find excellent agreement between them. In section 8 we analyze mode
conversion for transmission. In a number of appendices we clarify some associated special issues.
In appendix A, in particular, we review the necessary modifications that convert our results to the
case of small fluctuations in the medium properties when the wavelength of the incident waves is
comparable to the scale of the inhomogeneities.

2 P-SV waves in a randomly-stratified medium

Let u = (uq, ug, U3)T be displacement, 7;, the stress tensor, p the density, and A, the Lamé
parameters. Then for isotropic elasticity we have

82uj
P 012 = Tu
T = /\uk,kéﬂ + ,u(uﬂ + U&j) , (2.1)

where 6, is the Kronecker delta and we use the summation convention. We nondimensionalize by
choosing typical macroscale length &, velocity ¢, density p, and displacement u, and setting

wh o= wifr, = (c/a)t
U i/, Tl = (2/(pAE)Ty (2.2)
po=plp, N =M i = p/(pe?) .

Since the primed variables also satisfy (2.1) we will work with them, dropping primes. For explo-
ration geophysics, suitable length and velocity scales are, say, Z = 3 km, ¢ = 3 kim/sec, so that a
macroscopic time scale is 1 sec. A typical p =2.7 gm/cm?.

We consider a stratified medium, so that the material parameters p, A, ¢ are functions of the
coordinate 3 = z only. It can be shown that horizontal shear (SH) waves are not coupled to vertical
shear (SV) or compressional (P) waves, and so can be analyzed separately. They can be represented



by a two-variable system which i1s mathematically equivalent to the acoustic problem which has
been analyzed extensively elsewhere [1]. To analyze the P-SV problem, we seek a solution of (2.1)
in the form of a time-harmonic plane wave of angular frequency @ and horizontal slowness p

u = e—iw(t—pxl)ﬁ(z)
r

= e~ @lmrmz(y) (2.3)

Substitution of (2.3) into (2.1) yields nine equations. Three of these, for Uz, 712, 723 uncouple from
the rest, so that these variables may be set equal to zero. A fourth equation determines 755 in
terms of @y and Jus/dz. Of the remaining five equations, 7;; may be eliminated to produce a
closed system of equations for

Ti3

X = (2.4)

T33
—iWwUy
The choice of X to represent the wave is suggested by the formalism of Ursin [10]. X satisfies the
four-dimensional linear ordinary differential equation

dX
where the 4x4 matrix M has the block structure
0 M
M = 2.
] (2.6)
and My, My are the 2x2 real symmetric matrices
exem B e
A2 A2
My = [ et ] (2.7)
Ot2e) P70
M, = [pﬁl. (2.8)
Py

We now assume that the material parameters vary randomly as functions of z, and vary sub-
stantially over small distances, which define a microscale. To express this mathematically, let € > 0
be a small, dimensionless parameter, and let

X= M=) ==/, = pl=/) (2.9)

be stationary random functions on the microscale, ¢2. For exploration geophysics a typical mi-

croscale has been estimated as on the order of 3 m [2] so that €2 = 1073 and e ~ .03.

While we analyze here the case of stationary random fluctuations, similar methods have been
used, for the acoustic problem, if there are also deterministic background variations, i. e. non-
random variations on the slow, z-scale [1].

Now if all other parameters are O(1), then the rapidly-fluctuating parameters in (2.5) tend to
average, so that the effective medium theory obtains. That is, we define the averaged matrix

(2.10)

M:mm:[§2%ﬁ,



where E denotes expected value. Here M, M, may be written in terms of the five effective
parameters

et
1
S

=,

=i

[l
TN

&
| p— |
==
| I
~—
L

= Em] (2.11)
Y2 = E(Ajizu)]
- o
Then
Mi=EM] = [J;p ﬁjﬁ;ﬁ] (2.12)
Mo = E[My] = lg g] . (2.13)

We define X to be the solution of the averaged system. That is, (2.5) with M replaced by M, X, by
X. The random system X is well approximated, as ¢ | 0, by the deterministic, “effective medium”
solution, X. Stochastic effects are small, O(¢), in this limit, and can be computed for initial value
problems by the theorem of Khasminskii [11], or for boundary value problems, by the theorem
of White and Franklin [12], which treat general non-linear equations with this scaling. For an
application of this method to a wave problem, see Besieris and Kohler [13].

Note that in general the effective medium is not isotropic, but that it can become isotropic
when, for example, there are no fluctuations in g = 7. In that case, we can define X so that
v = (A+20)7L, and then vo = Ayi, 73 = 471(A + Ji)y1 as in the isotropic case. This is a special
instance, for layered media, of more general effective media whose microstructure have constant
shear modulus [14].

For the remainder of this work, we introduce one final scaling that invalidates effective medium
theory, and produces O(1) random fluctuations in the wave. Following Burridge et. al. [15] and
Asch et. al. [1], we let
(2.14)

_w
o= =
€
For a time scale of 1 second and ¢ ~ .03, this scaling produces a typical frequency on the order of
1/€ 2 30H z, which is consistent with exploration geophysics. More generally, we are assuming that
the wavelength, of order O(¢) is much larger than the O(e?) microscale, but much smaller than the
O(1) macroscale, so that propagation distances will be many wavelengths. With (2.14) and (2.9),
(2.5) becomes
dX

= M u/X (2.15)

Now we consider that a slab of this random medium, of length Z, occupies the region {z : 0 <
z < 7}, bounded by two half-spaces of homogeneous material, above, for z < 0, and below, for
z > Z. (z is positive downward as is usual in geophysics. We will also use a second coordinate



system ( = —z, positive upward.) For z < 0, the constant material parameters p° A p° give

compressional and shear wave velocities (32, 2, respectively, where

(A0 +2
) * ) —,/ (2.16)
and corresponding vertical slowness
A co \/ co (2.17)

We consider that either a P or an SV wave is incident on the slab from above. For z < 0, the

displacement of each incident wave 1s given by the famihar forms of ulnC ,ul™ | respectively,
p
uinc - ¢ 0 e (t—pz1 agz)
P
0
L Yp
| —ay | .
u = | 0 |etElpm-ais) (2.18)

The multiplicative € factors have been inserted in (2.18) to produce corresponding O(1) wave vectors
X. At z =0, the incident wave vectors are then

i . 2u%a%
XIHC — Y 2.19
P 1oy )\opz + ()\0 4 QHO)(QZ(D? ( )
—-P
for an incident P-wave, or

0 2—p 032

inc __ - /'L(p _(as))
X3¢ = dw 2palyd (2.20)

oy

for an incident SV -wave.

3 Ups and Downs

Following Ursin [10], we diagonalize M by the following procedure: We first choose 2x2 matrices
L1, Ly such that

LWLE = Lt =1 (3.1)
My, = LiAL!
My = LyALT! (3.2)

where [ 1s the 2x2 identity, A is a diagonal matrix



and a; > a), > 0. We define the 4x4 matrix L by the block structure

. 1 Ll Ll
V2| L L 4
It then follows that
L™YMIL = Ay (3.5)
where Ay is the 4x4 diagonal matrix
A0
A = [ 0 —A ] (3.6)
From (3.1) and (3.4) it follows that
_ 1|t
=l o7

The reader is referred to Ursin [10] for the details. In brief, the columns of Ly (or Lg) are properly
normalized eigenvectors of MM, (or Hgﬁl). MM, and M,M, have the same eigenvalues,

which are oz]% and «?

s, and oy, as correspond to vertical slownesses for the faster and slower wave

modes, respectively. Here the plus or minus signs in (3.6) correspond to up and down-going waves,
respectively.

For an isotropic effective medium, «,, o5 are given by the familiar formula (2.16), (2.17), and
L1, Ly can be written explicitly

9py1/2 —\—=1/2
= l T (5= e ] (35)

—2pp(3) (P = 20p7) (Pass)
i (7 — 20%)(pa,) M * 2mp(%)' (3.9)

i —p(pay) /2 CORC .
As discussed in section 2, the effective medium is, however, usually anisotropic.
Let

y=1L"'X= [ E ] ‘ 5.10)

where U, D are 2-vectors with U representing up and D representing down-going waves. Note that
up and down-going waves are computed here with respect to the effective, not the random, medium.
For z < 0 we may use (3.8), (3.9) to decompose the alternate incident waves (2.19), (2.20). Thus
at z =10

inc 0 inc . 1
uine = [ 0 ] , DI = —iw(2p%a )/ [ 0 ] (3.11)
Ulne = [ 8 ] . DI = —iu(2p%a)/? [ (1) ] , (3.12)



which are purely down-going, as is appropriate.

Now X = Ly is continuous across interfaces, 1.e. values of z where the effective medium and
hence L, has a discontinuity. Let L* yT represent values of L,y at z%, below and above such an
interface. Equating L*y* then yields the relation

yi=Jy~ (3.13)
where the jump matrix J is given by
J=LHtL . (3.14)
From (3.14), (3.1), (3.4) (3.7) we obtain
| Ja JB
<[] oo
where the 2x2 matrices J4,.Jg are
1
Ja o= SUITLT + 117 LY)
1
Jg = §(L;TL; — ity . (3.16)

To jump the other way, y~ = J~'y™T, where
Jy J5
Jh=| A B ] 3.17
l Ie g (3.17)

and J,Jg are obtained by interchanging + in (3.16). By transposing the resulting identities, we
obtain

Jy=J5, Jg=-Jk. (3.18)
Now at z = 0~ we have
_ Ureﬂ

where U* is the reflected, and D™ the incident waves. From (3.13), (3.17), (3.18) we obtain the
boundary condition at z = 0T

— JEO)UuT) + JI(0)D(0T) = D™ (3.20)
and the expression for the reflected wave
Ul = jT0)yu(oh) — J4(0)D(0T) . (3.21)

Below the slab, at z = zT, we have no upgoing wave, so that

vyt = [ . ] - (3:22)

Thus
J4Z)U(Z7)+ Jp(Z)D(z7) =0 (3.23)



and

D" = Jp(z)U(z7) + Ja(z)D(z7) . (3.24)
Equations (3.20), (3.23) are boundary conditions for y, which satisfies the differential equation

%gzz-%?{A1+-V@4e%}y. (3.25)

Here the mean zero random matrix v 1s determined from the fluctuation matrix

M=M-M (3.26)
by N
v=IL""ML. (3.27)
Writing
=] 2 M (3.28)
M, 0

where M\j =M; - Mj , j = 1,2, we obtain that

v= l YT ] (3.29)

Vo —1
where
1 T35 T35
v = i[LQmﬁLQ4-L1AQLq]
1 _ _

P 5@%@@-LH@@] (3.30)
are real symmetric 2x2 matrices. Let 6;(z/€?), j = 1,...6, be scalar mean zero stationary stochas-
tic processes, such that

e
L R
_ | b 65

vy = l 55 6 ] . (3.31)

In view of (3.24), (3.28), the 6; represent coupling processes for the various modes. Thus, for
instance, 69 produces scattering from a down-going P to a down-going S, or vice-versa. Similarly,
04 produces scattering from a down-going P to an up-going P and vice-versa. A summary of these
interpretations is contained in Table I. Note that the first column, containing é1, 62, 83 scatters in the
same direction, while the second, with 4, 65, 6¢ scatters in the opposite direction. Thus, essentially
v1 1s a local transmission coefficient matrix, while v is a local reflection coefficient matrix.

COUPLING | SAME DIRECTION | OPPOSITE DIRECTION
P-P & 84

P-S or S-P 09 05
S-S o3 86

Table I. Role of the scattering processes, é;



4 Transfer (Propagator) Matrices. Reflection and Transmission
Matrices

We will solve the linear boundary value problem (3.25), (3.20) and (3.23) in terms of an initial value
problem for an appropriate 4x4 fundamental solution, the transfer or propagator matrix. For this
purpose, it 1s convenient to start at the bottom of the slab, and also to remove the deterministic
part of the coefficient matrix in (3.25), represented by A1, with a rotation. We thus define

{=—z (4.1)
so that { € (=z,0), and let '
w(() = e My(=() . (4.2)
Then w satisfies p )
W w
Va ?77(4’/62,(:/6)“’ (4.3)
where
_—i9CA,i%cA _ | T T
= € € VE ¢ _ * 44
7 [ B ] (4.4)
and
m = eTIEOA %A
ny = ety ettt (4.5)
Note that 71, 772 have mean zero, and that
«T -
ot o= m (Hermitian)
o= (Complex symmetric) . (4.6)

We define the transfer matrix @ as the following 4x4 fundamental solution of (4.3)

d .
T = S c0e
Qliez = 1. (1.7)
where [ 1s the 4x4 identity.
Then for —z < { < 0
w(() = QOw(=z") . (4.8)

From (4.8), (4.2), (3.19) and (3.22), we have, on setting { = 0~
QO | o | = 10| Do (19)
Dtrans Dne : .

Thus once @(0) has been determined, we may solve for the reflected and transmitted waves from
(4.9). However, before doing so, we will investigate the symmetry properties of Q).
First, note that there exist 2x2 matrices A, B such that

(4.10)

A B*

10



where * denotes complex conjugate.

To see this, first note that Q(0) = I is of this form. Now let w = [wy, w3]7 be a vector solution
of (4.3), where w1, wy are 2-vectors. Then it may be verified using (4.4), (4.6) that [w3, wi] is also
a solution. Thus if the first two columns of (4.10) are as given, the second two columns must also
be of the form indicated there. From (4.4), (4.6), (4.7) and (3.18) we obtain

dA w * L
€ ?[77114 —mB], A(=Z)=1
dB w . -
© T —[n2A-mB], B(-7)=0. (4.11)
Let
I 0
(9_[0 _I] (4.12)

where I is the 2x2 identity. Note that @7 = @~! = (0. Another important symmetry relation is
that

Ql=0Q10. (4.13)
To see this, first note from (4.7) that
Q MNe=z=0Q70 = z=1, (4.14)
so that (4.13) is satisfied at ( = —Z. But now
d iy _ _Wor o T
d . W, .
d_COQ 0o = —?(’)n 00Q0) . (4.15)
However,
n = 0n 0 (4.16)

by (4.12), (4.4), and (4.6). Thus (Q~")T = OQ*O since they are equal initially, and satisfy the
same linear differential equation. Transposing this relation yields (4.13).
Substitution of (4.10) into (4.13) yields

_ A*T _B*T

Q' = [ _pT 4T (4.17)

The identity @~'Q = I implies that
ATA-BTB=1 (4.18)
ATB=B"A (4.19)

while QQ~! = I implies

AAT BT =1 (4.20)
ABT = AT | (4.21)

Thus (4.18) — (4.21) are equivalent to (4.13) (or (4.17)) on use of (4.10). Also, J4, Jp satisfy (4.18)
— (4.21) because of (3.15), (3.17), and (3.18).

11



We may now revisit the boundary conditions (4.9). Writing @ in the form (4.10), and J in the
form (3.15), (4.9) yields expressions for the waves reflected and transmitted from the random slab,
in terms of the initial value problem (4.11). Using (4.18) — (4.21) the solution may be written as
the following four step process:

First, we define a local reflection matrix, , 7, and a local transmission matrix, 77, which describe

the effects of the mismatch in effective properties at the transmission end of the slab, { = —%
LT = _ei%EAJXI JBei%EA (422)
o= (JI)TtetEA (4.23)

We may verify that | 7 is symmetric
T
s T =T (4.24)
and that | 7, 77 satisfy the conservation of energy relation for reflected and transmitted waves (see

appendix C for further discussion)

3 ;"T’ T+ TT T = I. (425)

Second, we define a reflection matrix, , (¢) and a transmission matrix, 7(¢), for propagation
throughout the interior of the slab

Q) = (B +AQ), A + B(G), )7 (4.26)
T(¢) = (A7) + B), 1) (4.27)
Similarly , is symmetric and , , 7 satisfy conservation of energy
T = =T+ 8D LB T 4+, 74T (4.28)
OO+ TTORO =T (4.29)

Third, we incorporate the effects of the mismatch in effective medium properties at the incidence
end of the slab by defining the complete reflection and transmission matrices

= (4(0) —, ()5(0) (. (0)4(0) — J5(0)) (4.30)
= H(O)(J1(0) ~ 75 (0). ()" . (4.31)

Al

T =1 =500, (0) = JEONUE0) = TE0), ()" (4.32)

Finally, for any incident wave, the reflected and transmitted waves may be computed by

UI‘eﬂ — ,_Dinc (434)
D = Fpinc, (4.35)
A special role is played by the “matched medium” case, that is , when the homogeneous medium,

either above or below the slab, has properties that are “matched”, or identical to, the effective
medium properties of the random slab. In that case, J is the identity, and so J4 =1, JJg = 0.

12



When the medium below the slab is matched, we have that , 7 = 0 and 77 18 a matrix of pure
phases, giving the (deterministic) travel-times through the slab for P and S waves in the effective
medium.

When the medium above the slab is matched, we have that , =, (0),7 = 7(0), and so , (0), 7(0)
need no modification to represent reflection and transmission. This observation leads to an inter-
pretation of , (), 7(¢) for ¢ # 0, in terms of “invariant embedding”: We conceive of a fictitious
slab occupying (=z,() C (—%,0), i.e., embedded in the real slab. , (), 7({) for { # 0 then give
reflection and transmission through the embedded slab, when a wave is incident from a matched
medium above.

While the concept of a matched medium 1s useful for separating the effects of random propa-
gation from those of scattering by macroscopic interfaces, we recall from section 2 that in general
the matched medium will not be isotropic. An exception discussed there is when there are no
fluctuations in shear modulus pu.

If we assume that waves are localized, we may derive some properties of waves reflected from a
random half space. Letting the slab length 7 — oo, no waves may penetrate, whatever the incident
field, and so 7 = 0. From (4.32), (4.33) , is then a symmetric unitary matrix. Moreover, using
the concept of invariant embedding, no wave may penetrate the embedded medium either, so that
7(¢) = 0 for all finite ¢, and hence , ({) is symmetric and unitary for all finite { by (4.28), (4.29).
We will use these facts in the next section to compute reflection statistics. They will be shown in
more detail in sections 6-8 when we compute the localization length and use it in representations

for , 7.

For finite Z, we can, by differentiating (4.26) and using (4.11), derive the matrix Riccati equation

for |

d, iw{ N . )
dC — c Up) 7, y T y 112,

, |C=—5 = ,7. (4.36)

While we will primarily use the propagator matrices, and reflection and transmission matrices
as defined above, we will also need to consider some variants. One such variant is the propagator

Q) = e TMQ(Qer M (4.37)
Q(¢) satisfies the equation

d_ .

CaC O

Qle=—= = 1 (4.38)

and so is a fundamental solution matrix for the vector of up and down-going waves, but in the
upward coordinate system ¢ = —z. Each of the propagators, @, @, has a separate use, as follows:

() satisfies an equation, (4.7) which is “centered”, that is, the coefficients have zero mean. We
are thus able to find a useful limit, as ¢ | 0, even though the factor 1/¢, which is becoming infinite,
multiplies the right hand side. Thus the transformation, equation (4.2), that “centers” the equation
is directly analogous to “subtracting the mean”, when deriving the central limit theorem for sums
of independent random variables.

A complication incurred in centering the equation is that the coefficients in (4.7) involve rapidly-
varying, but deterministic, trigonometric factors on the (/e scale. In contrast, the coefficients for
@, equation (4.38), are stationary random processes. @ is therefore of the form needed for the
Oseledec theorem, which is used in section 6 to show the existence of Lyapunov exponents, and

13



other structural facts about (). With the relation (4.37), we can then easily infer the analogous
facts for (), which 1s used in the detailed calculations.
From (4.37) and the symmetry relations for @), we find that @) and @ have the same symmetries.

Thus o
— A B
= | = . 4.39
where
T = EAC 4 i9AT
B eTHEAC Bt TAT (4.40)
Also
——1 —*T
Q =0 0 (4.41)

so that A, B satisfy the symmetry relations (4.18) — (4.21).

Another variant of the propagator equations, that will be useful for certain aspects of the
transmission problem, arises from a formulation in terms of the downward coordinate system z =
—(. This formulation my be interpreted as another kind of “invariant embedding”, where we add
material continuously to the #ransmission end of the slab, rather than the incidence end, as was
done previously. Let @'(z) be a fundamental solution matrix for (3.24)

— _%{Al—kl/(z/ez)}al(z)
o (4.42)

We will solve for the matched medium case only, so that
— Ureﬂ 0
Q (Z) [ Dinc ] - [ D trans ] : (443)

Note that if ©(z/¢?) is statistically reversible, that is, isotropic in one dimension, then @l(z) has
the same distribution as Q" (z — 7).
The centered version is

Q/(Z) = ei%Alzal(z) (4:44)
which satisfies
40’ (2 W
CEL o e —2f0Q )
Ol — 1. (4.45)

Then @’ has the same symmetry properties as (), i.e.

Q - [gﬁ - (4.46)
@) = oEyro (4.47)
Putting (4.46), (4.44) into (4.43) then yields
Ureﬂ — —(A/(E))_I(B/(E))*Dinc
DU = N [(A(3)) - B(E)(A'(7) 7N (B'(7) D (4.48)
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From the statistical relations between @, @l we have that

Q/(E) 2 ei%Ale*(O)e—i%Alz (449)
That is, the matrices have the same probability distribution.

In Table 11, we have summarized the notation for the four different propagator matrices. Note
that primed variables propagate downward, 1.e., in z-coordinates, while unprimed variables propa-
gate upward, 1.e., in {-coordinates. For upward propagating variables, we will alternatively need to
keep the transmission end fixed at ¢ = 0, by using the coordinate { = { +Z. Also note that barred
propagators have stationary coeflicients in their defining equations, while for unbarred propagators
these coefficients have mean zero.

PROPAGATOR DIRECTION COEFFICIENTS EQUAL TO
Q up (¢ or () mean zero eieMQemT M7
Q up (¢ or () stationary eleMlQeithz
Q' down (z) mean zero eleh=g
@’ down (z) stationary emiehzgy

Table II. Summary of propagators. Coordinates are { = —z , ( ={ + Z.

5 Mode conversion of backscatter from a random half-space

Let , ;;,4,5 = 1,2 with | 12 =, 91 be the elements of , . From (4.36), (4.5), (3.30) and (3.3) we

obtaln

d ] ;W ;W
T = _E{‘M@_Zz?%c — 26y, 11 — 28pe 7 rm)
d¢ €

2« 2 ;< . 2t%as( 2
o AU P T o AR NP PINEY Mol 12}

d} W — 1% (apto —i%(ap—a
ng - —z?{55e eonte)C (8 83), 13 — e PNy

1L (op—ore 2t¥< o
—bge < (o )C, 11+ 64" pC’ 115 12

Jogetc (optas)C [, 115 22+, %2] + ge?ie oy, 22}

d) 22
dg

= —1

[73) - w - w - W
_{666_22?%C — 26,6t (Orma)C ) 965 5y + g€ 32
€

+285¢7 < Crtas)C g+ fge?ieasC %2}

For reflection from a random half-space we have, from the discussion of the last section, that , is
unitary. Thus , can be characterized by the three real variables 8, ¢, v, where

0
s11 = tanhiel(q““”)
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;12 = isech —e'
0 ito—u)
, 22 = tanh 2¢ (5.2)
Substitution of (5.2) into (5.1) yields

df 2w f w . 2w
T - T{—Qég cosh 5 €08 (z [ap — ag] ¢+ w) — b48in (TO{pC + 6+ QS)

+265 sinh g Cos (% [op + o]+ ¢) — g sin (QTW%C +¢— ¢) }

d 2 1 1 6 2
—¢ :—w{—(61+63)——64tanh—cos (—wozpC-FQS-I-l/)
d¢ € 29 2 2 16 p 4 (5.3)
+b5sech = sin (i [ap + ag] ¢+ ¢) — —bg tanh = cos (—was(f + ¢ — ¢)}
2 € 2 2 €
% = 2%{%(61 —63)+62cschgsin (i[ap ]C-I—l/)) - l54 COthgcos (%ap(—kqﬂ-l/))

—|—166cothgcos (2 a(+ ¢ — ¢)}

Recall that &§; = &;(—(/€?) are stationary random processes with mean zero. Thus, the vector
P = (0,9, w)T satisfies a nonlinear ordinary differential equation of the form
dyp 1

€@ ;F(C/EQ)C/E)'/J) (5.4)

where the function F({, &, ) 1s, for fixed values of £ and %, a vector of stationary random processes
in ¢, with mean zero.

Equations similar to (5.4), and variants thereof have been the subject of extensive study [16],
[17]. The essential features are: (i) that the random part varies rapidly when ( is varied, i.e.
¢ — (/€? in the random coefficients of F((,&, ), and (ii) that F has mean zero, and a large
amplitude factor, 1/¢, multiplying it in the equation. A nonstandard feature of (5.4) is the second
scale of rapid variation, & — (/¢, introduced by the trigonometric functions in (5.3). However, we
can use here the general limit theorem of appendix A in Burridge et. al. [15], which was used
in that paper to study the reflection of acoustic pulses. The result i1s that as € | 0, % converges
(weakly) to a diffusion Markov process. Thus, roughly speaking, the fast fluctuations in (5.4) may
be approximated by appropriate “white noises” for small €

The limiting diffusion process in characterized by a linear differential operator £, the “infinites-
imal generator”, in which # plays the role of an independent variable. £ can then be used to
construct deterministic “diffusion-like” partial differential equations, the Kolmogorov or Fokker-
Planck, equations, for various statistical quantities associated with the process.

To construct £, we define the averaging operator for the rapid trigonometric scale

1 L d 5.5
(e = Jim = [* dc. (55

Then the infinitesimal generator can be written as
L= [T B [FCE ) TuF(C+ 6w Tl (5.:6)

16



Let
7= [ BB+ Q=16 (5.7)
0

Then application of (5.6) to the specific system (5.3) yields

Z — 2w2 10- <i+i)2+o- 8_2_8_2
- 21\ 50 " oy B o2 oy?

b oon (2o ) o oo 22 (e 22
033 a¢) 8¢ 0929 COS 289 COS 286

6 0 ,0 b*
+ 2 COth 5% + CSCh 58—W‘|
., 640 7. 080 0 J
+ 055 [4smh 290 (smh 5%) — 2tanh 320
6 o?
2
-+ SeCh §w‘|
o
Talaer T2 M2 TN Y ) e
1 0 0 \*
— | tanh - — th ——
=+ 4<an 8¢+CO 231/))
[ 52 1<t L the)a
T ger T\ Ty ) 5y
1 8 0 8 0\?
— [ tanh - — — coth - — )
+ 4<an 29 co 281/))]} (5.8)
In deriving (5.8) we have assumed that
as # 3oy, (5.9)

When (5.9) is violated a special resonance is created, since then o, — o, = 2a,, and products
of some of the trigonometric terms, which averaged to zero in computing (5.8), would then have
nonzero averages. Thus more terms occur in the generator £. Physically, this resonance occurs,
because when (5.9) is violated, the faster P-wave can resonate, in the effective medium, with the
slower S, in the following way: The waves start together at z = z1, and the S-wave travels directly
to z = z9 > z1. Meanwhile, the P-wave travels from z; to z9, 1s reflected back to z; and then back
again to z; to arrive exactly in phase with the S- wave.

Let P((,0,¢,v) be the joint probability density of (6, ¢, ) at position (. Then P satisfies the
Forward Kolmogorov, or Fokker-Planck equation

P 4
e =L (5.10)

where £ is the adjoint of £. Furthermore, we may seek a steady-state, (-independent solution
of (5.10) since the initial condition is at ( = —oo. Note also that none of the coefficients in (5.8)
depend on ¢ or 1, so that we may obtain a solution independent of ¢ and ¢ as well. Therefore

P(0,6,0) = ﬁ 120 (5.11)
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where the marginal density of 6, P() satisfies

JpP 0 1 -
5_C =0 = 4(.02% { [0’22 — 055 + 5 (0'44+ 0'66)] P

0 1 _
+ 56 ([022+055]cosh6’—|—022—055—|— [0’44—|-0'66]) P} (5‘12)

We take § > 0, so that [ P(6)df = 1. Let
0

— 1
_ (022 055) _(0'44-1-0'66) ‘ (5‘13)
(022 + 055) 2 (0'22 + 0'55)
Then P(f) can be written in terms of the single parameter .
NS, e20_1
B V Tm Y#
P(6) = (5.14)
(/-1) -
(69-|—1)2 3 E - 1
Note ¥ > —1 is necessary to avoid the singularity in (5.14).
Since , is symmetric unitary,
Ll + el =1 (5.15)
[ul? =1 (5.16)

Equation (5.15) may be interpreted as saying that for an incident P-wave, the sum of reflected
P-wave and S-wave energies is conserved. |, 12]? is the proportion that is mode-converted to S.
Because of (5.16), there is complete symmetry, in terms of energies, for incident P converted to S
and incident S converted to P. That is, the fraction of energy which returns in the same mode as
the incident wave is |, 11|

Moments of |, 11]? can be computed from

oo 21 27
BTl = [ [ [Fufpe.s,odsdds . (5.17)
000
Here P is given by (5.11), (5.14), , , by (5.2), and , by (4.30) or (4.32). Thus the problem is
reduced to quadratures. In the special case of a matched medium we have , =, and hence
_ 7 o\ 2" _
my, = F [|, 11|2”] = / (tanh 5) P(6)do . (5.18)
0

From elementary integration, we find

1+ w2 [1 — L/ (5 + vEr- 1)] L Y>1

my = Z Y=1 (5.19)

1+ 2 [%atctan( Lﬂl)—l], N<l
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Similarly, my may be calculated by the following formulas for ¥ > 1:

1) = ————In(S 4 VT2 1)

-1

g

e (S +VE2 1) 1
Gi®) = (x—1) [_ WS =1 /Eal
Ch(3) = ﬁ VEFT- )]
ClS) = —2(271_1)2 VEFT- ()]
1 1 ,
Ty [2 - 01(2)] , (5.20)
whence
my =1+ 4VSF1(CLE) = CYE) forE>1. (5.21)
Also .
my= -, L=1, (5.22)
while for ¥ < 1, we compute
2 T 142
C3(X) = — [§ — arctan ( E)
e 1 r 1+x2)  [fi—%
C3(X) = m [§ — arctan ( ﬁ) “Vizs
Cy(x) = ﬁ VEFT = Cy(n)]

’ 1 1 1 ,
) = 55 VEFT- Gy + TR [2\/E—+1 - 03(2)] (5.23)
and then
my = 1+ 4VT+ 3 (C4(2) = C4(B), for —1<E<1. (5.24)

To gain some insight into the physical content of these results, we first consider the parameter
Y, defined by (5.13). The o;;, defined by (5.7), are nonnegative power spectra evaluations. Noting
Table I, these parameters can be subdivided into two subgroups on each of two issues. The two
issues are forward scattering vs. backscattering and same-mode coupling vs. cross-mode coupling.
Thus 049 and 55 are measures of cross-mode forward scattering and backscattering strengths, re-
spectively; 044 and 646, on the other hand, are two measures of same-mode backscattering strength.
As written in (5.13), ¥ is a sum of two terms. The first term, (622 — 055)/(022 + 755), 1s a measure
of the persistence of direction in cross-mode scattering; it is a ratio of the net cross-mode forward
scattering strength to the total cross-mode scattering strength. The second term in the sum (5.13)
that forms %, 1.e. %(044 + 066)/(022 + 055), can be viewed as a ratio of the average same-mode
backscattering strength to the total cross-mode scattering strength.

The parameter ¥ can take values on (—1,00). From (5.13) it is clear that values close to —1 are
attained only if 055 3> 099 + 044 + 0¢s, 1.€. if cross-mode backscattering is the dominant coupling
mechanism. Values of ¥ close to —1 will therefore correspond to a high degree of mode conversion.
On the other hand, ¥ > 1 1s attained when o044 + 0gg > 022 + 055. In this case, backscattering of
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energy within the same mode is the dominant coupling mechanism, overshadowing total cross-mode
coupling. At this extreme, very little mode conversion will occur.

This behavior 1s illustrated in Figures 1 and 2. The variations of of mgy, my and fluctuations

my4 — m3 as functions of ¥ are plotted in Figure 1. Recall that my, in particular, represents the
mean P(S) wave energy reflected by the randomly-layered half-space, given that a unit of P(S)
wave energy is incident. As Figure 1 indicates, mo \, 0 as X \, —1; in this limit, therefore, the
random half-space reflection properties tend toward total mode conversion. On the other hand,
ms /1 as X / oo and this limit corresponds to the absence of mode conversion.

Note, however, the vertical asymptote in Figure 1 at ¥ = —1. Significant mode conversion thus
occurs for values of 3 quite close to —1. This fact is illustrated in a different way in Figure 2, which
shows how the invariant probability density itself varies as the parameter X is changed. For these
plots, we define:

0 — g
r=lul=12l= tanh§ ,  P(r)=2P(6) cosh? 2

Figure 2 shows the variation of invariant density P(r) vs. reflection coefficient modulus r for several
values of 3. It is clear that even for » = —0.99, the coalesence of probability mass near = 0 is
not particularly pronounced.

(5.25)

tanh g:’/’

To further evaluate the results obtained, a specific random layering model was adopted. In
this model, layering was controlled by a zero mean, piecewise constant process x(-). The distance
between layer switching was assumed to be exponentially distributed, with unit rate parameter;
the random variables defining y on the intervals between switches were assumed to be independent
and identically distributed on the interval [—é, 6 ]. In terms of this process, the material parameters
in (2.9) were taken to be

A= A/ = do (14 x(2/Y)
po=n (5.26)
= ple/e=p(1+x(z/)) . 220,

In the model, therefore, the mean layer thickness was ultimately O(g?). The Lamé parameter p
was chosen constant so that, as noted in section 2, the effective medium could be made i1sotropic
and matched to a deterministic elastic half-space in z < 0. Consequently, in the region z < 0 the
material parameters were chosen to be:

— 1 -1
A EoAE [E{AO(HX)HEH o
po= m
p 7, z2<0. (5.27)
Material parameter values in the region z > 0, i.e. Ag, [, p, were chosen so that, in the absence
of random fluctuations, the half-space would correspond to the first layer of the Gutenberg Earth
model [18]. This layer has a compressional wave velocity of 6.14 km./sec., a shear wave velocity of
3.55 km. /sec. and a density of 2.74 gm./cm?®. Then, adopting the length, velocity, and density scales

mentioned in section 2, we obtained the following scaled, nondimensionalized material parameter
values:

21



35

T
1

1.5 1

L

L L L L L L
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 3: Mode conversion parameter ¥ vs. Slowness p

A=139 , m=140 , p=1.00. (5.28)

Specification of the model was completed by assuming § = 0.3, i.e. a 30% peak fluctuation level,
and €2 = 1073, The parameter A could then be computed using (5.27).

Figure 3 shows the variation of the mode parameter ¥ as a function of (nondimensionalized)
slowness p. Recall that mode conversion decreases as ¥ increases. Therefore, it is clear that X
should become infinite as p approaches zero. At normal incidence (p = 0), the compressional and
shear waves decouple and in the absence of coupling there can be no mode conversion. As the figure
indicates, mode conversion also tends to decrease rather sharply as p approaches the compressional
wave cutoff value (= .488).

Figures 4 - 6 show the variation of second moment mgy, fourth moment my4 and fluctuations

\/m4 — m3 as functions of slowness p not only for the matched medium case but for varying degrees
of interface mismatch. The curves labelled (a) correspond to the case of a matched medium, i.e.
to the case where the material parameters of the deterministic medium in z < 0 equal those of
the effective medium in z > 0. In this case, in particular, the shear velocity was 3.55 km./sec.
(or 1.183 in nondimensional units). To introduce mismatch, the shear velocity in the deterministic
half-space was subsequently reduced by factors of 1/2,1/4 and 1/8. These results are presented in
Figures 4 - 6 by the curves labelled (b), (¢), and (d), respectively.

In the case of mismatch, the interface jump matrix .J(0) given by (3.14) and (3.15) is no longer
the 4 x 4 identity matrix. The moments recorded by curves (b), (¢), and (d) in Figures 4 - 6
therefore correspond to the moments of |, 11| = |, 22|, where the complete reflection matrix , is
defined by (4.30). These mismatch curves basically correspond to an evaluation of integral (5.17)
for the slowness values of interest.

The behavior exhibited in Figures 4 - 6 1s qualitatively consistent with what one would expect
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Figure 4: Second moment my vs. Slowness p (a) matched medium (b) shear
velocity reduced by 1/2 in z < 0. (c) shear velocity reduced by 1/4 in z < 0.
(d) shear velocity reduced by 1/8 in z < 0.
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Figure 5: Fourth moment my vs. Slowness p (a) matched medium (b) shear
velocity reduced by 1/2 in z < 0. (c) shear velocity reduced by 1/4 in z < 0.
(d) shear velocity reduced by 1/8 in z < 0.
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shear velocity reduced by 1/2 in z < 0. (c) shear velocity reduced by 1/4 in
z < 0. (d) shear velocity reduced by 1/8 in z < 0.

on physical grounds. We had noted that as the incident wave approaches normal incidence, mode
coupling (and hence mode conversion) tends to zero. Therefore, the curves my and my4 should
in all cases approach unity as slowness p tends to zero. Mode conversion should likewise tend to
decrease as p approaches the cutoff value for the compressional wave in the effective medium; thus
the curves my and my all increase as p approaches this limit. The curves show that increasing the
degree of mismatch increases the moment values (thus decreasing the amount of mode conversion).
In the matched medium case, the maximum amount of mode conversion occurs. In this case,
no interface discontinuity exists at z = 0 between the deterministic and effective medium half-
spaces. The incident wave can thus penetrate the random half-space without interface reflection,
subsequently undergoing multiple scattering induced by the random fluctuations. The introduction
of mismatch brings with it interface reflection. As the degree of mismatch in increased, the incident
wave is increasingly unable to penetrate the random half-space and interact with the random
inhomogeneities. The suppression of fluctuations with increasing mismatch (shown in Figure 6) is
consistent with this interpretation.

6 The Oseledec Theorem and singular value decomposition

In sections 6-8 we will determine how a wave transmitted through a large slab decreases as the
width of the slab increases to infinity; we will also study other quantities related to localization.
For this purpose 1t will be convenient to keep the output end of the slab fixed. We therefore define

(=(+7, (6.1)
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so that the output end is fixed at ( = 0. We also take ( = 0 as the origin of coordinates for the
random processes.

For each ¢ the matrix Q*TQ is Hermitian and positive definite. The Oseledec theorem [19], [20],
[21] guarantees that under wide hypotheses there exists a random Hermitian positive semi-definite
matrix # such that, with probability one

All’_‘

lim [@(0)R(O)]*

(—00

—F. (6.2)

While the eigenspaces of E are, in general, random, the eigenvalues are not random. We denote
the (real, non-negative) eigenvalues of F as

et > etz > el > oSl (6.3)

Thus, €2;, called the Lyapunov exponents, give (deterministic) exponential growth and decay rates

of @*T@ We will calculate them explicitly, as € | 0, in the next section.

As explained in section 4, and illustrated by the calculations in section 5, it is ) rather that @
which is most useful for the detailed calculations. In this section, we will use the Oseledec theorem
for @ to derive structural facts which can then be directly translated, via equation (4.37) into the
corresponding facts for (). To avoid writing these facts twice, we will drop bars for the remainder
of this section, indicating at the end of the section how to interpret the equations so that they are
indeed true for @ rather than Q.

For ¢ fixed, let £; > 0 be the eigenvalues, and w; the eigenvectors of Q*TQ

QTow;, = tiw;,, j=1,...4.
wi| =1 (6.4)

We assume that the £; are distinct

b1 >0y > 03 >04>0. (65)
From (6.3)
1
Q;= lim —In¢,; . 6.6
J Fmoo C J ( )
Now {w;} forms a complete orthonormal basis of C* as does {w,}, where
- Qw;
W, = . (6.7)
T low;)
since multiplication of (6.7) by Q@Q*T yields
QYW = (4w .
W = 1 (6.5)
That is, the w; are the corresponding eigenvectors of QQ*T. Since
. . 1/2
Qw;| = [wiTQQTw,| " = \/t; . (6.9)

we obtain the following singular value decomposition of @ [22]

4
Q=> \/Ev?jwf : (6.10)
7=1
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To verify (6.10), note that for all j, (6.7) implies Qw; = |@Qw;|W;, and that this relationship is
duplicated by the matrix in (6.10).
Now using the form (4.39) for @), one may verify the following fact. If w; = [v; ¥;]7 where

v;,Vv; are 2-vectors, then [vZ,v]T is also an eigenvector of @*1Q corresponding to ¢;. Adding

AR
this to w; then produces an eigenvector of the form [v; + v7, (v, + 9;)*]? Thus we may choose
eigenvectors of the form

Wi = |V
TG
lvil = 1. (6.11)
Insertion of (6.11) into (6.7) yields that
W, — 1V
v
Vil =1 (6.12)
where
;]‘ = (AV]‘ + B*V;)/ KJ‘ . (613)
We next multiply (6.4) by :O(Q*TQ)~! (c.f. (4.12)) and use (4.41) to obtain that
1
QTQ(iow;) = RGAOR (6.14)
J
Therefore
1 IV
iOw; = —| Vi 6.15
=7 oy (017

is an eigenvector of @*1Q corresponding to % In particular, (6.14) shows that the eigenvalues

J
occur 1n reaprocal pailrs

1
s = —
3 o
1
o= —. (6.16)
&

Furthermore, we may choose the eigenvectors so that
V3 = iVQ
Vg4 = iVl - (617)
Similarly, multiplication of (6.8) by i(QQ*T)~! and use of (4.41) yields that
Ty I
QqQ T(ZOW]‘) = Z(zOWj) . (6.18)

J

We are not, however, free to choose v3, vy arbitrarily as in (6.17), since they are constrained by
(6.13). However, since the eigenspaces are one dimensional, we have

iﬁg

cN~ L lqz o € ,‘73
iOwy = 7 [ (i%)" ] =7 [ v ] , (6.19)
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where kg 1s real. Then equating the two components implies that k3 = 0. Repeating the argument
for wy,w, then yields that

V3 = lqz
V4 = vy . (6.20)

Now insertion of (6.16), (6.17), (6.20), (6.11) and (6.12) into (6.10) yields a representation for
@ of the form (4.10) with

1 1 1 1

A = Z(Vi+—=)vviT+ - (Vi + —= ] voviT 21
2( 1*%)“‘” *2( 2*%)"2” (6.21)
1 1N oy o 1 LY .. .

B = 5(x/ﬁl——Tl)v1V1T+§(vfz—ﬁ)vzva~ (6.22)

Next we show that {vq, v} is an orthonormal basis for €2, as is {v1,Vv3}. To check this, we use
the fact that wy 1s orthogonal to both wy and ws, yielding a system of two homogeneous linear
equations for VTTVQ and (VTTVQ)*, which implies that these quantities are zero. A similar argument
shows that vy is orthogonal to vo .

Using the orthonormality of the basis vectors, we can derive the following two expressions.

2 T y

AT = vivil 44— v, 93T (6.23)
1
4/£1+; (\/£2+—£ )
(Vi) v
*T 1 1 *T 1 1 *T
A A = 1 £1+E+2 viv] +Z £2+E+2 Vovy' . (6.24)

Furthermore from (6.24) we obtain

1

(it Lot 4. (6.25)

|det A = det(A*TA) =
6 ly

We may now reintroduce @, rather than @. From (4.37), the singular value decomposition
(6.10) holds for @), as written, provided we replace

cw A —
6Z?A12

w;, =

~ g ~
w, = e ZeA1CWj

Wy

From (6.11), (6.12), and (3.6) this amounts to the substitution

. 1LAZ_ .
v = e ¢ V;

~ s o~
vV, = e ZeACVj.

Thus, by redefining w;, w;, v;, v; all the formulas (6.4) — (6.25) hold for ). However, the convergent
vectors become e_Z%AZVj , e_Z%Alej, converging as { =z — 00.
The result of this section can also be adapted to apply to Q'(z), since by (4.44)

—1xT"

QT =0"7q . (6.26)

and the Oseledec theorem applies to Q/‘ Thus formulas (6.4) — (6.25) apply if all variables are
primed, and ¢ is replaced by z. From (4.49) we can relate the probability distributions of the
primed and unprimed variables
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o2y

whoB g

W z ei%Alzw;

Vo2 Ay

\¢ 2 ei%sz;. (6.27)

In (6.27) the primed variables are evaluated at z = Z, the unprimed at (=%, e, (=0.

7 Calculation of the Lyapunov exponents

In this section we derive explicit expressions for the two nonnegative Lyapunov exponents {3 > ()5,
under the assumption that they are positive. From (6.6), (6.16) the other two exponents are

Q3 = =0y, Q4 =-04. (7.1)

We will first determine 1. Let wg ¢ C* be a nonrandom vector. From (6.10), (6.6)

1 1 &
521;1300 : In |Qwo| = 521;1300 % ln; (Wil wo %, = (7.2)
since £; /{1 — 0 as ( — oo for j # 1. That is, £, since it is the largest growth rate, can be deter-
mined by calculating the growth rate of |Qwyg| for arbitrary wg, provided wg is not asymptotically
orthogonal to wy. The probability of orthogonality is zero if the convergent vector e_i%AEvl(E =7Z)
has asymptotically a continuous probability density in C2.

The vector w = Qwyg is a vector solution of (4.7) with initial condition w(0) = wq. Taking
wg of the form wg = [VO,VS]T, yields a solution also of this form, i.e., w = [v,v*]T, where
v = Avy + B*vq. Substitution of this form into (4.7) then yields

dv . x
= v v
V]e—o = Vo (7.3)
From (7.2)
Q= _lim Tln Iv({)[? (7.4)
(=Z—c0
Let

where rq, o, ¢1, ¢o are real, and let

ro= §ln(r%—|—r%)
R = In (r—l) (7.6)
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so that

0 = tim " (7.7)
(=z—0c0
Substitution of (7.5), (7.6) into (7.3) and use of (4.5), (3.31) yields

2—2 = %(1 + ezR)_l — 8,620 sm(?wcvpC + 2¢1)

—28se't sin (w [y + ] % +¢1+ ¢2) — b6 sin <2was§ + 2¢2)}

OR w . ¢
5_C = ?{262 coshF sin (w [y — ] . + ¢1 - (52)
—by sin(?wapg + 2¢1)
+265 sinhR sin(w (e, + Ozs]g + 1+ ¢2)
+66 sin(?wasg + 2(252)}
6(9;? = %{61 + 63¢ ™ cos(wlay, — as]g + ¢1 — ¢2)
—b4 cos(Qwong +2¢1) — sse cos(wlay, + 045]% + ¢+¢2)}
68;? = %{626R cos(wlay, — as]% +¢1— ¢2) + 63

(7.8)
—8selt cos(wlay, + ozs]c + ¢1+ ¢2) — b6 cos(?wcvs<= + 2(62)} )

n (7.8) we have reverted to ¢, not ¢, coordinates. We will return to ¢ = + Z after taking the
limit € | 0.

Equation (7.8) is a stochastic equation of the form (5.4), with a small parameter ¢, for the vector
process ¥ = [r, R, é1, ¢2]7. As discussed in section 5, 9 is well approximated (in distribution) as
€ | 0 by a limit which is a Markov diffusion process. The limit process may be characterized by
its infinitesimal generator, a second order elliptic differential operator, call it E, which 1s given by
equation (5.6). In the abstract, this is the same procedure that produced equation (5.8) from (5.4).

We will not write out in full the operator E, which has fourteen terms, corresponding to the ten
coefficients of 9%/9v;0v¢y, j,k = 1,...,4, and the four coefficients of 9/9v;,j = 1,...,4. It suffices
that none of these coefficients depends on ¢1 or ¢, so that the real two-vector (r, R) is a Markov
diffusion process, without the need to include ¢, ¢3. This is analogous to the way that ¢ and
were eliminated from the calculation of reflection statistics in section b, since they did not appear
in the coefficients of £, equation (5.8). Dropping all derivatives with respect to ¢y, ¢ in £ then
produces the infinitesimal generator, £, g, of (7, R)

2 1 1
Lrr = % { [(0’55 — —[o4a + 066]) sech?R + 2 (044 — 066) tanh R
+ gl ] [ (= Floss el tnh R+ 00— )] 55
5\ o 055 — —|[Caa— O an Oad — O _Z
5 (44 66) 55 44 66 44 66)| 5.5k
82
+ [ 022 + 055) cosh(2R) + (2092 — 2055 + 0uq + 066)] IR
d
+ [ (055 - = [044 + 066]) sech?R + (044 — 066) tanh R+ 4 (055 — —[4q + 0—66])] B
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J
—|— (20'44 —_ 20’66) ﬁ} . (79)
In writing (7.9) we have assumed the no-resonance condition (5.9).

Inspection of equation (7.9) shows that none of the coefficients depends on r, either, so that R
is Markovian by itself. The probability density Pr (¢, R) of R(() satisfies the forward Kolmogorov,
or Fokker-Planck, equation

J . = d
8—EPR(C, R) = w?(oa2+ 0s5) {—@ [v Pr]
82
+ EY7 (cosh 2R 4 X) Pg] (7.10)
where ¥ is given by (5.13), and
_ (04— 066) (7.11)
(0'22 + 0'55)

The operator on the right in (7.10) is the adjoint of £, g restricted to functions of R. Note from
Table I and (5.7) that the parameter v is a ratio of differential same-mode backscatter to total
cross-mode scattering.

The steady-state, (-independent solution of (7.10) is the invariant measure, Pr(R) for R. Set-
ting the (-derivative to zero then gives the following expressions

~

Pa(R) = ALtV E

5
R4y V/3¥2-1| 5 /z2 1
( 7 ) : [62R+2+ 22_1] 2vEi- {cosh(2R)+%) ¥ > 1 Y 7£ 0 (7.12&)

[S4v/S2-1] Vo2 1

5] _ VE2-1 1 _

PR(R) - ln(E-I— 22_1) (cosh(ZR)-I—E) ’ 22 > 177 =0 (712b)
Fe2R

FR(R) = (67’11) . e|:e2R+1:| . m y Y= 1,’7 # 0 (712C)

Pr(R) = apmrny . 2=17v=0 (7.12d)

FR(R) ol . 1

o2 o (VER))] |

. e{ﬁ [arcwn(%) ﬂrcwn(ﬁ)] }) 22 < 1,9 £0 (7.12€)
Pr(R) = Q[E_arﬁﬁ)] mETs . S <Ly=0. (7.121)
2 1-

To determine €24, we will use the interpretation of any Markov diffusion process in terms of
stochastic differential equation of It6 type (a nonlinear “white noise” equation) [23]. In general, let
¥ € R be a Markov diffusion process with infinitesimal generator

1 d2 0

Ly = §aj,k(¢)m + bj('/’)a—%, (7.13)
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where for each #, (a; ) is a symmetric, positive definite matrix. Let 8(¢) = (3, ({),- .-, Ba({))T be
a vector of independent Brownian motions. Let a;j satisfy

jope = ajp (7.14)
Then % has the same distribution as the solution of the 1t6 equation

dip; = bi()dC + ajx ($)dBr(C) - (7.15)
In particular, for d =2, we may take a; 2=0,a1,1 = /a1 1, 22 = \/a22 — a%l/am, producing, for

our system (7.9)

dr = by(R)d{ + ay1(R)dpy

dR = by(R)d( + as1(R)dp1 + az2(R)dps (7.16)
where, in particular
w? 1 9
bl(R) = 7 -2 055 — Z [0'44 =+ 0-66] sech R—|— (0'44 - 0-66) tanh R
1
+4 (Uss 1 (044 + 066])]
bQ(R) = (.d2 (0'44 - 066) - (717)

The coefficients a;,(R) can also be explicitly determined; and they are bounded functions of R
only.
From (7.16), (7.7)

G, N
Q = lim i/ b11(R(C))dC
0

(o—o0 {

N TR ACI

4 lim — / a1 1 (R(C)dB(C) - (7.18)
¢o—20 (o Jo

The second limit on the right in (7.18) vanishes with probability one. To see that it vanishes in

probability, we may check the limiting variance

im & [ (a0 (R(0)?) dC
im — a
Co—o0 Cg 0 W
) 1 f¢o _ _
S / F v (R(O)] dC = 0 (7.19)
Co—00 CO 0

where we have used the Ito caleulus, the fact that d3(()dB(C2) = 6(¢1 — (2)d(y, i.e., the “white
noise” property, and the boundedness of ay ;. )

The first term on the right side in (7.18) represents a spatial average of b;(R(¢)). Using the
ergodic theorem, this may be replaced by a probability average of b1(R), so that

Qy = Eo. [y (R) (7.20)

where P, is expectation with respect to the invariant measure of the process R(¢{). Thus, the limit
depends only on the steady-state distribution of R, and by, which is the coefficient of % in the
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generator, (7.9). From (7.17)

[ee)

2 1 _
Q = % [—2 (055 ~1 [044 + 0'66]) / sech?(R)Pr(R)dR

(041 — Ts) / tanh(R)Pr(R)dR

— 00

1
+4 (055 + 1[0'44 + 066])] . (7.21)
Pr(R) is given in (7.12).
We next determine Q5. From (6.25)
lim 2R [In det A] lim ~1 <£(<)+ ! +2)+
im =2Re[lnde = im =In —
(=Z—00 (=z—00 ! fl({)
: 1 ( : 1
lim =1n (£(0) + = +2) ) 7.22
(=z— 2( ) K?(C) ( )
Inserting (6.6) into (7.22) then gives
1
Q4+ Q= lim ERe [Indet A] . (7.23)
(=z—0c0
Let B B B
L m(¢) = BH(OATHO) - (7.24)

From (4.26), , p(¢) may be interpreted as the reflection matrix, when the medium is matched at

both transmission and incidence ends of the slab. |, /() therefore satisfies the Riccati equation
(4.36) with , 7 = 0. Using , p7, we may write an equation for A, from (4.11)

dA  w
— = -, 3]A 7.25
dc B [771 M2 M] ) ( )
so that p )
W koK
7 Indet A = ?tr {m =, vt - (7.26)

Substitution of (7.26) into (7.23) gives

N 1 W CO
Q1+ Q= Iim — ——/ trlm(m — 03, 3)d¢| . (7.27)
0

o0 (o €

Note trlm (51) = 0, since 1y is Hermitian, (4.6).
Let H(() be defined by

=@, Q) HO) =0 (7.28)
Then )
Q1+ Q= E_lim —H(() . (7.29)

32



Now as { — oo, , M(f) becomes symmetric and unitary, so it may be represented in polar form

(5.2) in terms of 8, ¢, v. Then equation (7.28) becomes

dH_ w

¢«
0
+285sech (5) cos(wlay + as]% + ¢)

{54 tanh (g) sin(?wapg + ¢+ 1)

+686 tanh (g) sin(Qwasg + ¢ — ¢)} . (7.30)

Again, we have reverted to { coordinates to take the € | 0 limait.

Equation (7.30) may be appended to the three equations in (5.3) to give an equation of the form
(5.4) for the four-dimensional vector # = [r, 8, ¢, H]T. Again, we may apply the limit theorem, as
¢ | 0, and use equation (5.6) to compute the infinitesimal generator, L of the limit process. Then
assuming (5.9)

L=1L+Lyy+ Lo+ Loy (7.31)
where £ is given by (5.8) and

0
L1z = w? {044+ 2055+ 066} OH

82
[,21 = (.d2 {044—|—066—4055}tanh 5%
w? 6 0 o*
Lo = - {(044 + 0g6) tanh? 3 + 4055sech4§} SHT (7.32)

From (7.29), (7.31), (7.32) we may argue from the [to interpretation of these calculations, as in
the discussion of the calculation of §2;. Only the coefficient of d/3H in (7.31) contributes to the
growth of H, and this coefficient must be averaged with respect to the invariant density of (4, ¢, ).
However, in this case, the coefficient is constant, and so

Ql +QQ :w2 {20’55+0’44—|-0’66} . (733)

Thus, €4, ; are determined by (7.21), (7.33).

Finally, recall the dual orthonormal bases of €%, {vy, vy} and {v{,Vy}, from section 6. While
each e " ¢M? g
determined. On the other hand, even though v; does not converge at the level of realizations, it

v; converges as ( = Z — oo, the probability distribution of the limit has not been

does have a convergent probability distribution, which can be determined as a byproduct of our
calculation of €2;. Then vy can be determined by orthogonality to vy.
From (6.10), as ( =7 — o

w = Qwo ~ V& w1 (Wil wo) (7.34)
«1T
and so for wg = [vg, v{]

Vo~ (\/EWTTWO) Vi (7.35)

where v satisfies (7.3). Since vy is a unit vector, we have from (7.5), (7.6)

ef idy

[

Vi~ | ViR " (7.36)
\/1+e2R €
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Figure 7: Lyapunov exponents (a) €4 and (b) Q2 vs. Slowness p

16 T T T T T

Figure 8: Lyapunov exponent simulations (p = 0.10). Mean and fluctuations vs. slab
thickness ¢ The upper and lower solid curves show the mean and fluctuations of 2% In ¢4,

respectively. The dashed curves present similar information for 2% In ¢5.
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where R has probability density Pr(R).

Figure 7 shows the variation of Lyapunov exponents €2y and €25 with respect to slowness p. The
exponents were computed using (7.21) and (7.33), where the layering model discussed in section
5 was used to compute the parameters o;;. As Figure 7 shows, the two Lyapunov exponents are
slowly increasing, relatively insensitive, functions of slowness over most of its range; both exponents
increase rapidly, however, as slowness approaches the I’ wave cutoff value.

SLOWNESS | @i | E{L(30)} | Qo | E{Q.(30))

0.10 233 247 113 108
0.25 .268 278 120 14

Table I11. Comparison of theoretical Lyapunov exponent values with simulation results.

Simulations were generated to test the validity of these theoretical predictions. The layering
model of section b was used to generate 100 realizations of a random elastic slab. As the layer
thickness ¢ of each realization was built up to a maximum value of 30, the fundamental matrix
Q(¢) was computed for slowness values of p = 0.10 and p = 0.25 and the eigenvalues of @*7({)Q({)
were determined. Let these (random) eigenvalues be denoted by £1(() > €5(C) > €3() > £4(¢). We
again have {3 = 1/03, {4 = 1/{. In figures 8 and 9, the mean and fluctuations of (1/2()In¢;,j = 1,2
are plotted as functions of ¢ for the two slowness values, p = 0.10 and 0.25. As Table IIT indicates,
the theoretical predictions ©; and Qy agree quite well with the mean values of (1/2()In¢;({),
denoted by E{Q;(¢)}, j = 1,2, evaluated at ¢ = 30. (In section 8, 1/, will be identified as the
localization length. Since €5 &~ 0.1 in both cases, { = 30 corresponds to roughly 3 localization
lengths.)

8 Localization and mode conversion on transmission

In this section we show that the existence of positive Lyapunov exponents implies localization, and
examine the consequences for transmission through a large slab. From (4.27), (6.22), (6.23)

r=7mr(I+G, 7) At (8.1)
where
4 —1)
= A*_IB = ( J * *T
¢ Z_: (€ +1) 7
71=1

~ ZV;V;T (8.2)

J=1

for large slabs, since ¢; — oo. From (8.2) G is symmetric and is asymptotically unitary for
large slabs. Therefore, using (4.25) one can show that asymptotically, all eigenvalues of G, 1 have
absolute values bounded by /1 — [|77||?. Tt follows that 4G, 7 has a bounded inverse. Therefore,
from (8.1), (6.23), 7 — 0 as f1,f3 — oco. Also, from (4.29) we conclude that , is asymptotically
unitary as was assumed previously.
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Figure 9: Lyapunov exponent simulations (p = 0.25). Mean and fluctuations vs. slab
thickness (. The upper and lower solid curves show the mean and fluctuations of 2% In ¢4,

respectively. The dashed curves present similar information for 21_3 In(,.
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From (4.31) we can show that 7 — 0 if (]};(0) — J£(0), ) has a bounded universe. But

JT gl = {(I —, JBJ;) JA}T . (8.3)

Using (4.18) we can show that for , symmetric unitary, all eigenvalues of | JB‘],ZI have absolute
values bounded by /1 — [|J;'||2, so that the matrix in (8.3) has a bounded universe.
Noting (4.31), (8.1) and (6.23), we have for any incident wave D

2 2
rans —=qyinc -1 *=T T T —1qyinc
Dt = 7D :TT(I+G, T) Z_:(\/E_ﬁvaf (JA(O)—JB(O),) D
=1 VA
1

~ (277 (750) = 75 (0), )7 D) [ + G, 1) v (5.4)

since £1,fy — 00,41 > f5. Thus D% — 0. In particular

1 1
lim = In D" = — lim —=Infy = — (8.5)
Thus the transmitted wave decays exponentially with the slab width, with an exponential decay
length, or localization length, z),c

e = Qiz . (8.6)
Further note from (8.4) that D218 is asymptotically proportional to the vector (1 + G, 7)71v3,
which does not depend on the incident wave. Moreover, this vector can be seen to converge for
large slab widths, using (4.22), (4.23) and the observations made before (6.26). Thus, as the slab
width increases to infintty, the ratio of shear energy to compressional energy in the transmitted
wave converges {o a (random) constant, which does not depend on the incident wave.
We will determine explicitly the probability distribution for the ratio of S energy to P energy
for the case of matched media above and below the random slab. In this case

2
@
Dtrans — oi% A§ :

=W+ ﬁ)

1 (?QTDinC) (e_i%EAVQ)* , (8.7)

x~Tmrinc

provided #; is large. Therefore the S-to-P energy ratio is constant for slab widths much greater
than the equilibrium length zequi1, where

Zequil = Qil . (88)

Unfortunately, we cannot obtain the desired energy ratio from (8.7), since the asymptotic distri-

bution of the convergent vector exp {—z%fA} vy 1s unknown. It would have been more convenient
had we obtained an expression involving vy, which is orthogonal to vy, (7.36).

A physical argument from invariant embedding suggests how we can bring this about: we

have set up the embedding problem so that new random material is continuously being added af
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the incidence end of the slab, which is increasingly remote from the transmission end. It is in
this formulation that the S-to-P transmission energy ratio converges as the slab length increases.
Alternatively, we may embed in the opposite direction, by continuously adding material at the
transmussion end. In this reformulation, the energy ratio cannot converge as the slab length is
increased, since the material being added has a direct effect on the transmitted wave. We must
therefore obtain the tilde-variables, which do not converge. Since either embedding formulation
analyzes the same random slab and thus solves the same problem, we are free to choose whichever
1s more convenient.

We therefore return to z coordinates, and embed with added layers at the transmission end. We
use the propagator matrix @'(z), so that the transmitted wave is given by equation (4.48). Using
(6.21) — (6.23) we may write the transmitted wave in the primed variables

Dtrans ~/) ( ;)TDinc

g2
Vi

~_((v4)TD) A (3 (8.9)

NG

e (v5)* has the same distribution as v, (by (6.27) and v; is orthogonal to vy, (7.36). Thus the
ratio of S energy to P energy on transmission is

~

£ _ 2R (8.10)

where R has probability density Pr(R), (7.12).
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9 Appendices

A Small fluctuation diffusion limit

The scaling introduced in section 2 and used throughout was adopted because of its particular
relevance to the exploration geophysics problem. The purpose of this appendix is to point out,
however, that the results obtained apply with trivial modification to another scaling of interest,
commonly called the diffusion scaling [16], [17].

In this diffusion scaling, wavelength and the correlation length of the random layering are
assumed to be of comparable size. This differs from the scaling of section 2, where wavelength was
assumed to be large relative to correlation length. For the sake of discussion, then, let wavelength
and correlation length now both be O(1) and let ¢ denote the small scaling parameter. In the
diffusion scaling one is again interested in long propagation paths, specifically in paths that are
O(£7%) in length. The amplitude of the material parameter fluctuations cannot now, however, be
taken to be O(1). In the diffusion scaling, these fluctuations (e.g. the peak value of |x| in (5.25))
must be assumed small, i.e. O(¢). A comparison of the two scalings, which we shall refer to as the
exploration and diffusion scalings, is given in Table I'V.

As an example of the diffusion scaling, consider a layering model where (as in section 2) the
velocity scale ¢ = 3km/sec, the correlation length is 3 m and the propagation path is on the order
of 3 km. In the diffusion scaling, the ratio of correlation length to propagation path is again O(g?)
(i.e. O(1)/0(£7?)) so that £2 ~ 1072 or € & 0.03 as in section 2. Now, however, wavelength would
be on the order of 3 m, so that frequency f s 1kHz. Moreover, the material parameter fluctuation

level, the peak level of x in (5.25), would be O(g), or roughly 0.03.

PARAMETER EXPLORATION | DIFFUSION

SCALING SCALING
Wavelength O(e) O(1)
Layer correlation length O(g?) O(1)
Propagation path length 0O(1) 0(e7%)
Peak value of material 0O(1) O(¢)
parameter fluctuations

Table 1V. Comparison of the two scalings.

The layered elastic problem, formulated in the diffusion scaling, would initially involve the
following counterpart of (2.5):

d

5){ = —iwMX (a.1)
where the matrix M possesses the structure of (2.6) — (2.8), w is O(1) and Z is a depth variable
that is O(1) on the correlation length scale. In contrast to (2.9), we would have:

A=EN+eX3z), p=Ell+eiz), p=FElp]+cp(2) (a.2)

where the expected values are constants and the carated quantities are zero mean, O(1) random
fluctuations. The matrix M thus assumes the form:
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M(z,e) = M(e) + eM(Z) (a.3)

where A is an O(1) zero mean fluctuation matrix and we have explicitly noted the regular depen-
dence of M upon . The dependence of M upon ¢ vanishes in the asymptotic limit and has thus
been ignored. To obtain an equation similar in structure to (2.15), we introduce the variable z by
defining

r=¢e%Z . (a.4)

Note that z takes on O(1) values on the propagation path length scale, i.e. when z ~ O(g7%). In
terms of this new variable, (a.1) becomes:

d 1— 1~/=z2
EX = —iw [€_2M + EM (6—2)] X. (a.h)
Recall that in (2.15), M = M + M, where M = E[M] is a deterministic constant matrix and M is
a O(1) zero mean fluctuation matrix. Therefore, the basic difference between (2.15) and (a.h) lies
in the scaling of M. This matrix appears in (2.15) with a ¢~! multiplier and in (a.5) with a ¢=2
multiplier.

This difference ultimately manifests itself in the fact that the diagonal matrix Ay (3.6) must be
rescaled as e7!A; to obtain the correct corresponding equation in the diffusion scaling. Thus, for
example, the diffusion scaling counterpart of (4.4) is

n= LS L (a.6)
Once this change 1s made, however, the diffusion scaling analysis closely parallels that of the text. In
particular, when considering the problem of mode conversion, the governing equations again become
(5.3), with the exception that a, — e ta,, a5 — e 1a,. When the limit theorem of references [16],
[17], is in turn applied, this rescaling of velocities initially leads to a Markov diffusion process whose
generator, call it £~, has somewhat more structure than its counterpart £ (5.8). Let oy, 013 and
o33 be defined again as in (5.7). Now, however, we shall define

022 + 1022 = /OOE [02(¢)62(C + ()] eiw(%_as)cldcl
0

a4+ i0uy = /OOE [84(€)8a(¢ + )] e2eerag!

o0

B [65(6)65(6 + C/)] eiw(ap-l—as)gldcl

Os5 + 1055 =

o0

5 [86(¢)86(C + )] e+ d¢ (a.7)

O66 + 1066 =

o\o\o

Then the generator L obtained in the diffusion scaling becomes:

where £ is generator (5.8) with ;,j = 2,...,6, however, defined by (a.7).
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This result is entirely consistent with the physical differences between the two scalings. Note
that if o, and «; are set equal to zero in (a.7), the &;; vanish, the ¢;; revert back to the parameters
defined in (5.7) and generator £ reduces exactly to £ as defined in (5.8). In the exploration scal-
ing, wavelength is large relative to correlation length. Only the zero-wavenumber power spectrum
content of the fluctuations, as measure by parameters (5.7), plays a role in defining the asymptotic
diffusion process. In the diffusion scaling, on the other hand, wavelength is comparable to corre-
lation length; the waves can interact, so to speak, with the fine structure of the random layering.
The ¢;;, as defined by (a.7), now measure the fluctuation power spectrum content at the sum and
difference wavenumbers of wa, and was.

When restricted to action upon functions of § only, Ef(t‘)) = Lf(#). Therefore, the mode
conversion results discussed in section b apply as well to the diffusion scaling. Again, the only
difference is that the parameters o;;,j = 2,...,6, are defined by (a.7) rather than (5.7). One can
further show that the Lyapunov exponent and transmission results of sections 7 and 8 likewise
carry over to the diffusion scaling with this modification.

B Matched layered elastic medium without density fluctuation

Throughout the discussion, we have assumed generic random layering and excitation conditions,
conditions which, in particular, lead to distinct nonzero Lyapunov exponents (c.f. (6.5)). We will
now show that if density fluctuations are suppressed in the matched medium layering model of
section 5, the situation is no longer achieved.

Accordingly, we shall consider the layering model (5.25), (5.26), modified so that p = gin z > 0.
In this case, the matrices My, M3 (2.7), (2.8) can be written as

(A+2m) " p[1 = 27(A + 27) 7]
My 1—93(A 49511 7 2 22 -1
pll —2r(A +2m)7") P —4p*E + 4p°F° (X + 2R)
I
My = v b.1
2 [p 71 ] (b.1)
where A = Ao(1 + x). Ma in particular is a deterministic matrix. The fluctuation matrices

M;,j=1,2,in (3.28) thus become:

o 1 —2fip

M= m[ —2ftp 4ﬁ2p2]

]/14\2 = 0

m = A+20)7 - E{A+20)7 = A+ 207 - (A 2p) 7 (b.2)

Note that M\l is a zero mean, rank one fluctuation matrix. Moreover, it follows from (3.30)

that: 1
vV = Vg = §L%1M2L2 . (b3)

Since the effective medium is an isotropic elastic medium with material parameters X, 77, 7, we infer
from (3.9), (2.16), and (2.17) that:
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L, = l(ﬁ—QEPQ)(P_ap)_W 2ﬁp(as/ﬁ)1/2]

—p(pa,) ™'/ (@/p)'/*?
(b.4)
e P > g= P2
o, = = — , Og= /= —p*. b.5
? A+ 21 F 1] b (b.5)
Using (b.5) in (b.3) leads to:
om0
Vl—VQ—Qap[O 0] . (bG)
From (3.31), then:
-
51:54:% , b=y =65=08=0. (b.7)
P

Equations (b.7), together with Table I, imply that the random scattering process will only involve
the P-wave. There is no modal coupling; S-wave energy will propagate through the elastic slab
totally unaffected by the random layering. S-wave energy will not be localized.

To develop these observations quantitatively, note from (4.38), (6.1), (3.29), (3.6), and (3.3)
that:

oy, + 6 0 -4 0
d — tw 0 [ 0 0 —
CTZQ =Tl s 0 —a-5 o |9
0 0 0 —0
One can check by direct calculation that @ has the structure:
a 0 ¢ 0
— = wpaz | 01 0 0 (9 AT T
— A — 1 EAC
00 0 1
where:
d e 5
d_Za = i%él[a — ety alemg =1
d W i2¢95,C
d—Eb = i—bife 2ENCa—b) , bleg =10 (b.10)

It follows from (b.9) that the eigenvalues of Q*T(C)Q((f) are 1,1, (Ja| — [0])%, (Ja] + [B])2. Tt is also
readily seen from (b.10) that d%HaP — |]?] = 0, so that (|a|] + |8])(]a| — |¢]) = 1. Therefore (6.6):

1
Ql = JlHl Eln[|a| =+ |b|], QQ = Qg = 0, Q4 = —Ql (bll)
(—o0
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Since the smaller Lyapunov exponent 3 is zero, the localization length z),. (8.6) is undefined. For

the matched medium, J4 = I, Jp = 0. Therefore, from (4.22), (4.23), (8.1), and (b.9):

T*TT — (A—I)A*—l — [ |al)_2 (1) ] (b12)

The fraction of transmitted P-wave energy, |a({)|72, thus tends to zero as { — co while the S-wave
energy propagates unattenuated.

C Energy considerations

The elastic power flux vector s [24] has components

§j = — (%uz) Tii o J=12,3 (c.1)

For time-harmonic excitation (2.3), then, the time-averaged power flux in the (downward)
z-direction is: 1
§3 = —§Re [—i@ (t1 715 + UsTs)] (c.2)

where we have used the fact that uy = 0. Let the vector X (2.4) be written as:

L1
T3 X1
X=|----|=]---- (c.3)
T3 X
L4

Then, the downward, time-averaged flux becomes
~ 1 * * 1 *T
§3 = —§Re [zaxs + w123 = —§Re [Xl Xz] (c.4)

since Re [z123] = Re[#jx3]. On the other hand, from (3.10), (3.7):

U = % 15X + 21X,
D = % 15Xy — 11X, (¢.5)
Using (4.26), (3.1) we obtain:
i DD - U"U| = iD*T -7 D= —%Re [X77X,) = 55 (c.6)

Therefore, at any depth z within the slab, we can interpret |%D|2, |%, D|? and |%TD|2 as incident,
reflected and transmitted downward power flux. Moreover, by direct calculation, using (2.5) — (2.8)

%Re [X7X,| =0 (e.7)

reflecting the fact that the power flux transmitted through the lossless slab remains constant with
depth.
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D Evanescent P wave, propagating S-wave

Assume that a slab of randomly layered elastic material occupies the region 0 < z < Z (or —Z <
¢ < 0). The half-spaces z < 0 and z > 7 are assumed to be composed of homogeneous, isotropic
elastic media. The plane wave excitation incident upon the slab from the region z < 0, is assumed
to have a slowness value such that in the slab effective medium the faster (P) wave is evanescent
while the slower (S) wave is propagating. We assume that P and S waves are both propagating in
the two homogeneous half-spaces.
Our assumption is tantamount to assuming that «, in (3.3) is imaginary, i.e.,
| i 0

[ 0] "
where f,, a, are positive real parameters. Because of this, the matrix L (3.4), as well as the jump
matrices J(0) and J(Z), will also be complex. In particular, one can show that

Ly = L1® | Ly=L,® (d.2)
where El, EQ are real-valued matrices and ® = diag(e”/‘l, 1). Since the fluctuation matrices M\l, ]\72
)

(3.28) remain real-valued, the matrices v, (3.30) become complex-valued. In fact, we obtain:

6;=ib;, j=1,4;6 =01 4i0®  j=25,8=0;,j=306 (d.3)

where the §’s are real-valued processes. Note from Table I that the scattering processes that involve
only the propagating .5 wave remain real, those involving only the evanescent P wave become purely
imaginary, while those generating cross-mode coupling possess real and imaginary parts.

We next introduce ups and downs, U and D, as in (3.10), and introduce a reflection matrix ,

by

U =, (D) , —7<(<0. (@4
The reflection matrix , is found to satisfy the following Riccati equation and initial condition
d, w
% = l?[A,—F,A—Fl/l,+,I/1—I/2—,I/2,]
Nemzt = o (d.5)

where A is given by (d.1), v and vy are defined by (3.31) with the ¢; given by (d.3), and , 7 is the
termination matrix arising from the mismatch between the effective medium and the homogeneous
half-space z > Z({ < —%). , 7 is a symmetric matrix and this symmetry is clearly preserved by the
structure of the Riccati equation; , (¢) is a symmetric matrix, =z < ¢ < 0.

Let , ;5,47 = 1,2 with , 93 =, 12 be the elements of , . The component equations of (d.5)

become

d w w 2 2
— 1= — 2=8, 11—1i— [—251) 11 — 202, 12 + 04 + 04, 71 + 205, 11, 12 + b6, 12]

d¢ € €

d w W W
To12= T —Bp, 12+ i—ay, 12— i—[—=bg, 11 — (61 + 83), 12 — b2, 22+ &5 + 64, 11, 12

¢ € € €

+ 650, 11, 22+, 12) + 6, 125 22 ]

d L w Tw
ac 22 = leOZs, 2= [—252, 12 — 283, 99 + 86 + 64, 15+ 265, 12, 22 + b, %2] (d.6)
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If equations (d.6) are compared with equations (5.1), one notes that the equations of section 5
correspond to a centered problem. Rapid deterministic phase oscillations were removed by trans-
formation (4.2). The resulting Riccati equation (4.36), (5.1) has a right hand side having only
zero-mean, random coefficients. In equations (d.6), on the other hand, such centering has not
been done. Note that , 17 and , 12 in (d.6) undergo rapid, deterministic attenuation caused by the
right hand terms —2<8,, 11 and —%0,, 12, respectively. Only , 52 has a deterministic right hand
coeflicient that generates only rapid phase oscillations.

We recast (d.6) into a system of equations having the desired structure by the following change
of variables; let

11 =%+ ey, , 12 = GZ%QS(GE)(% +izg), 22 = 6i2%a5(c+5)(rei¢) (d.7)

n (d.7) we have “removed” the rapid phase oscillations in a manner analogous to transformation
(4.2) and have introduced polar coordinates into the , 33 description. To further compare with
section 5, let

¥ = (rne)l, ¥ = (x1,22,2324)" |
D, = diag(2wp, , 2w, , wf,, wiy) (d.8)

Then, equations (d.6) ultimately transform into a system of nonlinear stochastic ordinary differen-
tial equations having the following form

_Cl'/)l - é (C;C)'l’l)'/’Q)
_C¢2 = 1Dp'/)z + - Fz(%

where the functions F;((, &, ¥1,%2), 5 = 1,2, for fixed 1, 9, are random processes in ¢, with mean
zero. In contrast to (5.4), system (d.9) has a component, %3, which undergoes rapid exponential
attenuation. Systems similar to (d.9) have been analyzed [25]. The basic behavior of the #-process

,P1,92) (d.9)

mw\

in the asymptotic limit as ¢ tends to zero involves two stages. As ( increases from the initial value
of =zt there is an O(¢) boundary layer in which %, (essentially , 11 and , 1) collapses from its
initial value (determined from , 1) to 0. This collapse is essentially deterministic since random
effects are o(1) over an O(g) (- interval. The #; process (basically , 22), on the other hand, does
not undergo exponential attenuation. Rather, as ¢ increases from the initial value of —z1, 4, has
an asymptotic description in terms of a Markov diffusion process, much the same as the t-process
in section 5. What is perhaps surprising is the fact that the generator of this diffusion is not simply
that of (5.6), with F((,&, %) replaced by F1((,&, %1, 0). Some coupling of the #;-process to the
exponentially-damped #9-process persists in the asymptotic limit, specifically influencing the phase
drift of the diffusion process.

To describe the generator of this diffusion process, assume that the o;; are again defined by
(5.7). Now, however, it follows from (d.3) that 11 and 044 are negative real parameters, o33 and
Gge are positive real, o153 1s imaginary and 39, 655 have both real and imaginary parts. One can
show, in particular, that é; = —203, so that:

R@[O’QQ + 0'55] = 0, IH][O'QQ + 0'55] = QIH][O'QQ] = 211’1’1[0’55] (le)

In terms of these parameters, the generator of the asymptotic $1 = (r, ¢)T diffusion process be-
comes:
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2

_ 2) 066 o 22 8_2 —1£ [ 966, 1 2| O
L = 2w{ (1—7r9) (8r2+r T)—F 2033 + 4(7° +7) 057

d
—1 — d.11
Hl[0'22+055]8¢} ( )
Note that the 8%6 term arises because of scattering between the propagating S and evanescent P
waves. Let u = (1 —|—_7°2)/(1 —72). Assume that (, )2 = r7e7 and let ur = (1 + 2y /(1 = rk).
Then, recalling that ¢ = ¢ + 7 and noting (5.10), the joint probability density of the (u, ¢) process
at position (, call it P({,u, ¢) is a solution of:

w2 2
IeP = 2“’2{0’66% ((U2 - 1)8%) + |2033 + 066m] %&
+Ilm[o9s + 055]%}19 , 0<{<7z
PO,u,¢) = é(u—ur)d(é — ¢7) (d.12)

Problem (d.12) can be solved in terms of Fourier series and Mehler transforms [26], [27], and [28].
Let

o0

Pl ug)= D Pu(l u)e™ (d.13)

m=—00

Then, P, is a solution of the initial value problem

d . m?
P = 27 {066 l% ((U2 - 1)%) - m] Py, — m*[2033 + 066) P
+imlm(oas + Uss]Pm}
1 ,
Pn(0,u) = ——68(u —ug)emoT (d.14)
27
The solution of (d.14) has the representation:
P(¢ — 2w? |m?(2 il (—i Oot'ht
m(Cu) = 53 6XP {— w [m (2033 + 066) + tmIm[oag + 055]] {— zmqu} sinh 7t -
0

1 . 1 . —2uw?0 2 ¢ m m
, <§—|m|—|—zt), <§—|m|—zt)e o1 phl ) PP G
(d.15)
where | in (d.15) denotes the gamma function [28]. We shall assume that one is interested in
studying the reflection problem of the scattering of waves by the randomly layered slab back into

the half-space z < 0((_:_’ > 7). Specifically, we shall consider the moments of the elements of , (4.30).
These moments can be computed by means of the following steps
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(i) The jump matrices J4, Jg must be computed at z = 0,%, using (3.16). Note that these jump
matrices will be complex, since Li':2 at z = 0 and L7, at z = % correspond to the effective
medium and have the structure (d.2).

(i1) The jump matrices at z = Z, in turn, determine the termination matrix , 7 and, therefore,
the initial conditions ur,¢7. In this appendix, recall that , (and , 7) correspond to the
“uncentered” problem. Therefore:

7 =—J5'(2)JB(Z) (d.16)
(iii)At z = 07(¢ = z7), the reflection matrix , will have asymptotic structure:

0 0
o] o

y 22

2ea,z jutl
,2226265\/u_16¢ (d.18)

(iv) The matrix , , where U=, D at z = 07, is then computed using (4.30) or (4.32). The
elements of | are thus obtained as functions of the (u, ¢)-process. The moments can, in turn,

be computed using P((, u, ¢) (d.13).

where (d.7)
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