FREQUENCY CONTENT OF RANDOMLY SCATTERED SIGNALS

M. ASCH^∗, W. KOHLER^† , G. PAPANICOLAOU * , M. POSTEL * AND B. WHITE^‡

Abstract. The statistical properties of acoustic signals reflected by a randomly layered medium are analyzed when a pulsed spherical wave issuing from a point source is incident upon it. The asymptotic analysis of stochastic equations and geometrical acoustics is used to arrive at a set of transport equations that characterize multiply scattered signals observed at the surface of the layered medium. The results of extensive numerical simulations are presented, illustrating the scope of the theory. A number of inverse problems for randomly layered media are also formulated where we recover large scale properties of the sound speed profile from the statistics of reflected signals.

Key words. Wave propagation, random media, stochastic equations, geometrical acoustics

Contents

.1 Introduction 3

2 Formulation of the problem 9 2.1 The acoustic equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2 Effective medium theory . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.3 Scaling and its physical interpretation . . . . . . . . . . . . . . . . . . 12 2.4 The integral representation of the reflected pressure field . . . . . . . . 13

3 Transport equations for the statistics of the reflected signal 17 3.1 Equations for powers of the reflection coefficient . . . . . . . . . . . . 17 3.2 The asymptotic limit of the moment equations . . . . . . . . . . . . . 19 3.3 The coherent reflected pressure . . . . . . . . . . . . . . . . . . . . . . 20 3.4 The reflected pressure intensity . . . . . . . . . . . . . . . . . . . . . . 22 3.5 Basic properties of the transport equations . . . . . . . . . . . . . . . 24 3.6 Reflected pressure intensity for a uniform background . . . . . . . . . 29 3.7 Analysis of the reflected signal near a coherent arrival . . . . . . . . . 32 3.8 Structure of the local power spectral density for a general background 36 3.9 The transport equation with turning points . . . . . . . . . . . . . . . 38 3.10 Dissipative media . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 3.11 Duality and generating functions . . . . . . . . . . . . . . . . . . . . . 41 3.12 Time harmonic point source . . . . . . . . . . . . . . . . . . . . . . . . 43 3.13 Pressure release boundary conditions . . . . . . . . . . . . . . . . . . . 46 3.14 Transmitted fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 4 Direct simulation of the randomly reflected signals 52 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 4.2 Layer code for computation of reflected signals . . . . . . . . . . . . . 55 4.3 Flowchart of the computation . . . . . . . . . . . . . . . . . . . . . . . 57

∗ Courant Institute of Mathematical Sciences, 251 Mercer Street, New York, NY 10012, † Department of Mathematics,Virginia Polytechnic Institute and State University, Blacksburg, VA 24061_‡

Exxon Research and Engineering Company, Route 22 East, Annandale, NJ 08801 1

4.4 Periodic versus random medium: A numerical experiment . . . . . . . 57 4.5 Statistics of randomly scattered signals . . . . . . . . . . . . . . . . . . 59

5 Numerical solution of the transport equations 59 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 5.2 The progressing wave expansion . . . . . . . . . . . . . . . . . . . . . . 63 5.3 Numerical integration of the regularized equations . . . . . . . . . . . 64 5.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 6 Inverse problems 72 6.1 Inversion from reflection of normally incident plane waves . . . . . . . 72 6.2 Inversion from reflection of obliquely incident plane waves . . . . . . . 75 6.3 Inversion from reflections excited by a point source . . . . . . . . . . . 80

7 Conclusions 82

8 Acknowledgements 82

A Plane wave amplitudes for a point source 82

B A brief review of asymptotics for stochastic equations 83

C Small fluctuation theory 88

D The O’Doherty-Anstey theory 92

E A windowed Fourier transform for the local power spectral density 95

List of Figures. 1.1a Velocity profile - transmitted pulse (plane wave) . 4 1.1b Reflected signal with and without noise (plane wave) . . . . . . . . . . 5 1.2 The physical problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.3a Reflected pressure for a periodic medium (point source) . . . . . . . . 7 1.3b Reflected pressure for a random medium (point source) . . . . . . . . 7 3.1 Ray geometry. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.1 Reflection-transmission diagram. . . . . . . . . . . . . . . . . . . . . . 56 4.2 Comparison of reflected intensity with the theory (point source). . . . 60 4.3 Comparison of local power spectral densities with the theory (point source). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 5.1 Step profiles for sound speed . . . . . . . . . . . . . . . . . . . . . . . 66 5.2 Local power spectral density for the step profiles and the uniform background -near the point source. . . . . . . . . . . . . . . . . . . . . . . 67 5.2 (contd.) – “before” the step. . . . . . . . . . . . . . . . . . . . . . . . 68 5.2 (contd.) – “at” the step. . . . . . . . . . . . . . . . . . . . . . . . . . . 69 5.3 Surface plot of the local power spectral density for the step profile with turning point. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.4 Surface plot of the local power spectral density for the decreasing step profile. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.5 Surface plot of the local power spectral density for the linear profile with turning point. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 6.2a Noisy velocity profile. . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6.2b Inversion results for plane waves incident at different angles. . . . . . . 78 6.2c Inversion results for plane waves incident at different angles without knowledge of α. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 E.1a Window function g(t). . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 E.1b The function G^ε_M . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 E.2a Local power spectral density estimate with minimal overlap. . . . . . . 103 E.2b Local power spectral density estimate with extended overlap. . . . . . 103 E.3 Effect of ε on local power spectral density. . . . . . . . . . . . . . . . . 104 E.4 Frequency plot of local power spectral density. . . . . . . . . . . . . . 104 E.5 The exponential law for the local power spectral density. . . . . . . . . 105

1. Introduction. Waves propagating in a randomly inhomogeneous medium are expected to slow down somewhat, because of the distortion of their travel paths, and to lose some of their coherent energy to small scale fluctuations. This simple picture can be confirmed easily by perturbation expansions about a homogeneous medium. But when the random inhomogeneities are strong something different happens: the waves do not propagate at all. They become localized around the region where they are generated, and all their energy is eventually converted to random fluctuations. In two- or one-dimensional environments, such as layered media, however, waves are localized even when the random inhomogeneities are weak.

These phenomena were discovered more than thirty years ago [1] in connection with electron waves in semiconductors and a substantial theory has been developed [2]-[4]. Localization for classical waves, acoustic, electromagnetic, elastic, etc., has received much less attention until recently [5], [6], even though for one dimensional waves localization phenomena were well understood in general and as mathematical problems in the seventies [7], [8]. One reason why localization of classical waves got less attention is that the scattering by the random inhomogeneities has to be very strong and dissipation rather weak in order that the distances over which waves localize may be observed. In terrestial phenomena such as seismic wave propagation, radio wave propagation in the atmosphere or sound propagation in the ocean, where dissipation is frequently not important, localization lengths are so long that other features of the environment play a major role: the lithological structure of the earth’s subsurface, the large scale structure of the refractive index of the atmosphere, or the large scale structure of the sound speed profile in the ocean. Propagation phenomena due to the random inhomogeneities cannot be understood without incorporating in the analysis the large scale features of the medium.

In this paper we present some recent work [9]-[21] on wave propagation in randomly layered media in which the large scale structure of the media is taken into account along with wave localization. Our analysis is based on one more assumption in addition to layering: that the typical wavelengths of the propagating waves are long compared to the size of the random inhomogeneities but short compared to length scales characteristic of the large scale features of the environment. The inhomogeneities need not be weak. The effects of multiple scattering due to the inhomogeneities have a form that does not depend on the details of the random microstructure, while the waves see the details of the large scale structure. The waves can therefore act as a probe revealing the large scale features of the medium while having more or less universal statistical properties, acquired through multiple scattering. This allows us to formulate and solve inverse problems where we seek to detect large scale features of the environment from multiply scattered waves propagating through it.

Fig. 1.1a. Velocity profile - transmitted pulse (plane wave)

Propagation of long waves in the earth’s subsurface is modeled very well in our framework. In Fig. 1.1a we show an acoustic plane wave pulse propagating in a model of a randomly layered medium. The sound speed profile is shown at the bottom. Its average is 3km/sec until a depth of 3km; then it drops to 2km/sec and finally returns to 3km/sec at a depth of 7km. The fluctuations in the sound speed are over layers of about 3 meters thick and they are independent random variables, uniformly distributed over an interval that is ±30% of the mean value. A plane wave pulse is normally incident on this medium and it strikes the surface at time zero. The pulse is shown to scale in Fig. 1.1a above the sound speed profile. It is the second derivative of a Gaussian and its frequency content is in the range of 20-50Hz. Thus a typical wavelength is of the order of 100 meters, which is much larger than 3 meters, the size of the layers, but much smaller than 7 kilometers, the depth of penetration of the pulse. At the top of Fig. 1.1a we show the acoustic velocity field as a function of depth, at different times, computed numerically by solving the acoustic equations (cf. (2.4)). The pulse itself is clearly seen to move with the mean speed while getting progressively attenuated. There is no dissipation in this model so, the attenuation is due to multiple scattering and is called the apparent attenuation [22]-[26]. The energy of the pulse is converted to fluctuations which form a coda following the pulse itself. All the energy is eventually reflected back to the surface and Fig. 1.1b, top, shows the very fluctuating reflected signal as a function of scaled time (travel time, cf. (2.24)). The bottom part of Fig. 1.1b is the reflected signal when the fluctuations in the sound speed profile are removed. Note that the scale for the bottom part of Fig. 1.1b, the deterministic reflection, is on the right, while the scale of the random reflection is on the left. We see that the signal to noise ratio is of the order of 10^{−3}, which means that extracting information from signals reflected by randomly layered media is not easy.

Fig. 1.1b. Reflected signal with and without noise (plane wave)

The theory we have developed gives a precise characterization of the class of stochastic processes that can be reflected signals under our modeling hypotheses. It is an asymptotic theory based on the separation of scales that we described. In formulating and solving inverse problems [12], [17], we work within the restricted class of possible reflected signals which means that we incorporate into our inversion algorithms information that comes from an underlying model problem. This is a much more tractable statistical inversion problem than direct signal processing without any modeling, while the modeling itself is done from first principles, starting from the appropriate wave equations.

The parameter values that we have used in the model in Fig. 1.1a and 1.1b are typical for a variety of problems in exploration geophysics and this has been verified by a careful statistical analysis of well log data [27] (and references therein). The correlation length of the sound speed is in the range 1.5-3 meters, with a correlation function that fits reasonably well to an exponential. These properties depend on depth, but it is only their typical values that play a role in deciding whether or not our model fits at all. The asymptotic theory can deal with local nonuniformities without difficulty. In the frequency range of 20-50Hz the localization length of the waves has been estimated [27] to be about 20km. This means that pulses with frequency content in this range will not penetrate substantially beyond this depth. The localization length is frequency dependent and the higher frequencies penetrate less. There are many other problems in wave propagation to which this theory fits, such as reflection of sound waves from the sedimentary layers beneath abyssal plains in the ocean [28], [29], but the numerical calculations presented here are based on the geophysical model.

In this paper we give a rather complete account of the theory as it applies to acoustic waves reflected by a randomly layered half space when a time-limited pulse

Fig. 1.2. The physical problem

generated by a point source, which is located in the homogeneous half space above the layered medium, is incident upon it. See Fig. 1.2. In §2 we formulate the problem, scale it, and put it into a form suitable for the asymptotic analysis. We also review the effective medium theory which for layered media is an elementary form of averaging or homogenization and does not account for localization phenomena. We note that the difference between propagation in a periodic versus a random medium with the same “effective” parameters is striking. In Fig. 1.3a we plot the reflected pressure as a function of time, observed at different points on the surface which are located at increasing distances from the origin. The source is one pulse width above the origin. The periodically layered medium and the associated homogeneous effective medium produce indistinguishable results. Note in particular that the head wave^1, the first arrival before the arrival of the reflected wave, is captured very well by the effective medium theory. This is somewhat surprising because this is an “interior” theory and is not very good near macroscopic interfaces or boundaries, in general. The last arrival at each observation point on the surface is due to the bottom of the stack of layers. Below it the medium is again homogeneous. In Fig. 1.3b we show the results of a similar computation except that the sound speed in the layers varies randomly. It is quite clear that random multiple scattering has a profound effect on the reflected signals. The arrival times of the waves, the head wave and the reflection from the top and bottom of the layer stack, are according to the effective medium theory. But signal fronts are weakened somewhat and pulse energy has been converted to fluctuations.

In §3 we derive transport equations for the statistics of the reflected signal. Our main tool is the asymptotic theory of stochastic equations which we review briefly in Appendix B. Much of this theory existed already in the seventies [30]-[32] and

1 The effective sound speed in the layered region is larger than the sound speed in the region above.

Fig. 1.3a. Reflected pressure for a periodic medium (point source)

Fig. 1.3b. Reflected pressure for a random medium (point source)

was used extensively in the analysis of waves in random media [33]-[43] and in other problems [44]-[48]. It acquired progressively a more refined mathematical form [49] and played a significant role in the probabilistic treatment of homogenization problems [50]. However, the complexity of the pulsed, point source reflection problem is such that we need a new formulation that allows us to handle infinite dimensional versions [10], [51] of the previous theory. Section 3 begins with the derivation of a system of moment equations for a suitably defined reflection coefficient. We then apply the theory of the Appendix in a form that leads efficiently to the hierarchy of equations for the asymptotic limit of the moments of the reflection coefficient. These equations (cf. (3.14)), which we call the W-equations, are an infinite-dimensional, linear, hyperbolic system that preserves positivity: a system of transport equations. Nearly everything one wants to know about pulse reflection can be gotten by solving these equations in one form or another.

In the rest of §3 we analyze the W-equations. First we calculate the coherently reflected pressure field and compare it with the deterministic case which is the geometrical acoustics limit (§3.3). Then we discuss the existence of weak solutions of the transport equations using a probabilistic representation. This representation is in terms of a canonical Markov chain on the nonnegative integers that is characteristic of all multiple scattering. The macroscopic background variations enter also in a canonical, geometric way by determining the intrinsic transition rate of the Markov chain and the associated displacement functionals that are needed in the representation. We introduce a duality for the Markov chain that makes its properties particularly easy to study (§3.5). In §3.7 we solve explicitly the transport equations when there are no macroscopic variations so that only the multiple scattering produces reflections. We explain the geometric meaning of the form of the local power spectral density of the reflected signals. This leads us to §3.8 in which we introduce a geometric interpretation of multiple scattering in general. In §3.9 we discuss the influence of turning points on the reflected signal statistics. We prove that the W-equations are well posed even when they become singular at turning points. This is interesting because it tells us that we need not do anything special for the turning points, as is the case in deterministic problems. The W-equations have all the necessary ingredients for determining reflected signal statistics. Multiple scattering from the random layering has brought about a simplification in pulse reflection calculations. In the rest of §3 we take up several other issues such as dissipation, generating functions, transmitted fields, etc.

In §4 we describe the code that we have developed for simulating reflection by randomly layered media. It is a “layer” code, which means that the medium properties are constant inside each layer and the reflection coefficient is calculated by repeated matrix multiplications, after Fourier transformation in time and Hankel transformation in the transverse space variables. The main difficulty is in reconstructing the field by inverting the Hankel transform. Our code is capable of accurately computing the highly fluctuating reflected signals which have been multiply scattered by hundreds or even thousands of subwavelength layers which constitute the microstructure. In addition to generating synthetic signals for our inversion algorithms, the layer code is a very useful tool for understanding the scope and robustness of the asymptotic theory. In the course of attempting to estimate local power spectral densities of reflected signals we found that there is a particularly effective way to do it via a local Fourier transform described in Appendix E.

In §5 we describe the code we have developed for solving the transport equations that give us the statistics of the reflected signal. Except in the uniform background case (§3.7), it is not possible to solve them explicitly, so a numerical solution is necessary. This is particularly important in implementing the inversion algorithms of §6. Although we could use the probabilistic representation of §3.5 to construct Monte Carlo solutions of the W-equations [11], we have found that finite difference methods are better in calculating the amplitude of the solutions near the singular front, which is what we need. This has to be done after an appropriate regularization of the equations using a progressing wave representation. The main objective after that is to have an efficient vectorization of the code, which we describe in §5.3. We present numerical results for several large scale sound speed profiles, including some with turning points. The well-posedness theorem of §3.9 is verified nicely by the numerical calculations, which are indeed not sensitive to the singularities in the W-equations.

In §6 we formulate several inversion problems and give algorithms for their solution. The algorithms are based on a maximum likelihood estimate [12], [17] [12,17] of the unknown, large scale sound speed profile. This requires repeated solution of the W-equations. We use here the exponential law for the estimates of the local power spectral density. This law follows if the reflected signal is Gaussian and simulation results^2 support both the Gaussian distribution for the signal and the exponential one for the spectral estimate. We have not succeded in showing rigorously that the reflection process is Gaussian, although a heuristic derivation is given in [10]. Not all of the macroscopic properties of the medium are obtainable from plane wave scattering data at a single angle of incidence. We show here, however, that for acoustic problems without fluctuations in the density, data from two distinct angles of incidence are sufficient for determining sound speed as a function of depth as well as one other function, which is an effective strength of the random fluctuations. We present simulation results for this problem.

General references for waves in layered media are [52]-[56], among many others. Waves in randomly layered media are analyzed in Klyatskin’s books [8], [57]. Recent work on localization and other phenomena in scattering by randomly layered media can be found in [58]-[67] and the references cited in these papers. In all these works stochastic effects are analyzed when fluctuations in the parameters are weak and their mean values uniform. We review this briefly in Appendix C. The scaling we use here (§2.3), which is particularly appropriate for inverse problems, was introduced and used in our work. The transport equations, the W-equations, appear in the form of recursion equations in some works [57], [62], [63], [64], [66]. However, their central importance in the analysis of multiple scattering and the very rich structure that they have when geometrical acoustics is included was not recognized before.

2. Formulation of the problem.

2.1. The acoustic equations. We consider acoustic wave propagation in three space dimensions using the linearized equations of momentum and mass conservation for the velocity u(t, x) and pressure p(t, x), ρ(z) ∂u ∂t + σu + ∇p = F(t, x),

(2.1a)

2 See Fig. E.5 and [11].

1 K(z) ∂p ∂t + ∇ · u = 0,

(2.1b)

where ρ = ρ(z) and K = K(z) are the material properties (density and bulk modulus, respectively) of the medium layered in the z direction, x = (x, y, z) is the position vector, and σ = σ(z) is the dissipation. This is the simplest model of dissipation since it could in addition be time-dependent, nonlocal, or have memory properties. The local sound speed is given by c(z) = (K(z)/ρ(z))^{1/2} . (2.2)

The forcing term is due to a point source and is given by F(t, x) = f(t)δ(x)δ(y)δ(z − z_s)e, (2.3)

where e = (e_1, e_2, e_3) is a unit directivity vector, (0, 0, z_s) is the source position and f(t) is a smooth pulse-shape function with compact support. In the sequel we will assume a vertical source e = (0, 0, 1) to simplify the formulas. The random medium occupies a slab of thickness L in the lower half space z ≤ 0 so that ρ and K are constant for z > 0. Below the slab, in −∞ < z < −L, the constitutive parameters are again constant. The source is located in the upper homogeneous medium; hence z_s > 0. The system (2.1) is completed by specifying zero initial conditions for u and p. Note that we could have considered an embedded source, i.e., −L < z_s < 0. The theory extends to this case - only the complexity increases. Note also that the material properties depend on the depth z only. This is the assumption of plane layering. If we introduce slowly varying lateral dependence, we model a locally layered medium. The theory is then more involved and is not discussed here. We will assume that the dissipation σ = 0 in most of the discussion that follows. We consider it explicitly in §3.10.

2.2. Effective medium theory. We are interested in the solution of (2.1) when ρ(z) and K(z) are random functions. The simplest approximate theory is the effective medium theory (homogenization) according to which long waves propagate as if they were in a homogeneous medium whose density and bulk modulus, the effective parameters, are constant. This approximation is valid in general [50], not necessarily for a layered medium, but is restricted to propagation over distances of the order of, or not much larger than, a wavelength. It is very useful in the analysis of standing wave problems in confined regions but cannot account for the localization phenomena, mentioned in the introduction, that we want to analyze. Nevertheless, effective medium theory is important because it tells us how the medium properties are averaged. For example, in the layered medium, is the average of ρ the appropriate effective density? Is the average of K the appropriate effective bulk modulus?

Let ε > 0 be the ratio of a length scale^3 characterizing the variations of ρ and K to the wavelength. Assume that macroscopic lengths are comparable to the wavelength. We want to study the behavior as ε → 0 of the solution of ρ ( x ε ) ∂u ∂t + ∇p = F(t, x), (2.4a)

3 The thickness of the layers in the layered case, for example

1 K (x/ε) ∂p ∂t + ∇ · u = 0

(2.4b)

with zero initial conditions and with F smooth and independent of ε. Let us assume for simplicity that ρ and K are periodic functions with period 1 in each direction. Then a simple multiple scale expansion gives the effective or homogenized equation [50] and the random case is similar but the convergence proof is more complicated. We expand u and p in the form

p = p_0(t, x) + εp_1 ( t, x, x ε ) + · · · , (2.5)

u = u_0(t, x, x ε ) + εu_1 ( t, x, x ε ) + · · · (2.6)

with dependence on the variable y = x/ε assumed to be periodic. We have anticipated here the fact that p_0 does not depend on y. Inserting these expansions in (2.4) we note first that ∇yp_0 = 0 since p_0 = p_0(t, x) in (2.5) and that

∇y · u_0(t, x, y) = 0,

(2.7)

so we write u_0 in the form

u_0 = 3∑ i=1 ( e_i + ∇y × χ^i(y) ) v_i(t, x), (2.8)

so that (2.7) is satisfied identically and the functions χ^i(y) and v_i(t, x) are to be determined. We have denoted the unit vectors in the coordinate directions by e_1, e_2, e_3.

At the next level in the expansion we get

∇yp_1 + ρ(y) 3∑ i=1 ( e_i + ∇y × χ^i(y) ) ∂vi ∂t + ∇xp_0 = F,

(2.9)

∇y · u_1 + ∂p_0 ∂t + ∇x · u_0 = 0.

(2.10)

The solvability conditions for these last two equations give ∇y × [ ρ(y) ( e_i + ∇y × χ^i(y) )] = 0, i = 1, 2, 3,

(2.11)

which determine the periodic functions χ^i(y) uniquely up to constant factors, and the effective equations 3∑ j=1 ρ^∗_{ij} ∂v_j ∂t + ∂p_0 ∂x_i = F_i(t, x), i = 1, 2, 3

(2.12) and 1 K^∗ ∂p_0 ∂t + ∇x · v = 0.

(2.13)

Here ρ^∗_{ij} = ⟨ ρ δij + 3∑ k,l=1 ϵ_{ikl} ∂χ^j_l ∂y_k ⟩ , (2.14)

where ϵ_{ikl} is the unit antisymmetric tensor and 1 K^∗ = ⟨ 1 K ⟩ , (2.15)

where ⟨ ⟩ denotes average over a unit period cell.

It is easy to see from (2.11) and (2.14) that if the medium is layered in the z direction then the effective equations are ⟨ 1 ρ ⟩_{−1} ∂v_1 ∂t + ∂p_0 ∂x = F_1(t, x), ⟨ 1 ρ ⟩_{−1} ∂v_2 ∂t + ∂p_0 ∂y = F_2(t, x), ⟨ρ⟩ ∂v_3 ∂t + ∂p_0 ∂z = F_3(t, x), and ⟨ 1 K ⟩ ∂p_0 ∂t + ∂v_1 ∂x + ∂v_2 ∂y + ∂v_3 ∂z = 0.

These are an anisotropic version of the original acoustic equations (2.1) (with σ = 0), and the effective vertical and horizontal sound speeds are

c^2_v = ⟨ 1 K ⟩_{−1} ⟨ρ⟩^{−1} ,

c^2_h = ⟨ 1 K ⟩_{−1} ⟨ 1 ρ ⟩ . Thus the effective density in the vertical direction is the average of ρ while the effective density in the horizontal direction is the harmonic mean of ρ. The effective bulk modulus is the harmonic mean of K in both cases.

2.3. Scaling and its physical interpretation. Wave localization phenomena occur when propagation distances are large compared to both the wavelength and the size of the inhomogeneities. If ε denotes the ratio of a length scale characteristic of small scale variations to a typical wavelength, as in the previous section, then localization phenomena appear typically over propagation distances that are of order ε^{−1}. It is convenient to scale the various length parameters relative to macroscopic propagation distances. Then macroscopic scales are of order 1, typical wavelengths of order ε and typical inhomogeneities^4 of order ε^2. It is in this scaling that the pulse can act as a probe, as mentioned in the introduction and explained in §6. Moreover,

4 In the example discussed in §1 and illustrated in Fig. 1.1a and 1.1b, the parameter ε is about .02.

in this scaling the propagation of the pulse relative to the large scale structure is dealt with in a geometrical acoustics approximation while the propagation relative to the microstructure by averaging of the stochastic equations.

We denote the constant acoustic parameters in the half space, z > 0 by ρ_0, K_0, and c_0, where c_0 = (K_0/ρ_0)^{1/2} is the sound speed. In the randomly layered slab, −L < z ≤ 0, the parameters are denoted by the subscript 1. We assume ρ = ρ_1 is constant here^5 and write the scaled bulk modulus in the form 1 K = 1 K_1(z) ( 1 + ν(z/ε^2) ) , (2.16)

where ν(·) is a zero-mean, stationary stochastic process, bounded by a constant less than 1. We could have ν = ν(z, z/ε^2) depend on z as well as z/ε^2 so that its statistics vary on the macroscopic scales, but we ignore this for simplicity and reintroduce it in the final form of the results. Note the two-scale character of the bulk modulus: its mean value varies on the macroscopic scale while the fluctuations vary on the microscopic scale. Below the slab, the constant parameters are ρ_2, K_2, and c_2.

In nondimensional variables the acoustic equations (2.1) are ρ ∂u ∂t + ∇p = ε^{1/2}f ( t ε ) δ(x)δ(y)δ(z − z_s)e, (2.17a)

K^{−1} ∂p ∂t + ∇ · u = 0

(2.17b)

where

ρ(z) = ρ_0, z > 0, ρ_1, −L < z < 0, ρ_2, z < −L (2.18)

and

K^{−1}(z) =

K^{−1}_0 , z > 0, K^{−1}_1 (z) ( 1 + ν(^z_{ε2} ) ) , −L < z < 0, K^{−1}_2 , z < −L. (2.19)

The factor ε^{1/2} multiplying the source term in (2.17) makes the total energy released by the pulsed point source independent of ε. Since the problem is linear, it has no other effect.

2.4. The integral representation of the reflected pressure field. The main steps in the derivation of the integral representation of the reflected pressure field are:

• Define a scaled Fourier transform in time and the horizontal space variables and get equations for û, p̂ from the dimensionless, scaled acoustic equations (2.17);

• Decompose û and p̂ into upgoing and downgoing waves; • Derive a Riccati equation for the time-harmonic reflection coefficient Γ; • Express the reflected pressure field p_{refl} in terms of Γ.

5 For simplicity. The variable case is treated in [10], for example.

Since the acoustic speed depends only on the depth z, we can Fourier transform the horizontal spatial variables and time to convert (2.17) into a first-order, two-point boundary value problem for a system of stochastic ordinary differential equations. Let^6 f̂(ω) = ∫ e^{iωt}f(t) dt (2.20) and p̂(κ, ω, z) = ∫ ∫ ∫ e^{iω(t−}κ^·x^{)/ε}p(t, x, z) dt dx, (2.21a)

û(κ, ω, z) = ∫ ∫ ∫ e^{iω(t−}κ^·x^{)/ε}u(t, x, z) dt dx (2.21b)

where x = (x, y) and κ = (κ_1, κ_2) is the horizontal slowness vector. Assuming that the direction of the source e = e3 is vertical and taking Fourier transforms of the scaled acoustic equations (2.17) we obtain the following system of scalar equations for p̂ and the velocity field û = (û_1, û_2, û_3):

û_1 = κ_1 ρ p̂, (2.22a)

û_2 = κ_2 ρ p̂, (2.22b)

− iω ε ρû_3 + dp̂ dz = ε^{3/2}f̂ (ω)δ(z − z_s), (2.22c)

− iω ε ( 1 K − κ^2 ρ ) p̂ + dû_3 dz = 0,

(2.22d)

where the horizontal velocity components have been eliminated from (2.22d) using (2.22a) and (2.22b) and κ .= |κ|.

Let τ = τ(z, κ) be the travel time relative to z = 0 for the oblique plane waves that make up the total field. It has the form τ(z, κ) = ( 1 − c^2_0κ^2

)_1/_2

c_0 z, z > 0, (2.23)

τ(z, κ) = ∫ z 0 ( 1 − c^2_1(s)κ^2

)_1/_2

c_1(s) ds, −L < z < 0. (2.24)

We will assume that we stay above turning points and hence that the square roots are always real. The turning point problem is considered in detail in section 3.8. Define the acoustic impedances by

ζ_0 .= ρ_0c_0 ( 1 − κ^2c^2_0

)_1/_2 , z ≥ 0,

6 Unless explicitly written otherwise, the interval of integration for all integrals will be from −∞ to +∞.

ζ_1(z) .= ρ_1c_1(z) ( 1 − κ^2c^2_1(z) )_1/_2 , −L < z < 0, (2.25)

ζ_2 .= ρ_2c_2 ( 1 − κ^2c^2 )_1/_2 , z < −L, and, denoting û_3 by û, let

p̂ = (ζ_1)^{1/2} [ Ae^{iωτ/ε} − Be^{−iωτ/ε} ] , (2.26a)

û = (ζ_1)^{−1/2} [ Ae^{iωτ/ε} + Be^{−iωτε} ] , (2.26b)

where A and B are amplitudes of upgoing and downgoing plane waves, respectively.

Substituting the ansatz (2.26) into (2.22), we get a system of stochastic ordinary differential equations for A and B in −L < z < 0, dA dz = iω ε n [ A − e^{−2iωτ/ε}B ] + 1 2ζ_1 dζ_1 dz e^{−2iωτ/ε}B, (2.27a)

dB dz = − iω ε n [ −e^{2iωτ/ε}A + B ] + 1 2ζ_1 dζ_1 dz e^{2iωτ/ε}A, (2.27b)

where n ( z, z ε^2 , κ ) .= 1 2c_1(z) ( 1 − c^2_1(z)κ^2

)_1/_2 ν ( z/ε^2 ) . (2.28)

In this system the downgoing wave amplitude B is given at z = 0 and the upgoing wave amplitude A is given at z = −L.

Using the Fourier transforms (2.20)-(2.21), we can now write down the full representation of u_3 and p in −L < z ≤ 0 as

(2.29)

p(t, x, z) = 1 (2πε)^3 ∫ ∫ ∫ (ζ_1)^{1/2} [ Ae^{iω(}κ^·x^{+τ −t)/ε} − Be^{iω(}κ^·x^{−τ −t)/ε} ] ω^2dκ dω,

u_3(t, x, z) = 1 (2πε)^3 ∫ ∫ ∫ (ζ_1)^{−1/2} [ Ae^{iω(}κ^·x^{+τ −t)/ε} + Be^{iω(}κ^·x^{−τ −t)/ε} ] ω^2dκ dω. Define interface reflection coefficients

Γ_I (0) .= ζ_1(0^−) − ζ_0 ζ_1(0^−) + ζ_0 , (2.30)

Γ_I (−L) .= ζ_1(−L^+) − ζ_2 ζ_1(−L^+) + ζ_2 and, inside the random slab, a local reflection coefficient Γ(z) = A(z)/B(z), −L < z < 0. (2.31)

From equations (2.27) we obtain a Riccati equation for Γ dΓ dz = − iω ε n { e^{−2iωτ/ε} − 2Γ + e^{2iωτ/ε}Γ^2 }

+ 1 2ζ_1 dζ_1 dz { e^{−2iωτ/ε} − e^{2iωτ/ε}Γ^2 } , −L < z < 0, (2.32a)

Γ|_{z=−L} = e^{−i2ωτ (−L)/ε} Γ_I (−L), (2.32b)

where the initial condition (2.32b) is just the continuity condition for p and u_3 at z = −L. At z = 0 the continuity condition gives

Γ(0^+) =

Γ(0^−) − Γ_I (0) 1 − Γ(0^−)Γ_I (0) . (2.33)

The solution of the Riccati equation (2.32) evaluated at z = 0^− and substituted in (2.33) thus gives the pressure reflection coefficient at the surface z = 0. If we have ρ_1(0^−) = ρ_0 and c_1(0^−) = c_0, then the interface reflection coefficient Γ_I is identically zero and we refer to this as the “matched case”. In this case we get from (2.33) simply that Γ(0^+) = Γ(0^−).

The quantity of interest is the reflected pressure itself at z = 0. This is the upgoing component A in (2.29). But Γ = A/B, so in terms of the reflection coefficient Γ we can write the reflected pressure (at z = 0) as

p_{refl}(t, x, 0) = 1 (2πε)^3 ∫ ∫ ∫ e^{iω(}κ^·x^{−t)/ε} Γ(0^+, ω, κ) (ζ_0)^{1/2} B ω^2dω dκ.

(2.34)

In z > 0, we can use the equations (2.22) and the jump conditions at the source (z = z_s) to solve for the equivalent plane wave amplitude B incident at z = 0. This calculation can be found in Appendix A. Substituting, we obtain the following integral representation of the reflected pressure field:

p_{refl}(t, x, 0) = −1 2(2π)^3 1 ε^{3/2} ∫ ∫ ∫ f̂(ω)ω^2e^{iω} ( κ·x+c^{−1}_0 (1−κ^2c^2_0)^{1/2}zs−t^)/ε (2.35) Γ (0^+, ω, κ) dω dκ. Assuming that |Γ_I Γ(0^−)| < 1, we expand (2.33) in a geometric series which we insert in (2.35) to get

p_{refl}(t, x, 0) = −1 2(2π)^3 1 ε^{3/2} ∫ ∫ ∫ f̂ (ω)ω^2e^{iω} ( κ·x+c^{−1}_0 (1−κ^2c^2_0)^{1/2}zs−t^)/ε (2.36) · ∞∑ N =0 [ (Γ(0^−, ω, κ))^N (Γ_I (0))^{N +1} − (Γ(0^−, ω, κ))^{N +1}(Γ_I (0))^N ] dωdκ. We will be interested in the coherently reflected field

⟨p_{refl}(t, x, 0)⟩ = E {p_{refl}(t, x, 0)},

(2.37) with angular brackets denoting expectation over the realizations of the random medium, and in the reflected two-point intensity function I(t, x, t̄, x̄) = lim_{ε↓0} ⟨ p_{refl} ( t + εt̄ 2 , x + εx̄ 2 , 0 ) p_{refl} ( t − εt̄ 2 , x − εx̄ 2 , 0 )⟩ . (2.38)

The time and space offsets in the expectation are of order ε, which is the pulse width. For larger offsets the two factors in (2.38) are asymptotically uncorrelated in the limit. The definition of I anticipates these facts that come out of the asymptotic theory. Multiplying two expressions of the form (2.36) with integration variables ω_1, ω_2, κ_1, κ_2 and changing variables to

ω_1 = ω − εh 2 , ω_2 = ω + εh 2 , (2.39)

κ_1 = κ − ελ 2 , κ_2 = κ + ελ 2 , we get for I the asymptotic expression I(t, x, t̄, x̄) = ∞∑ N =0 ∞∑ M =0 1 4(2π)^3 ∫ ∫ ∫ |f̂(ω)|^2ω^2e^{iω(}κ^{·¯}x^{−t̄)}

(2.40) [ Γ^{N +M}

I W̃^{N +1,M +1} − Γ^{M +N +1}_I W̃^{N,M +1}

−Γ^{M +N +1}

I W̃^{N +1,M} + Γ^{M +N +2}_I W̃^{NM} ] dκdω where Γ_I = Γ_I (0) and W̃^{NM} is defined by W̃^{NM} (z, t,x, κ, ω) .= lim_{ε↓0} ω^2 (2π)^3 ∫ ∫ ∫ dhdλe^{iht−iω}λ^·x (2.41) ⟨ Γ^N (z, ω − εh 2 , κ − ελ 2 )Γ̄^M (z, ω + εh 2 , κ + ελ 2 ) ⟩ . The arguments of W̃ in (2.40) are evaluated at

z= 0, t → t − κ · x − c^{−1}_0 (1 − c^2_0κ^2)^{1/2}z_s ,

(2.42) x→ x − κc_0(1 − c^2_0κ^2)^{1/2}z_s , κ, and ω

and we will assume throughout that the interface reflection coefficients Γ_I are real. They depend in general on the slowness vector κ and are complex for evanescent modes, but the evanescent spectrum contribution to the reflected signal is negligible in the asymptotic limit we consider here. We see, therefore, that we must compute the limit (2.41), to which we turn in the next section. The asymptotic behavior of the coherently reflected pressure (2.37) is obtained from knowledge of lim_{ε↓0} ⟨ Γ^N (0^−, ω, κ) ⟩ , which can also be obtained as a special case of W̃^{NM} , as we will see in §3.3.

3. Transport equations for the statistics of the reflected signal. 3.1. Equations for powers of the reflection coefficient. We will write the Riccati equation (2.32) as dΓ dz = − iω ε n { e^{−2iωτ/ε} − 2Γ + e^{2iωτ/ε} Γ^2 } + negligible terms,

(3.1) with the (2ζ_1)^{−1} term omitted since it is a rapidly oscillating term of order 1, with average value zero, and will vanish in the asymptotic analysis which entails averaging; details and references can be found in Appendix B.

The quantity of interest for the asymptotic analysis is W̃^{NM} defined by (2.41) and we see that we need to derive from the nonlinear Riccati equation (3.1) equations for the moments of Γ at two ω’s and two κ’s. These moment equations are coupled, so we expect to obtain a hierarchy of equations. We therefore let

Γ^{NM} = Γ^N ( z, ω − εh 2 , κ − ελ 2 ) Γ̄^M ( z, ω + εh 2 , κ + ελ 2 ) , (3.2)

where N and M are integers as in the previous section, κ = (κ_1, κ_2), λ = (λ_1, λ_2), and the offsets are proportional to ε as required in (2.41). From the Riccati equation (3.1), we find that the Γ^{NM} satisfy the following infinite dimensional system of linear equations: dΓ^{NM} dz = iω ε nN { 2Γ^{NM} − e^{−2iωτ/ε+ihτ +iω}λ^{·∇κτ} Γ^{N −1,M} (3.3a) −e^{2iωτ/ε−ihτ −iω}λ^{·∇κτ} Γ^{N +1,M} }

− iω ε nM { 2Γ^{NM} − e^{2iωτ/ε+ihτ +iω}λ^{·∇κτ} Γ^{N,M −1} −e^{−2iωτ/ε−ihτ −iω}λ^{·∇κτ} Γ^{N,M +1} }

+negligible terms,

Γ^{NM} |_{z=−L} = (Γ_I (−L))^N (Γ̄_I (−L))^M e^{−2iωτ (−L)(N −M )/ε}

(3.3b) ·e^{iω(N +M )}λ^{·∇κτ} e^{iω(N +M )hτ} , where ∇_κ = (∂/∂κ_1, ∂/∂κ_2) and the exponents are evaluated at offset slowness λ = 0. Let x = (x, y) and define Γ̃^{NM} ( z, t + (N + M)τ, x − (N + M)∇_κτ, κ, ω) (3.4) = ω^2 (2π)^3 ∫ ∫ ∫ e^{iht−iω}λ^·xΓ^{NM} (z, ω, κ, h, λ) dh dλ. Then we can rewrite (3.3) as ∂Γ̃^{NM} ∂z + (N + M)τ_z { ∂Γ̃^{NM} ∂t − ∇_κτ_z τ_z · ∇Γ̃^{NM} } (3.5) = iω ε 2n(N − M)Γ̃^{NM} − iω ε n { Ne^{−2iωτ/ε}Γ̃^{N −1,M} +Ne^{2iωτ/ε}Γ̃^{N +1,M} − Me^{2iωτ/ε}Γ̃^{N,M −1} − Me^{−2iωτ/ε}Γ̃^{N,M +1} } +negligible terms with initial conditions at z = −L obtained from (3.3) and (3.4):

Γ̃^{NM} |_{z=−L}= (Γ_I (−L))^N (Γ̄_I (−L))^M e^{−2iωτ (−L)(N −M )/ε}δ(t)δ(x). (3.6) Note that the shift of the arguments (3.4) is zero at z = 0 because τ(0) = 0 and hence the behavior of E { Γ̃NM (0, t, x, κ, ω) } as ε→0 gives us W̃^{NM} (0, t, x, κ, ω).

3.2. The asymptotic limit of the moment equations. The moment equations (3.5) for the reflection coefficient are a system of equations for the Γ̃^{NM} of the form dU^ε dz = 1 ε A ( z, τ(z) ε , z ε^2 ) U^ε + B ( z, τ(z) ε , z ε^2 ) U^ε, (3.7)

where U^ε is a vector, A is a matrix (having zero mean with respect to its third, rapidly varying argument), and B is an operator that includes the drift terms in (3.5). In Appendix B we indicate how in the limit ε ↓ 0 the mean of U^ε, denoted by Ū, is given by dŪ(z) dz = AA(z)Ū(z) + B̄(z)Ū(z), (3.8)

where AA(z) = lim_{T →∞} 1 T ∫ T 0 dτ ∫_∞ 0 ds E {A(z, τ, s)A(z, τ, 0)} (3.9) and B(z) = lim_{T →∞} 1 T ∫ T 0 dτ E {B(z, τ, s)} . In the expressions for the limit operators we have used the stationarity in s of A(z, τ, s) and B(z, τ, s). Equation (3.8) becomes the transport equation for

W̃^{NM} = lim_{ε→0} E { Γ̃^{NM} } (3.10)

when the formulas (3.9) are applied to (3.5).

The computation of the form that (3.8) takes when applied to (3.5) for the Γ̃^{NM} is straightforward. We record the results not for it, which corresponds to W̃^{NM} , (2.41), but for this quantity evaluated at the arguments (2.42), which is what we need for the reflected pressure intensity (2.40). We also remove the rapidly oscillating factor from the initial conditions and for simplicity we assume that z_s = 0, which means that the source is located at the origin (cf. (2.3)). We denote the W̃ ’s with shifted arguments and without the oscillatory factor by W^{NM} : W^{NM} (z, t, x, κ, ω) .= e^{2iωτ (−L)(N −M )/ε}W̃^{NM} (z, t − κ · x, x, κ, ω). (3.11)

We then find that W^{NM} satisfies the system ∂W^{NM} ∂z + (N + M) { 1 c_1 ( 1 − c^2_1κ^2

)_1/_2 ∂W^{NM} ∂t + c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇W NM }

− 2ω^2αNM c^2_1 ( 1 − c^2_1κ^2 ) { W^{N +1 M +1} − 2W^{NM} + W^{N −1 M −1} } (3.12) + 6ω^2α c^2_1 ( 1 − c^2_1κ^2 ) (N − M)^2W NM = 0,

W^{NM} |_{z=−L}= (Γ_I (−L))^N (Γ̄_I (−L))^Mδ(t)δ(x), where N, M ≥ 0, z < 0, z, t, ω ∈ R^1, x ∈ R^2, α(z) .= 1 4 ∫_∞ 0 E {ν(z, s)ν(z, 0)}ds, (3.13)

and ν is the stochastic process that was defined^7 by (2.16). Thus the noise intensity parameter α depends on z also. As an integral of a correlation function, α is nonnegative and we assume that it is positive in what follows.

In many situations we only need the diagonal part of W^{NM} , that is, W^{NN} for N ≥ 0, which decouples from the off-diagonal part. Denoting W^{NN} by W^N , the transport equations (3.12) for the diagonal part are ∂W^N ∂z + 2N { 1 c_1 ( 1 − c^2_1κ^2

)_1/_2 ∂W^N ∂t + c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇W N } (3.14) − 2 ω^2αN^2 c^2_1 ( 1 − c^2_1κ^2 ) { W^{N +1} − 2W^N + W^{N −1} } = 0,

W^N |_{z=−L}= |Γ_I (−L)|^{2N}δ(t)δ(x), where N ≥ 0, z < 0, z, t, ω ∈ R^1, x ∈ R^2.

3.3. The coherent reflected pressure. The reflected pressure is given by (2.36) and (2.37). Assume for simplicity that Γ_I (0) = 0 which means that the medium properties are matched at the interface z = 0 and that the source is at the origin so that z_s = 0. Then

⟨p_{refl}(t, x, 0)⟩ = 1 2(2π)^3 1 ε^{3/2} ∫ ∫ ∫ f̂(ω)ω^2e^{iω(}κ^·x^{−t)/ε} ⟨Γ(0^−, ω, κ)⟩ dωdκ. (3.15)

So we need the asymptotic behavior of ⟨Γ(0^−, ω, κ)⟩ as ε → 0. From (2.41) we see that ⟨ Γ(0^−, ω, κ) ⟩ = ∫ ∫ ∫ dtdxW̃^{10}(0, t, x, κ, ω) (3.16)

We now set N = 1, M = 0 in (3.12) and integrate over t and x. The equations decouple and ⟨Γ(0^−, ω, κ)⟩ behaves asymptotically like V which satisfies ∂V ∂z = −6αω^2 c^2_1(1 − c^2_1κ^2) V, (3.17) V |_{z=−L} = Γ_I (−L)e^{−2iωτ (−L)/ε}. Here we have restored into the initial conditions the oscillatory factor in (3.11) that was removed from the initial conditions of (3.12). Let

β_1(L) =

∫_0 −L 6α c^2_1(1 − c^2_1κ^2) dz. (3.18)

Then integrating (3.17) we get to leading order in ε, ⟨ Γ(0^−, ω, κ) ⟩ ≈ Γ_I (−L)e^{−2iωτ (−L)/ε}e^{−ω2β1(L)}, (3.19)

7 With macroscopic z dependence, in general.

and hence from (3.15) ⟨p_{refl}(t, x, 0)⟩ ≈ − 1 2(2π)^3ε^{3/2} ∫ ∫ ∫ Γ_I (−L)f̂(ω)ω^2

(3.20) ·e^{iω(}κ^·x^{−t−2τ (−L))/ε}e^{−ω2β1(L)}dωdκ The κ integral can be approximated by the stationary phase method [68]. To simplify the formulas and to see more clearly the physical meaning of the results let us assume that c_1 is a constant, which means that there are no large scale variations in the sound speed in the randomly layered region. Then from (2.24) τ(−L) = −L(1 − c^2_1κ^2)^{1/2} c_1

(3.21)

and the stationary phase approximation yields ⟨p_{refl}(t, x, 0)⟩ ≈ √ εΓ_I (−L) sin θ 8πLc_1 (3.22) · ∂ ∂t { 1 2π ∫ dωf̂(ω)e^{−iω(t−2L(c1 sin θ)−1)/ε}e^{−ω2β1(L)} } , where θ is defined by (cf. Fig. 3.1)

c_1κ = cos θ = r/2 √ L^2 + (r/2)^2

(3.23)

with r = |x|. In the deterministic case α = 0 we have β_1(L) = 0, in (3.18), and hence (3.22) gives

p_{refl}(t, x, 0) ≈ √ εΓ_I (−L) sin θ 8πLc_1 ∂ ∂t f ( t − 2L(c_1 sin θ)^{−1} ε ) , (3.24)

which is the correct result for the reflection of a pulse from a plane interface in the geometrical acoustics approximation. Note that the interface reflection coefficient Γ_I (−L) depends on θ and from (2.30), (2.25), and (3.23) we have

Γ_I (−L) = ρ_1c_1 sin θ_2 − ρ_2c_2 sin θ_1 ρ_1c_1 sin θ_2 + ρ_2c_2 sin θ_1 , (3.25)

where θ_1 = θ and θ_2 is related to θ_1 by Snell’s law

c_1 c_2 = cos θ_1 cos θ_2 . (3.26)

When α > 0 and so β_1(L) > 0, the result (3.22) tells us that the coherent reflected pressure pulse spreads with spreading factor proportional to (β_1(L))^{−1/2}. This is analogous to the results in [70] and [18] and is explored further in [69] and in §3.7.

It is also interesting to see what the W-equations (3.12) tell us about the behavior of the square of p_{refl}(t, x, 0) in the deterministic case. We consider this in the next section.

6 - @@ @@ @@ @@ @@� � � � � z r/2 θ

c_1t/2 L

Fig. 3.1. Ray geometry.

3.4. The reflected pressure intensity. The two-point intensity function I for the reflected pressure is defined by (2.38) and is given in terms of W̃^{NM} by (2.40). We rewrite it here in terms of W^{NM} , the solution of (3.12), taking into account the oscillatory phases in (3.11). We will assume again that z_s = 0 for simplicity. It is clear that when (3.11) is used in (2.40), the oscillatory factors eliminate all terms with N ≠ M in the limit ε → 0. Therefore we can express I in terms of the solution W^N of (3.14) as follows: I(t, x; t̄, x̄) = 1 4(2π)^3 ∫ ∫ ∫ |f̂(ω)|^2ω^2e^{iω[}κ^{·¯}x^{−t̄ ]} · [ (Γ_I (0))^2W^0 + ( Γ_I (0) − 1 Γ_I (0) )_{2 ∞}∑ N =1

(Γ_I (0))^{2N}W^N ] dκ dω, (3.27)

where W^N is evaluated at z = 0, t, x, κ, and ω. The κ integration is only over propagating modes for which c_1κ is in the interval [0, 1) and Γ_I (0) is real.

It is convenient to introduce the local power spectral density Λ(t, x, ω) at x which is defined by I(t, x; t̄, 0) = 1 2π ∫ |f̂(ω)|^2ω^2e^{−iωt̄}Λ(t, x, ω) dω (3.28)

so that Λ(t, x, ω) = 1 4(2π)^2 ∫ ∫ dκ (3.29) · [ Γ^2_I (0)W^0 + ( Γ_I (0) − 1 Γ_I (0) )_{2 ∞}∑ N =1

Γ^{2N}_I (0)W^N ] with the W^N evaluated at z = 0, t, x, κ, and ω. This quantity is most informative about the statistics of reflected signals because it characterizes their frequency content at a point x on the surface z = 0, within a time window centered at time t. The width of the time window is of order ε, which is also the width of the incident pulse.

A simple special case of the above general expression for the local power spectral density arises when the large-scale properties of the medium are matched at the interface z = 0 so that Γ_I (0) = 0. We then have Λ(t, x, ω) = 1 4(2π)^2 ∫ ∫ dκW^1(0, t, x, κ, ω) . (3.30)

The function W^1 satisfies (3.14), which simplifies considerably when the medium is matched at z = −L as well, so that Γ_I (−L) = 0. The initial conditions at z = −L in (3.14) become in the matched case W^N |_{z=−L}= δ(t)δ(x)δ_{N 0}. (3.31)

We return to this problem in §3.7.

We will now calculate the asymptotic behavior of (p_{refl}(t, x, 0))^2 for a pulse reflected from an interface at z = −L, in a deterministic medium so that α = 0. We will use the W equations (3.14) to compute I(t, x; 0, 0) via (3.30) and (3.28). We will then compare the result with the asymptotic behavior of the square of p_{refl}(t, x, 0) given by (3.24). This is a simple but illuminating example that explains how the W equations capture the geometrical acoustics behavior at the level of intensities directly.

In the deterministic case the W equations (3.14) decouple and for W^1 we have ∂W^1 ∂z + 2 { 1 c_1 ( 1 − c^2_1κ^2

)_1/_2 ∂W^1 ∂t + c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇W^1 } = 0,

(3.32)

W^1 |_{z=−L}= |Γ_I (−L)|^2δ(t)δ(x).

The solution of this equation is W^1(0, t, x, κ, ω) (3.33)

= (Γ_I (−L))^2δ ( t − 2L c_1 ( 1 − c^2_1κ^2

)_1/_2 ) δ ( x − 2Lc_1 ( 1 − c^2_1κ^2

)_1/_2 κ ) , from which we obtain from (3.30) Λ(t, x, ω) = 1 4(2π)^2 ∫ ∫ dκ(Γ_I (−L))^2 ·δ ( t − 2L c_1 ( 1 − c^2_1κ^2

)_1/_2 ) δ ( x − 2Lc_1 ( 1 − c^2_1κ^2

)_1/_2 κ )

= ( Γ_I (−L) 4π sin θ 2Lc_1 )_2 δ ( t − 2L c_1 sin θ ) (3.34) = ( Γ_I (−L) 4π 1 c^2_1t

)_2 δ ( t − 2L c_1 sin θ )

Here

c_1κ = cos θ, sin θ = √ 1 − c^2_1κ^2

(3.35)

are determined as in Fig. 3.1, which is the ray diagram for the geometrical acoustics approximation

cos θ = r c_1t

, sin θ = 2L c_1t , (3.36)

and the interface reflection coefficient Γ_I (−L) is given by (3.25).

Note that the local power spectral density Λ is independent of ω in the deterministic case and, moreover, it is a delta function in the time variable. From (3.28) we see that the distribution limit of (p_{refl}(t, x, 0))^2 as ε → 0 is

I(t, x; 0, 0) = 1 2π ∫ |f̂(ω)|^2ω^2 ( Γ_I (−L) 4π 1 2c^2_1t

)_2 δ ( t − 2L c_1 sin θ ) dω. (3.37)

This is precisely what we get from (3.24) when we square and calculate the limit as ε → 0 in the distribution sense. We have only to use Parseval’s relation ∫ (f^′(t))^2dt = 1 2π ∫ |f̂(ω)|^2ω^2dω to complete the identification.

This example is important because it shows that the W -equations (3.14) contain all the geometrical acoustics information about reflected intensities in an efficient way. We get the result (3.37) directly from the W -equations whereas we had to use the stationary phase approximation to get (3.24) and then calculate the distribution limit of its square. When we deal with stochastic problems we want the geometrical acoustics to come into the picture in the most direct, geometrical way, and this is what the W -equations do.

3.5. Basic properties of the transport equations. We will now consider the W -equations (3.12) as an infinite-dimensional hyperbolic system and we will examine the existence of solutions and their properties. We will also give a probabilistic representation of the solution, which is very useful both analytically and in gaining a better physical understanding of what the W -equations mean. We will assume throughout this section that the medium is uniform in −L ≤ z ≤ 0 (i.e., c_1(z) and α(z) are constants) and that there are no turning points (i.e., 1 − κ^2c^2_1 > 0 ). Turning points are considered in §3.8. Let β = 2αω^2 c^2_1(1 − c^2_1κ^2)

, v = c_1(1 − c^2_1κ^2)^{1/2}, g = c_1κ (1 − c^2_1κ^2)^{1/2}

(3.38)

and define the operator Δ_D by

Δ_DW^{NM} = βNM{W^{N +1 M +1} − 2W^{N M} + W^{N −1 M −1}}

(3.39)

and the diagonal operator (or potential) V by V W^{NM} = −3β(N − M)^2W^{NM} . (3.40)

Then the W -equation (3.12) can be written in the form ∂W^{NM} ∂z = −(N + M) { 1 v ∂W^{NM} ∂t + g.∇W^{NM} } + Δ_DW^{NM} + V W^{NM}

(3.41)

in −L ≤ z ≤ 0 with W^{NM} (−L, t, x) = W^{NM}_0 (t, x). (3.42)

The initial data W^{NM}_0 are delta functions in (3.12). We will assume that the W^{NM}_0 are smooth and bounded functions of t ∈ R^1 and x ∈ R^2. It is easy to get distribution solutions of (3.41) from smooth ones since the coefficients in (3.41) do not depend^8 on t and x.

The operator Δ_D is the generator of a Markov chain (N(z), M(z)) on the nonnegative integers N, M ≥ 0. The lines N = 0 and M = 0 are absorbing sets and the chain is degenerate because N(z) − M(z) is constant and equal to its initial value N − M at z = −L. Since the transition frequency of the Markov chain depends quadratically on the state variables, the chain is defined up to an “explosion” time z_∞. We refer to the variable z as time because it plays that role in the Markov chain. It is, of course, the vertical coordinate. It can shown, as we indicate below, that with probability 1 (N(z), M(z)) is uniquely determined by its generator (3.39). We will call (N(z), M(z)) the canonical Markov chain of multiple scattering.

We can give a probabilistic representation of the solution W^{NM} (z, t, x) of (3.41) in terms of the canonical Markov chain. W^{NM} (z, t, x)= E_{NM} { e ∫_z −L V (N (s),M (s))ds· ·W^{N (z)M (z)} 0 ( t − 1 v ∫ z −L (N(s) + M(s))ds, x − g ∫ z −L (N(s) + M(s))ds )} . (3.43)

Here E_{NM} stands for expectation over the trajectories of the Markov chain that start from N, M at z = −L. The right-hand side of (3.43) is well defined provided |W^{NM}_0 | is uniformly bounded, since the Markov chain is well defined. If W^{NM} (z, t, x) is defined by (3.43), we must show that it satisfies (3.41) in a suitable sense. The uniqueness of bounded solutions of (3.41) follows from the maximum principle, which is immediately clear from (3.43) (since V ≤ 0) and can be established directly. To show that (3.43) satisfies (3.41) we use the familiar renewal argument [71], [11] which converts (3.41) into an equivalent integral equation. It is in this sense that (3.43) solves (3.41). Solutions with distribution-valued initial data are obtained as distribution derivatives in t and x of smooth solutions since the coefficients are independent of t and x.

The solution of the W -equations enters in the determination of the reflected pressure intensity through equations (3.27) and it is the asymptotic limit of moments of integrals of the reflection coefficient Γ(z, ω, κ) defined by (3.1), when suitably interpreted as we explain in appendix B. It is somewhat surprising, therefore, that the hierarchy of moments equations, the W -equations, admits a probabilistic representation of their solutions. It is also difficult to guess the physical mechanism that emerges from our asymptotic limit. But once (3.43) is established its physical interpretation is important and we discuss it in more detail in §3.6, 3.7 and 3.8.

8 They depend on z in general but not in this section for simplicity. For nonplane layered media they depend on x as well.

Along with the W -equations (3.12), or in the form (3.41), we have their adjoint system relative to the inner product ⟨W (z), U(z)⟩ = ∫ dt ∫ dx ∑ NM W^{NM} (z, t, x)U^{MN}(z, t, x). (3.44)

Suppose U^{NM} (z, t, x) satisfies the system ∂U^{NM} ∂z + (N + M) { 1 v ∂U^{NM} ∂t + g.∇U^{NM} } + (Δ^∗_D + V )U^{NM} = 0

(3.45)

in −L ≤ z ≤ 0 with

U^{NM} (0, t, x) = U^{NM}_0 (t, x)

(3.46)

and with Δ^∗_D the operator adjoint to Δ_D

Δ^∗_DW_{NM} = β { (N + 1)(M + 1)W^{N +1 M +1}

(3.47) −2NMW^{NM} + (N − 1)(M − 1)W^{N −1 M −1} }

Then d dz ⟨W (z), U(z)⟩ = 0 and so ∑ NM ∫ ∫ dt dxU^{NM}_0 (t, x)W^{NM} (0, t, x) (3.48) = ∑ NM ∫ ∫ dtdxU^{NM} (−L, t, x)W^{NM}_0 (t, x). Thus, if

U^{NM}_0 (t, x) = δ_{NN0} δ_{MM0} δ(t − t_0, x − x_0)

then

W^{N0M0} (0, t_0, x_0) = ∑ NM (Γ_I (−L))^N (Γ̄_I (−L))^M U^{NM} (−L, 0, 0),

(3.49)

which means that the solution of the W -equations (3.12) can be obtained also by solving the adjoint W -equations (3.45). The adjoint equations are more convenient to use in the solution of inverse problems (§6).

A simple property of the solution of the W -equations that follows immediately from the probabilistic representation (3.43) is that lim_{L→∞} W^{NM} = 0, N ≠ M. (3.50)

This is clear because V (N, M) = −β(N −M)^2 by (3.40) and N(z)−M(z) is constant. Hence the exponential factor in (3.43) is a decaying deterministic exponential if N ≠ M and it goes to zero as L → ∞. In view of this and also because of the oscillatory factors in (3.11) it suffices for most applications to consider only the diagonal of the W -equations (3.14).

Let W^N stand for W^{NN} . The next property that we want to prove is that W^N (0, t, x) is independent of the reflection coefficient Γ_I (−L) if 2L > c_1t. This means that the reflected pressure intensity at some time t and position x on the surface of the randomly layered medium does not depend on the reflectivity properties of the medium at depth z = −L if t is less than the time it takes for the wave to reach this depth and return to the surface. To prove this property of W^N (0, t, x) recall that W^N satisfies the equation ∂W^N ∂z + 2N { 1 c_1(1 − c^2_1κ^2)^{1/2} ∂W^N ∂t + c_1κ (1 − c^2_1κ^2)^{1/2} .∇W^N }

−βN^2 { W^{N +1} − 2W^N + W^{N −1} } = 0 (3.51)

W^N (−L, t, x) = |Γ_I (−L)|^{2N}δ(t)δ(x). (3.52)

The probabilistic representation of the solution is W^N (z, t, x) = E_N { |Γ_I (−L)|^{2N (z)} δ ( t − 2 c_1(1 − c^2_1κ^2)^{1/2} ∫ z −L N(s)ds )

·δ ( x − 2c_1κ (1 − c^2_1κ^2)^{1/2} ∫ z −L N(s)ds )} , (3.53)

which follows from (3.43), with the delta functions interpreted as distribution derivatives of Heaviside functions. Normally incident waves corresponding to κ = 0 travel fastest so we need only consider them. Then W^N (0, t, x) simplifies to E_N { |Γ_I (−L)|^{2N (0)}δ ( t − 2 c_1

∫_0 −L N(s)ds )} δ(x). There are two kinds of paths that contribute to this expectation: those which start from N(−L) = N ≠ 0 and stay positive up to z = 0 and those that become zero at some z in −L < z ≤ 0 and therefore N(0) = 0. The first set of paths does not contribute to the expectation because N(z) ≥ 1 for −L ≤ z ≤ 0 and 2L > c_1t, so the delta function never acts. Thus only the paths for which N(0) = 0 contribute and then W^N does not depend on |Γ_I (−L)| as we wanted to show.

Now we want to return to the basic property of the canonical Markov chain which is that it is defined for all z: there is no finite z blowup. This is shown by a duality identity that is very useful in analyzing the Markov chain. We first note that the reflection coefficients Γ are complex numbers of modulus less than or equal to 1 so they can be represented in the form

Γ = tanh θ̄ 2 e^{iϕ} (3.54)

with θ̄ ≥ 0 and 0 ≤ ϕ ≤ 2π. Let V^{NM} (θ̄, ϕ) = ( tanh θ̄ 2 e^{iϕ} )N ( tanh θ̄ 2 e^{−iϕ} )M = ( tanh θ̄ 2 )N_+M e^{i(N −M )ϕ} (3.55) and introduce the diffusion generator

Δ_C = α [ 1 sinh θ̄ ∂ ∂θ̄ (sinh θ̄ ∂ ∂θ̄ ) + 1 sinh^2 θ̄

∂^2 ∂ϕ^2 ] + α ∂^2 ∂ϕ^2 , (3.56)

acting on smooth functions of θ̄ ≥ 0 and ϕ ϵ [0, 2π], which are periodic in ϕ. If in the unit disc |Γ| ≤ 1 we introduce polar coordinates (3.54) with the metric

|dΓ|^2 = sinh^2 θ̄(dθ̄)^2 + (dϕ)^2

(3.57)

and volume element dv = sinh θ̄dθ̄dϕ, (3.58)

then we can write Δ_C in the form

Δ_C = αΔ + α

∂^2 ∂ϕ^2 , (3.59)

where Δ is the Laplace-Beltrami operator on the unit disc with metric (3.57), the hyperbolic disc.

The key observation in duality is the identity

Δ_C V^{NM} (θ̄, ϕ) = (Δ_D + V )V^{NM} (θ̄, ϕ),

(3.60)

where Δ_C acts on V^{NM} as a function of θ̄, ϕ and Δ_D + V as a function of the discrete indices N, M. This identity is easily verified by direct calculation and with the help of the identity 4 sinh^2 θ̄

= tanh^2 θ̄ 2 − 2 + 1 tanh^{2 θ̄}_2 . The subscripts C and D on Δ stand for continuous and discrete, respectively. Let (θ̄(z), ϕ(z)) be the diffusion process generated by the partial differential operator (3.59). We say that the random walk (N(z), M(z)) and the diffusion (θ̄(z), ϕ(z)) are dual processes relative to the functions V^{NM} (θ̄, ϕ) if E_{NM} { V^{N (z),M (z)}(θ̄, ϕ)e ∫_z −L V (N (s),M (s))ds } = E¯_{θ,ϕ} { V^{NM} (θ̄(z), ϕ(z)) } (3.61)

where the expectation on the left is relative to the law of the random walk starting at N, M when z = −L while the expectation on the right is relative to the diffusion process starting at θ̄, ϕ at z = −L. We can verify directly that (3.60) is simply the infinitesimal version of (3.61). We see from (3.61) that properties of the random walk can be inferred from corresponding ones of the diffusion process and conversely. Duality is therefore like a transform, and desired properties may sometimes be easier to get, or more transparent, in the transformed problem. In §3.11 we discuss further the use of duality in explicit computations.

The process θ̄(z) is transient, which means that as z → ∞, θ̄(z) → ∞ with probability 1. This can be seen from the Ito stochastic equation for θ̄(z), dθ̄(z) = α coth θ̄(z)dz + √ 2αdb(z), that comes from (3.56). Here b(z) is the standard one dimensional Brownian motion. The positive drift in this equation tends asymptotically to a constant and this gives the result z^{−1}θ̄(z) → α with probability 1 as z → ∞. A general class of asymptotic results like this is given in [72].

Assuming that N = M initially so that N(z) = M(z) for all z, we restrict attention to N(z). Because of (3.61) we see that E_N ( tanh θ̄ 2 )N_(z_) = E^¯θ ( tanh θ̄(z) 2 )N , (3.62)

which is a simpler form of duality between the two processes N(z) and θ̄(z). Now the fact that N(z) is defined for all z is an easy consequence of (3.62). To see the type of argument that is involved we will use (3.62) to prove that with probability 1 N(z) → 0 as z → ∞, which we use in §3.8. Note first that θ̄(z) → ∞ as z → ∞ with probability 1. Hence the right side of (3.62) goes to 1 for any N < ∞ and θ̄ < ∞. The only way the left side can be identically equal to 1 for all θ̄ < ∞ is if lim_{z→∞} N(z) = 0 with probability 1. Duality makes the proof of absorption at N = 0 very simple.

3.6. Reflected pressure intensity for a uniform background. We will calculate the power spectral density Λ(t, x, ω) and intensity function I(t, x; t̄, 0) given by (3.29) and (3.28), respectively, for a randomly layered slab with c_1 constant, which means that the large scale sound speed profile is uniform. We assume again that z_s = 0 so the source is at the origin for simplicity, and that it is vertical e = (0, 0, 1) (cf. (2.3)). We must solve the W equations (3.14) and then calculate the κ integral (3.29) for Λ. First we note that the equations and the initial conditions in (3.14) are axially symmetric so we can eliminate angular dependence. Let |x| = r and recall that |κ| = κ. Then it is easily seen that the angular integral of W^N , which we denote again by W^N , depends on r and κ only and for t ≥ 0 it satisfies ∂W^N ∂z + 2N { 1 c_1(1 − c^2_1κ^2)^{1/2} ∂W^N ∂t + c_1κ (1 − c^2_1κ^2)^{1/2} ∂W^N ∂r }

−βN^2 { W^{N +1} − 2W^N + W^{N +1} } = 0,

(3.63)

W^N |_{z=−L}= |Γ_I (−L)|^{2N}δ(t) δ(r) r . (3.64)

The parameter β is defined by (3.38), depends on κ, and is zero for deterministic problems. The local power spectral density (3.29) becomes Λ(t, r, ω) = 1 4(2π)^2

∫_1/c_1 0 κdκ [ (Γ_I (0) − 1 Γ_I (0)

)^2 ∞∑ N =1

(Γ_I (0))^{2N}W^N ] , (3.65)

where we explicitly ignore the evanescent spectrum and omit the term W^0 since it is proportional to a delta function at zero and does not appear for t > 0. We also write the probabilistic representation (3.53) of W^N in polar coordinates: W^N (0, t, r, κ, ω) = 1 r E_N { |Γ_I (−L)|^{2N (0)}δ ( t − 2 c_1(1 − c^2_1κ^2)^{1/2}

∫_0 −L N(s)ds )

·δ ( r − 2c_1κ (1 − c^2_1κ^2)^{1/2}

∫_0 −L N(s)ds )} . (3.66)

Let us consider the case L > c_1t/2, which means that the waves have not reached the bottom of the stack z = −L by time t. Then we may as well set z = −∞ since reflection statistics in [0, t] are unaffected. Let μ = ∫_0 −∞ N(s) ds, (3.67)

which is a random variable that is finite with probability 1 because N(z) goes to zero (and stays at zero thereafter) with probability 1. This follows from the duality (3.62). In the case L > c_1t/2, only those realizations for which N(0) = 0 contribute, and W^N has the form W^N (0, t, r, κ, ω) = 1 r E_N { δ ( t − 2μ c_1(1 − c^2_1κ^2)^{1/2} )

·δ ( r − 2c_1κμ (1 − c^2_1κ^2)^{1/2} )} . (3.68)

We must therefore compute the probability density of the random variable μ when N(−L) = N, which we denote by P_N (μ; β). Then for 0 < t < 2L/c_1, Λ(t, r, ω) is given by Λ(t, r, ω) = 1 4(2π)^2

∫_1/c_1 0 κdκ ( Γ_I (0) − 1 Γ_I (0) )_{2 ∞}∑ N =1

(Γ_I (0))^{2N}

· ∫_∞ 0 dμP_N (μ; β) 1 r δ ( t − 2μ c_1(1 − c^2_1κ^2)^{1/2} ) δ ( r − 2c_1κμ (1 − c^2_1κ^2)^{1/2} ) . (3.69)

Recall that β defined by (3.38) depends on κ and that Γ_I (0) also depends on κ in general (cf. (2.25) and (2.30) ). If we change variables in (3.69) by letting

c_1κ = cos θ, (1 − c^2_1κ^2)^{1/2} = sin θ,

change the argument of delta function of t, and evaluate the integral in μ at the argument of the t delta function we get Λ(t, r, ω) = 1 8(2π)^2 1 c_1r ∫ π/_2 0 dθ sin^2 θ cos θδ(r − c_1t cos θ) · ( Γ_I (0) − 1 Γ_I (0) )_{2 ∞}∑ N =1

(Γ_I (0))^{2N}P_N ( c_1t sin θ 2 ; 2αω^2 c^2_1 sin^2 θ )

= 1 8(2π)^2 √ 1 − (^r_{c1t} )^2 c_1(c_1t)^2 ( Γ_I (0) − 1 Γ_I (0) )_{2 ∞}∑ N =1

(Γ_I (0))^{2N}

(3.70)

·P_N c_1t √ 1 − (^r_{c1t} )^2 2 ; 2αω^2 c^2_1(1 − (^r_{c1t} )^2) , where the θ at which the integral is evaluated is as in the ray diagram in Fig. 3.1 and Γ_I (0) is a function of θ, (3.80).

When the medium is matched at z = 0 so that Γ_I (0) = 0, (3.70) reduces to Λ(t, r, ω) = 1 8(2π)^2 √ 1 − (^r_{c1t})^2 c_1(c_1t)^2

P_1 c_1t √ 1 − (^r_{c1t} )^2 2 ; 2αω^2 c^2_1(1 − (^r_{c1t} )^2)

(3.71) and this should be contrasted with the deterministic reflection from an interface at depth −L given by (3.34). The expression (3.71) is an average of reflections from an “interface” at depth μ (defined by (3.67)).

The probability density P_N (μ; β) can be computed explicitly as follows. First note that because of the homogeneity in z of the Markov chain N(z) we may replace the range of integration in (3.67) by [0, ∞) without altering the law of μ. Let μ̃(z) = μ̄ − ∫ z 0 N(s)ds (3.72)

where μ̄ is a constant. With 0 ≤ Γ_0 ≤ 1 and f in C^∞_0 (R) let V^N (z, μ̄) = E_N { f(μ̃(z))Γ^{N (z)}_0 }

Then V^N satisfies ∂V^N ∂z + N ∂V^N ∂μ̄ = βN^2 { V^{N +1} − 2V^N + V^{N −1} } , (3.73)

V^N |_{z=0} = f(μ̄)Γ^N_0 .

Since N(z) → 0 with probability 1 as z → ∞, V^N (z, μ̄) → E_N {f(μ̄ − μ)} = ∫_∞ 0 f(μ̄ − μ)P_N (μ; β)dμ, where μ is defined by (3.67). P_N therefore satisfies ∂P_N ∂μ̄ = βN {P_{N +1} − 2P_N + P_{N +1}} , N ≥ 1, μ̄ ≥ 0, P_0 = δ(μ̄).

(3.74)

The solution of (3.74) is P_N (μ, β) = ∂ ∂μ [( βμ 1 + βμ )N H(μ) ] , (3.75)

as can be verified by direct calculation. Here H(μ) is the Heaviside step function.

Returning to (3.70), summing the geometrical series, and using (3.38) we get for t > 0

Λ(t, r, ω) = 1 4(2π)^2 1 c_1(c_1t)^2

(1 − (Γ_I (0))^2)^{2 αω2}

c^2_1(1−(^r_{c1t} )^2)^{1/2} [ 1 + (1 − (Γ_I (0))^2)^{αω2}

c^2_1(1−(^r_{c1t} )^2)^{1/2} c1t

]_2 ,

(3.76)

which in the matched case Γ_I (0) = 0 reduces to

Λ(t, r, ω) = 1 4(2π)^2 1 c_1(c_1t)^2 αω^2 c^2_1(1−(^r_{c1t} )^2)^{1/2} [ 1 +^{αω2}

c^2_1(1−(^r_{c1t} )^2)^{1/2} c1t

]_2 .

(3.77)

This formula is particularly important in this work because it is used as a benchmark to validate the numerical calculations of §4 and 5. To understand it better we now express it in terms of a localization length as follows. For fixed t and r let θ be determined by the ray diagram (Fig. 3.1) and define the reduced localization length l(ω, θ) = c^2_1 sin^2 θ 2αω^2 = l̃(ω) sin^2 θ.

(3.78)

In terms of l (3.76) becomes Λ(t, r, ω) = 1 8(2π)^2 sin θ c_1(c_1t)^2

(1 − (Γ_I (0))^2)^2l(ω, θ) [ l(ω, θ) + (1 − (Γ_I (0))^2)^{c1t sin θ}_2

]_2 ,

(3.79)

where the interface reflection coefficient Γ_I (0) depends on θ. From (2.30), (2.25), and (3.35) it has the form

Γ_I (0) = ρ_1c_1 sin θ_0 − ρ_0c_0 sin θ_1 ρ_1c_1 sin θ_0 + ρ_0c_0 sin θ_1 , (3.80)

where θ_1 = θ and θ_0 is related to θ_1 by Snell’s law

c_1 c_0 = cos θ_1 cos θ_0 . (3.81)

For time harmonic plane waves of frequency ω and normally incident on a randomly layered medium, the localization length l̃(ω) = l(ω, π/2) characterizes the exponential decay of fields inside the random medium and away from the interface. The natural appearance of the reduced localization length l(ω, θ) in the power spectral density Λ in (3.79) allows us to give an interesting physical interpretation [15] of localization phenomena in the time domain. Consider the case Γ_I (0) = 0 for simplicity. Then the maximum of Λ(t, r, ω) as a function of ω occurs at that frequency ω_{max}(t, r) (or ω_{max}(t, θ)) for which

l(ω_{max}, θ) = c_1t sin θ 2 . (3.82)

This is a resonance condition that among other things allows us to estimate efficiently localization lengths from the statistics of reflected signals by simply locating maxima of estimated local power spectral densities. From (3.82), (3.78), and Fig. 3.1 we see that

ω_{max} = ( c_1 αt )_1/_2 ( 1 − ( r c_1t

)_2)1/4 , (3.83)

which means that noise power in the reflected signal shifts eventually to lower frequencies as t increases, with r fixed. It also shifts to lower frequencies as r increases, with t fixed and with r < c_1t.

3.7. Analysis of the reflected signal near a coherent arrival. Let us consider again a uniform background and a source at the origin, as in §3.6, but now allow the interface at z = −L to affect the reflected signal. We will therefore consider times t > 2L/c_1, longer than it takes the waves to reach depth L and return. For simplicity we will assume that Γ_I = 0 so that the medium is matched at the interface z = 0.

The local power spectral density Λ of the reflected signal on the surface z = 0 is given by (3.65) with Γ_I (0) = 0, Λ(t, r, ω) = 1 4(2π)^2

∫_1/c_1 0 κ dκW^1(0, t, r, κ, ω). (3.84)

Here W^N (z, t, r, κ, ω) is the solution of (3.63), (3.64). If we let

μ_L =

∫_0 −L N(s) ds (3.85)

then the probabilistic representation of W^1 in terms of the random walk N(z) generated by the operator on the second line of (3.63) is W^1(0, t, r, κ, ω) = 1 r E_1 { (Γ_I (−L))^{2N (0)}δ ( t − 2μ_L c_1(1 − c^2_1κ^2)^{1/2} ) (3.86) ·δ ( r − 2c_1κμ_L (1 − c^2_1κ^2)^{1/2} )} . The average on the right is over all paths N(z), −L ≤ z ≤ 0, of the random walk starting from N = 1 at z = −L. The calculation (3.70) can be repeated, without the condition t < 2L/c_1, and we get Λ(t, r, ω) = sin θ 8(2π)^2c_1(c_1t)^2

E_1 { (Γ_I (−L))^{2N (0)}δ ( c_1t 2 sin θ − μ_L )} , (3.87)

where

c_1κ = cos θ = r c_1t

(3.88)

as in the ray diagram, Fig. 3.1, and Γ_I (−L) depends on θ as in (3.25), (3.26).

When there are no random fluctuations, the noise intensity parameter^9 α in (3.13) is zero, and hence β in (3.38) is zero. Then, N(z) = 1 in −L ≤ z ≤ 0, μ_L = L and (3.87) reduces to (3.34): Λ(t, r, ω) = sin θ(Γ_I (−L))^2 8(2π)^2c_1(c_1t)^2 δ ( c_1t 2 sin θ − L ) (3.89) = ( Γ_I (−L) 4πc^2_1t

)_2 δ ( t − 2L c_1 sin θ ) . In the random case there are two possibilities: With r and t fixed and θ determined by (3.88), either c_1t sin θ < 2L or c_1t sin θ ≥ 2L. In the first case the interface at z = −L has not been reached by the waves and we have the situation of §3.6 so that (3.87) reduces to (3.77). In the second case the reflected signal contains contributions from multiply scattered waves as well as the coherent reflection from the interface at z = −L. Let us assume that c_1t sin θ is slightly larger than 2L so that we can examine the form of the local power spectral density near a coherent arrival. From (3.87) we see

9 It does not depend on z here because we have uniform background properties.

that there are two kinds of paths of the random walk N(z) that contribute: those that start from 1 and switch to zero, N(−L) = 1 , N(0) = 0, and those that start from 1 and do not switch. If we look sufficiently near the arrival time, that is, c_1t sin θ ≈ 2L, then only the path N(z) ≡ 1 contributes in the second case. This is because paths that switch to N > 1 must return to N = 1 quickly or else the delta function will be zero and such paths occur with small probability. Given a trajectory of the random walk, let z^∗_L be the smallest z ≥ −L for which N(z) = 0 for z ≥ z^∗_L. We can then write the local power spectral density (3.87) in the form Λ(t, r, ω) ≈ sin θ 8(2π)^2c_1(c_1t)^2

E_1 { δ ( c_1t sin θ 2 − μ_L ) , z^∗_L ≤ 0 } (3.90) + sin θ(Γ_I (−L))^2 8(2π)^2c_1(c_1t)^2 δ ( c_1t sin θ 2 − L ) e^{−2βL}. The approximation here is that c_1t sin θ ≈ 2L with c_1t sin θ ≥ 2L. The expectation in (3.90) is over paths of the first kind and for them μ_L can be replaced by μ = μ_∞ as in §3.6. The decomposition (3.90) gives the multiply scattered and the coherent contributions to the local power spectral density. The exponential factor in the coherent component is the probability that N(z) = 1 in −L ≤ z ≤ 0 given that N(−L) = 1 and from (3.38) and (3.88) β = 2αω^2 c^2_1 sin^2 θ . (3.91)

The incoherent component in (3.90) is similar to (3.71) but the conditional law of μ when z^∗_L ≤ 0 is not known explicitly. It has, however, a continuous density, as seen at the end of this section.

The reflected signal intensity function is given by (3.28) with t̄ = 0,

I(t, x; 0, 0) = 1 2π ∫ |f̂(ω)|^2ω^2Λ(t, x, ω) dω. (3.92)

Using (3.90) in (3.92) we see that near the arrival of the coherent reflection, the signal intensity is a delta function multiplied by the factor 1 2π ∫ |f̂(ω)|^2ω^2e^{−2βL}dω sin θ(Γ_I (−L))^2 8(2π)^2c_1(c_1t)^2 . (3.93)

Let us compare this with the square of the coherently reflected field (3.22). We see, as in §3.4, that the square of ⟨p_{refl}(t, r, 0)⟩ behaves like a delta function times a factor that differs from (3.93) because the exponentials are different in the ω integral. In view of (3.18), the exponential in the factor that comes from the square of ⟨p_{refl}(t, r, 0)⟩ is exp { − 12αω^2 c^2_1 sin^2 θ L } , (3.94)

which is different from exp { − 4αω^2 c^2_1 sin^2 θ L } (3.95) in (3.93). This observation is interesting for two reasons. First, it allows us to interpret the exponential factor in (3.93) as pulse spreading, seen at the level of intensities, by analogy with what happens when (3.22) is squared (§3.4). Second, it tells us that the coherent component of the reflected intensity has a larger spreading factor than the coherent field itself, because of the difference in (3.94) and (3.95). We might have expected the two coherent components to have the same spreading, but this is not so. The coherent field spreads less than the coherent part of the reflected intensity.

Let us now explain how to compute the expectation of the incoherent part of Λ in (3.90). Let μ(z) = μ̄ − ∫ z −L N(s) ds (3.96)

where μ̄ is a constant and let V^N (z, μ̄) be the solution of ∂V^N ∂z + N ∂V^N ∂μ̄ = βN^2 { V^{N +1} − 2V^N + V^{N −1} } , (3.97)

V^N |_{z=−L} = δ(μ̄)Γ^N_0

with 0 < Γ_0 < 1 and N ≥ 0. Then

V^N (0, μ̄) = E_N { δ(μ̄ − μ_L)Γ^{N (0)}_0 } . (3.98)

where μ_L is given by (3.85). Similarly, let V^N_D (z, μ̄) for N ≥ 1 satisfy (3.97) with the additional boundary condition V^0_D(z, μ̄) = 0, −L ≤ z ≤ 0. (3.99)

Then

V^N_D (0, μ̄) = E_N { δ(μ̄ − μ_L)Γ^{N (0)}_0 , N(s) ≥ 1, −L ≤ s ≤ 0 } , (3.100)

that is^{10}, V^N_D (0, μ̄) is the expectation over paths starting with N(−L) = N and subject to the restriction N(s) ≥ 1 in −L ≤ s ≤ 0. The subscript D stands for “Dirichlet” because of the boundary condition (3.99). Now

V^N (0, μ̄) = E_N { δ(μ̄ − μ_L)Γ^{N (0)}_0 , N(s) ≥ 1, −L ≤ s ≤ 0 } (3.101)

+E_N {δ(μ̄ − μ_L), N(s) = 0, for some s in − L ≤ s ≤ 0} .

Therefore, since the events {N(s) = 0, for some s in − L ≤ s ≤ 0} and {z^∗_L ≤ 0} are the same, we have

E_1 {δ(μ̄ − μ_L), z^∗_L ≤ 0} = V^1(0, μ̄) − V^1_D(0, μ̄).

(3.102)

Note that both V^1 and V^1_D have singular components but their difference is continuous. This is seen by writing the integral equation form of (3.97) for V^N (z, μ̄) and the one for V^N_D (z, μ̄), expanding them in a Neumann series and noting that the singular terms cancel.

10 See for example [72].

3.8. Structure of the local power spectral density for a general background. In this section we will explain the general structure of the solution of the W equations (3.14), in the axially symmetric form (3.63), (3.64), when the sound speed profile c_1(z) is not constant. We will then use this structure in (3.65) in order to deduce the general form of the local power spectral density Λ. We again assume z_s = 0.

First we explain the geometrical meaning of the transport equation (3.63). Let S be the phase in (2.29) S(x, y, z) = κ · x ± τ, x = (x, y) (3.103)

with the travel time τ defined by (2.24). To fix ideas, we take the + sign in (3.103). It is easily seen that S satisfies the eiconal equation

S^2_x + S^2_y + S^2_z = 1 c^2_1(z)

(3.104)

in z < 0 with S(x, y, 0) = κ · x. Let

cos θ(z) = κc_1(z), sin θ(z) = (1 − κ^2c^2_1(z))^{1/2}

(3.105)

and assume that κ and c_1(z) are such that θ(z) is in (0,^π_2 ] for all z in [−L, 0], so that there are no turning points. The ray equations for (3.104) are

ẋ = S_x = κ_1, ẏ = S_y = κ_2, ż = τ_z = sin θ(z) c_1(z) . (3.106)

If we parametrize the rays by the depth variable z then they become dx dz = c_1κ_1 sin θ , dy dz = c_1κ_2 sin θ

(3.107)

and if r = (x^2 + y^2)^{1/2} then dr dz = c_1κ sin θ

= cot θ.

(3.108)

The arclength ρ of the ray trajectory satisfies dρ = √ dr^2 + dz^2 = 1 sin θ dz, and therefore the travel time t along the trajectory satisfies dt dz = 1 c_1 sin θ . (3.109)

We note that (3.107) and (3.109) are exactly the characteristic equations for (3.14) (and (3.108), (3.109) for (3.63)). In the case of variable c_1(z), the coefficient β defined by (3.38) is not constant so the effects of multiple scattering cannot be seen clearly.

We introduce a new depth variable l, letting

l = l(z) =

∫_0 z 2α(s)ω^2 c^2_1(s) sin^2 θ(s) ds (3.110) in −L ≤ z ≤ 0 so that l ranges over 0 ≤ l ≤ l_L, where l_L = l(−L). This variable l is dimensionless and it is depth in units of the localization length (cf. (3.78)) at frequency ω and slowness κ, since l = l(z; κ, ω) and of course r = c^{−1}_1 (0) sin θ(0), for example. This is the intrinsic scale on which multiple scattering is universal and the W -equations in the axisymmetric form (3.63) become ∂W^N ∂l − N { c̃_1 sin θ̃ α̃ω^2 ∂W^N ∂t + c̃^2_1 cos θ̃ sin θ̃ α̃ω^2 ∂W^N ∂r }

+N^2 { W^{N +1} − 2W^N + W^{N −1} } = 0 (3.111)

in 0 ≤ l ≤ l_L with terminal condition

W^N |_{l=lL} = |Γ_I (−L)|^{2N} 1 r δ(t)δ(r). (3.112)

In (3.111) α̃, θ̃, and c̃_1 are now functions of l through the inverse of the map (3.110) that gives z = z(l), so that θ̃ = θ(z(l)), α̃ = α(z(l)), and c̃_1 = c_1(z(l)). With localization length scaling the ray equations (3.108), (3.109) become dr dl = − c̃^2_1 sin θ̃ cos θ̃ 2α̃ω^2 , dt dl = − c̃_1 sin θ̃ 2α̃ω^2 . (3.113)

The probabilistic representation of the solution of (3.111) is most informative. First let N(z) be the canonical Markov chain of §3.5 with parameters β = 1 (localization scaling). Then define t̄(l) = − ∫ l 0 c̃_1(s) sin θ̃(s)

2α̃(s)ω^2 N(s)ds (3.114) r̄(l) = − ∫ l 0 c̃^2_1(s) cos θ̃(s) sin θ̃(s) 2α̃(s)ω^2 N(s)ds The solution W^N at z = 0 is now given by W^N (0, t, r; κ, ω) = 1 r E_N { |Γ_I (−L)|^{2N (lL)}δ(t + t̄(l_L))δ(r + r̄(l_L)) } (3.115)

and the local power spectral density of (3.65) by Λ(t, r, ω) = 1 4(2π)^2c^2_1(0) ∫ π/_2 0 dθ_0 cos θ_0 sin θ_0

(3.116)

·(Γ_I (0) − 1 Γ_I (0)

)^2 ∞∑ N =1

|Γ_I (0)|^{2N}W^N (0, t, r; θ_0, ω)

Here we have omitted the W^0 term in (3.65) because it is always zero if t is positive (it is proportional to δ(t)) and we have changed variables of integration from κ to θ_0 = cos^{−1}(κc_1(0)). Recall also that Γ_I (0) depends on θ_0, (3.80).

We may now give a precise interpretation of formula (3.116) for the local power spectral density. Fix an observation point r on the surface z = 0 (the source is at the origin so z_s = 0), a time of observation t, and a frequency ω. Assume for simplicity that Γ_I (0) = 0 so that only W^1 enters in (3.116) and that ∫_0 −L 1 c_1(s) ds > t 2 (3.117) so that the influence of the interface at z = −L is not felt and we can set Γ_I (−L) = 0. Let N(l) be a path of the canonical Markov chain with generator Δ_{DD} defined by

Δ_{DD}U^N = N^2 { U^{N +1} − 2U^N + U^{N −1} } , (3.118)

which is the diagonal part of (3.39) with β = 1. Assume that N(0) = 1 and that l^∗ is the smallest point l for which N(l) = 0, so that N(l) = 0 thereafter. We know that l^∗ < ∞ with probability 1. Now N is piecewise constant on a finite number of intervals of random length, so

t̄(l^∗) = − ∫ l∗ 0 c̃_1(s) sin θ̃(s)

2α̃(s)ω^2 N(s) ds, r̄(l^∗) = − ∫ l∗ 0 c̃^2_1(s) cos θ̃(s) sin θ̃(s) 2α̃(s)ω^2 N(s) ds are piecewise arcs of the geometrical acoustics rays (3.113) in which the localization length parameter is multiplied by N. We then average over paths

W^1(0, t, r; θ_0, ω) = 1 r E_1 {δ(t + t̄(l_L))δ(r + r̄(l_L))}

and over initial angles θ_0, Λ(t, r, ω) = 1 4(2π)^2c^2_1(0) ∫ π/_2 0 dθ_0 cos θ_0 sin θ_0W^1(0, t, r; θ_0, ω).

The main difference between the general results of this section and the special case c_1(z) ≡ constant of §3.6 is that when the geometrical acoustics rays are straight lines only the random variable μ = ∫ l∗ 0 N(s) ds enters and the paths t̄(l_L) and r̄(l_L) simplify to

t̄(l^∗) = −c̃^1 sin θ̃ 2α̃ω^2 μ, r̄(l^∗) = − c̃^2_1 cos θ̃ sin θ̃ 2α̃ω^2 μ. This allows us to determine immediately the starting angle for the random ray that contributes to W^1 since the ray direction is constant.

3.9. The transport equation with turning points. Up to now we have avoided the issue of what happens at turning points that are points L_T in [−L, 0] for which 1 − c^2_1(−L_T )κ^2 = 0. Since we have to integrate over κ in (3.29) to get the power spectral density Λ, there will inevitably be κ’s for which the W -equations (3.14) have singular coefficients. For general velocity profiles c_1(z) there will be κ’s for which 1 − c^2_1κ^2 = 0 and the turning points L_T will depend on κ. In this section we will prove the following theorem.

Let c_1(z) be a smooth velocity profile in [−L, 0] and suppose that for a fixed κ > 0, 1 − c^2_1(z)κ^2 > 0 in (−L_T (κ), 0] and lim z→−L_T [1 − c^2_1(z)κ^2] = 0.

(3.119)

Let Γ_T be a fixed reflection coefficient with 0 ≤ |Γ_T | ≤ 1 and let L_n be any sequence of points with −L_T < −L_n ≤ 0 that decreases to −L_T ,

lim_{n→∞} L_n = L_T .

Let W^N_n (z, t, r; κ, ω) be the solution of (3.14) in [−L_n, 0] with W^N_n |_{z=−Ln} = |Γ_T |^{2N}g(t, r), (3.120)

where g(t, r) is a bounded continuous function^{11} on R^1 × R^1. Then for any z in (−L_T , 0], W^N_n converges, pointwise in the other variables, to a limit W^N that is independent of Γ_T .

Before proving this theorem we note that it says roughly that the W equations (3.14), with coefficients singular at −L_T , are well posed in (−L_T , 0] and have a unique distribution solution when g = δ(t)δ(r)/r.

The proof of the theorem is based on the property that N(z) → 0 as z → ∞ with probability 1 for the canonical Markov chain. This was proven with the help of the duality (3.62). We change variables to localization length scaling (3.110) so that the W -equations have the form (3.111). We write

l_n = l(−L_n)

(3.121)

and note that l_n → +∞ as n → ∞. The probabilistic representation of W^N_n is given by (3.115), which here is W^N_n (0, t, r; κ, ω) = E_N { |Γ_T |^{2N (ln)}g(t + t̄(l_n), r + r̄(l_n)) } (3.122)

But since l_n → ∞ we have N(l_n) → 0 with probability 1 and hence lim_{n→∞} W^N_n (0, t, r; κ, ω) = E_N {g(t + t̄^∗, r + r̄^∗)} , (3.123)

where

t̄^∗ = − ∫_∞ 0 c̃_1(s) sin θ̃(s)

2α̃(s)ω^2 N(s)ds r̄^∗ = − ∫_∞ 0 c̃^2_1(s) cos θ̃(s) sin θ̃(s) 2α̃(s)ω^2 N(s)ds. These are finite random variables with probability 1 because they extend only up to l^∗, which is the first point l for which N(l) = 0.

It is clear from (3.123) that the W^N_n have a limit and that the limit is independent of Γ_T . So we may take Γ_T = 0 and then solve (3.63) in −L_T < z ≤ 0 as a boundary value problem with W^0(z, t, r; κ, ω) = δ(t) δ(r) r . This is what gives the limit (3.123) with the appropriate choice of the generalized function g.

11 For example g is product of functions of the form h(s) = min {max {s, 0} , 1}

3.10. Dissipative media. When there is dissipation the scaled acoustic equations (2.17) are ρ ∂u ∂t + σu + ∇p = ε^{1/2}f ( t ε ) δ(x)δ(y)δ(z − z_s)e, (3.124a)

K^{−1} ∂p ∂t + ∇ · u = 0,

(3.124b)

where ρ(z) = ρ_0, z > 0, ρ_1, −L < z < 0, ρ_2, z < −L, (3.125)

σ(z) = σ_0, z > 0, σ_1(z,^z_{ε2} ), −L < z < 0, σ_2, z < −L, (3.126) and K^{−1}(z) =

K^{−1}_0 , z > 0, K^{−1}_1 (z) ( 1 + ν(z,^z_{ε2} ) ) , −L < z < 0, K^{−1}_2 , z < −L. (3.127)

All the calculations in §§2.3, 2.4, 3.1, and 3.2 extend to the case where dissipation is present and the W -equations (3.14) become^{12} ∂W^N ∂z + 2N { 1 c_1 ( 1 − c^2_1κ^2

)_1/_2 ( ∂W^N ∂t + σ̄_1 ρ_1 W^N ) + c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇W N }

−2 ω^2αN^2 c^2_1 ( 1 − c^2_1κ^2 ) { W^{N +1} − 2W^N + W^{N −1} } = 0,

(3.128) W^N |_{z=−L}= |Γ_I (−L)|^{2N}δ(t)δ(x), where σ̄_1 = σ̄_1(z) is the mean of the dissipation coefficient σ_1.

Actually, σ_1, and hence σ̄_1, can depend on ω, in which case σu in (3.124) is interpreted as the time convolution of σ and u. In exploration geophysics [70], the dependence of σ̄_1 is modeled well by a linear function over the range 10-50Hz.

In the case of a randomly layered half space with a uniform background so that c_1, α, and σ̄_1 are constants, the local power spectral density (3.76) becomes Λ(t, r, ω) = e^{− σ̄1(ω)tρ}1 4(2π)^2c_1(c_1t)^2

(1 − Γ_I^2(0))^{2 αω2}

c^2_1(1−(^r_{c1t} )^2)^{1/2} [ 1 + (1 − Γ_I^2(0))^{2 αω2}

c^2_1(1−(^r_{c1t} )^2)^{1/2} c1t

]_2 ,

(3.129)

which in the matched case Γ_I (0) = 0 reduces to Λ(t, r, ω) = e^{− σ̄1(ω)tρ}1 4(2π)^2c_1(c_1t)^2 αω^2 c^2_1(1−(^r_{c1t} )^2)^{1/2} [ 1 +^{αω2}

c^2_1(1−(^r_{c1t} )^2)^{1/2} c1t

]_2 .

(3.130)

12 Here zs = 0 and e = (0, 0, 1), pointing in the vertical direction.

3.11. Duality and generating functions. The duality relation between the Markov chain N(z) and the diffusion process θ̄(z) that we introduced in §3.5 (equation (3.62)) allows us to calculate the local power spectral density Λ, (3.29), directly without having to sum a geometric series as we did in §3.6. In our numerical calculations we prefer to work with (3.14) and its adjoint (3.45) or (5.1) but it is useful to see the generating function version of the W -equations. We need for this the adjoint W -equations (3.14) which are as follows. Let V^N (z, t, x, κ, ω) satisfy ∂V^N ∂z + 2N { 1 c_1 ( 1 − c^2_1κ^2

)_1/_2 ∂V^N ∂t + c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇V N } (3.131) + 2 ω^2α c^2_1 ( 1 − c^2_1κ^2 ) { (N + 1)^2V^{N +1} − 2N^2V^N + (N − 1)^2V^{N −1} } = 0 in −L ≤ z < 0 with V^N ≡ 0 for N < 0 and

V^N |_{z=0}= Γ^{2N}_I (0) δ(t)δ(x),

where N ≥ 0, t, ω ∈ R^1, x ∈ R^2. Then it is easy to see that for all t and x, ∞∑ N =0 Γ^{2N}_I (−L)V^N (−L, t, x, κ, ω) = ∞∑ N =0

Γ^{2N}_I (0)W^N (0, t, x, κ, ω),

(3.132)

where the W^N satisfy (3.14). Let

Γ_I (0) = tanh θ̄_0 2 , Γ_I (−L) = tanh θ̄_L 2 , (3.133)

which depend on κ and are assumed to be real since only propagating modes are considered. Define the generating function of the V^N by V (z, t, x, θ̄, κ, ω) = ∞∑ N =0 ( tanh θ̄ 2 )_2N V^N (z, t, x, κ, ω). (3.134)

Then, using the basic duality identity (3.60) (with ϕ = 0 and N = M), we see that V satisfies the degenerate parabolic partial differential equation ∂V ∂z + sinh θ̄ ∂ ∂θ̄ { 1 c_1 ( 1 − c^2_1κ^2

)_1/_2 ∂V ∂t + c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇V } (3.135)

+ 2αω^2 c^2_1 ( 1 − c^2_1κ^2 ) { ∂^2V ∂θ̄^2 + coth θ̄ ∂V ∂θ̄ } = 0 in −L ≤ z < 0, θ̄ > 0, t ∈ R and x ∈ R^2 with

V |_{z=0} = 1 1 − ( tanh^{θ̄}_2 tanh^{θ̄L}_2

)_2 δ(t)δ(x).

The local power spectral density Λ in (3.29) can now be written in terms of the generating function V , using the identity (3.132). Thus, for t > 0, Λ(t, x, ω) = 1 4(2π)^2) ∫ ∫ dκ 4 sinh^2 θ̄_0 V (0, t, x, θ̄_L; κ, ω). (3.136)

Note that θ̄_0 and θ̄_L depend on the angle of incidence θ (cf. (3.25) and (3.80)) and the κ integration is restricted to c_1(0)κ = sin θ with 0 ≤ θ ≤ π/2. Note also that if we restrict attention to t > 0, we see from (3.132) that V (−L, t, x, θ̄_L, κ, ω) = ∞∑ N =1 W^N (0, t, x, κ, ω) ( tanh θ_0 2 )_2N , (3.137)

which we have used to get (3.136). We may also replace the condition for V at z = 0 in (3.135) by

V |_{z=0} = ( tanh^{θ̄}_2 tanh^{θ̄L}_2

)_2 1 − ( tanh^{θ̄}_2 tanh^{θ̄L}_2

)_2 δ(t)δ(x)

because the sum in (3.137) starts from N = 1 and we can replace the solution V in (3.135) by V − δ(t)δ(x) because we have assumed that t is positive.

As we show in more detail in the next section, if we integrate the solution V of (3.135) over all t and x then we get the mean intensity of the reflection coefficient for a plane, time harmonic wave, normally incident on the random medium occupying the region −L ≤ z ≤ 0. Let us denote it by Ī(L, ω). If θ̄(z) denotes the diffusion process generated by the operator on the second line of (3.135), starting from θ̄_L at z = −L, then we have Ī(L, ω) = 4 sinh^2 θ̄_0 E¯_{θL} ( tanh^{θ̄0}_2 tanh^{θ̄(0)}_2

)_2 1 − ( tanh^{θ̄0}_2 tanh^{θ̄(0)}_2

)_2 . (3.138)

Note that we have multiplied the right side by the factor 4/sinh^2 θ̄_0 which comes from (3.136). When the medium is matched at z = 0, so that θ̄_0 = 0, then Ī(L, ω) = E_{θ̄L} ( tanh θ̄(0) 2 )_2 (3.139)

= E_1 ( tanh θ̄_L) 2 )_2N_{(0)} , where in the last equality we have used the duality with the Markov chain N(z) starting from N = 1 at z = −L, (3.62). We see, therefore, that the statistics of the Markov chain are closely related to the reflected intensity of time harmonic plane waves. Such problems are considered in detail in [35] and in [8], [57], although the scaling is different, as we discuss in Appendix C. When θ̄_L = 0 and the medium is matched at z = −L as well, then Ī(L, ω) = E_0 ( tanh θ̄(0) 2 )_2 (3.140)

= E_1 { χ_{{N (0)=0}} }

= 4e^{−L/4l̃} √ π ∫_∞ 0 η^2e^{−η2} dη cosh ( η √ L/l̃ ), where χ_A is the indicator function of the set A and l̃ = c^2_1/2αω^2 is the localization length (3.78) [33].

3.12. Time harmonic point source. Time harmonic, point source problems are important in many applications in wave propagation. They are also important in understanding localization phenomena because they have a simpler form than problems in the time domain. In §3.6 we saw how localization phenomena appear in the time domain through results like (3.79).

With the time factor e^{−iωt/ε} omitted, the scaled acoustic equations are − iωρ ε u + ∇p = εfδ(x)δ(y)δ(z − z_s)e, (3.141a)

− iω εK p + ∇ · u = 0

(3.141b)

with ρ and K given by (2.18), (2.19). Note that the source strength is now proportional to ε and not √ ε as in (2.17) and f is a constant. This scaling makes the energy released per unit time independent of ε. We will again assume for simplicity that the source is at the origin, z_s = 0, and that it is directed in the z direction so that e = (0, 0, 1). As in §2.4, the integral representation of the reflected pressure is now

p_{refl}(x, 0) = − fω^2 2(2π)^2ε ∫ ∫ e^{iω}κ^·x^{/ε} Γ(0^−, ω, κ) − Γ_I (0, κ) 1 − Γ(0^−, ω, κ)Γ_I (0, κ) dκ. (3.142)

When |Γ_I Γ(0^−)| < 1, then the expanded form of (3.142) is

p_{refl}(x, 0) = −fω^2 2(2π)^2ε ∫ ∫ e^{iω}κ^·x^{/ε} · ∞∑ N =0 [ (Γ(0^−, ω, κ))^N (Γ_I (0))^{N +1} − (Γ(0^−, ω, κ))^{N +1}(Γ_I (0))^N ] dκ. The two-point, surface intensity function is

I(x; x̄, ω) = lim_{ε↓0} ⟨ p_{refl} ( x + εx̄ 2 , 0 ) p_{refl} ( x − εx̄ 2 , 0 )⟩ , whose expression analogous to (2.40) and (3.27) is now

I(x; x̄, ω) = f^2ω^2 4(2π)^2 ∫ ∫ dκe^{iω}κ^{·¯}x · [ (Γ_I (0))^2W^0 + ( Γ_I (0) − 1 Γ_I (0) )_{2 ∞}∑ N =1

(Γ_I (0))^{2N}W^N (0, x, κ, ω) ] . (3.143)

Here the κ integration is over only propagating modes for which c_1(0^−)κ is in the interval [0, 1) and Γ_I (0) is real and depends on κ (cf. (3.80), (3.81)). The functions W^N satisfy now the following system of transport equations which is the analogue of (3.14): ∂W^N ∂z + 2N c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇W N

− 2 ω^2αN^2 c^2_1 ( 1 − c^2_1κ^2 ) { W^{N +1} − 2W^N + W^{N −1} } = 0,

(3.144)

W^N |_{z=−L}= |Γ_I (−L)|^{2N} δ(x),

where N ≥ 0, −L ≤ z < 0, ω ∈ R^1, x ∈ R^2.

When the randomly layered medium in z < 0 has a constant mean sound speed profile, c_1 =constant, and L = ∞ so that there are no deterministic interfaces; then the angular integral of the solution W^N of (3.144), which we also denote by W^N , does not depend on z and in polar coordinates satisfies the equation

c_1κ ∂W^N ∂r − ω^2αN c^2_1 ( 1 − c^2_1κ^2

)_1/_2 { W^{N +1} − 2W^N + W^{N −1} } = 0 (3.145)

for N ≥ 1 with

W^0 = 1 r δ(r). The solution of (3.145) can be gotten the same way we solved (3.75) in §3.6. In fact, the surface intensity function I(r; 0, ω) can be calculated directly by integrating (3.76) or (3.79) over t. Thus

I(r; 0, ω) = f^2ω^2 ∫_∞ r/c_1 dt 1 4(2π)^2 1 c_1(c_1t)^2

(1 − (Γ_I (0))^2)^{2 αω2}

c^2_1(1−(^r_{c1t} )^2)^{1/2} [ 1 + (1 − (Γ_I (0))^2)^{αω2}

c^2_1(1−(^r_{c1t} )^2)^{1/2} c1t

]_2

= f^2ω^2 c^2_1l̃(ω)r

∫_1 0 dyy^2 √ 1 − y^2 [ y √ 1 − y^2 + (1 − Γ^2_I ) r 2l̃(ω) ]_{−2} (1 − Γ^2_I )^2 8(2π)^2 , (3.146)

where l̃(ω) is the localization length for normally incident plane waves, l̃(ω) = l(ω,^π_2 ) in (3.78) and we have assumed that c_1 ≥ c_0.

In the matched case Γ_I = 0 and when r 2l̃(ω) ≫ 1, (3.147)

then the integral in (3.146) can be evaluated approximately and we get I(r; 0, ω) ≈ l̃(ω)f 2ω2 128πc^2_1r^3 . (3.148)

Condition (3.147) says that the observation point is at a distance from the source that is much larger than the localization length l̃(ω). The surface intensity (3.148) is then proportional to r^{−3} which means that there is a lot of reflected energy returning to the surface z = 0, even far from the source. This is produced entirely by the random layering. In the next section we consider the pressure release boundary conditions which correspond roughly to Γ_I (0) = 1. We will see then that the analogue of (3.148) is (3.164) which displays clearly the waveguide, or ducting, properties that localization produces.

In the matched case Γ_I = 0 but when r 2l̃(ω) ≪ 1, (3.149) that is, when the observation point on the surface is near the source at the origin (in localization length units), then the integral in (3.146) is approximately I(r; 0, ω) ≈ f^2ω^2 64πc^2_1l̃(ω)r . (3.150)

The surface intensity has therefore cylindrical spreading behavior near the source, which is a point source in three dimensions. Since Γ_I = 0, it is the random layering that causes this behavior.

When the randomly layered medium in z < 0 has constant mean sound speed profile it is possible to get in considerable generality an explicit expression for the two-point reflected pressure correlation function on the interface z = 0, denoted by I(x; x̄, ω). The source can be located at a distance z_s > 0 above the layered medium, the directivity of the source e = (e_1, e_2, e_3) need not be vertical and dissipation effects can be included as in §3.10. We will not give the detailed derivation of this general result because it is rather long. However, the calculations are similar to the ones we have presented. The result is:

I(x; x̄, ω) = f^2ω^2e^{iωc−1}0^^r^{·¯}x^{cos Θ0}

(4πc_0R)^2

(e · r̂ cos Θ_0 − e_3 sin Θ_0)^2|Γ_I (0; Θ)|^2

(3.151) + f^2ω^2 8(2π)^2c_1c_0r ∫ π/_2 max(Θ0,Θc)

sin θ_1l(ω, θ_1)(e · r̂ cos θ_0 − e_3 sin θ_0)^2 sin θ_0 [ l(ω, θ_1) + (1 − Γ^2_I (0; θ))^{d(θ0) sin θ1}_2

]_2

·(1 − Γ^2_I (0; θ))^2e^{iωc−10^}r^{·¯}x^{cos θ0} e^{− σ̄1d(θ0)ρ1c1} dθ_0.

Here, |x| = r, z_s is the source elevation above the origin, R = (r^2 + z^2_s )^{1/2}, r̂ is a unit verctor in the radial direction on the interface z = 0, and

cos Θ_0 = r R . (3.152)

The angles Θ_0 and Θ_1 are related by Snell’s law (3.81): c_0 c_1 = cos Θ_0 cos Θ_1 , (3.153)

while Θ_c is the critical angle defined by

cos Θ_c = c_0 c_1

(3.154)

when c_1 > c_0 and zero otherwise. The interface reflection coefficient Γ_I (0) = Γ_I (0; Θ) depends on the angles Θ_0 and Θ_1 and is given by (3.80)

Γ_I (0; Θ) = ρ_1c_1 sin Θ_0 − ρ_0c_0 sin Θ_1 ρ_1c_1 sin Θ_0 + ρ_0c_0 sin Θ_1 . (3.155)

In the integral over θ_0, the angle θ_1 is related to θ_0 by Snell’s law (3.153) and Γ_I (0; θ) depends on θ_0 and θ_1 as in (3.155) with the Θ’s replaced by the θ’s. The reduced localization length l(ω, θ) is given by (3.78) and equals (2αω^2)^{−1}c^2_1 sin^2 θ, the distance d is given by

d(θ_0) = c_0 c_1 [ r cos θ_0 − z_s sin θ_0 ] , (3.156) and σ̄_1 is the mean dissipation coefficient as defined in §3.10.

The first term in (3.151) is the coherent reflection from the interface z = 0 and does not involve dissipation. Energy that penetrates the half space undergoes dissipative attenuation and ultimately is scattered back to the surface as incoherent energy. The second term arises due to the random multiple scattering and vanishes when the noise intensity α = 0. In the case z_s = 0, e · r̂ = 0, e_3 = 1, c_1 ≥ c_0, and x̄ = 0, the first term in (3.151) is zero and the second term can be written in the form (3.146), after a change of variables. Note that d(θ_0) is the distance travelled by the refracted ray in the effective medium so that the dissipatative factor has a form analogous to the one in §3.10 for pulse problems.

3.13. Pressure release boundary conditions. In geophysical applications the density ρ_0 in the homogeneous half space z > 0 is much smaller than the density ρ_1 in the randomly layered medium in z < 0. It is interesting then to calculate the fields on the interface z = 0 when the source is also on the interface (z_s = 0) and ρ_0ρ^{−1}_1 → 0. In this limit the pressure in z > 0 goes to zero and hence, by continuity, the pressure at z = 0^−, just below the surface, is also zero. The quantity of interest is now the normal velocity on the surface, u_3 = u · (0, 0, 1). We assume that the directivity of the source e is in the z direction so e = (0, 0, 1).

To get an integral representation for u_3 we follow the same steps as in §2.4 except that we now put the source at a depth z_s < 0, at first. We then let z_s ↑ 0. After introducing Fourier transforms and the upgoing and downgoing representation (2.26) for p̂ and û_3 = û, we find that equations (2.27) now have a source term dA dz = iω ε n [ A − e^{−2iωτ/ε}B ] + 1 2ζ_1 dζ_1 dz e^{−2iωτ/ε}B + J_−δ(z − z_s), (3.157a)

dB dz = − iω ε n [ −e^{2iωτ/ε}A + B ] + 1 2ζ_1 dζ_1 dz e^{2iωτ/ε}A − J_+δ(z − z_s), (3.157b)

where

J_± = ε^{3/2} 1 2 ζ^{−1/2}_1 f̂(ω)e^{±iωτ (zs)/ε} . (3.158)

Since p̂ is continuous at z = 0 and p̂ = 0 in z > 0, we see from (2.26) that

A(0^−) = B(0^−) and û |_{z=0}= ζ^{−1/2}(A + B) = 2ζ^{−1/2}A(0^−) .

(3.159)

The jump conditions in (3.157) tell us that

A(z^−_s ) = A(z^+_s ) − J_−, B(z^−_s ) = B(z^+_s ) + J_+.

Hence, with Γ = A/B as in (2.31), we have

Γ(z^−_s ) =

A(z^+_s ) − J_− A(z^+_s ) + J_+ .

Letting z_s ↑ 0 and noting that A(z^+_s ) → A(0^−), we get

Γ(0^−) =

A(0^−) − J_− A(0^−) + J_+

which, using (3.158), gives

A(0^−) = ε^{3/2} 1 2 ζ^{−1/2}_1 f̂(ω)

1 + Γ(0^−) 1 − Γ(0^−)

and by (3.159),

û |_{z=0}− = ε^{3/2}ζ^{−1}_1 f̂(ω)

1 + Γ(0^−) 1 − Γ(0^−) . Inverting the Fourier transformation we get the analog of (2.35) for u_3

u_3(t, x, 0) = 1 (2π)^3ε^{3/2} ∫ ∫ ∫ f̂ (ω)ω^2e^{iω(}κ^·x^{−t)/ε}ζ^{−1}_1 1 + Γ(0^−, κ, ω) 1 − Γ(0^−, κ, ω) dωdκ. (3.160)

Note that this is different from (2.35), not only because of the reciprocal impedance factor ζ^{−1}_1 that converts pressure to velocity, but also because the ratio (1+Γ(0^−))(1− Γ(0^−))^{−1} is not a special case of (2.33).

To expand the ratio of reflection coefficients in (3.160) we introduce a convergence^{13} parameter γ in (0, 1) and write

u_3(t, x, 0) = lim_{γ↑1} 1 (2π)^3ε^{3/2} ∫ ∫ ∫ f̂(ω)ω^2e^{iω(}κ^·x^{−t)/ε}ζ^{−1}_1 (3.161) · [ 1 + 2 ∞∑ N =1 (γΓ(0^−, κ, ω))^N ] dωdκ. The term 1 in the bracket in the second line produces a coherent field component, so it is better to subtract it in computing two-point intensities. Let u_3 stand for (3.161) with this term omitted. Then, as in (2.38), (2.40), (3.27), and (3.29) we have that

I(t, x, t̄, 0) = lim_{γ↑1} lim_{ε↓0} ⟨ u_3 ( t + εt̄ 2 , x + εx̄ 2 , 0 ) u_3 ( t − εt̄ 2 , x − εx̄ 2 , 0 )⟩

= 1 2π ∫ |f̂(ω)|^2ω^2e^{−iωt̄}Λ(t, x, ω) dω, where the local power spectral density Λ of the incoherent, normal velocity on the surface z = 0 is now

Λ(t, x, ω) = lim_{γ↑1} 4 (2π)^2 ∫ ∫ dκ ζ^{−2}_1 ∞∑ N =1 γ^N W^N (0, t, x, κ, ω) (3.162)

with W^N the solution of (3.14), as before, and with ζ_1 = ρ_1c_1(1 − c^2_1κ^2)^{−1/2}.

In the case of a mean sound speed profile that is uniform, c_1 =const, and L > c_1t/2 so that the interface z = −L is not reached by the waves by time t, we can calculate

13 A more physical way to do this regularization is by dissipation. The result is the same.

the local power spectral density Λ(t, x, ω) the same way we did to get (3.76). We now get, with |x| = r, Λ_{P R}(t, r, ω) = 1 2(2π)^2 sin θ c_1(c_1t)^2ζ^2_1 l(ω, θ)

(3.163) = sin θ 2(2π)^2c_1(c_1t)^2(ρ_1c_1)^2l̃(ω) , where we have used the subscript P R for pressure release boundary conditions,

sin θ = √ 1 − ( r c_1t

)_2

as in the ray diagram (Fig. 3.1) and l(ω, θ) and l̃(ω) are the reduced and usual localization length, respectively, defined by (3.78).

We can also consider the time-harmonic point source problem with pressure release boundary conditions. We simply adapt the calculations of §3.12 to the setup of this section. In the pressure release case the surface intensity function, analogous to (3.143) for the normal velocity, is given by

I_{P R}(r; 0, ω) = f^2ω^2 ∫_∞ r/c_1 Λ_{P R}(t, r, ω) dt. Using (3.163) and performing the elementary integrations, we get

I_{P R}(r; 0, ω) = f^2ω^2 16πc^2_1(ρ_1c_1)^2l̃(ω)r . (3.164)

This result is exact, in our asymptotic limit, and valid for all r > 0, in contrast to (3.148) which is valid only for r large, satisfying the condition (3.147). The surface intensity function (3.164) shows clearly the waveguide or ducting behavior of the fields. The randomly layered half space behaves as if a reflecting surface is placed at a depth equal to the localization length l̃(ω). Since the waves are also reflected at z = 0 because of the pressure release boundary condition, we have an effective waveguide [58] and the intensity of the normal velocity behaves like (l̃r)^{−1} which is characteristic of two-dimensional radiation in the radial direction.

3.14. Transmitted fields. So far we have considered only reflected fields, observed on the surface z = 0. In this section we will analyze the pressure transmitted through a slab of randomly layered medium occupying the region −L ≤ z ≤ 0. The pressure and velocity satisfy again the scaled equations (2.17) with the density ρ and the bulk modulus K given by (2.18) and (2.19), respectively. We are interested in the statistics of the pressure in the homogeneous half space z < −L when a pulsed point source is located at the origin (we take z_s = 0 for simplicity). As in previous sections, the density is piecewise constant and only the bulk modulus varies randomly.

The analysis of transmitted fields is very similar to that of reflected fields, so we will only summarize it here, pointing out the additional steps that must be taken. The pressure p and normal velocity u_3 have again the representation (2.29) with the upgoing and downgoing wave amplitudes A and B satisfying (2.27); for simplicity we will not show dependence on ω and κ explicitly in some formulas. The local reflection coefficient Γ is defined by (2.31) as before. In order to calculate the pressure at z = −L we introduce the additional quantity Z(z) = p̂(−L)B^{−1}(z) (3.165)

in −L ≤ z ≤ 0. Using (2.26) we see that at z = −L,

Z(−L) = (ζ_1(−L))^{1/2} [ Γ(−L)e^{iωτ (−L)/ε} − e^{−iωτ (−L)/ε} ]

so, from (2.32), Z(−L) = (ζ_1(−L))^{1/2} [Γ_I (−L) − 1] e^{−iωτ (−L)/ε}. (3.166)

By direct computation we get the following ordinary differential equation for Z(z) dZ(z) dz = [ iωn ε (1 − Γe^{2iωτ/ε}) − 1 2ζ_1 dζ_1 dz e^{2iωτ/ε}Γ ] Z (3.167)

in −L < z ≤ 0 with initial condition (3.166). Note that Z(z) and Γ(z) are solutions of the coupled system (2.32) and (3.167) where Z depends on Γ but Γ is independent of Z.

The quantity Z is introduced because we can calculate the Fourier transform of the pressure at z = −L by evaluating the solution of the system for Z, Γ at z = 0. Note that

p̂(−L) = B(0^−)Z(0^−)

(3.168)

and that the downgoing amplitude B(0^−) can be expressed in terms of Γ(0^−). In fact, from the continuity of p̂ and û at z = 0 we have that

ζ^{1/2}_0 [ A(0^+) − B(0^+) ] = (ζ_1(0))^{1/2} [ A(0^−) − B(0^−) ] , (3.169) ζ^{−1/2}_0 [ A(0^+) + B(0^+) ] = (ζ_1(0))^{−1/2} [ A(0^−) + B(0^−) ] . From the first of these conditions we have

ζ^{1/2}_0 [ Γ(0^+) − 1 ] B(0^+) = (ζ_1(0))^{1/2} [ Γ(0^−) − 1 ] B(0^−).

(3.170)

Using (2.33) and the expression for B(0^+) given by (A.1) (with z_s = 0) we can solve for B(0^−) in terms of Γ(0^−). Thus, from (3.168),

p̂(−L) = (ζ_1(0))^{−1/2} ε^{3/2} 2 f̂(ω) ( 1 + Γ_I (0) 1 − Γ(0^−)Γ_I (0) ) Z(0^−)

(3.171)

and the transmitted pressure is p(t, x, −L) = 1 2(2π)^3 1 ε^{3/2} ∫ ∫ ∫ f̂(ω)ω^2(ζ_1(0))^{−1/2}e^{iω(}κ^·x^{−t)/ε} (3.172) · ( 1 + Γ_I (0) 1 − Γ(0^−)Γ_I (0) ) Z(0^−) dωdκ, which is the analogue of (2.35) with z_s = 0. Expanding the fraction in (3.172) in a geometric series as we did in (2.36), we get p(t, x, −L) = 1 2(2π)^3 1 ε^{3/2} ∫ ∫ ∫ f̂(ω)ω^2(ζ_1(0))^{−1/2}e^{iω(}κ^·x^{−t)/ε} (3.173)

·(1 + Γ_I (0))Z(0^−, ω, κ) ∞∑ N =0

(Γ_I (0))^N (Γ(0^−, ω, κ))^N dωdκ.

We see from (3.173) that to calculate the coherent transmitted pressure we must calculate the expectation of Z(0^−)Γ^N (0^−) in the limit ε → 0. For the transmitted pressure intensity

I_{T R}(t, x, t̄, x̄) = lim_{ε↓0} ⟨ p ( t + εt̄ 2 , x + εx̄ 2 , −L ) p ( t − εt̄ 2 , x − εx̄ 2 , −L )⟩ (3.174)

we get an expression similar to (2.40), after the change of variables (2.39), I_{T R}(t, x, t̄, x̄) = 1 4(2π)^3 ∫ ∫ ∫ dωdκ|f̂(ω)|^2ω^2(ζ_1(0))^{−1}e^{iω(}κ^{·¯}x^{−t̄)}

·(1 + Γ_I (0))^2 ∞∑ N_1=0 ∞∑ M_1=0 e^{−2iω(N1−M1)τ (−L)/ε} (3.175) ·Γ^{N1+M1} I (0)W^{N1,M1,1,1}(0, t, x, κ, ω) with the range of integration restricted so that c_1κ < 1. Here W^{N1,M1,1,1}(z, t, x, κ, ω) is defined as follows. Analogously to (3.4) and (3.10) let

W̃^N1^{,M}1^{,N}2^{,M}2 ( z, t + [ N_1 + M_1 +

N_2 + M_2 2 ] τ, x − [ N_1 + M_1 +

N_2 + M_2 2 ] ∇_κτ, κ, ω )

= lim_{ε↓0} ω^2 (2π)^3 ∫ ∫ ∫ dhdλe^{iht}e^{−iω}λ^·x (3.176) · ⟨ Γ^{N1} ( z, ω − εh 2 , κ − ελ 2 ) Γ̄^M1 ( z, ω + εh 2 , κ + ελ 2 )

·Z^{N2} ( z, ω − εh 2 , κ − ελ 2 ) Z̄^M2 ( z, ω + εh 2 , κ + ελ 2 )⟩

and like (3.11) let W^{N1,M1,N2,M2} (z, t, x, κ, ω) = e^{2iωτ (−L)[(N1−M1)+ 12 (N2−M2)]/ε} (3.177) ·W̃^{N1,M1,N2,M2} (z, t − κ · x, x, κ, ω). Then W^{N1,M1,N2,M2} satisfies the analogue of (3.12), where we now omit the superscripts unless they change: ∂W ∂z + (N_1 + M_1 + 1 2 (N_2 + M_2)) { 1 c_1 ( 1 − c^2_1κ^2

)_1/_2 ∂W ∂t + c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇W }

− 2ω^2α c^2_1 ( 1 − c^2_1κ^2 ) { (N_1 + N_2)(M_1 + M_2)W^{N1+1 M1+1}

−(N^2_1 + M^2_1 + N_1N_2 + M_1M_2 + 1 2 (N_2 + M_2))W

(3.178)

+N_1M_1W^{N1−1 M1−1} }

+ ω^2α c^2_1 ( 1 − c^2_1κ^2

) [2(N_1 − M_1) + (N_2 − M_2)]^2W = 0,

W |_{z=−L} = (ζ_1(−L))^{(N2+M2)/2}(Γ_I (−L))^{N1} (Γ̄_I (−L))^{M1} ·(Γ_I(−L) − 1)^{N2} (Γ̄_I (−L) − 1)^{M2} δ(t)δ(x).

The off-diagonal terms in the sum in (3.175) are negligible in the limit ε → 0. If we denote by W^N the diagonal part of W with N_2 = M_2 = 1, W^{N,N,1,1}, then, as in (3.28), (3.29),

I_{T R}(t, x; t̄, 0) = 1 2π ∫ |f̂(ω)|^2ω^2e^{−iωt̄}Λ_{T R}(t, x, ω) dω (3.179)

with

Λ_{T R}(t, x, ω) = 1 4(2π)^2 ∫ ∫ dκ(ζ_1(0))^{−1}(1 + Γ_I (0))^2

(3.180) · ∞∑ N =0

Γ^{2N}_I (0)W^N (0, t, x, κ, ω),

where W^N (0, t, x, κ, ω) satisfies the analogue of (3.14) ∂W^N ∂z + (2N + 1) { 1 c_1 ( 1 − c^2_1κ^2

)_1/_2 ∂W^N ∂t + c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇W N } (3.181) −2 ω^2α c^2_1 ( 1 − c^2_1κ^2 ) { (N + 1)^2W^{N +1} − [N^2 + (N + 1)^2]W^N + N^2W^{N −1} } = 0,

W^N |_{z=−L}= ζ_1(−L)Γ^{2N}_I (−L)(Γ_I (−L) − 1)^2 δ(t)δ(x),

where N ≥ 0, −L < z < 0, t, ω ∈ R^1, x ∈ R^2.

The solution W^N of (3.181) has again a probabilistic representation in terms of a canonical Markov chain N(z) which is generated by the operator on the second line of (3.181). Note that this is different from the canonical Markov chain of the reflected signal (generated by the second line in (3.14)) discussed in §3.5; in particular, N = 0 is not an absorbing state now. We will not go into the details of the structure of the transmitted signal. We will only examine the form of the front of the pulse when it arrives at z = −L, as we did in §3.7 for the reflected signal.

As is §3.3, the coherent transmitted pressure ⟨p(t, x, −L)⟩ can be obtained by averaging (3.173). Assuming for simplicity that Γ_I (0) = 0, which is the matched interface case at z = 0 that we used also in §3.3, we must calculate ⟨Z(0^−, κ, ω)⟩ in the limit ε → 0. As in (3.16) this is given by ⟨ Z(0^−, κ, ω) ⟩ = ∫ ∫ ∫ dtdxW̃^{0,0,1,0}(0, t, x, κ, ω), (3.182)

where W̃^{N1,M1,N2,M2} is defined by (3.176) and is computed using (3.177) and the equations (3.178). The equations decouple again and we find that, as in (3.19), to leading order in ε, ⟨ Z(0^−, κ, ω) ⟩ ≈ (ζ_1(−L))^{1/2}(Γ_I (−L) − 1)e^{−iωτ (−L)/ε}e^{−ω2β2(L)}, where

β_2(L) =

∫_0 −L 2α c^2_1(1 − c^2_1κ^2) dz. (3.183)

Thus ⟨p(t, x, −L)⟩ ≈ 1 2(2π)^3ε^{3/2} ∫ ∫ ∫ dωdκf̂(ω)ω^2 ( ζ_1(−L) ζ_1(0)

)_1/_2

(Γ_I (−L) − 1) ·e^{iω(}κ^·x^{−t−τ (−L))/ε}e^{−ω2β2(L)}, which is the analogue of (3.20). The κ integral can again be evaluated approximately by the stationary phase method and to get explicit formulas we will assume from now on that the mean speed is uniform, c_1 =constant. Then τ(−L) is given by (3.21) and, as in (3.22), the stationary phase approximation yields

(3.184)

⟨p(t, x, −L)⟩ ≈ √ ε sin θ 4πLc_1 ∂ ∂t { 1 − Γ_I (−L) 2π ∫ dωf̂(ω)e^{−iω(t−L(c1 sin θ)−1)/ε}e^{−ω2β2(L)} }

Here θ is defined by

c_1κ = cos θ = √ 1 − ( L c_1t

)_2 (3.185)

with |x| = r, c_1, t, L and θ related as in Fig. 3.1 except that for the case of transmission, r/2 is replaced by r and c_1t/2 by c_1t.

As in §3.7, we can calculate the local power spectral density Λ_{T R} in (3.180) (with Γ_I (0) = 0) approximately for times just after the mean arrival time of the pulse at z = −L. Thus, we consider times t and horizontal distances r such that (c_1t)^2 ≈ L^2+r^2 with (c_1t)^2 ≥ L^2 + r^2. A calculation very similar to the one that gave (3.90) now gives Λ_{T R}(t, r, ω) ≈ ( 1 − Γ_I (−L) 4πc^2_1t

)_2 δ ( t − L c_1 sin θ ) e^{−βL}, (3.186)

where β is given again by (3.91). The exponential term that involves β is now determined by the middle term in the braces in the second line of (3.181) with N = 0, the same way as in (3.90). From (3.179) the transmitted intensity (with t̄ = 0) near the arrival time at z = −L is thus I_{T R}(t, r; 0, 0) ≈ 1 2π ∫ |f̂(ω)|^2ω^2e^{−βL}dω ( 1 − Γ_I (−L) 4πc^2_1t

)_2 δ ( t − L c_1 sin θ ) . (3.187)

When this is compared with the behavior of ⟨p(t, r, −L)⟩^2 from (3.184), we see that they differ only in the exponential factors in the ω integrals: −2ω^2β_2(L) for the square of the coherent field and −βL for the intensity. This is qualitatively similar to what we found for the reflected signal in §3.7 but the factors are different there (cf. (3.94), (3.95)). We conclude that when the statistics of the pulse are calculated a little after the deterministic (mean) arrival time at z = −L, the pulse has spread twice as much for the intensity as for the square of the mean field.

4. Direct simulation of the randomly reflected signals.

4.1. Introduction. In this section we will describe the numerical method used to solve the acoustic equations (2.17) for a given realization of the random medium. With a constant macroscopic material profile, we assume that the random fluctuations of the acoustical properties described by ν in (2.16) are piecewise constant in each microscopic layer. In each fine layer, ν will be taken as an independent random variable with a uniform distribution. More generally, we are interested in cases where the macroscopic medium properties are also variable and change smoothly with the depth. They can then be approximated quite accurately in the discrete problem by taking them to be piecewise constant on the z/ϵ^2 microscale. We place the point source at an elevation z_s in the homogeneous half space above the stack of layers (see Fig. 1.2) and compute the reflection of a pulse.

Many authors have written computer codes for simulating waves in layered media [73], [75], [55] and such codes are widely used in seismic exploration, for example. Our code was written to address the difficulties inherent in our multiple scales problem: we must compute waves scattered through hundreds, or even thousands, of subwavelength microlayers, and their effects must be computed accurately. That is, computation of spatially averaged properties of the wave field is not sufficient for our purposes. We must be able to construct statistical fluctuations accurately. Furthermore, the code must be efficient enough to be rerun many times for different members of a statistical ensemble.

Following the usual methods for layer codes, we first reduce the wave problem to an ordinary differential equation in depth z by Fourier transformation in time and then in the two lateral space dimensions. These transformations are analogous to our analytical treatment above. Several subtle numerical problems, however, need to be addressed and our approaches to them are explained more fully below. We basically follow the formalism of Kennett [55] for the elastic case, which we have adapted for the acoustic equations. This method avoids the computation of large exponentials that would result from straightforward solution of an ordinary differential equation in z. We give a brief outline of the method in §4.2. We now discuss some computational aspects of Fourier transforms.

A first numerical difficulty with Fourier transforms is that they will produce poles on the real axis for wave problems. This effect can be most easily seen in the homogeneous case where the solution is the well-known Weyl integral (cf. Appendix A). Most numerical schemes (see, for example, [55]) circumvent this difficulty by introducing a small attenuation coefficient which complexifies the velocity c = √ K/ρ and therefore moves the poles away from the axis of integration ω. We prefer to use another well-known numerical trick whose advantage is that is is entirely transparent in the physical domain (x, t). We multiply the original unknowns p and u by a small decaying exponential and solve for the new unknowns^{14}

ũ(t, x) = e^{−ξt}u(t, x) and p̃(t, x) = e^{−ξt} p(t, x). (4.1)

This also moves the poles away from the axis of integration in the frequency domain.

The vertical direction of the point source makes the solution radially symmetric. Therefore we work in polar coordinates and equivalently use the Hankel transform of

14 Afterwards, it is a simple matter to revert back to the original unknowns by multiplication by e^{+ξt}.

order zero instead of the spatial Fourier transform:

g̃(k) = 1 2π ∫_∞ 0 J_0(kr) g(r) r dr, (4.2)

where J_0 is the zeroth order Bessel function. The original unknowns p and u (the vertical component of u) are recovered by the inverse transform p(t, r, z) = 1 2π e^{ξt} ∫ ∫_∞ 0 e^{−iωt}J_0(kr) p̃(k, z, ω)k dk dω (4.3)

and a similar formula for u. Here p̃ and ũ are solutions of a system of equations similar to (2.22), which, omitting tildes, we write in matrix form as d dz [ u p ] = [ 0^{ωc}_{Kc} Ω^cρ 0 ] [ u p ] + δ(z − z_s)f̂(ω^c) [ 0 1 ] , (4.4)

where we use the superscript^c to denote complexified frequency and bulk modulus ω^c = ω + iξ, (4.5)

Ω^c = ω + i ( ξ + σ ρ ) , (4.6) 1 K^c = 1 K − k^2 ρω^cΩ^c . (4.7)

We have also allowed for the simulation of dissipative media in which σ is the rate of dissipation (cf. (2.1)).

The frequency domain Fourier integral in (4.3) is easy to perform because the pulse is bandlimited. On the other hand, the wave number integral is the delicate step of the numerical scheme. The range of k depends on several other parameters besides the frequency range, namely, the position of the receivers and the properties of the layers, and requires some tuning. Several algorithms are available to perform the Hankel transform (4.2) (which is its own inverse). Candel proposed [76] a scheme which is competitive when several orders of the Hankel transform are needed -such as in elastic medium computations. DiNapoli and Davenport [73] and Schmidt [75] proposed equivalent schemes based on the asymptotic approximation of the Bessel function for large argument and are therefore valid only for receivers very distant from the source. We use a method proposed originally by Tsang et.al. [74], valid for kernels containing a term decreasing at least exponentially, which is the case here because the trick (4.1) produces exponential decay in k as a result. In this method we use Parseval’s relation to do the k integral in (4.3). Repeated evaluation of the Bessel function is avoided because the Fourier transform of e^{−γk}kJ_0(kr) with respect to k is an elementary function. Here γ is a small positive number smaller than the decay rate in k of p̃. This method is computationally expensive compared with the other two but is valid for all ranges r. Furthermore, in our case since the number of layers is very large -of the order of ϵ^{−2}- most of the time is spent in computing the kernel of (4.3) and the time spent in the Hankel transform is not critical.

For the numerical solution of (4.4) we need to restrict the stack of layers to a finite depth. We set the “bottom” deep enough not to be detected by the pulse within the recording time span and assume that the remainder of the half space z < 0 is homogeneous. This enables us to impose the same radiation condition below as above, i.e., there is no upcoming wave at z = −∞ and no downgoing wave at z = +∞.

4.2. Layer code for computation of reflected signals. As in §2 (equation (2.27) for unknowns A and B), we change the unknowns into up- and downgoing waves but now we do not distinguish between the smooth and the rapid variation of the solution. We obtain a diagonal system of ordinary differential equations d dz [ U D ] = [ iβ 0 0 −iβ ] [ U D ] + δ(z − z_s) [ F^U (ω, k) F^D(ω, k) ] (4.8)

with boundary conditions at infinity given by

lim_{z→∞} D = lim_{z→−∞} U = 0.

(4.9)

U and D stand for “up” and “down” and will be related from one layer to the other by reflection and transmission coefficients. If we denote by v = (ũ, p̃) the vector of physical unknowns, then V = (U, D) is related to v by V = M^{−1}v and we have a similar relation for the point force. The matrix M is obtained from diagonalization and normalization of (4.4): [ 0^{ωc}_{Kc} Ω^cρ 0 ] = M [ iβ 0 0 −iβ ] M^{−1} (4.10)

with M = [ (2ρc_c)^{− 1}2 −(2ρc_c)^{− 1}2 (ρc_c/2)^12 (ρc_c/2)^12 ] , M^{−1} = [ (ρc_c/2)^12 (2ρc_c)^{− 1}2 −(ρc_c/2)^12 (2ρc_c)^{− 1}2 ] , (4.11)

where

c^2_c =

Ω^c ω^c K^c ρ , β = Ω^c c_c . (4.12)

Whenever the physical properties ρ and K are constant, as assumed in the previous section, (4.10) can be easily integrated. Consider two adjacent layers, l − 1 above l. Denote by V^+_l (respectively, V^−_l ) the value of V just above (respectively, below) the interface l between the layers. Integration of (4.10) between interfaces l and l +1 (“in” the layer l) provides

V^−_l = [ e^{iβhl} 0 0 e^{−iβhl} ] V^+_{l+1}.

(4.13)

On the other hand, continuity of v at the interfaces give the relation

V^+_l = M^{−1}_{l−1}M_lV^−_l

(4.14)

where M_l is the matrix M, for layer l, defined by (4.11) with properties ρ_l and K_l and thickness h_l. Let us denote by Q^{ln} the matrix relating vectors V between two levels l and n separated either by an interface (4.14) or a layer (4.13). We have V_l = Q^{ln}V_n.

A possible method for the solution of the overall problem when the total depth of the stack of layers is not too large, is to multiply all the elementary matrices Q^{l,l+1} to obtain the global reflection-transmission coefficient of the stack. This, however, introduces numerical instabilities because of the multiplication of occasional large exponentials, when many layers are to be computed.

An equivalent formulation that is more stable numerically can be given in terms of scattering from a large stack of microlayers, from level l to level n, as described above. The reflection and transmission coefficients for scattering from the stack relate the vector (U_n, D_l) of waves entering the stack, to the vector (U_l, D_n) of waves exiting. Thus [ U_l D_n ] = [ T_u^{ln} R_d^{ln} R_u^{ln} T_d^{ln} ] [ U_n D_l ] . (4.15)

The two formulations are compared schematically in Fig. 4.1.

Fig. 4.1. Reflection-transmission diagram.

Starting with

Q^{L∞} = M^{−1}_L M_∞

(4.16)

at the interface between the bottom layer L and an underlying homogeneous half space with unit density and bulk modulus, we obtain equating matrices [ T_u^{L∞} R_d^{L∞} R_u^{L∞} T_d^{L∞} ] = 1 Q^{L∞}_{22} [ Q^{L∞}_{11} Q^{L∞}_{22} − Q^{L∞}_{21} Q^{L∞}_{12} Q^{L∞}_{12} −Q^{L∞}_{21} 1 ] . (4.17)

The transfer matrix is then updated from one level to the next using the following recursion relations: [ T_u^{jn} R_d^{jn} R_u^{jn} T_d^{jn} ] = 1 Q^{lj}_{11} − R^{ln}_d Q^{lj}_{21} · [ T^{ln}_u R^{ln}_d Q^{lj}_{22} − Q^{lj}_{12} R^{ln}_u Q^{lj}_{11} + (T^{ln}_d T^{ln}_u − R^{ln}_u R^{ln}_d )Q^{lj}_{21} T^{ln}_d (Q^{lj}_{22}Q^{lj}_{11} − Q^{lj}_{21}Q^{lj}_{12}) ] , (4.18)

where j = l − 1 and l < n. The source is introduced through a fictitious interface zero at the level z_s, where we have

V^+_0 = V^−_0 + F

(4.19) with F = [ F^U F^D ] = M^{−1}f̂ [ 0 1 ] (4.20)

and we use the following discretized version of the boundary condition (4.9):

D^+_0 = U^−_L = 0.

(4.21)

Eventually (4.15)-(4.21) provide the global reflection coefficient for the complete stack of layers [ U_1 D_∞ ] = [ T_u^{1∞} R_d^{1∞} R_u^{1∞} T_d^{1∞} ] [ U_∞ D_1 ] . (4.22)

We note that in the case of a plane wave incident from above the stack of layers, with an angle of incidence θ, there is a single summation over ω and the wavenumber is taken such that k/ω = sin θ.

The quantity of interest is the “downgoing” reflection coefficient R^{1∞}_d . In the case of a point source we want to recover the physical unknowns, particularly the pressure at the interface 1 where the receivers are located. We get

v_1 = M_0V^+_1 = e^{−iβ0zs} F^DM_0 [ R^{1∞}_d 1 ] . (4.23)

If all we want is the reflected pressure as defined in (2.35) we write

p̃_{refl}(k, 0^+, ω) = f̂ 2 e^{−iβ0zs} R^{1∞}_d (4.24)

and use (4.3) to obtain the reflected pressure as a function of space and time.

4.3. Flowchart of the computation.

⇒ Define the layered medium properties ρ_l, K_l for the L layers σ and ξ, choose a sampling rate in time and space, and deduce the correct sampling in frequency dω and wavenumber dk.

⇒ Loop on ω.

→ Loop on k. Compute Q^{L∞}(k) (equation (4.16)). → Loop on k. Compute T^{L∞}(k), R^{L∞}(k) (equation (4.17)). → Loop on layer l = L, 1; loop on k. Update T^{l−1 ∞}(k), R^{l−1 ∞}(k) (equation (4.18)).

→ Loop on k . Compute p̃_{refl}(ω, k) (equation 4.24) → Compute p̃_{refl}(ω, r) by Hankel transform.

⇒ Loop on r. Compute p_{refl}(t, r, 0^+) by Fourier transform.

4.4. Periodic versus random medium: A numerical experiment. We want to use the layer code to study waves propagating in a large number of very thin layers. When the properties of the layers vary randomly, the quantities of interest are the statistics of the reflection coefficient. On the other hand, when the acoustic properties vary periodically from one layer to the other the effective medium theory (or homogenization theory) of §2.2 tells us that the stack of layers behaves as a single homogeneous layer having average properties (when probed by a wave having wavelength much larger than one elementary layer.) In the nondissipative, one dimensional case the properties of the equivalent homogeneous layer can be obtained in the wavenumber-frequency domain by averaging equation (4.4) over the stack of layers d dz [ u_h p_h ] = [ 0^{ωc}_{K̃c} ω^cρ̃ 0 ] [ u_h p_h ] + δ(z − z_s) [ 0 f̂(ωc) ] , (4.25)

where the averaged properties are defined by

ρ̃ = ∫ stack ρ(z) dz and 1 ρ_h = ∫ stack 1 ρ(z) dz (4.26) and 1 K̃c = 1 K̃ − k^2 ρ_hω^{c2} and 1 K̃ = ∫ stack 1 K(z) dz (4.27)

with complex frequency ω^c defined by (4.5).

To illustrate the theory we present first a set of numerical simulations that serve also as validation of the numerical method. We compare the propagation of a pulse of the form^{15}

f^{0.1}(t) = e^{−0.5(5πt)2}

coming from a source at z_s = 0.2 above the surface in a homogeneous half space overlying three different media:

• A single layer of thickness 3 where the acoustic properties are ρ = 1, K = 2 • A stack of 300 layers of thickness ε^2 = 10^{−2} and density ρ = 1, where the bulk modulus takes alternatively the values K_1 = 1.66 and K_2 = 2.5. This medium behaves asymptotically like a uniform layer with parameters computed according to the effective medium theory of §2.2, using (4.26), (4.27).

• A stack of 300 layers of thickness ε^2 = 10^{−2} and density ρ = 1, where 1/K takes random values uniformly distributed between 0.35 and 0.65.

In all three cases the kernel (4.24) is computed for 512 frequencies ranging from −255 to 256 radians per second and 8192 wavenumbers ranging from −409.5 to 409.6. The reflected pressure is computed at 5 receivers on the interface z = 0, at radial distances varying from r = 0 to r = 2, the source being 0.2 units above the origin. The two 300-layer computations required 3.5 minutes of cpu-time on the Cray Y-MP.

In Fig. 1.3a we show the reflected pressure recorded for both the homogeneous and periodic case since they are indistinguishable. The left axis is distance of the receiver from the origin. The bottom axis is time. The check marks are the theoretical arrival times of the reflected waves in the case of a homogeneous layer. Consider, for instance, the third curve starting from the bottom of the figure. It shows the reflected pressure measured at a receiver placed at z = 0 and r = 1. The first event is the arrival of the head wave at t = 0.84. The next arrival, at t = 1, comes from the reflection from the interface; it coincides with the direct arrival that has been subtracted. The last arrival at t = 4.5 is the reflection from the bottom of the layer at z = −2.7. As mentioned in

15 The superscript on f denotes the value of ε.

the Introduction, §1, it is surprising that even the head wave is well accounted for by the effective medium theory (homogenization) in the periodic medium.

In Fig. 1.3b we show the results for the wave propagating in a stack of random layers with randomly changing parameters. The main reflections are seen clearly, at the correct arrival times based on effective medium theory. In contrast with the periodic case, however, multiple scattering produces a long noisy tail.

4.5. Statistics of randomly scattered signals. In this section we examine how statistical properties, namely, the intensity and the power spectrum, of numerically simulated random signals agree with the theory. We have done simulations for a random medium with a constant background so that the comparison with the theory is simpler since in this case there is a formula for the power spectral density (3.77). We have chosen to simulate the matched case, i.e., the background velocity and density are constant and equal to 1 everywhere. Only the bulk modulus varies randomly and α = ν̄^2/24, where ν̄ = 0.3 is the maximum of the uniformly distributed random variable ν. This leads to α = 3.75x10^{−3}. The signals are generated by propagating a pulse of the form

f^{0.05}(t) = e^{−0.5(10πt)2}

from a source placed at z = 0.2 above the interface between the homogeneous half space and a stack of 400 layers of width ε^2 = 2.5 × 10^{−3}. Receivers are located on the interface, at radial distances 0.4 and 0.8 from the origin located below the source. The results presented here show the statistics of the pressure field computed over 22 independent realizations of the random medium. Each realization requires 8 minutes of cpu time (single processor) on the Cray Y-MP. For each realization the reflection coefficient (4.24) is computed for 4096 wavenumbers ranging from -409.4 to 409.6 and 512 frequencies ranging from -255. to 256.rad.s^{−1}. In Fig. 4.2 the intensity ((2.38), with t̄ = x̄ = 0) of the reflected pressure is shown for three receivers as a function of time. The theoretical curve is obtained by numerical integration of (3.28) with t̄ = 0. The power spectrum (3.77) is shown in Fig. 4.3 as a function of time for a fixed frequency ω = 3.5. We have used the windowing scheme described in Appendix E with windows of 128 samples.

5. Numerical solution of the transport equations.

5.1. Introduction. The local power spectral density contains information about the large-scale structure of the probed medium because the coefficients of the transport equations (3.14) depend on the mean sound speed. We want to solve the transport equations numerically, evaluate the local power spectral density, and interpret the results. This will give us an understanding of multiple scattering in physically interesting cases where we have no analytical solutions. It will also validate the observations of §3.8 concerning turning points and explain what the results mean physically. Most important, as we show in §6, the transport equations are needed in the solution of inverse problems.

The adjoint equations (3.45) introduced in §3.5 are more convenient for numerical calculations. When Γ_I (0) = 0, so that the medium is matched at the interface z = 0, we must solve

Fig. 4.2. Comparison of reflected intensity with the theory (point source).

Fig. 4.3. Comparison of local power spectral densities with the theory (point source).

∂W^N ∂z + 2N { 1 c_1 ( 1 − c^2_1κ^2

)_1/_2 ∂W^N ∂t + c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇W N } (5.1) + 2ω^2α c^2_1 ( 1 − c^2_1κ^2 ) { (N + 1)^2W^{N +1} − 2N^2W^N + (N − 1)^2W^{N −1} } = 0 in z < 0 with

W^N |_{z=0}= δ(t)δ(x)δ_{N 1}.

The local power spectral density (3.30) is now given by Λ(t, x, ω) = 1 4(2π)^2 ∫ ∫ dκW^0(−L^∗, t, x, κ, ω), (5.2)

where L^∗ is larger than the depth the waves penetrate up to time t/2.

There are three basic difficulties associated with equations (5.1). The characteristics depend on z, the terminal conditions are singular, and the system is infinite. To straighten the characteristics we introduce the travel time τ = τ(z, κ) = 2 ∫ z 0 ds c_1(s)(1 − c^2_1(s)κ^2)^{1/2} . (5.3)

Note that this is actually twice the travel time and that it is different from the oblique, plane wave travel time (2.24). It is twice the travel time along the geometrical acoustics rays as described in §3.7. This will make the coefficients of the time derivative in (5.1) constant. However, those of the space derivatives will now depend on τ and it is not possible to straighten both of them. This difficulty and part of the singularity in the terminal conditions is handled by Fourier transformation of the x variables. Of course, we need a lot of resolution in the Fourier transform to capture the singular form of the terminal conditions, but as the calculation advances we can reduce the resolution. Finally, we must truncate the infinite system to a finite one. After repeated convergence tests we have found that setting W^N = 0 for N > 10 does not affect the overall accuracy of Λ. The remaining singularity in t of the terminal data is handled by a change of dependent variables based on the progressing wave expansion explained below.

With these changes, in particular with τ as independent variable, the adjoint transport equations (5.1) become

∂Ŵ^N ∂τ + N { ∂Ŵ^N ∂t + ic^2_1κ · lŴ^N }

+ ω^2α c_1 ( 1 − c^2_1κ^2

)_1/_2 { (N + 1)^2Ŵ^{N +1} − 2N^2Ŵ^N + (N − 1)^2Ŵ^{N −1} } = 0 (5.4)

in τ < 0 and with

Ŵ^N |_{τ =0}= δ(t)δ_{N 1} and Ŵ^N = ∫ ∫ dxe^{−i}l^·xW^N (τ, t, x, κ, ω). The local power spectral density is given by Λ(t, x, ω) = 1 4(2π)^4 ∫ ∫ ∫ ∫ dldκe^il^·xŴ^0(−t, t, l, κ, ω). (5.5)

Note that the argument τ is evaluated at −t in (5.5), which is the depth (in twice travel time units) beyond which the waves do not penetrate by time t.

Except for the fact that for times t near the first arrival of the wave at x we need fine resolution in l to get an accurate determination of Λ, the main difficulty in solving (5.4) is due to the delta function in the terminal conditions. Since Ŵ^0 is evaluated on the characteristic in (5.5) this means that we have to resolve the singularity in the solution. This difficulty is eased somewhat if we do the κ integration first in (5.5). Singularities in the coefficients of (5.4), now considered functions of τ, do not cause problems as we saw in §3.8. The numerical calculations show clearly that the solutions converge as we refine them near turning points. In the actual computations [78], the Fourier transform in l is not two dimensional as in (5.4), (5.5) but only onedimensional, in the direction κ. We omit the detailed description of this elementary simplification.

In what follows we solve (5.4) only for N = 1, 2, · · ·, 10 without the N = 0 equation. It decouples from the rest and Ŵ^0 is given by

Ŵ^0 = −ω^2 ∫ τ 0 α(s) c_1(s) √ 1 − c^2_1(s)κ^2 Ŵ^1(s, t, l, κ, ω) ds. (5.6)

5.2. The progressing wave expansion. We denote the truncated^{16} vector of Ŵ N by Ŵ and decompose it into two parts, a singular and a regular part. First we construct a representation of the solution in terms of generalized functions^{17}, a progressing wave expansion [77], which determines analytically the singular part. If we retain only a finite number of terms in this representation then we get an equation for the remainder that is progressively less singular as we keep more terms. In our case we need only two terms but it is instructive to see the form of the expansion, in particular, the form it has after inverting the Fourier transform in l.

Briefly (details can be found in [12], [78]), we write Ŵ = Ŵ_s + Ŵ_r, (5.7)

where Ŵ_s is the singular part and Ŵ_r is the regular remainder. Let Ŵ(τ, t, l, κ, ω) =^∞ ∑ M =1 ∞∑ j=−1 S_j (t − Mτ) ĝ^{M,j}(τ, t, l, κ, ω), (5.8)

where the S_j’s are a sequence of generalized functions of increasing smoothness. They are functions of the characteristic coordinates t − Mτ of the hyperbolic system (5.4) and are given by S_{−1}(x) = δ(x), S_0(x) = H(x), · · · 16 This is a ten-dimensional vector in our numerical computations. 17 In our case delta functions, Heaviside functions, and their integrals.

S_{j+1}(x) = ∫ x −∞ S_j(s) ds = x^j j! H(x), where δ(x) is the Dirac delta function and H(x) is the Heaviside unit function. The ĝ^{M,j} are smooth vector functions. In order to construct generalized solutions Ŵ of the progressing wave type (5.8), we substitute the expansion into the differential equation (5.4) and differentiate the generalized functions. Then we demand that the resulting smooth factors of the distributions S_j vanish at each order. Thus we solve for the unknown coefficients ĝ^{M,j}. By increasing the number j, we can ensure that the remaining terms will be as smooth as desired. When we carry out the inverse Fourier transform in l we see that delta functions enter at all orders in the expansion. So the desingularization is easy in the Fourier domain but there is no obvious way to collect the delta functions in the physical variables.

The equation for the remainder, which is nonsingular after the singular terms have been extracted, is again (5.4) except that the right-hand side is no longer zero but is equal to an explicitly known function R, coming from the singular part. The terminal conditions for the remainder are identically zero. In vector form the problem for Ŵ_r becomes ∂Ŵ_r ∂τ + L_0 { ∂Ŵ_r ∂t + ic^2_1κ · lŴ_r } + αω^2 c_1 ( 1 − c^2_1κ^2

)_1/_2 L1Ŵr = R

(5.9)

in τ < 0 and with

Ŵ_r |_{τ =0}= 0,

where

Ŵ_r = [ Ŵ^1, · · ·, Ŵ^{10} ]T

and

L_0 = 1 2 3 ... ,

L_1 =

−2 4 0 0 · · · 1 −8 9 0 · · · 0 4 −18 16 · · · ... ... ... .

5.3. Numerical integration of the regularized equations. Because of the size of the problem, we have chosen simple, low-order integration schemes to limit the number of floating point operations. We obtain a tridiagonal linear system by integrating the regularized equations (5.9) along characteristics, as in [78] and [12]. This system must be solved at each step of the computation, i.e., for each fixed^{18}

18 We denote the vectors l and κ by l and κ since they are scalar in the actual computations.

τ, t, κ, l, ω. We use a second-order accurate trapezoidal integration scheme. The κ integration in the evaluation of the power spectral density (5.5) is done by Simpson’s rule. We can use a higher-order scheme here since we want to integrate right up to turning points and this integration is not performed at each τ and t.

The natural way to solve the regularized equations (5.9) is to fix a triple of the independent parameters (l, κ, ω) and solve the discrete equations by marching in travel time τ and time t. This method does not vectorize because of the recursiveness of timestepping schemes, where the current step is computed from the previous one. Moreover, the outermost loops on the parameters (l, κ, ω) are the most numerous (see below). An inner loop is one that vectorizes or parallelizes with maximum efficiency since there is nothing else inside an inner loop which can hinder the simultaneous evaluation of multiple operations on a vector or matrix. Thus we want to have the loop with the highest repeat count as the innermost loop. We can achieve this goal by “turning the code inside-out.” To this end we define a new parameter p = (l, κ, ω) to be a triple of fixed parameter values. For optimal vectorization, the loop order should then be:

• loop on τ – travel time – loop on t – time ∗ loop on p – parameters ∗ next p – next t • next τ The actual solution of the linear system and the integration to obtain Λ are exactly as before, except that they are now performed entirely within the inner p-loop, i.e., for fixed τ and t we solve a large number -typically about 15000- of independent problems, parametrized by p. With this approach, on a large vector supercomputer we are able to attain a speed-up factor of 500 over a fast scalar machine. A typical simulation with a travel time-time grid of (100 × 100), 128 values each of κ and l and a single frequency runs in 15 minutes on a Cray Y-MP. Here we have solved 16384 different plane wave problems with each one taking only 0.06 seconds.

5.4. Numerical results. Recall first the form of the exact solution for the homogeneous, matched case from §3.6, equation (3.77) with c_1 = c_0 = 1:

Λ(t, r, ω) = 1 4(2π)^2 αω^2 ( 1 −^{r2}_{t2}

)_{−1}/_2

t^2 [ 1 + αω^2t ( 1 −^{r2}_{t2}

)_{−1}/_2]2 .

(5.10)

The code reproduces this formula very accurately [78]. In particular, we observe the well-defined arrival of the signals along the line r = t, the overall 1/t^2 decay, and the fact that while varying r/t we “scan” all the angles of the point source. In a one-dimensional simulation, we required multiple frequencies in order to capture the complete behavior of the solution (see [11]).

If we look at the transport equation (3.14), we notice that a turning point^{19} always exists when c^2_1κ^2 approaches 1. Since we will not integrate through turning points,

19 A detailed analysis is presented in §3.9.

this restricts the range of the κ-integration. Moreover, if c_1 is an increasing function of depth, then the permissible range of integration will decrease with depth. Physically, this means that once a ray at a fixed slowness κ has been totally reflected, it will no longer contribute to the multiple scattering and hence to the power spectral density at later times.

Fig. 5.1. Decreasing (on left) and increasing (on right) step profiles for the sound speed.

We consider two profiles for the sound speed as a function of depth. Figure 5.1 shows a decreasing and an increasing profile. They both begin at the surface, z = 0, with speed 1, have a sharp step at depth z = −2.5, halfway down the profile, and then continue with a uniform speed of 1/2 and 2, respectively. We choose these two profiles since they represent two differing physical situations and the contrast between them will highlight some phenomena associated with turning points. Also, the first portions of both profiles are identical and are the same as a uniform background with mean sound speed 1. Thus we can compare our results, for early times, with the above formula (5.10).

The series of graphs in Fig. 5.2(a)-(i) are slices of the local power spectral density surface Λ(r, t, ω) for a fixed r and a fixed ω = 1. On each graph we compare three curves: the solution for the increasing step with depth-dependent turning point, the solution for the decreasing step, and the solution (5.10) for the homogeneous case (which has a uniform sound speed, equal to 1, through the whole profile). There are three groups of graphs, each depicting a different zone in the profile and having a different vertical scale. The first group (a)-(c) are for ranges very close to the point source. We see that the curves for both steps lie on top of each other and agree

Fig. 5.2. Local power spectral density for the step profiles and the uniform background -near the point source.

Fig. 5.2. Local power spectral density for the step profiles and the uniform background -“before” the step.

Fig. 5.2. Local power spectral density for the step profiles and the uniform background -“at” the step.

Fig. 5.3. Surface plot of the local power spectral density for the step profile with turning point.

Fig. 5.4. Surface plot of the local power spectral density for the decreasing step profile.

Fig. 5.5. Surface plot of the local power spectral density for the linear profile with turning point.

well with the homogeneous solution. Note that the first arrivals are at t = r, which is correct for a mean sound speed of 1. The second group, Figs. (d)-(f), is at ranges which “see” the start of the step around z = −2. In the vicinity of the first arrival, all three curves agree but starting at t = 2.5 the effect of the increasing or decreasing sound speed begins to be detected and the curves separate. The nature of this separation is clarified in the third group, Figs. (g)-(i) which is for ranges that are sensitive to the varying part of the sound speed profile. The first thing to notice is that the arrivals of the increasing step are earlier, while those of the decreasing step are delayed. Looking at the tails of the curves, we see that the decreasing step and the homogeneous solution approach asymptotically the same value which is higher than that for the increasing step. This is the lowering of the energy content of the reflected wave due to the total internal reflection that we expect. We also note that the amplitude of the first arrival for the increasing profile is markedly higher than that of the decreasing step. This is due to the enhanced reflection by the total internal reflection at the turning point.

We have thus a good physical understanding of what happens to a wave that approaches a turning point in a randomly layered medium. The surface plots in Fig. 5.3 (increasing step) and 5.4 (decreasing step) show the phenomena synoptically. Initially, for early times and small ranges, the arrivals are along the line r = t; around t = 2.5 the slope of the arrival line changes to reflect the speeding up or slowing down of the sound speed profile; finally, we see the increased amplitude due to the enhanced reflection at the turning point and then the rapid decay for large t and r in the case of the increasing step.

Clearly, the local power spectral density does indeed contain information about the large-scale structure of the medium. In fact, just by looking at the surfaces, we can get a good idea of what the mean sound speed profile actually is. An interesting case, which is close to what happens in the earth [79], is a sound speed profile that increases linearly with depth from speed 1 at the surface to speed 2, say. Then we have turning points at all depths. The surface plots of Fig. 5.5 exhibits what we expect: a curved line of arrival and then a rapid decay due to the internal reflection by turning points.

6. Inverse problems.

6.1. Inversion from reflection of normally incident plane waves. Using the theory presented above we can now formulate and solve a statistical inverse problem. We will determine the macroscopic properties of a randomly stratified medium from waves which have been reflected back to the surface z = 0. Our method is intended to complement existing deterministic methods [80], [81] that attempt to recover all variations of the material properties without regard to the spatial scales on which these properties vary. While these methods can theoretically recover all microscopic details of the medium, they are subject to numerical instabilities which we hope to mitigate by attempting to recover only the large scale medium properties.

If we consider scattering from the the macroscopic variations as “signal” embedded in the “noise” of random multiple scattering from the microstructure then we have a theory in which signal and noise are modeled from first principles. Our goal is then to devise a technique by which the signal can be extracted from the noise in an optimal way, where optimal is suitably defined. In this view of the problem, Fig. 1.1b shows a typical signal extraction to be extremely difficult; scattering from a sound speed profile with a microstructure yields a reflection time series that is more than three orders of magnitude larger than the reflection from the profile when the microstructure has been removed. It could be naively assumed that the signal-to-noise ratio is a small fraction of a percent. Yet, as we will show, the problem is not as hopeless as it might appear because scattering from the small scale structure also contains information about the macroscale. That is, the noise statistics contain useful information about the signal.

In this section we consider the case of a normally incident plane wave, which reduces to a problem in one space dimension. Three dimensional effects are considered in §§6.2 and 6.3. We thus use the adjoint of the transport equations (3.14) (cf. (3.45)) with κ = 0: ∂W^N ∂z + 2N c_1(z) ∂W^N ∂t (6.1) + 2ω^2α(z) c^2_1(z) { (N + 1)^2W^{N +1} − 2N^2W^N + (N − 1)^2W^{N −1} } = 0,

W^N (0, t, ω) = δ(t)δ_{N,1}, where for simplicity we have considered the case of a matched medium Γ_I = 0. The power spectral density Λ(t, ω) of the reflection process is then recovered by computing Λ(t, ω) = lim_{z→−∞} W^0(z, t, ω). (6.2)

By setting κ = 0 in (2.24) we obtain the normal incidence travel time function for z < 0 , τ(z) = ∫ z 0 ds c_1(s) . (6.3)

Letting z̃(τ) be the inverse function of τ(z), we may change variables in (6.1) to obtain: ∂W^N ∂τ + 2N ∂W^N ∂t (6.4)

+2ω^2α̃(τ) { (N + 1)^2W^{N +1} − 2N^2W^N + (N − 1)^2W^{N −1} } = 0,

W^N (0, t, ω) = δ(t)δ_{N,1}, where

α̃(τ) = α(z̃(τ)) c_1(z̃(τ))

(6.5) and W^N = W^N (τ, t, ω). The significance of the change of variables (6.3) is twofold. First, the characteristic curves of (6.4) are now the straight lines t = −2Nτ. A consequence of this is that, because of the hyperbolic nature of the transport equations (see §3.7), equation (6.2) can be replaced by the simple expression Λ(t, ω) = W^0(τ = −t/2, t, ω). (6.6)

A second consequence of the change of variables is that the resulting equation (6.4) is driven only by the single input function α̃(τ) given by (6.5). Thus it is seen that any two statistical ensembles that have the same α̃(τ) will yield indistinguishable reflection statistics, to our order of approximation. Thus the most we can expect from a statistical inversion is the recovery of α̃(τ).

We next show that α̃(.) can indeed be recovered from knowledge of the power spectrum Λ if the pulse contains low frequency information. To see this, we compute a low frequency approximation to W^N , that is, we expand W^N as a power series in ω^2:

W^N ≈ W^{N,0} + ω^2 W^{N,1} + · · ·

(6.7)

Substitution of (6.7) into (6.4) yields an equation for W^{N,0} that is just (6.4) with ω set to zero. The solution is then W^{N,0}(τ, t, ω) = δ(t + 2τ)δ_{N,1}. (6.8)

Now for all ω the equation for W^0 uncouples from those for W^N , N = 1, 2, · · ·, so that

W^0(τ, t, ω) = −2ω^2 ∫ τ 0 α̃(τ^′)W^1(τ^′, t, ω) dτ^′.

(6.9)

Putting (6.8) into (6.9) and then into (6.6) yields a leading order approximation for Λ as ω → 0: Λ(t, ω) ≈ ω^2α̃(−t/2) as ω → 0. (6.10)

Hence

α̃(−t/2) = lim_{ω→0} Λ(t, ω) ω^2 . (6.11)

Thus α̃(τ) is uniquely determined by Λ(t, ω) for small ω.

While (6.11) is of theoretical importance, it does not lead to a practical inversion scheme, since errors in the estimation of the power spectral density are magnified in (6.11) by the vanishing small denominator.

A more realistic problem is formulated as follows: for a finite set of macroscopic times t_j, j = 1, 2, · · ·, N_t and for a finite set of frequencies ω_l, l = 1, 2, · · ·, N_f we construct estimates Λ̂(t_j, ω_l) of the local power spectral density Λ(t_j , ω_l). In the remainder of this section, the estimated local power spectral density Λ̂ and the theoretical local power spectral density Λ will be the ones for signals generated by a pulse with shape function f (as in §2.3). They contain, therefore, the factor |f̂(ω)|^2, the power spectrum of the incident pulse, which was not needed in the discussion above. The estimates Λ̂ are constructed from sampled reflection series data either by the conventional technique of applying a fast Fourier transform to a small window of data received near time t, or by the windowing process described in Appendix E. From these estimates we wish to recover α̃(τ). We set α^j = α̃(−t_j/2) and assume that α̃(τ) is piecewise linear between gridpoints t_j , j = 1, 2, · · ·, N_t so that we need only to recover the finite set of variables α^j, j = 1, 2, · · ·, N_t. We will construct the maximum likelihood estimator for these variables.

Now if α̃(.) is known, Λ may be determined from (6.4) and (6.6), i.e., by numerical solution of the transport equation which can be accomplished by the methods of §5. We emphasize this dependence of Λ on α̃ by writing Λ(t, ω; α̃(.)).

To construct the maximum likelihood estimator of α̃(.) we need to know the probability density of Λ̂(t_j, ω_l) when α̃(.) is known. By a well-known result from signal processing theory [82], if the reflection coefficient is Gaussian then Λ̂(t_j , ω_l) are independent exponentially distributed random variables with means Λ(t_j , ω_l). We have not succeeded in showing rigorously that the reflection process is Gaussian, although there is a heuristic derivation in [10] and Monte Carlo simulations [11] also support the Gaussian hypothesis. More directly, simulation results are also supportive of the exponential distribution for Λ̂, as evidenced in Fig. E.5. We therefore write the likelihood function as P {Λ̂(t_j , ω_l), j = 1, 2, · · ·, N_t; l = 1, 2, · · ·, N_f |α̃(.)} (6.12) = Nt∏ j=1 N_f∏ l=1 e^{−Λ̂(tj,ωl)/Λ(tj,ωl;α̃(.))} Λ(t_j , ω_l; α̃(.)) . The maximum likelihood estimator for α̃(.) may therefore be constructed by maximizing the expression in (6.12) over α^1, α^2, · · ·, α^{Nt} . This may be accomplished by using a numerical optimization code with an objective function given by (6.12) to be maximized in N_t dimensions. Note that each evaluation of (6.12) involves the numerical solution of the transport equation up to time t_{Nt} and for all frequencies ω_l, l = 1, 2, · · ·, N_f . The amount of computation necessary for the inversion can be reduced considerably by a layer peeling algorithm which makes use of the hyperbolicity of (6.4), i.e., the fact that Λ(t, ω; α̃(.)) depends on α̃(τ)) only for travel times τ ≥ −t/2. Thus, using our piecewise linear representation for α̃(.), Λ(t_j, ω_l; α̃(.)) depends on α^1, α^2, · · ·, α^j but not on α^{j+1}, · · ·, α^{Nt} . We thus may determine α^j recursively. That is, if α^1, α^2, · · ·, α^{j−1} have been determined, α^j can be determined by maximizing the likelihood P {Λ̂(t_j, ω_l), l = 1, 2, · · ·, N_f |α̃(.)} = N_f∏ l=1 e^{−Λ̂(tj,ωl)/Λ(tj,ωl;α̃(.))} Λ(t_j , ω_l; α̃(.)) , (6.13)

where expression (6.13) is to be maximized only over the single variable α^j.

A practical problem in the implementation of the algorithm based on (6.13) is associated with frequencies ω_l for which the pulse spectrum f̂ is small, since the local power spectral densities contain the factor |f̂(ω)|^2. At these frequencies the ratio Λ̂/Λ is a ratio of small numbers and considerable inaccuracy can be introduced. This difficulty can be eliminated by restricting ω_l to be well within the passband of f̂. We have found, however, that the inversion is largely independent of the choice of frequencies if allowance is made for a small white noise term in the local power spectrum in addition to the spectrum caused by random scattering. To accomplish this, the expression for Λ in (6.13) is replaced by Λ+(σ^j )^2 and the resulting likelihood is maximized over the two variables α^j and (σ^j)^2.

Another modification of (6.13) results if we have prior information on α̃(.) and wish to incorporate it into our inversion scheme using a Bayesian approach. As an example, suppose we limit the variation in α̃(.) by postulating the prior distribution P {α^j|α^1, α^2, · · ·, α^{j−1}} = 1 √ 2πβ^2(α^{j−1})^2 e^− (αj −αj−1)2 2β2(αj−1)2 . (6.14)

That is, we assume that the prior distribution of α^j is Gaussian with mean α^{j−1} and standard deviation proportional to α^{j−1}. Such a prior distribution would penalize overly large increments in α̃ between gridpoints t_{j−1} and t_j. The maximum a posteriori (MAP) estimator is then obtained, again recursively, by maximizing over α^j the product of expressions (6.13) and (6.14).

6.2. Inversion from reflection of obliquely incident plane waves. For a plane wave at oblique incidence that is arriving on the interface at an angle θ with the normal to the interface, the corresponding initial slowness is κ = sin θ /c_1(0). The power spectrum of the reflected pressure is determined from the equation ∂W^N ∂z + 2N(1 − c^2_1(z)κ^2)^{1/2}

c_1(z) ∂W^N ∂t + 2ω^2α(z) c^2_1(z)(1 − c^2_1κ^2) { (N + 1)^2W^{N +1} − 2N^2W^N + (N − 1)^2W^{N −1} } = 0,

W^N (0, t, ω) = δ(t)δ_{N,1}, (6.15)

where we have retained the matched medium assumption. The power spectrum at time t is determined by Λ(t, ω, κ) = lim_{z→−∞} W^0(z, t, ω, κ). (6.16)

We transform depth z to travel time τ(z, κ) using (2.24) in (6.15) to obtain: ∂W^N ∂τ + 2N ∂W^N ∂t (6.17)

+2ω^2α̃(τ, κ) { (N + 1)^2W^{N +1} − 2N^2W^N + (N − 1)^2W^{N −1} } = 0,

W^N (0, t, ω, κ) = δ(t)δ_{N,1}, (6.18)

where, denoting by z̃(τ, κ) the inverse function, for fixed κ, of τ(z, κ), we compute α̃(τ, κ) by α̃(τ, κ) = α(z̃(τ, κ)) c_1(z̃(τ, κ))(1 − c^2_1(z̃(τ, κ))κ^2)^{3/2} . (6.19)

Note that (6.18) is now formally identical to (6.4), the corresponding normal incidence transport equation. Therefore the limit as z → −∞ in (6.16) can be replaced, in τ coordinates, by evaluation at τ = −t/2, as in (6.6). Furthermore, the inverse problem may be solved as in the normal incidence case, where an estimate of the power spectrum Λ(t, ω, κ) determines α̃(−t/2, κ) recursively in t. Note that only α̃(τ, κ) can be recovered from the reflection data, not the two functions c_1(z) and α(z) that define the macroscopic properties of the medium.

We next show that scattering data from two distinct incidence angles is theoretically sufficient for determination of c_1(z) and α(z), and as functions of depth z rather than travel time τ. Thus, let α̃(τ, κ_1), α̃(τ, κ_2) be given for κ_1 ≠ κ_2. We assume these functions are known exactly and do not consider how errors in their estimation will propagate through our algorithm. Let β̃(τ, κ) = ∫ τ 0 [α̃(τ^′, κ)]^{1/3}dτ^′

(6.20)

so that β̃(τ, κ_1), β̃(τ, κ_2) are known. Since for each κ, β̃ is monotone in τ and takes [0, ∞) → [0, ∞) (assuming α̃ is bounded below) there exists a function h(τ) = h(τ, κ_1, κ_2) such that

β̃(τ, κ_1) = β̃(h(τ), κ_2) (6.21)

h(τ) is a “time warp” function that, as we shall show, matches up travel times to the same depth z for the two different angles (see (6.25) below). First note that the derivative of h may be constructed by differentiating (6.21) and using (6.20)

h^′(τ) = (α̃(τ, κ_1)/α̃(h(τ), κ_2))^{1/3}.

(6.22)

We next use the travel time transformation (2.24) to change variables in (6.20). Putting (6.19) in this expression produces β̃(τ, κ) = ∫_~z_(τ,κ_) 0 (α(z)/c^4_1(z))^{1/3}dz ≡ β(z̃(τ, κ)), (6.23)

where β(z) is monotone in z. From (6.21) and (6.23) we obtain that

β(z̃(τ, κ_1)) = β(z̃(h(τ), κ_2))

(6.24) which, by the monotonicity of β, implies that

z̃(τ, κ_1) = z̃(h(τ), κ_2).

(6.25)

Since z̃ is inverse to τ, the derivative z̃_τ can be computed from (2.24) as the reciprocal of τ_z. Thus

z̃_τ (τ, κ) = c_1(z̃(τ, κ)) √ 1 − c^2_1(z̃(τ, κ))κ^2 . (6.26)

Solving (6.26) for c_1 yields

c_1(z̃(τ, κ)) = z̃_τ (τ, κ) √ 1 + κ^2z̃^2_τ (τ, κ) . (6.27)

Now differentiation of (6.25) and use of (6.25) and (6.26) produces

z̃_τ (τ, κ_1) = h^′(τ) c_1(z̃(τ, κ_1)) √ 1 − c^2_1(z̃(τ, κ_1))κ^2 . (6.28)

Substitution of (6.27) into (6.28) gives an expression for z̃_τ

z̃_τ (τ, κ_1) = √ 1 − h^′(τ)^2 κ^2 − κ^2_1 . (6.29)

We can now construct z̃(τ, κ_1) by integration of (6.29).

To summarize our algorithm: From the given α̃(τ, κ_1), α̃(τ, κ_2) we first construct β̃(τ, κ_1), β̃(τ, κ_2) from (6.20). We then construct the time warp h(τ) from (6.21), i.e., by determining the times h(τ) that map β̃(h, κ_2) into β̃(τ, κ_1). The derivative h^′(τ) is computed from equation (6.22). Now for each τ the value of z corresponding to it (with reference to κ_1) is obtained by integration of (6.29). The value of c_1 corresponding to this depth z is determined from (6.29) substituted into (6.27) with κ = κ_1. The value of α at this depth z can now be determined from (6.19) with κ = κ_1 from knowledge of c_1 and the original data α̃(τ, κ_1).

Figure 6.2a is a simulated sound speed profile, displaying sound speed (km/s) as a function of depth (km). On the macroscopic scale we see a low velocity region, descending to 1.5 km/s in the trough, embedded in a constant velocity background of 3 km/s. Superimposed on the macroscopic profile, which covers about 12 km, are microscopic variations consisting of 4500 small layers with constant width 12/4500=2.7 m. The sound speed fluctuates randomly and independently from microlayer to microlayer with the reciprocal bulk modulus having a uniform distribution fluctuating ±30% about the mean. We take ε = .03 so that a simulated pulse consistent with the theory should have frequencies of order ε^{−1} in nondimensional macroscopic units.

We implemented the layer-peeling inversion algorithm, as described in §6.1, for three angles, 0^o (normal incidence), 10^o, and 20^o. We used the windowing algorithm of Appendix E, with ε = .03 and for N_f = 30 pulse frequencies, starting with ω_1 = 1 and with ω_{l+1} − ω_l = .36, to effect the spectral estimation. Macroscopic times were advanced by an increment t_{j+1} − t_j = .326. To improve inversion accuracy, we used 90 independent realizations of this random medium, and maximized the combined

Fig. 6.2a. Noisy velocity profile.

Fig. 6.2b. Inversion results for plane waves incident at different angles.

Fig. 6.2c. Inversion results for plane waves incident at different angles without knowledge of α.

likelihood function, the product of 90 likelihoods, each given by equation (6.13). The results are plotted in Fig. 6.2b as functions of depth. As discussed above, each of these three inversions yields only α̃(τ, κ) where κ = sin(θ)/c_1(0). To plot c_1(z) we assumed that (the constant) α = .00375 was known, allowing us to solve for c_1(z̃(τ, κ)) from (6.19). The depth to travel time transformation was then effected by integration of (6.26).

It is apparent from Fig. 6.2b that the inversion errors, for inversions using different angles but scattering from the same media, are highly correlated. It is also apparent that inversion errors tend to increase with increasing angle of incidence. This effect can be understood from (6.18) and (6.19). The only appearance of ω in (6.18) is in the term containing ω^2α̃(τ, κ). From (6.19), α̃(τ, κ) depends on κ only through the factor (1 − κ^2c^2_1)^{−3/2}. At, for example, z = 0, this last factor is just (cos(θ))^{−3} where θ is the angle of incidence. Thus larger incidence angles effectively increase ω through factors analogous to ω^2(cos(θ))^{−3}. However, the most valuable information for inversion is at lower frequencies, as is apparent from (6.11).

In Fig. 6.2c we recovered c_1 as a function of z without assuming that α is known. We used two of the plane wave inversions, for normal incidence and for θ = 20^o, and applied the algorithm of this section for the recovery of c_1(z). Although, as shown in Fig. 6.2c, reasonable results can be obtained, we encountered some numerical difficulties. If κ_1 = 0, we would like κ_2 substantially different from zero so that α̃(τ, κ_1) and α̃(h(τ), κ_2) are substantially different. This fact is reflected in (6.22) for h^′(τ), which should be less than 1 for use in equation (6.29). In particular, if κ is small then h^′(τ), from (6.22), differs from unity only by O(κ^2). In this case, errors in the inversion can easily cause the square root in (6.29) to become imaginary, and the inversion fails. However, use of a larger κ_2 gives inaccurate estimates of α̃(τ, κ_2) for reasons discussed above. Thus successful two plane wave inversions require an intermediate value of κ_2.

Ideally, to make the best use of data from two or more incidence angles, we should construct the likelihood function and maximize it, as was done for a single angle. However, we do not at present understand how errors in spectral estimates from data scattered at different angles are related, and their correlations may be considerable. Furthermore, a layer-peeling algorithm would present special difficulties since the travel-time to depth transformation is dependent on incidence angle. We defer these problems and turn instead to point source problems.

6.3. Inversion from reflections excited by a point source. Recall that if c_1(z), α(z) are known, then the power spectral density Λ(t, x, ω) of the signal received at x at time t when the medium is excited by a point source may be calculated from the transport equation (3.14) and integral (3.29). We emphasize this dependence by writing Λ(t, x, ω; c_1(.), α(.)). Now let us suppose that power spectral estimates Λ̂(t_i, x_j, ω_l) have been constructed from data at positions x_1, · · ·, x_{Nr} , and for frequencies ω_1, · · ·, ω_{Nf} . If the receivers are sparsely spaced, i.e., |x_{j1} − x_{j2} | are much greater than a wavelength for all j_1, j_2, then the estimation errors at the receivers are uncorrelated. Hence we may write the likelihood function for c_1(.), α(.) as P {Λ̂(t_i, x_j, ω_l)i = 1, · · ·, N_t; j = 1, · · ·, N_r; l = 1, · · ·, N_f |c_1(.), α(.)} (6.30) = Nt∏ i=1 Nr∏ j=1 N_f∏ l=1 e^{−Λ̂(ti,}x^{j ,ωl)/Λ(ti,}x^{j ,ωl;c1(.),α(.))} Λ(t_i, x_j, ω_l; c_1(.), α(.)) . Let us discretize space at grid points z_1, z_2, · · ·, z_{Nd} and put c^j = c_1(z_j) and α^j = α(z_j). If c_1(.) and α(.) are considered piecewise linear between gridpoints, then these functions may be optimally determined from the data by maximizing the expression (6.30) over all vectors (c^1, c^2, · · ·, c^{Nd}, α^1, α^2, · · ·, α^{Nd})^T . This global optimization can be accomplished by numerical methods in 2N_d-dimensional space, and the result is our best guess at the inversion.

It remains to determine that α(·) and c_1(·) are indeed theoretically recoverable from the data. It appears that data from at least two receivers is necessary for a full point source inversion, analogous to the necessity of at least two incidence angles for the plane wave inversion problem. To see what is recoverable from data at a single receiver, we compute the low-frequency part of the spectrum by taking ω → 0 in (3.14). We take the matched case so that Γ_I (0) = Γ_I (−L) = 0.

First, observe that, from equation (3.14), ∂W^0 ∂z = 0 (6.31)

so that W^0(z, t, x, ω) = δ(t)δ(x) (6.32)

We now expand

W^N = W^{N,0} + ω^2W^{N,1} + · · ·

(6.33)

as ω → 0 to get ∂W^{N,0} ∂z + 2N ( 1 − c^2_1κ^2

)_1/_2 { 1 c_1 ∂W^{N,0} ∂t + c_1κ · ∇W^{N,0} } = 0,

(6.34)

W^{N,0} |_{z=−L}= 0 for N = 1, 2, · · ·

Therefore

W^{N,0} = 0 for N = 1, 2, · · ·

(6.35)

The equation for W^{1,1} becomes ∂W^{1,1} ∂z + 2 ( 1 − c^2_1κ^2

)_1/_2 { 1 c_1 ∂W^{1,1} ∂t + c_1κ · ∇W^{1,1} } − 2α c^2_1 ( 1 − c^2_1κ^2

) W^0,^0 = 0,

W^{1,1} |_{z=−L}= 0.

(6.36)

The solution of (6.36) is written in terms of the characteristic curves. Let t̄(z, s, κ) = ∫ z s 2ds^′ c_1(s^′)(1 − κ^2c^2_1(s^′))^{1/2} , (6.37)

x̄(z, s, κ) = ∫ z s 2c_1(s^′)ds^′ (1 − κ^2c^2_1(s^′))^{1/2} κ. (6.38)

Then

W^{1,1} = ∫ z −L ds^′ 2α c^2_1(1 − c^2_1κ^2) δ(t − t̄(z, s^′, κ))δ(x − x̄(z, s^′, κ)). (6.39)

It is apparent that, because of the δ-function, the solution is nonzero only when x_1 x_2 = κ_1 κ_2 . (6.40)

Equations (6.37), (6.38), (6.40) have a geometric interpretation; (6.37), (6.38) are merely the ray equations for a ray with initial slowness vector κ, and traveling for only half the time t/2. Equation (6.40) expresses the fact that, for a layered medium, source, receiver, and the initial direction of the ray reflected back to the receiver must lie in a single plane.

Substitution of (6.39) into (3.29) now yields, after evaluation of the various Jacobians

(6.41)

lim_{ω↓0} Λ(t, x, ω) ω^2 = α 2c_1(1 − κ^2c^2_1)

∫_0 z c_1(s)ds (1−κ2c21(s))3/2 ∫_0 z 2c1(s)ds (1−κ2c21(s))1/2 |_{z=z̃(t,}x_{),κ=κ̃(t,}x_),

where z̃(t, x) and κ̃(t, x) are the inverses of (6.37) and (6.38) when κ is constrained by (6.40). In (6.41) we have assumed that t is bigger than the first ray arrival at x.

7. Conclusions. We have presented a comprehensive theory for multiple scattering of waves in randomly layered media. With a unified mathematical approach based on asymptotics for stochastic equations we have calculated from first principles statistical properties of reflected and transmitted fields generated by incident pulsed or time harmonic, plane or spherical waves. The main assumption in our theory is the separation of scales in the variations of the medium properties: a random microstructure superimposed on a macroscopic background profile. The wavelengths are assumed to be intermediate between these two scales. This theory encompasses both geometrical acoustics relative to the macroscales and universal statistical behavior of localization phenomena relative to the microscales. Within this theory we have formulated and solved a number of statistical inverse problems where we recover the background medium properties from multiply scattered signals. The scope of the theory has been explored with extensive numerical simulations.

Our approach relies on an invariant embedding formulation of the scattering problems, principally a stochastic Riccati equation for the reflection coefficient. Moments of reflection coefficients are computed by asymptotic methods for stochastic equations This results in a system of transport equations. We show here that nearly all important scattering phenomena can be analyzed by studying these transport equations.

Although the hypothesis of plane parallel layering is essential for the theory presented here, it can be relaxed in an important way. We can extend this theory to locally layered media, that is, media with bulk modulus of the form

K^{−1} = K^{−1}_1 (x) ( 1 + ν(ϕ(x)/ε^2) ) in the layered region, where ϕ(x) = ζ are the layering surfaces which need not be planes. Moreover, the mean bulk modulus K_1(x) can, within certain limits, be a general function of x = (x, y, z). This extension greatly expands the applicability of the theory, for instance in geophysical problems. However, the analogue of the W -equations is now much more complicated so the theory is not easy to use.

When, however, the one-dimensional random fluctuations are weak and there are weak three-dimensional fluctuations which dominate, then there is no localization and radiative transport theory [88]-[90] may be appropriate. Our transport equations, the W -equations, are essentially different from radiative transport equations.

Sheng and coworkers [91], [92] (cf. also [93]) allow for three-dimensional, isotropic random perturbations to coexist with randomly layered perturbations and they have shown that there is a sharp transition from essentially one-dimensional localized behavior to three-dimensional transport (absence of localization). Thus our theory, which is based on a purely layered medium, will not change qualitatively when small threedimensional random perturbations are added.

8. Acknowledgements. The work of Werner Kohler was supported by the Air Force Office of Scientific Research under grant AFOSR-90-0137. The work of Mark Asch, Marie Postel and George Papanicolaou was supported by the National Science Foundation under grants DMS-8701895 and DMS-9003227. The numerical computations were done on the Cray Y-MP at the Pittsburgh Supercomputing Center under grant DMS-890012P. The work was completed while George Papanicolaou was a visiting member at the Institute for Advanced Study, Princeton, New Jersey.

A. Plane wave amplitudes for a point source. In the homogeneous half space z > 0, starting from the Fourier transform in time of (2.1) for p and u, we can eliminate u to obtain

Δp + ( ω εc_0 )_2

p = ε^{3/2}f̂ (ω)δ^′(z − z_s),

where c_0 is a constant. Let us first consider the usual point source problem

Δϕ + ( ω c )_2 ϕ = −δ(x)δ(y)δ(z). Then its solution is given by the Weyl integral [79] ϕ = iω 8π^2 ∫ ∫ eiωS S_z dκ, where

S = κ · x + ( 1 c^2 − κ^2 )_1/_2 |z| with x = (x, y), κ = (κ_1, κ_2), and Im ω ( 1/c^2 − κ^2

)_1/_2 > 0. Thus the solution for the time-transformed pressure p̃ will be

p̃ = −ε^{3/2}f̂(ω) ∂ ∂z iω 8π^2ε ∫ ∫ eiωS/ε S_z dκ + p̃_{refl} = −ε^{−1/2} f̂(ω)ω2 8π^2 ∫ ∫ e^{iωS/ε} dκ + p̃_{refl} for 0 < z < z_s, where

S = κ · x + c^{−1}_0 ( 1 − c^2_0κ^2

)_1/_2 |z − z_s|. Compare this with the decomposition of the pressure into upgoing and downgoing parts (2.29). Recall that p̃_{refl} corresponds to the upgoing A-term. Then the equivalent plane wave amplitude, B, must be B(ω, κ) = ε^{3/2} f̂(ω) 2 (ζ_0)^{−1/2}e^{iωc−10} (^{1−κ2c20})^{1/2zs/ε},

(A.1)

where ζ_0 is the impedance defined by (2.25).

B. A brief review of asymptotics for stochastic equations. Equations (2.27) for the wave amplitudes A, B, the Riccati equation (2.32) for the reflection coefficient Γ, and the hierarchy of moment equations (3.5) for Γ̃^{NM} are examples of stochastic equations with rapidly oscillating coefficients. More precisely, equations (2.27) are a linear, two-point boundary value problem with ν = ν(z/ε^2) (through n given by (2.28)) a coefficient that is a rapidly varying stochastic process. They also contain rapidly varying deterministic coefficients through the phase factor e^{±iτ (z)/ε}. The Riccati equations (2.32) are a nonlinear stochastic initial value problem with rapidly oscillating deterministic and random coefficients and they are equivalent to the A, B equations (2.27). The system (3.5) is an infinite-dimensional linear initial value problem with rapidly oscillating deterministic and random coefficients, a system of partial differential equations, and what we have referred to in (3.5) as “negligible terms” includes higher t and x derivatives. System (3.5) gives us directly the quantities of interest, the two-frequency two-slowness moment hierarchy of the reflection coefficient (3.2) (suitably transformed using (3.4)); it is the most complex problem of the three stated above because it involves generalized functionals of frequencies and slownesses. The locally plane layered problem, not discussed here, cannot be formulated at all as a basic ordinary differential equation whose associated integral functionals are the quantities of interest. Therefore we need a method that handles systems like (3.5) directly, in a suitable weak formulation that makes the analysis tractable.

We begin by reviewing the elementary theory [32], [45] that deals with equations like (2.32) for Γ, with ω and κ fixed. They have the form^{20} dx^ε dz = 1 ε F ( x^ε(z), y^ε(z), τ(z) ε , z ) + G ( x^ε(z), y^ε(z), τ(z) ε , z ) , z > 0, (B.1a)

x^ε(0) = x_0,

(B.1b)

where x^ε(z) takes values in some R^d, y^ε(z) represents the rapidly varying random coefficients,^{21} and dependence on τ(z)/ε and z represents deterministic fast and slow variations, respectively. The coefficient process y^ε(z) has the form y(z/ε^2), where y(z) is a given stationary process taking values in some set S (a subset of some R^m, for example) and is assumed to have strong ergodic properties, such as rapidly decaying correlations. The functions F and G map R^d × S × [0, ∞)^2 into R^d and are assumed to be smooth in x ∈ R^d and periodic in τ (or almost periodic in τ, uniformly in the other variables). We also assume that dτ(z) dz ≠ 0 in 0 ≤ z ≤ T ≤ ∞ (B.2) and E {F (x, y(z), τ, z)} = 0, (B.3)

where [0, T ] is the interval over which we seek the approximation of the process x^ε(z). Then it is easy to see, as is done in detail in the references cited above, that x^ε(z) converges weakly as ε → 0 to a diffusion Markov process x(z) whose infinitesimal generator has the form

L_z f(x) = lim_{L→∞} 1 L ∫ L 0 dτ ∫_∞ 0 ds E {F (x, y(s), τ, z) · ∇_x [F (x, y(0), τ, z) · ∇_xf(x)]} + lim_{L→∞} 1 L ∫ L 0 dτE {G(x, y(s), τ, z) · ∇_xf(x)} (B.4)

for f a smooth and bounded function in R^d. Note in particular the averaging over the rapid deterministic variations of τ in (B.4). This is a simple add-on in the elementary theory that is easily accommodated. It is very important in the wave propagation applications because it carries the geometrical optics (acoustics) approximations.

20 In this section we do not use boldface for vectors, as is customary in the literature on stochastic differential equations

21 The process ν(z/ε^2), which enters through n in (2.28).

In the appendix of [10] we give a simple, multiple-scales derivation of (B.4) without technical details. If f(x) is a smooth and bounded function in R^d, let u^ε(z, ζ, x) = E {f (x^ε(z))} , (B.5)

where x^ε(z) for ζ ≤ z ≤ T is the process defined by (B.1) with x^ε(ζ) = x. Then as ε tends to zero, u^ε tends to u(z, ζ, x) that satisfies the backward Kolmogorov equation ∂u ∂ζ + L_ζ u = 0, ζ ≤ z, (B.6a)

u(z, z, x) = f(x). (B.6b)

The adjoint equation ∂P ∂z = L^∗_zP, z ≥ ζ, (B.7a)

P (ζ, ζ, x, x_0) = δ(x − x_0) (B.7b)

is the Fokker-Planck equation for the transition probability density P (z, ζ, x, x_0) of the limiting diffusion process x(z).

Let us now consider systems of the form (3.5) which are linear but infinitedimensional because they involve partial derivatives and infinite sets of indices M and N. Assuming for the moment that the terms we have grouped under “negligible terms” are absent, system (3.5) has the form dU^ε dz = 1 ε A ( z, τ(z) ε , z ε^2 ) U^ε + B ( z, τ(z) ε , z ε^2 ) U^ε, (B.8a)

U^ε(0) = U_0,

(B.8b)

where A and B are operators that depend on z/ε^2 through ν (cf. (2.28)) and on z through τ_z. Assume further that the system is finite dimensional which means that A and B are matrices. Then under hypotheses identical to the ones that led to (B.4) we show easily that

lim_{ε↓0} E {U^ε(z)} = U(z)

(B.9)

satisfies the linear system dU(z) dz = AA(z)U(z) + B(z)U(z), (B.10a)

U(0) = U_0,

(B.10b)

where AA(z) = lim_{T →∞} 1 T ∫ T 0 dτ ∫_∞ 0 ds E {A(z, τ, s)A(z, τ, 0)} (B.11) and B(z) = lim_{T →∞} 1 T ∫ T 0 dτ E {B(z, τ, ζ)} . (B.12)

In Appendix C we derive transport equations for reflected waves when the fluctuations in the sound speed of the layered medium are weak. In that case the scaled stochastic equations that must be analyzed are different from (B.8) and have the form dU^ε dz = 1 ε A ( z, z ε^2 ) U^ε + B ( z, z ε^2 ) U^ε, (B.13a)

U^ε(0) = U_0,

(B.13b)

where A and B are operators that depend on^z_{ε2} through ν and through oscillatory terms of the form e^{±2iωτ (z)/ε2} ; see (C.15) and (C.6). This is because the pulse width is now comparable to the size of the layers. The limit (B.9) satisfies again equations (B.10) with AA(z) = lim_{T →∞} 1 T ∫ T 0 dτ ∫ τ 0 ds E {A(z, τ)A(z, s)}, (B.14a)

B(z) = lim_{T →∞} 1 T ∫ T 0 dτ E {B(z, τ)} . (B.14b)

For finite-dimensional systems the validity of (B.9) and the form of the limit operators (B.11), (B.12), or (B.14) is an easy consequence of the more general result (B.4) [32]. We can also prove directly results like (B.11), (B.12) or (B.14) under suitable hypotheses [83]. A quick way to derive W -equations formally as in §3 is by using (B.11), (B.12).

A simple, heuristic way to see how formulas like (B.14) arise, for example, is the following. Assume for simplicity that B in (B.13) is identically zero and that A = A(^z_{ε2} ) which means that A does not depend on the slow scale z. Write the simplified (B.13) as an integral equation

U^ε(z) = U_0 + 1 ε ∫ z 0 A ( s ε^2 ) U^ε(s)ds. (B.15)

Iterate once, take expectations, and use the mean zero property of A

E {U^ε(z)} = U_0 + 1 ε^2 ∫ z 0 ∫ s 0 E { A ( s ε^2 ) A ( σ ε^2 ) U^ε(σ) } dσds. (B.16)

For small ε the expectation is approximately a product of expectations because correlations in A die fast. This is the most difficult step to justify in the analysis. Thus, retaining the equality sign after the approximation, we have

E {U^ε(z)} = U_0 + 1 ε^2 ∫ z 0 ∫ s 0 E { A ( s ε^2 ) A ( σ ε^2 )} E {U^ε(σ)} dσds. (B.17)

A further approximation is to pull E {U^ε(σ)} outside the integral as E {U^ε(s)} because it is slowly varying. Hence

E {U^ε(z)} = U_0 + ∫ z 0 Ã^ε(s)E {U^ε(s)} ds, (B.18)

where

Ã^ε(s) = 1

ε^2 ∫ s 0 E { A ( s ε^2 ) A ( σ ε^2 )} dσ. We get the final form of the approximation by replacing Ã^ε by its average, which is the usual averaging method in ordinary differential equations

AA = lim_{ε↓0}

∫_1 0 Ã^ε(s)ds (B.19)

= lim_{T →∞} 1 T ∫ T 0 ∫ s 0 E {A(s)A(σ)} dσds. We now turn to the question of how to deal properly with system (3.5) or the more complex locally layered case [51]. Even though we can get the W -equations formally by using (B.11) and (B.12), it is important to know in what sense

lim_{ε↓0} E { Γ̃^{NM} } = W̃^{NM} , (B.20)

where W^{NM} (obtained from W̃^{NM} by (3.11)) satisfy (3.12). Moreover, there are different ways in which (B.20) can be interpreted and the results are different.

We begin by noting that (3.4) is not well defined as it stands. It is a formal expression because the Fourier integrals with respect to h and λ must be interpreted properly. We know from (2.32) that |Γ| ≤ 1 so |Γ^{NM} | ≤ 1. Let D denote the space of complex valued infinitely differentiable functions f = f(t, ω, x, κ) with compact support in R^6 and let

D_H = { λ = (λ^{NM} ), N ≥ 0, M ≥ 0|(λ^{NM} )^∗ = λ^{MN} , λ^{MN} ϵD, (B.21)

λ^{NM} ≡ 0 for N ≥ p, M ≥ p, and some p ≥ 0 } , which is the space of finite-dimensional Hermitian matrices (of arbitrary dimension p) whose entries are infinitely differentiable functions of compact support in R^6. This space is endowed with the convergence

λ_n → λ in D_H as n → ∞

if there exists a compact set K ⊂ R^6 and a nonnegative integer p such that (i) for all n large enough λ^{NM}_n (t, ω, x, κ) are in C^∞(R^6) with support inside K and λ^{NM}_n (t, ω, x, κ) ≡ 0 for N > p, M > p and (ii) λ^{NM}_n (t, ω, x, κ) converges uniformly in K to λ^{NM} (t, ω, x, κ) along with derivatives of all orders for each N ≤ p, M ≤ p. If on D_H we introduce the bilinear form

⟨λ_1, λ_2⟩ = ∫ R^6 dt dω dx dκ ∞∑ N,M =0 λ^{NM}_1 λ^{MN}_2

(B.22) then the space of distributions D^′_H can be identified with the dual of D_H, as usual.

From the formal expression (3.4) we see that if λϵD_H then

Γ_λ = ⟨Γ, λ⟩ = ∫ R^6 dt dω dx dκ ∞∑ N,M =0 Γ̃^{NM} λ^{MN} (B.23)

= ∫ R^6 dt dω dx dκ ∞∑ N,M =0 λ^{MN} (t, ω, x, κ) ω^2 (2π)^3 ∫ dhdλe^{iht−iω}λ^·x Γ̂^N (z, ω − εh 2 , x, κ − ελ 2 ) Γ̂^{∗M} (z, ω + εh 2 , x, κ + ελ 2 ) = ∞∑ N,M =0 ∫ R^6 λ̂^{MN} (h, ω, ωλ, κ) Γ̂^N (z, ω − εh 2 , κ − ελ 2 ) Γ̂^{∗M}(z, ω + εh 2 , κ + ελ 2 ) dh dω dλ dκ is well defined. Here λ̂^{MN} (h, ω, ωλ, κ) is the Fourier transform of λ^{MN} (t, ω, x, κ) with respect to t and x. Therefore, starting with the solution Γ(z, ω, κ), −L ≤ z ≤ 0 of (2.32) we can define a family of stochastic processes Γ^ε(z) with values in D^′_H. That is, for each ε > 0, we have a probability measure P^ε on the space of continuous functions on −L ≤ z ≤ 0 with values in D^′_H. The continuity of ⟨Γ^ε(z), λ⟩ as a function of z when ε is positive follows from (2.32).

Assume that the process ν in (2.28) is bounded, Markovian,^{22} and strongly ergodic and let P^ε be the probability measure on C(−L ≤ z ≤ 0; D^′_H) induced by the process defined by (2.32). Then as ε → 0 the laws P^ε converge weakly to the deterministic law concentrated on the distribution solution W^{MN} of (3.12) [51]. The existence and uniqueness of solutions for (3.12) is outlined in §3.5 and is given in [51]. Thus, the convergence in (B.20) when interpreted in the sense of distributions is valid in probability.

The smoothing that the distribution interpretation introduces kills the fluctuations in the limit. However, this means that we do not have convergence of the moment functionals pointwise in t. Pointwise in t convergence is important in applications to inverse problems and to get it we would have to introduce a smoothing of Γ^{MN} that is not fixed as ε → 0 but changes in such a way such as to localize the time variable. There are many indications, especially from numerical simulations, [11], and Fig. E.5, that the limit law is related to a Gaussian law but this has not been proven yet.

C. Small fluctuation theory. In this appendix we will derive transport equations for the local power spectral density of reflected signals when the fluctuations in the medium parameters are weak but the pulse width is not necessarily large compared to the characteristic length (for example, the correlation length) of the inhomogeneities (cf. §2.3). If ε > 0 is the small parameter proportional to the standard deviation of the fluctuations in the compressibility K^{−1} we now have that

ρ(z) = ρ_0, z > 0, ρ_1, −L < z < 0, ρ_2, z < −L (C.1)

22 This is not an essential hypothesis and merely serves to simplify the argument.

and

K^{−1}(z) =

K^{−1}_0 , z > 0, K^{−1}_1 ( 1 + εν(^z_{ε2} ) ) , −L < z < 0, K^{−1}_2 , z < −L, (C.2)

and the scaled acoustic equations are ρ ∂u ∂t + ∇p = εf( t ε^2 )δ(x)δ(y)δ(z − z_s)e, (C.3a)

K^{−1} ∂p ∂t + ∇ · u = 0.

(C.3b)

Here we have again assumed for simplicity that the density ρ is a constant. We have also assumed that macroscopic distances are large, of order ε^{−2} compared to the correlation length, because it is for such long propagation distances that the weak fluctuation effects accumulate and make an order 1 contribution to field intensities. Note that the pulse width in (C.3) is of the same order as the scale of the inhomogeneities but its strength is now proportional to ε and not √ ε as in (2.17). Since the problem is linear, this simply adjusts the strength of the source so that the total energy released does not depend on ε and is of order 1. Note finally that we have assumed that K_1 in (C.2) is constant, independent of z, which is an essential difference with (2.16) and the rest of our work, inverse problems (§6) in particular. In the weak fluctuation scaling there is no nice way to allow for large scale variations of medium properties, where the geometrical acoustics approximation and the asymptotics for stochastic equations enter in a canonical way, as in the scaling of §2.3. There are several ways of puting in large scale variations approximately but we will not discuss them here. The weak fluctuations asymptotic limit of this appendix is the main approximation in nearly all other works in waves in random media, although this is rarely stated explicitly or treated in a systematic way. In the remainder of the appendix we will assume, as in §3, that the source is at the origin so that z_s = 0 and that the source directivity vector is in the z direction, e = (0, 0, 1).

We proceed as in §2.4 to get an integral representation of the reflected pressure, accounting for the new scaling. Let p̂(κ, ω, z) = ∫ ∫ ∫ e^{iω(t−}κ^·x^{)/ε2} p(t, x, z) dt dx, (C.4a)

û(κ, ω, z) = ∫ ∫ ∫ e^{iω(t−}κ^·x^{)/ε2} u(t, x, z) dt dx, (C.4b)

where x = (x, y) and κ = (κ_1, κ_2) is the horizontal slowness vector. Analogously to (2.22) we now have for z < 0 the equations dp̂ dz = iωρ_1 ε^2 û_3,

(C.5)

dû_3 dz = iω ε^2ρ_1 ( ρ_1 K − κ^2 ) p̂.

Let c_1 = √ K_1/ρ_1, ζ_1 = ρ_1c_1 √ 1 − κ^2c^2_1 , τ(z, κ) = √ 1 − κ^2c^2_1 c_1 z . (C.6)

In terms of these variables, we transform to upgoing and downgoing wave amplitudes A and B as in (2.26),

p̂ = (ζ_1)^{1/2} [ Ae^{iωτ/ε2} − Be^{−iωτ/ε2} ] , (C.7a)

û_3 = (ζ_1)^{−1/2} [ Ae^{iωτ/ε2} + Be^{−iωτε2} ] . (C.7b)

Then Γ = A/B satisfies the stochastic Riccati equation dΓ dz = − iω ε n { e^{−2iωτ/ε2} − 2Γ + e^{2iωτ/ε2}Γ^2 } , −L < z < 0, (C.8)

Γ|_{z=−L} = e^{−i2ωτ (−L)/ε2} Γ_I (−L), where the initial condition in (C.8) is just the continuity condition for p̂ and û_3 at z = −L and n( z ε^2 , κ) = ν ( z/ε^2 ) 2c_1 ( 1 − c^2_1κ^2

)_1/_2 .

(C.9)

The integral representation of the reflected pressure, the analogue of (2.35), is now

p_{refl}(t, x, 0) = −1 2(2πε)^3 ∫ ∫ ∫ f̂ (ω)ω^2e^{iω(}κ^·x^{−t)/ε2} Γ(0^+, ω, κ) dω dκ. (C.10)

The two-point intensity function is defined by I(t, x, t̄, x̄) = lim_{ε↓0} ⟨ p_{refl} ( t + ε^2t̄ 2 , x + ε^2x̄ 2 , 0 ) p_{refl} ( t − ε^2t̄ 2 , x − ε^2x̄ 2 , 0 )⟩ . (C.11)

We now use (2.33) in (C.10), expand the fraction in a geometric series, multiply two expressions (C.10), and do a change of variables like (2.39), with the obvious modifications dictated by (C.11). This gives the analogue of (2.40): I(t, x, t̄, x̄) = ∞∑ N =0 ∞∑ M =0 1 4(2π)^3 ∫ ∫ ∫ dκdω|f̂(ω)|^2ω^2e^{iω(}κ^{·¯}x^{−t̄)} (C.12) · [ Γ^{N +M}

I W̃^{N +1,M +1} − Γ^{M +N +1}_I W̃^{N,M +1}

−Γ^{M +N +1}

I W̃^{N +1,M} + Γ^{M +N +2}_I W̃^{NM} ] , where Γ_I = Γ_I (0) and W̃^{NM} is defined by

W̃^{NM} (z, t, x, κ, ω) = lim_{ε↓0} ω^2 (2π)^3 ∫ ∫ ∫ dhdλe^{iht−iω}λ^·x (C.13) · ⟨ Γ^N (z, ω − ε^2h 2 , κ − ε^2λ 2 )Γ̄^M (z, ω + ε^2h 2 , κ + ε^2λ 2 ) ⟩ .

The arguments of W̃ in (C.13) are evaluated at z = 0, t → t − κ · x, x, κ, and ω and we will assume again that the interface reflection coefficients Γ_I are real. They depend in general on the slowness vector κ and are complex for evanescent modes but the evanescent spectrum contribution to the reflected signal is negligible in the asymptotic limit we consider here, just as it was in §3.

The transport equations for W̃^{NM} are derived the same way as in §§3.1 and 3.2, which we review briefly, noting the differences. Let

Γ^{NM} = Γ^N ( z, ω − ε^2h 2 , κ − ε^2λ 2 ) Γ̄^M ( z, ω + ε^2h 2 , κ + ε^2λ 2 ) , (C.14)

which is the analogue of (3.2). Let Γ̃^{NM} be defined by (3.4) with the Γ^{NM} given by (C.14). Then the equation for Γ̃^{NM} analogous to (3.5) is ∂Γ̃^{NM} ∂z + (N + M)τ_z { ∂Γ̃^{NM} ∂t − ∇_κτ_z τ_z · ∇Γ̃^{NM} }

= iω ε 2n(N − M)Γ̃^{NM} − iω ε n { Ne^{−2iωτ/ε2}Γ̃^{N −1,M} + Ne^{2iωτ/ε2}Γ̃^{N +1,M} (C.15) −Me^{2iωτ/ε2}Γ̃^{N,M −1} − Me^{−2iωτ/ε2}Γ̃^{N,M +1} } . with initial conditions at z = −L,

Γ̃^{NM} |_{z=−L}= (Γ_I (−L))^N (Γ̄_I (−L))^M e^{−2iωτ (−L)(N −M )/ε2}δ(t)δ(x).

We now apply the limit theorem with oscillatory phases of order ε^{−2}, (B.14), to get the transport equations for the expectation of Γ̃^{NM} in the limit ε → 0, which is W̃^{NM} . If we define W^{NM} (z, t, x, κ, ω) = e^{2iωτ (−L)(N −M )/ε2}W̃^{NM} (z, t − κ · x, x, κ, ω) (C.16)

analogously to (3.11), then W^{NM} (z, t, x, κ, ω) satisfies the transport equations ∂W^{NM} ∂z + (N + M) { 1 c_1 ( 1 − c^2_1κ^2

)_1/_2 ∂W^{NM} ∂t + c_1κ ( 1 − c^2_1κ^2

)_1/_2 · ∇W NM }

− 2ω^2α_RNM c^2_1 ( 1 − c^2_1κ^2 ) { W^{N +1 M +1} − 2W^{NM} + W^{N −1 M −1} } (C.17) + 2ω^2 c^2_1 ( 1 − c^2_1κ^2 ) { (2α_0 + α_R)(N − M)^2 + iα_I(N − M) } W^{NM} = 0,

W^{NM} |_{z=−L}= (Γ_I (−L))^N (Γ̄_I (−L))^Mδ(t)δ(x),

where N, M ≥ 0, z < 0, t, ω ∈ R^1, x ∈ R^2 and

α_0 = 1 4 ∫_∞ 0 E {ν(s)ν(0)} ds, (C.18)

α_R = 1 4 ∫_∞ 0 E {ν(s)ν(0)} cos ( 2ωc^{−1}_1 √ 1 − c^2_1κ^2 s ) ds, α_I = 1 4 ∫_∞ 0 E {ν(s)ν(0)} sin ( 2ωc^{−1}_1 √ 1 − c^2_1κ^2 s ) ds.

We can now compare the transport equations (C.17) to (3.12) which are obtained under the separation-of-scales hypotheses of §2.3. Clearly the small fluctuation theory agrees with the previous results if α_0 = α_R = α and α_I = 0 which is true if ω = 0 in (C.18), the low frequency limit of the small fluctuation theory. The most prominent difference is that for α_I ≠ 0 a complex term is introduced in (C.17) which affects only phases because it is zero when N = M. In most applications where only the diagonal part of the equations matters, the equations for W^{NN} = W^N are the same as (3.14) except that α is replaced by α_R (which is ω and κ dependent) in (C.18).

D. The O’Doherty-Anstey theory. This theory [70] describes the behavior of a pulse advancing in a random medium with weak fluctuations. It predicts that if the pulse is observed in a Lagrangean frame that moves with the random acoustic velocity then the pulse appears to retain its shape up to a slow spreading. A rather convincing heuristic explanation of this phenomenon is given in §2 of [18]. The O’Doherty-Anstey theory is analyzed in detail in [18] for a special class of discrete media, the Goupillaud media, and further comments and results can be found in [69]. In this appendix we will show how the O’Doherty-Anstey theory comes out of the weak fluctuation framework of Appendix C, for a plane wave normally incident on a random half space with uniform background and weak random fluctuations in the sound speed.

The normal velocity component u(t, z) and the pressure p(t, z) satisfy the equations ρ ∂u ∂t + ∂p ∂z = 1 ε f ( t + c^{−1}_1 z_s ε^2 ) δ(z − z_s), (D.1a) 1 K ∂p ∂t + ∂u ∂z = 0,

(D.1b)

where ρ(z) = ρ_1 everywhere,

K^{−1}(z) = { K^{−1}_1 , z > 0, K^{−1}_1 ( 1 + εν(^z_{ε2} ) ) , z < 0, (D.2) and c(z) = ( K(z) ρ(z) )_1/_2 (D.3)

is the local sound speed. We assume for simplicity that the mean sound speed is equal to c_1 = √ K_1/ρ_1 throughout all of space so that there are no discontinuities in the average medium properties. The source is located at z_s > 0 and the pulse is shifted in time so that it arrives at the interface z = 0 at t = −c^{−1}_1 z_s. The scaling factor ε^{−1} in the source term in (D.1) makes the energy of the incident pulse independent of ε. As before, the pulse shape function f is assumed smooth and vanishing for t < 0 and for large t. In the homogeneous halfspace z > 0 the sound speed is constant and equal to c_1.

The scaled Fourier transforms in time of p and u are: p̂(z, ω) = ∫ e^{iωt/ε2} p(t, ω)dt, (D.4a) û(z, ω) = ∫ e^{iωt/ε2} u(t, ω)dt. (D.4b)

Let τ(z) = ∫ z 0 1 c(s) ds (D.5)

be the travel time, let ξ(τ) be its inverse, and let

ζ(z) = (ρ(z)K(z))^{1/2}

(D.6)

be the acoustic impedance^{23}. Define up- and downgoing wave amplitudes by

p̂ = ζ^{1/2} [ Ae^{iωτ/ε2} − Be^{−iωτ/ε2} ] , (D.7a)

û = ζ^{−1/2} [ Ae^{iωτ/ε2} + Be^{−iωτε2} ] . (D.7b)

Then, A(z, ω) and B(z, ω) satisfy the differential equations dA dz = d dz ( ln ζ^{1/2}(z) ) e^{−2iωτ/ε2} B, (D.8a) dB dz = d dz ( ln ζ^{1/2}(z) ) e^{2iωτ/ε2} A. (D.8b)

Following the ideas of §3.14 regarding transmitted fields we introduce Γ and Z by Γ(z, ω) = A(z, ω) B(z, ω) , Z(z, ω) = p̂(−L, ω) B(z, ω) . (D.9)

They satisfy the equations dΓ dz = d dz ( ln ζ^{1/2}(z) ) [ e^{−2iωτ (z)/ε2} − Γ^2e^{2iωτ (z)/ε2} ] , (D.10a) dZ dz = − d dz ( ln ζ^{1/2}(z) ) e^{2iωτ (z)/ε2} ΓZ (D.10b)

in −L < z < 0, with Γ(−L) = 0 and Z(−L) = ζ^{1/2}(−L)e^{−2iωτ (−L)/ε2} . From the continuity of û and p̂ at z = 0 we find that

B(0^−, ω) = ε 2 (ρ_1c_1)^{−1/2}f̂(ω)

(D.11)

and hence from (D.9) p̂(−L, ω) = ε 2 (ρ_1c_1)^{−1/2}f̂(ω)Z(0, ω) and p(−L, t) = 1 4πε (ρ_1c_1)^{−1/2} ∫ f̂(ω)Z(0, ω)e^{−iωt/ε2}dω. (D.12)

Note that Z(0, ω) depends on −L, which is the initial point for (D.10). Note also that in order to calculate the properties of the advancing pulse using initial value problems

23 Note that the travel time is negative when z is negative and that both it and the acoustic impedance are random processes with rapid spatial variations.

(the invariant imbedding method) we must analyze the pulse at the instant it emerges from the random medium into a fictitious uniform medium located below the depth at which we make the observations.

We want to calculate the pressure as a function travel time which means that we are interested in p(ξ(τ), t) as ε → 0. For this purpose we let τ be the independent variable in (D.10) and let Γ(τ, ω), Z(τ, ω), and ζ(τ) stand for Γ(ξ(τ), ω), Z(ξ(τ), ω), and ζ(ξ(τ)), respectively. Then, equations (D.10) become dΓ dσ = d dσ ( ln ζ^{1/2}(σ) ) [ e^{−2iωσ/ε2} − Γ^2e^{2iωσ/ε2} ] , (D.13a) dZ dσ = − d dσ ( ln ζ^{1/2}(σ) ) e^{2iωσ/ε2} ΓZ (D.13b)

in −τ < σ < 0, with Γ(−τ) = 0 and Z(−τ) = ζ^{1/2}(−τ)e^{−2iωτ/ε2} . When we expand the impedance ζ in powers of ε and include the equation for ξ(τ), from (D.5), we find that equations (D.13) become dΓ dσ = [ 1 ε μ ( ξ(σ)) ε^2 ) + q ( ξ(σ)) ε^2 )] [ e^{−2iωσ/ε2} − Γ^2e^{2iωσ/ε2} ] + · · ·, (D.14a) dZ dσ = − [ 1 ε μ ( ξ(σ)) ε^2 ) + q ( ξ(σ)) ε^2 )] e^{2iωσ/ε2} ΓZ + · · ·, (D.14b) dξ dσ = c_1 [ 1 − ε 2 ν ( ξ(σ)) ε^2 ) + 3ε^2 8 ν^2 ( ξ(σ)) ε^2 )] + · · · , (D.14c)

where μ(z) = − c_1 4 dν(z) dz , q(z) = − c_1 8 ν(z) dν(z) dz . (D.15)

This system is different from (C.8) not only because we have in addition to Γ the variable Z, as we do in §3.14, but primarily because the argument of the random processes μ, q, and ν is not σ/ε^2 but ξ(σ)/ε^2, where ξ(σ) is the inverse travel time and satisfies the third equation in (D.14). We will not give the details here but it can be shown^{24} that the asymptotic behavior of (D.14) as ε → 0 is the same as when we set ξ(σ) = c_1σ in the first two equations in (D.14). This is not an obvious statement because the scaled inverse travel time ξ(σ)/ε^2 is affected by the higher order corrections to ξ = c_1σ. In fact, this asymptotic equivalence is not true in general and is true here because of the special form of μ in (D.15). It is the derivative of ν which is also the first correction to dξ/dσ.

Using this asymptotic equivalence we can proceed much as we did in §3.14, allowing for the necessary modifications given in Appendix C for the small fluctuation scaling that we now have. We find that, ⟨p(ξ(τ), t)⟩ ∼ 1 4πε ∫_∞ −∞ f̂(ω)e^{iω(t−|τ |)/ε2}e^{iωR(0)|τ |/8}e^{−ω2(α}R^{+iα}I^{)|τ |}dω, (D.16)

where R(s) = E{ν(s)ν(0)}, (D.17)

24 By the generator perturbation method in the appendix of [10]

and α_R = 1 4c_1 ∫_∞ 0 R(s) cos ( 2ωs c_1 ) ds, α_I = 1 4c_1 ∫_∞ 0 R(s) sin ( 2ωs c_1 ) ds. (D.18)

From (D.16) we see that the mean pulse advances into the medium with a retardation given by ε^2R(0)/8 and with its shape convoluted by the complex Gaussian whose Fourier transform is exp {−ω^2(α_R + iα_I)|τ|}. This description is valid when α_R and α_I are approximately constant as ω varies over the support of f̂. As is §3.3 we can also calculate from (D.16) the asymptotic behavior of the square of the coherent pulse. We find that ⟨p(ξ(τ), t)⟩^2 ∼ δ(t − |τ|) 1 8π ∫_∞ −∞ |f̂(ω)|^2e^{−2ω2αR|τ |}dω. (D.19)

What is remarkable and characteristic of the O’Doherty-Anstey theory, however, is that not only ⟨p(ξ(τ), t)⟩ behaves like (D.16) but also p(ξ(τ), t). This means that the fluctuations are negligible when the advancing pulse is observed relative to its travel time. To prove this we must show that near the front t = |τ| ⟨ p(ξ(τ), t)^2 ⟩ ∼ ⟨p(ξ(τ), t)⟩^2 , (D.20)

which we do by calculating explicitly ⟨ p(ξ(τ), t)^2 ⟩ as we did in §3.14. We find that it behaves exactly like (D.19) and hence (D.20) holds. Property (D.20) is not true if we observe the pulse in the neighborhood of the mean distance travelled by time t, which is c_1t.

Is the O’Doherty-Anstey property (D.20) valid when the fluctuations in the medium properties are large, that is, with the scaling of §2.3? It is clear from the results of the numerical experiments shown in Figs. 1.1a and 1.3b that it should be valid but this has not been shown yet. Property (D.20) must be shown to be valid near the front but the simple description (D.16) and (D.19) of the advancing pulse will not be true unless the fluctuations are weak.

E. A windowed Fourier transform for the local power spectral density. In the numerical simulation of reflected signals in §4 and in the implementation of inversion algorithms in §6, we saw that it is important to have an accurate and robust method for estimating local power spectral densities. In this appendix we introduce such a method using the windowed Fourier transform.

First we review briefly the windowed Fourier transform for functions f(t) ∈ L^2(R) [84], [85]. Let g(t) ∈ C^∞_∘ (R) be the localizing or window function and choose it so that

support g = 2π ω_0 , (E.1)

π < ω_0t_0 < 2π,

(E.2) ∞∑ n=−∞ |g(t − nt_0)|^2 = 1 t_0 , (E.3)

∫_∞ −∞ g^2(t) dt = 1.

(E.4)

An example of such a g is

g(t) = t^{−1/2}_0 sin [ π 2 ν ( λ^{−1}(^π_{ω0} + t) )] for^{−π}_{ω0} ≤ t ≤^{−π}_{ω0} + λ, t^{−1/2}_0 for^{−π}_{ω0} + λ ≤ t ≤^π_{ω0} − λ, t^{−1/2}_0 cos [ π 2 ν ( λ^{−1}(t −^π_{ω0} + λ) )] for^π_{ω0} − λ ≤ t ≤^π_{ω0} ,

(E.5)

where ν(t) is smooth, ν(t) = 0 for t ≤ 0, ν(t) = 1 for t ≥ 1 and λ =^{2π}_{ω0} − t_0. Figure E.1a shows this function whose squares form a partition of unity (property (E.3)). To define the local or windowed Fourier transform let g_{mn}(t) = e^{−iω0mt} g(t − nt_0), (E.6)

and for f ∈ C^∞_∘ (R) let f_{mn} = (f, g_{mn}) = ∫_∞ −∞ f(t) g_{mn}(t) dt (E.7)

be the local Fourier coefficients. The index n specifies the location of the window center at t = nt_0 and the index m specifies the harmonic at radian frequency ω_0m. Note that (E.2) restricts the sampling frequency ω_0 and the window spacing t_0, so that T_0 = 2π/ω_0 is bigger than t_0. This means that the function f can be replaced by a periodic extension of period T_0 outside windows spaced by t_0 < T_0 and no information is lost or altered. The lower inequality in (E.2) is not needed in general but is required in the example (E.5). The main theorem is now that f(t) can be recovered from its local Fourier coefficients f(t) = ω_0t_0 2π ∞∑ m,n=−∞ f_{mn} g_{mn}(t) (E.8)

and we have the Parseval relation ∫_∞ −∞ f^2(t) dt = ω_0t_0 2π ∞∑ m,n=−∞ |f_{mn}|^2. (E.9)

From (E.9) it follows that the representation (E.8) extends to all of L^2(R).

The proof of (E.8) is quite simple and is based on the Poisson summation formula [86], which we write in the form 1 2π ∑ m e^{iω0mσ} = 1 ω_0 ∑ m δ ( σ + 2πm ω_0 ) . (E.10)

We have that for f ∈ C^∞_∘ (R)

ω_0t_0 2π ∞∑ m,n=−∞ g_{mn}(t) ∫_∞ −∞ f(s) g_{mn}(s) ds = ω_0t_0 2π ∫_∞ −∞ ds f(s) ∑ n g(t − nt_0)g(s − nt_0) ∑ m e^{iω0m(s−t)} = t_0 ∫_∞ −∞ ds f(s) ∑ n g(t − nt_0)g(s − nt_0) ∑ m δ ( s − t + 2πm ω_0 )

= f(t)t_0 ∑ n |g(t − nt_0)|^2 = f(t), where we have used (E.6) and (E.10) on the second line, (E.1) and (E.2) on the third line, and (E.3) on the last line.

We now return to our reflected signals, for example, p_{refl}(t, x, 0) given by (2.35), and consider the estimation of its spectrum at a given location x on the surface. Let R^ε_f (t) denote the signal with f the fixed pulse shape function of the source (cf. (2.17)) and ε the pulse width. We know that as ε tends to zero, R^ε_f (t) tends to a locally stationary process. Let C^ε_f (t, σ) = E { R^ε_f ( t − εσ 2 ) R^ε_f ( t + εσ 2 )} (E.11)

be the local or windowed correlation function of the signal. Then C^ε_f (t, σ) ≈ 1 2π ∫_∞ −∞ e^{iωσ}|f̂(ω)|^2Λ(t, ω) dω for ε small where Λ is determined by solving a transport equation, as we saw in §3. We may therefore consider the expression ∫ M −M e^{−iωσ}C^ε_f (t, σ) dσ (E.12)

for some M < ∞ as an approximation for |f̂(ω)|^2Λ(t, ω), the local power spectral density. We note first that although (E.12) is well defined for ε > 0 and M < ∞, it is not a nonnegative function. This is well known in signal analysis [87]. Second, if we try to use (E.12) as an estimate for |f̂(ω)|^2Λ(t, ω) it will depend sensitively on the truncation M. With enough experimenting with the data we can make a suitable version of (E.12) provide useful estimates for Λ(t, ω). This was done in [11] and in [14] and [15] with data generated by direct numerical simulation of the scattering problem. It was actually done in a somewhat different way which is more efficient computationally and is described in detail in [11]. The question is, then: What is a good way to estimate Λ(ω, t) from R^ε_f (t) when we only know ε, the pulse width? By good we mean primarily robust, an algorithm that does not need fine tuning each time we look at a different set of data. The estimation must also be unbiased and asymptotically consistent. For reflected signals like R^ε_f (t), the local Fourier transform works exceptionally well because knowing the parameter ε, we also know that the interval of stationarity of the signal and its correlation time are of order ε. To make this precise, we assume that C^ε_f (t, σ) satisfies the conditions lim_{ε↓0} sup_{|σ|≤M} sup_{|t−τ |≤εM} | | |Cεf (t, σ) − Cεf (τ, σ) | | | = 0

(E.13)

for each M < ∞,

lim_{M ↑∞} lim_{ε↓0} sup_{t≤K} ∫ |σ|>M | |Cε f (t, σ) | | dσ = 0 (E.14) and lim_{ε↓0} C^ε_f (t, σ) = C_f (t, σ)

(E.15) pointwise in t and σ. The first condition says that R^ε_f (t) is approximately stationary on intervals of length ε and the second that the correlation length is of order ε. We can now estimate the local power spectral density as follows.

Let g^δ(t) be a window function like g in (E.1)-(E.4) with ω_0 → ω_0/δ and t_0 → δt_0. This means that g^δ(t) has support proportional to δ and that the spacing of the g’s in (E.3) is of order δ. In fact, g^δ(t) = δ^{−1/2}g(tδ^{−1}). Let g^δ_{mn}(t) = e^{−iω0mt/δ}g^δ(t − nδt_0) (E.16) and R^{δ ε}_{mn} = (R^ε_f , g^δ_{mn}) = ∫_∞ −∞ R^ε_f (t)g^δ_{mn}(t) dt. (E.17)

Then

|f̂(ω)|^2Λ(t, ω) = lim_{γ↑∞} lim_{ε↓0} ∑ mn E { |R^{γε ε}_{mn} |^2 } G^{γε ε}_{mn} (t, ω), (E.18)

where G^{δ ε}_{mn}(t, ω) (E.19) = ω_0t_0 2π ∫_∞ −∞ e^{−i(ω−ω0mεδ−1)σ}g^δ ( t − nδt_0 − ε σ 2 ) g^δ ( t − nδt_0 + ε σ 2 ) dσ. The meaning of (E.18) is that given the reflected signal R^ε_f (t), we compute its local Fourier coeffiecients R^{δε}_{mn} relative to the cutoff function g^δ with δ a multiple of ε, say δ = 3ε, so that γ = 3. Then with t of the form t = Nδt_0 and ω of the form ω_0Mεδ^{−1} we estimate the local power spectral density by

|f̂(ω)|^2Λ(t, ω) ∼ |R^{γε ε}_{MN} |^2G^ε_0 + |R^{γε ε}_{M +1 N} |^2G^ε_1 + |R^{γε ε}_{M −1 N} |^2G^ε_{−1},

(E.20)

where

G^ε_M = ω_0t_0 2π ∫_∞ −∞ e^{−iω0Mσ/γ}g^ε ( −ε σ 2 ) g^ε ( ε σ 2 ) dσ. (E.21)

We plot G^ε_M as a function of M in Fig. E.1b with γ = 1. Note that G^ε_0 dominates and also that G^ε_1 and G^ε_{−1} are small negative numbers. We only take three terms in the sum over m in (E.20) because G^ε_M decays very rapidly with M. Also, when t and ω take the above special values then only one term in the sum over n enters. A naive estimate for |f̂(ω)|^2Λ(ω, t) would be a multiple of |R^{γε ε}_{MN} |^2, which is comparable to the periodogram for stationary processes. Our estimate is a very significant improvement in practice.

The proof of (E.18) is not difficult, given (E.13), (E.14) and the properties (E.1)- (E.4) of g^δ(t) (with ω_0 → ω_0/δ and t_0 → δt_0). Conditions (E.13), (E.14), and (E.15) are however difficult to check for our reflected signals and they have not yet been proven. Before giving the proof (E.18), we note that it is not the only way to estimate |f̂(ω)|^2Λ(ω, t). We also have

|f̂(ω)|^2Λ(t, ω) = lim_{δ↓0} lim_{ε↓0} ∑ mn E { |R^{δ ε}_{mn}|^2 } G^{δ ε}_{mn}(t, ω). (E.22)

This result is valid with condition (E.14) and the following two weaker conditions which have been proven for reflected signals in [51]:

lim_{ε↓0} ∫ ∫ ϕ(τ, σ)C^ε_f(τ, σ) dτdσ = ∫ ∫ ϕ(τ, σ)C_f(τ, σ) dτdσ (E.23)

for each smooth function ϕ of compact support and

lim_{δ↓0} ∫ |τ −t|≤δ dτ ∫ dσ|C_f (τ, σ) − C_f (t, σ)| = 0 (E.24)

for each t. Moreover, while the mean of the square of the difference between the two sides in (E.20) E {( |f̂(ω)|^2Λ(t, ω) − ( |R^{γε ε}_{MN} |^2G^ε_0 + |R^{γε ε}_{M +1 N} |^2G^ε_1 + |R^{γε ε}_{M −1 N} |^2G^ε_{−1} ))_2}

is of order one as ε goes to zero, when ε goes to zero and then δ goes to zero the fluctuation also goes to zero [51]. We will not discuss fluctuations in this Appendix however.

We prove (E.22) first. Note that E{|R^{δ ε}_{mn}|^2} = ∫ ∫ E{R^ε_f (t)R^ε_f (s)}g^δ_{mn}(t)g^δ_{mn}(s) dtds = ε ∫ ∫ C^ε_f (τ, σ)e^{−iω0mεσ/δ}g^δ ( τ − nδt_0 − εσ 2 ) g^δ ( τ − nδt_0 + εσ 2 ) dτdσ, where we have made the change of variables t = τ − ε σ 2 and s = τ + ε σ 2 Thus ∞∑ m,n=−∞ E{|R^{δε}_{m,n}|^2}G^{δε}_{mn}(t, ω)

= εω_0t_0 2π ∞∑ m,n=−∞ ∫ ∫ ∫ dτdσdσ̃C^ε_f (τ, σ)e^{−iωσ̃}e^{i(ω0σ̃−ω0σ)mε/δ} ·g^δ ( τ − nδt_0 − εσ 2 ) g^δ ( t − nδt_0 + εσ̃ 2 ) g^δ ( t − nδt_0 − εσ̃ 2 ) g^δ ( τ − nδt_0 + εσ 2 ) . We now use the Poisson summation fromula (E.10) to get ∞∑ m,n=−∞ E{|R^{δε}_{mn}|^2}G^{δε}_{mn}(t, ω) = ∫ ∫ dτdσC^ε_f (τ, σ)e^{−iωσ}

·δt_0 1∑ m=−1 e^{2πimδ/ω0ε} ∞∑ n=−∞ g^δ ( τ − nδt_0 − εσ 2 ) g^δ ( τ − nδt_0 + εσ 2 )

·g^δ ( t − nδt_0 + εσ 2 + mδπ ω_0 ) g^δ ( t − nδt_0 − εσ 2 − mδπ ω_0 ) . When the Poisson summation formula is used, only the terms m = 0, +1, −1 in the sum contribute because of the support properties (E.1) and (E.2) of g^δ and this gives the above equality. Again because of the support properties of g^δ, the τ integration is only over the interval |t − τ| ≤ 3πδω^{−1}_0 and the σ integration over |σ| ≤ 3πδ/εω_0. Using (E.13) and (E.14) we have

lim_{ε↓0} ∞∑ m,n=−∞ E{|R^{δε}_{mn}|^2}G^{δε}_{mn}(t, ω)

= ∫ ∫ dτdσC_f (τ, σ)e^{−iωσ}δt_0 ∞∑ n=−∞ |g^δ(τ − nδt_0)|^2|g^δ(t − nδt_0)|^2. The terms m = ±1 in the sum vanish because of the support properties (E.1) and (E.2) of g^δ and only the term m = 0 survives. Since C_f (τ, σ) is continuous in τ in the sense of (E.24) and in view of (E.3) and (E.4)

lim_{δ↓0} lim_{ε↓0} ∞∑ m,n=−∞ E{|R^{δε}_{mn}|^2}G^{δε}_{mn}(t, ω) = ∫ dσC_f (τ, σ)e^{−iωσ}, which is what we wanted to prove.

To prove (E.18) we note that with δ = γε we let ε go to zero so that t = Nγεt_0 with t and t_0 fixed and N = 1, 2, 3, · · ·. Then we have ∞∑ m,n=−∞ E{|R^{γε ε}_{mn} |^2}G^{γε ε}_{mn} (t, ω) = ∫ ∫ dτdσC^ε_f (τ, σ)e^{−iωσ}

·γεt_0 1∑ m=−1 e^{2πimγ/ω0} ∞∑ n=−∞ g^{γε} ( τ − nεγt_0 − εσ 2 ) g^{γε} ( τ − nεγt_0 + εσ 2 )

·g^{γε} ( (N − n)εγt_0 + εσ 2 + mεγπ ω_0 ) g^{γε} ( (N − n)εγt_0 − εσ 2 − mεγπ ω_0 ) . The σ integral is decomposed into two parts, one over |σ| ≤ M and one over |σ| > M. The part over |σ| > M is arbitrarily small uniformly in ε and γ if M is large enough because of (E.14) and also because g^δ(t) = δ^{−1/2}g(tδ^{−1}) where g(t) is a nonnegative function of compact support given explicitly by (E.5). In the integral over |σ| ≤ M we add and subtract the term C^ϵ_f (t, σ). By the uniform continuity condition (E.13) and the convergence (E.15), we see that we have

lim_{ε↓0} ∞∑ m,n=−∞ E{|R^{γε ε}_{mn} |^2}G^{γε ε}_{mn} (t, ω) = lim_{M →∞} lim_{γ→∞} ∫ |σ|≤M dσC_f (t, σ)e^{−iωσ}

·t_0 1∑ m=−1 e^{2πimγ/ω0} ∞∑ ñ=−∞ ∫ dsg ( s − ñt_0 − σ 2γ ) g ( s − ñt_0 + σ 2γ )

·g ( ñt_0 + σ 2γ + mπ ω_0 ) g ( ñt_0 − σ 2γ − mπ ω_0 ) , which is equal to lim M →∞ ∫ |σ|≤M dσC_f (t, σ)e^{−iωσ} ·t_0 ∞∑ ñ=−∞ ∫ dsg^2(s − ñt_0)g(ñt_0)g(ñt_0).

Here the index ñ = N − n, the sum is over a finite number of terms, we have used again g^δ(t) = δ^{−1/2}g(tδ^{−1}), and we have changed variables in the τ integration by letting s = (τ − t)(εγ)^{−1}. Now only the term m = 0 survives in the sum because of the support properties of g, and the result (E.18) follows from properties (E.3) and (E.4).

As we noted above, however, the necessary conditions on the local covariance (E.13), (E.14), and (E.15) have not been proven yet for reflected signals. Moreover, contrary to (E.22), the variance of the estimate (E.20) does not go to zero as ε goes to zero when δ = γε.

We have done extensive numerical experiments with normally incident plane wave pulses in a uniform background for which the local power spectral density has the form [10] Λ(ω, t) = αω^2 (1 + αω^2t)^2

(E.25)

with α a positive constant and we have obtained excellent results. We used the layer code described in §4 to generate reflected signals. In Fig. E.2a we compare (E.25) with estimates obtained using (E.20) with γ = 3, with 800 realizations and with a t_0 that is as big as can be chosen compatible with (E.2), for a given ω_0 that is fixed. The parameter γ is chosen so that if l is a characteristic decay length of C_f (t, σ), then lω_0 < 2πγ. In Fig. E.2b we see that choosing a smaller t_0 and different ω_0’s in the range (E.2) does not affect the results. In Fig. (E.3) we examine the dependence of the estimate (E.20) on ε for a fixed, small number of realizations (seven). It is clear that the fluctuations do not die out with ε since (E.20) is analogous to a periodogram estimate for a stationary process. In Fig. E.4 we plot the estimate of Λ(t, ω) as a function of ω for fixed t and compare it with the theoretical result (E.25). With only 59 realizations we get much better agreement with the theory than in our earlier work [14] where the windowing was done heuristically.^{25} Finally, in Fig. E.5 we see that the estimate Λ̂(t, ω) of (E.20) has an exponential law, a fact that we used in our inversions in §6.

25 The main point of [14] is, however, the localization length scaling, an idea that extends the validity of the W equations to narrower pulses.

Fig. E.1a. Window function g(t).

Fig. E.1b. The function G^ε_M .

Fig. E.2a. Local power spectral density estimate with minimal overlap.

Fig. E.2b. Local power spectral density estimate with extended overlap.

Fig. E.3. Effect of ε on local power spectral density.

Fig. E.4. Frequency plot of local power spectral density.

Fig. E.5. The exponential law for the local power spectral density.

REFERENCES

[1] P. W. ANDERSON, Absence of diffusion in certain random lattices, Phys. Rev., 109 (1958), pp.

1492-1505.

[2] A. M. GOLDMAN, and S. A. WOLF, esd., Percolation, Localization and Superconductivity, Plenum, New York, 1984.

[3] J. FROELICH and T. SPENCER, Absence of diffusion in the Anderson tight binding model for large disorder or low energy, Comm. Math. Phys., 88 (1983), pp. 51-184.

[4] I. M. LIFSHITS, S. A. GREDESKUL, and L. A. PASTUR, Introduction to the Theory of Disordered Solids, John Wiley, New York, 1988.

[5] P. SHENG, ed., Scattering and Localization of Classical Waves in Random Media, World Scientific, Singapore, 1989.

[6] C. M. SOUCOULIS, E. N. ECONOMOU, G. S. GREST, and M. H. COHEN, Existence of Anderson localization of classical waves in random two-component medium, Phys. Rev. Lett., 62 (1989), pp. 575-578.

[7] I. J. GOLDSHEID, S. A. MOLCHANOV, and L. A. PASTUR, A random one-dimensional Schroedinger operator has pure point spectrum, Functional Anal. Appl., 11 (1977), pp. 1-10.

[8] V. I. KLYATSKIN, Stochastic Equations and Waves in Randomly Inhomogeneous Media, Nauka, Moscow, 1980. (In Russian.)

[9] R. BURRIDGE, G. PAPANICOLAOU, and B. WHITE, Statistics for pulse reflection from a randomly layered medium, SIAM J. Appl. Math., 47 (1987), pp. 146-168.

[10] R. BURRIDGE, G. PAPANICOLAOU, P. SHENG, and B. WHITE, Probing a random medium with a pulse, SIAM J. Appl. Math., 49 (1989), pp. 582-607.

[11] M. ASCH, G. PAPANICOLAOU, M. POSTEL, P. SHENG, and B. WHITE, Frequency content of randomly scattered signals. Part I, Wave Motion, 12 (1990), pp. 429-450.

[12] G. PAPANICOLAOU, M. POSTEL, P. SHENG, and B. WHITE, Frequency content of randomly scattered signals. Part II: Inversion, Wave Motion, 12 (1990), pp. 527-549.

[13] W. KOHLER, G. PAPANICOLAOU, and B. WHITE, Reflection of waves generated by a point source over a randomly layered medium, Wave Motion, 13 (1991), pp. 53-87.

[14] P. SHENG, Z.-Q. ZHANG, B. WHITE, and G. PAPANICOLAOU, Multiple scattering noise in one dimension: universality through localization length scales, Phys. Rev. Lett., 57 (1986), pp. 1000-1003.

[15] B. WHITE, P. SHENG, Z.-Q. ZHANG, and G. PAPANICOLAOU, Wave localization characteristics in the time domain, Phys. Rev. Lett., 59 (1987), pp. 1918-1921.

[16] P. SHENG, B. WHITE, Z.Q. ZHANG, and G.PAPANICOLAOU, Wave localization and multiple scattering in randomly-layered media, in Scattering and Localization of Classical Waves in Random Media, Ping Sheng ed., World Scientific, 1990, pp. 563-619.

[17] B. WHITE, P. SHENG, M. POSTEL, and G. PAPANICOLAOU, Probing through cloudiness:

Theory of statistical inversion for multiply scattered data, Phys. Rev. Lett., 63 (1989), pp. 2228-2231.

[18] R. BURRIDGE, G. PAPANICOLAOU, and B. WHITE, One dimensional wave propagation in a highly discontinuous medium, Wave Motion, 10 (1988), pp. 19-44.

[19] W. KOHLER, G. PAPANICOLAOU, M. POSTEL, and B. WHITE, Reflection of pulsed electromagnetic waves from a randomly stratified half space, J. Optical Soc. of Amer. A, 8 (1991), pp. 1109-1125.

[20] A. NACHBIN and G. PAPANICOLAOU, Water waves in shallow channels of rapidly varying depth, J. Fluid Mech., submitted.

[21] J. SIPE, P. SHENG, B. WHITE, and M. COHEN, Brewster anomalies: A polarization-induced delocalization effect, Phys. Rev. Lett., 60 (1988), pp. 108-111.

[22] P.G. RICHARDS and W. MENKE, The apparent attenuation of a scattering medium, Bull.

Seismol. Soc. Amer., 73 (1983), pp. 1005-1021.

[23] W. MENKE, A formula for the apparent attenuation of acoustic waves in randomly layered media, Geophys. J. Res. Astronom. Soc., 75 (1983), pp. 541-544.

[24] K. AKI and B. CHOUET, Origin of coda waves: Source, attenuation and scattering effects, J.

Geophys. Res., 80 (1975), pp. 3322-3342.

[25] A. FRANKEL and R. W. CLAYTON, Finite difference simulations of seismic scattering: Implications for the propagation of short-period seismic waves in the crust and models of crustal heterogeneity, J. Geophys. Res., 91 (1986), pp. 6465-6489.

[26] A. FRANKEL and L. WENNENBERG, Energy-flux model of seismic coda: Separation of scattering and intrinsic attenuation, Bull. Seismol. Soc. Amer., 77 (1987), pp. 1223-1251.

[27] B. WHITE, P. SHENG, and B. NAIR, Localization and backscattering spectrum of seismic waves in stratified lithology, Geophysics, 55 (1990), pp. 1158-1165.

[28] B. E. TUCHOLKE, Acoustic environment of the Hatteras and Nares Abyssal Plains, western North Atlantic Ocean, determined from velocities and physical properties of sediment cores, J. Acoust. Soc. Amer., 68 (1980), pp. 1376-1390.

[29] W. E. KOHLER, A One-dimensional, randomly stratified model of ocean sediments, Wave Motion, 10 (1988), pp. 421-441.

[30] R. L. STRATONOVICH, Topics in the theory of noise, Elsevier, New York, 1963. [31] R. Z. KHASMINSKII, A limit theorem for solutions of differential equations with random right hand side, Theory Probab. Appl., 11 (1966), pp. 390-406.

[32] G. PAPANICOLAOU and W. KOHLER, Asymptotic theory of mixing stochastic ordinary differential equations, Comm. Pure Appl. Math., 27 (1974), pp. 614-668.

[33] G. C. PAPANICOLAOU, Wave propagation in a one-dimensional random medium, SIAM J.

Appl. Math., 21 (1971), pp. 13-18.

[34] J. A. MORRISON, Application of a limit theorem to solutions of a stochastic differential equation, J. Math. Anal. Appl., 39 (1972), p. 13.

[35] W. KOHLER and G. PAPANICOLAOU, Power statistics for wave propagation in one dimension and comparison with transport theory, J. Math. Phys., 14 (1973), pp. 1733-1745 and 15 (1974), pp. 2186-2197.

[36] W. E. KOHLER, Power reflection at the input of a randomly perturbed rectangular waveguide, SIAM J. Appl. Math., 32 (1977), pp. 521-533.

[37] ————, Propagation in a randomly perturbed multimode matched waveguide, Wave Motion, 4 (1982), pp. 243-263.

[38] ————, Reflection from a one-dimensional, totally refracting random multilayer, SIAM J.

Appl. Math., 46 (1986), pp. 464-482.

[39] V. A. KULKARNY and B. S. WHITE, Focussing of rays in a turbulent inhomogeneous medium, Phys. Fluids, 25 (1982), pp. 1770-1784.

[40] B. S. WHITE, The stochastic caustic, SIAM J. Appl. Math., 44 (1983), pp. 127-149. [41] D. ZWILLINGER and B. S. WHITE, Propagation of initially plane waves in the region of random caustics, Wave Motion, 7 (1985), pp. 207-227.

[42] B. S. WHITE, B. NAIR, and A. BAYLISS, Random rays and seismic amplitude anomalies,

Geophysics, 53 (1988), pp. 903-907.

[43] B. NAIR and B. S. WHITE, High frequency wave propagation in random media - a unified approach, SIAM J. Appl. Math., 51 (1991), pp. 374-411.

[44] G. BLANKENSHIP and G. PAPANICOLAOU, Stability and control of systems with wide-band noise disturbances, SIAM J. Appl. Math., 34 (1978), pp. 437-476.

[45] G. PAPANICOLAOU, Asymptotic analysis of stochastic equations, in MAA Stud. in Math., 18, M. Rosenblatt, ed., Mathematicl Association of America, 1978, pp. 111-179.

[46] H. J. KUSHNER, Approximation and weak convergence methods for random processes with applications to stochastic systems theory, MIT Press, Cambridge, MA, 1984.

[47] B. S. WHITE, Some limit theorems for stochastic delay-differential equations, Comm. Pure Appl.

Math., 29 (1976), pp. 113-141.

[48] B. S. WHITE and J. N. FRANKLIN, A limit theorem for stochastic two-point boundary value problems of ordinary differential equations, Comm. Pure Appl. Math., 32 (1979), pp. 253-275.

[49] H. KESTEN and G. PAPANICOLAOU, A limit theorem for turbulent diffusion, Comm. Math.

Phys., 65 (1979), pp. 97-128.

[50] A. BENSOUSSAN, J. L. LIONS, and G. PAPANICOLAOU, Asymptotic analysis of periodic structures, North Holland, 1978.

[51] G. PAPANICOLAOU and S. WEINRYB, A functional limit theorem for waves reflected by a random medium, Appl. Math. Optimiz., to appear, 1991.

[52] L. M. BREKHOVSKIKH, Waves in Layered Media, Second ed., Academic Press, New York, 1980.

[53] L. M. BREKHOVSKIKH and O. A. GODIN, Acoustics of Layered Media I, Springer-Verlag, Berlin Heidelberg, 1990.

[54] J. R. WAIT, Electromagnetic Waves in Stratified Media, Pergamon, Oxford, UK, 1970. [55] B. L. N. KENNETT, Seismic Wave Propagation in Stratified Media, Cambridge University Press, Cambridge, UK, 1983.

[56] L. FELSEN and N. MARCUVITZ, Radiation and Scattering Waves, Prentice-Hall, Englewood Cliffs, NJ, 1973.

[57] V. I. KLYATSKIN, The Embedding Method in the Theory of Wave Propagation, Nauka, Moscow, 1986. (In Russian.)

[58] S. A. GREKESKUL and V. D. FREILIKHER, Waveguiding properties of randomly stratified media, Radiofiz., 31 (1988), pp. 1210-1217. (pp. 861-867 in English.)

[59] ———————————–, Localization and wave propagation in randomly layered media, Soviet Physics Usp., 33 (1990), pp. 134-136.

[60] V. I. KLYATSKIN, Localization and waves in layered randomly inhomogeneous media, Wave Motion, 1991 to appear.

[61] L. A. PASTUR, Wave and particle propagation in one-dimensional and quasi one-dimensional random media, Mathematics of Random Media, W. Kohler and B. White eds., American Mathematical Society, Providence, RI., 1991 pp. 417-428.

[62] B. M. SHEVTSOV, Three-dimensional problem of inverse scattering in stratified randomly inhomogeneous media, Radiofiz., 25 (1982), pp. 1032-1040. (pp. 742-749 in English.)

[63] ————-, Statistical characteristics for wave packet scattering in a layered randomly inhomogeneous medium above a reflecting surface, Radiofiz., 30 (1987), pp. 1007-1012. (pp. 750-754 in English.)

[64] ————-, Backscattering of a wave in layered regularly and randomly inhomogeneous media, Radiofiz., 32 (1989), pp. 1079-1083. (pp. 798-801 in English.)

[65] V. D. FREILIKHER and S. A. GREGESKUL, Randomly layered media: fluctuation waveguide, J. Optical Soc. Amer. A, 5 (1990), pp. 868-874.

[66] R. RAMMAL and B. DOUCOT, Invariant imbedding approach to localization. I. General framework and basic equations, J. Phys., 48 (1987), pp. 509-526.

[67] B. DOUCOT and R. RAMMAL, Invariant imbedding approach to localization. II. Non-linear random media, J. Phys., 48 (1987), pp. 527-546.

[68] N. BLEISTEIN and R. HANDELSMAN, Asymptotic Expansion of Integrals, Dover, New York, 1986.

[69] R. BURRIDGE and H. W. CHANG, Multimode one-dimensional wave propagation in a highly discontinuous medium, Wave Motion, 11 (1989), pp. 231-249.

[70] R. F. O’DOHERTY and N. A. ANSTEY, Reflections on amplitudes, Geophysical Prospecting, 19 (1971), pp. 430-458.

[71] W. FELLER, An Introduction to Probability Theory, John Wiley, New York, 1966.

[72] I. I. GIHMAN and A. V. SKOROHOD, Stochastic Differential Equations, Springer-Verlag, Berlin, New York, 1971.

[73] F.R. DiNAPOLI and R.L.DEAVENPORT, Theoretical and numerical Green’s function field solution in a plane multilayered medium, J. Acoust. Soc. Amer., 67 (1980), pp. 92-105.

[74] L. TSANG, R. BROWN, J. A. KONG, and G. SIMMONS, Numerical evaluation of electromagnetic fields due to dipole antennas in the presence of stratified media, J. Geophys. Res., 79 (1974), pp. 2077-2080.

[75] H. SCHMIDT, SAFARI: Seismo-acoustic fast field algorithm for range independent environments, SACLANT ASW, La Spezia, Italy, 1987.

[76] S.M. CANDEL, Simultaneous calculation of Fourier Bessel transform up to order N, J. Comp.

Phys., 44 (1981), pp. 243-261.

[77] R. COURANT and D. HILBERT, Methods of Mathematical Physics, Volume II, Interscience, John Wiley, New York, 1957.

[78] M. ASCH, Ph.D. dissertation, Courant Institute, New York University, 1990. [79] K. AKI and P.G. RICHARDS, Quantitative Seismology-Theory and Methods, Vol. 1, W. Freeman, 1980.

[80] K.P. BUBE and R. BURRIDGE, The one-dimensional inverse problem of reflection seismology, SIAM Rev., 25 (1983), pp. 497-559.

[81] A. M. BRUCKSTEIN and T. KAILATH, Inverse scattering for discrete transmission line models, SIAM Rev., 29 (1987), pp. 359-389.

[82] D. BRILLINGER, Time Series, Data Analysis and Theory, Holden-Day, San Fransisco, CA, 1981.

[83] G. PAPANICOLAOU and S. R. S. VARADHAN, A limit theorem with strong mixing in Banach space and two applications to stochastic differential equations, Comm. Pure Appl. Math., 26 (1973), pp. 497-524.

[84] I. DAUBECHIES, Orthonormal bases of compactly supported wavelets, Comm. Pure Appl. Math., 41 (1988), pp. 909-996.

[85] Y. MEYER, Ondelettes, Hermann, Paris 1989.

[86] R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol. I, Interscience, John Wiley, New York, 1953.

[87] M.B. PRIESTLEY, Non-linear and non-stationary time series analysis, Academic Press, New York, 1988.

[88] I. M. BESIERIS, W. E. KOHLER, and H. FREESE, A transport-theoretic analysis of pulse propagation through ocean sediments, J. Acoust. Soc. Amer., 72 (1982), pp. 937-946.

[89] Yu N. BARABANENKOV, A. G. VINOGRADOV, Yu A. KRAVTSOV, and V. I. TATARSKII, Application of the theory of multiple scattering to the derivation of the radiation transfer equation for a statistically inhomogeneous medium, Radiofiz., 15 (1972), pp. 1852-1860. (pp. 1420-1425 in English.)

[90] R.-S. WU, Multiple scattering and energy transfer of seismic waves-separation of scattering effect from intrinsic attenuation -I. Theoretical modelling, Geophys. J. Roy. Astronom. Soc., 82 (1985), pp. 57-80.

[91] W. XUE, P. SHENG, Q.-J. CHU, and Z.-Q. ZHANG, Localization transition in media with anisotropic diagonal disorder, Phys. Rev. Lett., 63 (1989), pp. 2837-2840.

[92] Z.-Q. ZHANG, Q.-J. CHU, W. XUE, and P. SHENG, Anderson localization in anisotropic random media, Phys. Rev. B, 42 (1990), pp. 4613-4630.

[93] Q. LI, C. M. SOUKOULIS, E. N. ECONOMOU, and G. S. GREST, Anisotropic tight binding model for localization, Phys. Rev. B, 40 (1989), pp. 2825-2830.