Imaging and time reversal in random media

Liliana Borcea Computational and Applied Mathematics, MS 134, Rice University, 6100 Main Street, Houston, TX 77005-1892. George Papanicolaou Department of Mathematics, Stanford University, Stanford, CA 94305. Chrysoula Tsogka CNRS/LMA, 31 Chemin Joseph Aiguier, 13402 Marseille cedex 20, FRANCE. James Berryman Lawrence Livermore National Laboratories, P. O. Box 808 L-200, Livermore, CA 94551-9900.

Received

Short title: IMAGING IN RANDOM MEDIA

Abstract. We present a general method for estimating the location of small, well-separated scatterers in a randomly inhomogeneous environment using an active sensor array. The main features of this method are (i) an arrival time analysis of the echo received from the scatterers, (ii) a singular value decomposition of the array response matrix in the frequency domain, and (iii) the construction of an objective function in the time domain that is statistically stable and peaks on the scatterers. By statistically stable we mean here that the objective function is self-averaging over different realizations of the medium. This is a new approach to array imaging that is motivated by time reversal in random media, analyzed in detail in (Blomgren, Papanicolaou, Zhao 2001). It combines features from seismic imaging like arrival time analysis with frequency domain radar signal subspace methodology like MUSIC (MUltiple SIgnal Classification) (Schmidt, 1979, Schmidt 1986, Stoica, Moses 1997, Devaney 2000).

PACS numbers: 43.60.Gk, 43.60.Cg, 43.60.Rw

I. ARRAY IMAGING

An active array of N transducers located at x_p, p = 1, . . . , N, probes an unknown medium containing M < N small scatterers by emitting pulses and recording the back-scattered echos. To fix ideas, we consider a linear array where two adjacent point transducers are at distance λ/2 apart, where λ is the carrier (central) wavelength of the probing pulses. Such a setup ensures that the collection of transducers behaves like an array of aperture a = (N − 1)λ/2 and not like separate entities, while keeping the interference between the transducers at a minimum (Steinberg 1983). Our aim is to identify the number M of scatterers and their location y_p in a randomly inhomogeneous medium, in a regime where multipathing due to inhomogeneities is significant. Such a regime occurs, for example, when λ <∼ l ≪ a ≪ L, where l is the correlation length of the random fluctuations of the wave speed and L is the range of the targets, as shown in Figure 1. In ultrasound imaging the correlation length may be comparable to the central wavelength, which is typically 0.5mm, and propagation distances can be up to several hundreds of wavelengths. In such a regime, multipathing due to random inhomogeneities is important and must be taken into consideration.

1. THE array response matrix

To image the targets we use the response matrix (P_{pq}(t)), obtained as follows. A pulse f(t) is emitted from transducer p, located at x_p, and the back-scattered returns P_{pq}(t) are recorded at x_q, q = 1, . . . , N, for a sufficiently long time interval t ∈ (0, T ). Probing of the medium is done by using all transducers p = 1, . . . , N. The data collected is the response matrix P (t) = (P_{pq}(t)).

2. TYPES of arrays

Array probing can be done with many different types of arrays, transducers and recording devices. In ultrasound imaging the arrays are often linear, they may have as many as 100 or more transducers, and full response matrices can be measured and processed. In seismic imaging the arrays can be very large but they are mostly passive, that is, the array consists mostly of receivers and has few emitters. In radar and sonar the geometric layout of the arrays may depend on applications and it need not be linear or planar.

Large arrays of closely spaced transducers can be very effective in imaging but they are expensive, difficult to calibrate and to move, and they generate very large response matrices that require computationally intensive processing. However, imaging of acceptable quality can often be done with synthetic arrays, that is, with small arrays that are transported over the area to be imaged. They generate response matrices that have block-diagonal or near-diagonal form. In Synthetic Aperture Imaging (SAI), only the diagonal of the response matrix P_{pp}(t) is measured. In Interferometric imaging, only the diagonal P_{pp}(t) and one lower diagonal P_{pp−1}(t) are measured, etc.

In very large arrays, synthetic or actual, the exact location of the transducers may not be known, so its imaging characteristics have to be calibrated using targets at known locations and with known scattering behavior. In this paper, we consider arrays with known transducer locations and full measured response matrices.

3. IMAGING strategies

Any reflection-based imaging method involves some form of back-propagation into the medium, or time reversal, of the fields measured on the array. This is because the back-propagated fields tend to focus on sharp reflectors in the medium. In physical time reversal, the back-propagating fields are emitted by the array into the real medium, which is unknown. In virtual time reversal, the back-propagation is done numerically, in a fictitious, reference medium.

Physical time reversal has many applications in medicine, for example in the destruction of kidney stones (lithotripsy), in the destruction of mines, in communications, and elsewhere (Fink 1993, Fink 1997, Kuperman, Hodgkiss, Song, Akal, Ferla, Jackson 1998, Song, Kuperman, Hodgkiss 1999). Virtual time reversal is used mostly for imaging, as we discuss in this paper.

We may classify array imaging methods in three general categories: (a) time domain, broad-band methods that use mostly arrival time and/or amplitude information recorded by the array (b) fixed frequency or narrow-band methods that use mostly differential phase information on the array and (c) imaging methods based on intensity measurements. We consider here only the first two categories of imaging, which we call coherent imaging methods. Incoherent imaging uses only intensity measurements.

Time domain methods include broad-band Synthetic Aperture Imaging (Curlander, McDonough 1991, Haykin, Litva, Shepherd 1993), where only the diagonal P_{pp}(t) of the response matrix is measured and used. The back-propagation of P_{pp}(t) is done in a homogeneous medium, that is, we use arrival times computed in a homogeneous background (see section III, part 4). Time domain imaging methods are also used in exploration geophysics, where they are referred to as migration. In these applications, the measured array response matrices are very large and have very complex structure. The arrival time analysis is also very complicated because one cannot assume a uniform background medium. In Kirchhoff migration (Claerbout 1985, Bleistein, Cohen, Stockwell 2001), the imaging is based on reference arrival times obtained by ray methods. Other migration methods back-propagate waves using various approximations, as in the one-way wave equation migration method (Claerbout 1985, Bleistein, Cohen, Stockwell 2001). Narrow-band methods use differential phase information of the full array response matrix and they image by beam-forming (Curlander, McDonough 1991, Haykin, Litva, Shepherd 1993), or by fixed frequency subspace methods like MUltiple Signal Classification (MUSIC) (Schmidt 1979, Schmidt 1986, Stoica, Moses 1997). Least squares (maximum likelihood) direction of arrival estimation methods (Haykin, Litva, Shepherd 1993) also use the full array response matrix in the frequency domain.

These imaging methods can be successfully used to identify the unknown targets, that is, to determine their number M and their locations x_p, p = 1, . . . , M, when the background medium is deterministic and uniform. However, in the case of random media with significant multipathing, imaging is more difficult and conventional approaches such as Synthetic Aperture Imaging (SAI) (see section III, part 4) or subspace projection methods (MUSIC, see section III, part 3) fail. Statistical approaches, such as maximum likelihood, assume that the noise in the measured response matrix is additive and white.

Such modeling is appropriate for instrument noise when signal to noise power is small but it is not appropriate for dealing with stochastic effects arising from inhomogeneities in the medium that cause multipathing.

4. IMAGING in random media

Since most imaging methods use time reversal in some form, an important step towards successful imaging in random media is understanding physical time reversal and the role played by multipathing.

Physical time reversal has been explored with ultrasound (Fink, 1993,Fink 1997, Prada, Wu, Fink 1991, Prada, Thomas, Fink 1995, Prada, Manneville, Spolianski, Fink 1996) and underwater acoustics (Kuperman, Hodgkiss, Song, Akal, Ferla, Jackson 1998, Song, Kuperman, Hodgkiss 1999) experiments, with numerical simulations (Blomgren, Papanicolaou, Zhao 2001, Tsogka, Papanicolaou 2001) and with theoretical analysis (Blomgren, Papanicolaou, Zhao, 2001, Clouet, Fouque 1997, Dowling, Jackson 1992). In physical time reversal the locations of the targets need not be known but they must actively illuminate an array of transducers. The signal recorded at the array is time reversed and re-emitted into the medium. Because of the time reversibility of the wave equation, the back-propagated field focuses near the active targets. The array acts as a lens that refocuses the time-reversed signals back onto the source from which they emanated. The focusing resolution is diffraction limited because of the finite aperture a of the array, as shown in Figure 2. In a homogeneous medium, the resolution in directions parallel to the array, the cross-range resolution, is λL/a (Blomgren,

Papanicolaou, Zhao 2001, Steinberg, 1983). The resolution in the perpendicular direction, the range resolution, is λ (L/a)^2 ≫ λL/a (Steinberg 1983). In both cases we must have L ≫ a. In randomly inhomogeneous media, the focusing resolution is much tighter (Fink 1997, Blomgren, Papanicolaou, Zhao 2001). This phenomenon is called super-resolution and comes from multipathing caused by the random inhomogeneities. The array is like a lens with an effective aperture larger than its physical size, as shown in Figure 3. Moreover, the time-reversed, back-propagated fields are self-averaging in the time domain. This means that super-resolution is statistically stable, that is, independent of the realizations of the random medium. A more detailed description of time reversal in random media is given in section II.

In this paper we are interested in locating targets buried in a random medium, given the measured array response matrix P (t). This is clearly different from physical time reversal. Nevertheless, the imaging methods that we propose are related to time reversal and therefore have its statistical stability. Our approach is a new, time resolved imaging method, where the unknown target locations are minimizers of an objective function that is statistically stable. The imaging method is based on the following two steps:

1. A statistically stable broad-band direction of arrival analysis which gives good cross-range resolution of the targets (section III, part 3).

2. An arrival time analysis which gives good range resolution of the targets (section III, part 5).

The combination of these two steps gives our estimates of the unknown target locations (section III, part 6).

In the next section we introduce physical time reversal in a random medium and discuss super-resolution and statistical stability. We illustrate these phenomena with the results of numerical simulations.

In Section III we discuss imaging, beginning with a point-target model for the response matrix. We then introduce the array subspace analysis in section III, part 2, formulate robust time-domain direction-of-arrival estimators in section III, part 3, and show results of numerical simulations in section III, part 3.2. We also discuss briefly synthetic aperture imaging (SAI) in section III, part 4, before estimating arrival times in section III, part 5. The Subspace Arrival Time (SAT) method uses time-domain direction-of-arrival estimation and arrival time estimates. It is introduced in section III, part 6, and performs very well when we have good arrival time estimates, as our numerical simulations indicate. When we do not have arrival time estimates we can use a combination of direction-of-arrival estimation and SAI. This does not perform as well as SAT but is robust and considerably better than SAI. We end with a brief summary and conclusions followed by a description of the computational setup, appendix A.

II. TIME REVERSAL IN RANDOM MEDIA

1. SUPER-RESOLUTION in time reversal

A short pulse f(t) emanating from a point y in the random medium illuminates the array of aperture a. The signal ψ(x_p, t) recorded at the array is synthesized from time harmonic waves as ψ(x_p, t) = ∫_∞ −∞ e^{−iωt} ^f(ω) ^G(x_p, y, ω)dω, (II.1) where the Fourier transform of the pulse is ^f(ω) = 1 2π ∫_∞ −∞ e^{iωt}f(t)dt. (II.2) We assume that we record the signal for a long enough time interval [0, T ] that we may take T = ∞. The time harmonic Green’s function ^G satisfies the reduced wave equation Δ ^G(x_p, y, ω) + ( ω c_0

)_2

n^2(x) ^G(x_p, y, ω) = −δ(x_p − y), (II.3) where c_0 is a reference speed and n(x) = c_0 c(x)

(II.4) is the acoustic index of refraction of the medium with random sound speed c(x).

The signal ψ(x_p, t) is time-reversed (conjugated in the Fourier domain) and re-emitted into the medium. The back-propagated field focuses near the illuminating point y. To estimate the focusing resolution we measure the amplitude of the field on a screen placed at distance L from the array, containing the source point y and the observation points y^o. The distance from the source to the first zero of the back-propagated amplitude, the first Fresnel zone, is the cross-range resolution in a homogeneous medium. In random media we fit the main lobe of the back-propagated amplitude with a Gaussian and take the estimated variance as the cross-range resolution (Tsogka, Papanicolaou 2001). The time-reversed, back-propagated field at y^o is

Γ(y^o, y, t) = ∫_∞ −∞ e^{−iωt} ^Γ(y^o, y, ω)dω, (II.5)

where

^Γ(y^o, y, ω) = N∑ p=1 ^ψ(x_p, ω) ^G(x_p, y^o, ω) = ^f(ω)^N ∑ p=1 ^G(x_p, y^o, ω) ^G(x_p, y, ω). (II.6)

In a homogeneous medium, Γ(y^o, y, t) focuses near the source point y, near the deterministic arrival time, with cross-range resolution λL/a, provided that L ≫ a (Blomgren, Papanicolaou, Zhao 2001, Steinberg 1983). In a randomly inhomogeneous medium the focusing of Γ(y^o, y, t) is tighter, as shown schematically in Figure 3. This is because the random inhomogeneities in the medium produce multipathing and the array appears to have an effective aperture a_e which can be much larger than a, its physical size. Therefore, the width λL/a_e of the focusing region is much smaller than in a homogeneous medium and we have super-resolution. From Figure 3 we can see that there will also be some diminution of the intensity of the signal recorded at the array because multipathing will scatter some energy away from it. This is of no great concern since linearity allows us to amplify the signal ψ(x_p, t) before time-reversing and re-emitting it into the medium, assuming that instrument noise is small.

2. SIMULATIONS

We illustrate super-resolution for time reversal in random media with numerical simulations, using the setup shown in Figure 4. We solve the wave equation for the acoustic pressure field, in the time domain, in a medium with random sound speed c(x) which has constant mean c_0 = 1.5km/s and correlation length l = 0.3mm. The standard deviation of the fluctuations of c(x) is denoted by s and it varies between 0 and 5%. A typical realization of the randomly fluctuating sound speed is shown in Figure 5. The random fluctuations of the sound speed are generated numerically with Fourier series having suitably calibrated random amplitudes. The probing pulse

f(t) = −2π^2ν^2 ( t − 1 ν ) e^{−π2ν2}(^{t− 1ν} )^2 , (II.7)

is shown in Figure 6. The central frequency is ν = 3MHz, ^f(ω) with ω = 2πν is supported over the band of frequencies 0.159 − 7.958MHz and the carrier wavelength is λ = 0.5mm.

We simulate an infinite medium by embedding the rectangular computational domain of size 24λ × 48λ into a perfectly matched absorbing layer (cf. Bérenger 1994). The source point is located at y = (11.5, 42)λ, the array has aperture a = 9.5λ and the transducers are located at x_p = (7 + (p − 1)/2, 4)λ, for p = 1, . . . , 20. In Figure 7, we show the back-propagated, time-reversed field Γ(y^o, y, t) for all observation points y^o in the computational domain, at the time it focuses on the source point y. We show the results for two media. The left figure is for a homogeneous medium (s = 0%) and the right for a random medium with standard deviation s = 4.95%. Super-resolution is seen clearly by the tighter compression of the pulse in the random medium.

3. STATISTICAL stability of time reversal

Experimental studies of time reversal (Fink 1997, Kuperman, Hodgkiss, Song, Akal, Ferla, Jackson 1998) show a remarkable stability of the back-propagated, time-reversed field as it refocuses near the source point y, in a variety of situations and without any averaging. We refer to this property as self-averaging of Γ, which is a time domain statistical phenomenon that does not occur for time-harmonic or narrow-band signals.

The key to self-averaging of Γ is the approximate statistical decorrelation of its Fourier components for different frequencies. This decorrelation holds in a regime where there is significant multipathing in the random medium. We have such a regime when the carrier wavelength λ and the correlations l of the sound speed fluctuations are short compared to propagation distances and the fluctuations are weak. Then E { ^Γ(y^o, y, ω_1)^Γ(y^o, y, ω_2) } ≈ E { ^Γ(y^o, y, ω_1) } E { ^Γ(y^o, y, ω_2) } , for ω_1 ≠ ω_2 (II.8) E{·} being the expectation operator, and therefore

E {Γ(y^o, y, t)^2} = E {∫_∞ −∞ dω_1 ∫_∞ −∞ dω_2 e^{−i(ω1+ω2)t} ^Γ(y^o, y, ω_1)^Γ(y^o, y, ω_2) }

≈ ∫_∞ −∞ dω_1 ∫_∞ −∞ dω_2 e^{−i(ω1+ω2)t}E { ^Γ(yo, y, ω_1) } E { ^Γ(yo, y, ω_2) }

= E^2 {Γ(y^o, y, t)} . (II.9)

From this, we can easily prove that the probability of Γ differing significantly from its expected value is small. Using Chebyshev’s inequality we see that for any small α > 0,

Prob{| Γ(y^o, y, t) − E {Γ(y^o, y, t)} | > α} ≤ 1 α^2 E { [Γ(y^o, y, t) − E {Γ(y^o, y, t)}]^2 } ≈ 0,

which means that Γ is self-averaging.

In other words, in random media with significant multipathing averaging over frequencies ω in the band of the probing pulse f(t) is like averaging over realizations of the random medium and

Γ(y^o, y, t) ≈ E {Γ(y^o, y, t)} . (II.10)

An analytic expression for E {Γ(y^o, y, t)} is given in Blomgren, Papanicolaou, Zhao 2001 using the Green’s function ^G in the paraxial approximation. It is shown there that E {Γ(y^o, y, t)} coincides with the back-propagated, time-reversed field in a homogeneous medium where the array has an effective aperture a_e ≫ a. Therefore, Γ(y^o, y, t) refocuses near the source point y with cross-range resolution λL/a_e, which is often much smaller than the diffraction limited resolution λL/a.

We have done simulations of time reversal for many realizations of random media with standard deviation of the sound speed fluctuations s ∼ 5% (Figure 7). Our numerical simulations show clearly the statistical stability of time reversal and the tighter focusing of the field Γ for different realizations of the random media.

III. IMAGING

1. POINT target model for the response matrix

To image the M unknown scatterers with an active array of transducers we measure the response matrix (P_{pq}(t)) , p, q = 1, . . . , N, as explained in section I, part 1. We now describe a simple, point target model for (P_{pq}(t)), which is used in the analysis of our imaging algorithm.

When imaging M targets located at y_1, . . . , y_M , we will assume that, at frequency ω, ^P (ω) = ( ^P_{pq}(ω) ) is given by ^P_{pq}(ω) = ^f(ω)^M ∑ j=1 ^ξ_j(ω) ^G(y_j , x_p, ω) ^G(y_j, x_q, ω), p, q = 1, . . . , N, (III.1)

where ^f(ω) is the Fourier transform of the probing pulse, ^G is the Green’s function for the Helmholtz equation (II.3) in the random medium, and ^ξ_j(ω) is the scattering coefficient of the jth target. Equivalently, the response matrix is a sum of outer products ^P (ω) = ^f(ω)^M ∑ j=1 ^ξ_j(ω)^g(y_j, ω) ^g^T (y_j, ω), (III.2)

where T denotes transpose and where

^g(y_j , ω) =

^G(y_j, x_1, ω) ^G(y_j, x_2, ω) . . ^G(y_j, x_N , ω)

, (III.3)

is the illuminating Green’s vector onto the array, from the point y_j. The main approximations made in (III.2) are the following:

• The targets are assumed to be isotropic point scatterers over the frequency band of the pulse.

• The transducers are also assumed to be isotropic point emitters and receivers. • There is no multiple scattering between the unknown targets, which means that they are weak scatterers, or that they are well separated.

With these assumptions, (III.1) has the following interpretation. A point source at x_p radiates a field with amplitude ^f(ω). This produces the field ^f(ω) ^G(y_j, x_p, ω) at y_j . Then, a point acting as secondary source (from Huygen’s principle) at y_j, with this amplitude times its own scattering coefficient ^ξ_j(ω), radiates a field observed at x_q, and given by (III.1).

Multipathing in the random medium is taken into account in (III.2) because we use the random Green’s functions ^G. It should be kept in mind that (III.2) is a model that we use only in the theoretical analysis of the imaging algorithms. In our numerical simulations the response matrix P (t) = (P_{pq}(t)) is obtained by solving the full random wave equation in the presence of small inclusions that represent the targets, as explained in Appendix A.

2. SUBSPACE analysis of the response matrix

We have pointed out that time reversal is a good way to look for the unknown target locations, that is, to image. However, having measured the response matrix P (t), it is not clear what it is that we should time-reverse, in what medium to back-propagate it, and what to look for in the time-reversed, back-propagated space-time field. To understand why the Singular Value Decomposition (SVD) of the response matrix ^P (ω) in the frequency domain is the relevant tool we form the product ( ^P (ω) ^P^H(ω))_{pq} = N∑ r=1 ^P_{pr}(ω) ^P_{rq}(ω). (III.4)

Up to normalization by the scalar factor ^f(ω) this has the following interpretation. A pulse f(t) is emitted from the qth transducer, the echos are recorded on the array, time-reversed and re-emitted from each transducer into the medium, and the echos are recorded again on the array. This is the response matrix that results from probing the medium twice, the second time by time-reversal and back-propagation.

The eigenvectors and eigenvalues of the Hermitian matrix ^P (ω) ^P^H(ω) have also a simple physical interpretation. They are the characteristic responses of the medium as seen by the array at frequency ω. Suppose that the array emits a signal which at frequency ω has complex amplitudes equal to the components of one of the eigenvectors. The echos recorded at the array are time-reversed and re-emitted into the medium. After this double probing the response at the array is the eigenvector sent out, multiplied by the corresponding eigenvalue.

Given the singular value decomposition of the response matrix ^P (ω) = ^U(ω)Σ(ω) ^V^H (ω), (III.5) the eigenvectors of ^P (ω) ^P^H (ω), denoted by ^U_r(ω), for r = 1, . . . , N, are the columns of matrix ^U(ω). The eigenvalues of ^P (ω) ^P^H (ω) are σ^2_r (ω), σ_r(ω) being the singular values of ^P (ω) that form the diagonal matrix Σ(ω). In our setup ^P (ω) is complex symmetric but not Hermitian, so its left singular vectors ^U_r(ω) are the complex conjugates of the right singular vectors ^V_r(ω), for r = 1, . . . , N. Most physical arrays, however, are not constructed with isotropic point transducers so response matrices are not symmetric. We assume symmetry here for simplicity. All of our analysis carries over to the non-symmetric case.

2.1. Application of the SVD. An immediate application of the SVD of the response matrix is the determination of the number of small targets. Suppose that only M < N singular values of the measured response matrix ^P (ω) are significant and the rest are zero or close to zero

σ_1(ω) ≥ σ_2(ω) ≥ σ_M (ω) > σ_{M+1}(ω) ≈ . . . σ_N (ω) ≈ 0. (III.6)

Based on the model (III.2) for the response matrix, this means that there must be M targets in the medium. If therefore the SVD of the array response matrix has no significant singular values over the band of frequencies of the probing pulse, then there are no detectable targets in the medium.

In general, the rank of the model response matrix ^P (ω) is equal to the number of targets M ≤ N, although there exist very special geometrical target configurations in homogeneous media that give a lower rank matrix (Devaney 2000). Such target configurations may be ignored in a random medium and for realistic arrays where the locations of sensors along a line or a plane are not exactly half a wavelength apart.

In Figure 8 we show the singular values σ_j (ω), for j = 1, . . . , 3, computed from numerical simulations in the case of two targets embedded in homogeneous and random media. When the background is homogeneous only two singular values of the response matrix are significant, so we clearly detect the presence of two targets in the medium. In the case of random media with weak fluctuations (s ≤ 5%), more than two significant singular values may appear. However, their amplitude is small for all frequencies and therefore we can consider them as noise and neglect them. As the fluctuations of the inhomogeneities increase the amplitude of the “noisy” significant singular values also increases and it appears as if more than two targets are in the random medium. This points to a natural limitation of this approach, since we cannot expect to detect targets in a medium when scattering from the random inhomogeneities is comparable to that from the targets.

Now, when there are detectable targets in the medium, the next step is to locate them. To do so, we can use the singular vectors of ^P (ω). We remark that, the first M left singular vectors ^U_1(ω), . . . , ^U_M (ω) are an orthogonal basis of the M dimensional subspace of IC^N , spanned by the illuminating vectors at the target locations ^g(y_1, ω), . . . , ^g(y_M , ω) while ^U_r(ω), for M + 1 ≤ r ≤ N, are orthogonal to this subspace. When the targets are sufficiently far apart from each other, destructive interference and the spatial decay of the Green’s functions imply that the inner product ^g^H (y_j, ω) ^g(y_h, ω) ≈ 0 for j ≠ h. In this case, we can associate with each target y_j , j = 1, . . . , M, a nonzero singular value σ_r(ω) and the corresponding singular vector ^U_r(ω). In fact, the ^U_r(ω) are proportional to the illuminating vectors from the targets and we have

^U_r(ω) ≈ e^{iϕ(ω)} ^g(y^j, ω) | ^g(y_j, ω) | , σ_r(ω) ≈| ^f(ω) | | ^ξ_j(ω) | | ^g(y_j , ω) |^2, (III.7) for some 1 ≤ j ≤ M and an arbitrary phase ϕ(ω). In general, the targets will not be sufficiently far apart and the approximation (III.7) will not hold. However, the rank of ^P (ω) is M and the illuminating vectors ^g(y_1, ω), . . . , ^g(y_M , ω) are linearly independent but not necessarily mutually orthogonal. The left singular vectors ^U_r(ω) are linear combinations of the illuminating vectors from the targets.

The problem is now how to use the singular value decomposition of the matrix ^P (ω) over a band of frequencies of the probing pulse to image the M unknown targets. In the case of well separated targets we can image with beam-forming, at least in a homogeneous medium. We simply take the inner product of each singular vector ^U_r(ω) with the normalized illuminating vector at a test point y^s in a homogeneous medium, ^U^H_r (ω) ^g^0(y^s, ω)

| ^g_0(y^s, ω) |

. (III.8) At a fixed frequency this projection is a reasonable thing to do in a homogeneous medium, when the targets are not too close to the array. This is because by (III.7) the inner product (III.8) will be small unless y^s is close to one of the targets.

However, in a random medium this inner product is wildly fluctuating from realization to realization and from frequency to frequency. We cannot integrate over frequency, as we did in time reversal, hoping to obtain a self-averaging quantity, for two reasons. The first one is that ^U_r in (III.7) has an arbitrary frequency dependent phase ϕ(ω) which comes from the way the SVD algorithm constructs the singular vectors.

This problem is easy to fix by computing the singular vectors with the power method, for example. The second reason is more serious and requires a different strategy, which we introduce in the next section. The problem is, that the beam-forming inner product (III.8) will never be self-averaging because the random Green’s function in the singular vector in (III.7) is not compensated by a time-reversed one (the conjugated random Green’s function) which cancels the large random phase that it has (see section II, part 3). Only functionals for which large phases cancel can be self-averaging and therefore useful for imaging in random media. This point is discussed further in section III, part 3.1.

3. STATISTICALLY stable broad-band direction of arrival analysis An algorithm that leads to statistically stable imaging of the target locations can be constructed from the following observation:

• If the random vector ^g(y^s, ω) at a search point y^s is orthogonal to the null-space of ^P ^P^H (ω) then y^s must coincide with one of the target locations y_j , for some 1 ≤ j ≤ M. We have already noted this property and now review it. The null-space of ^P ^P^H (ω) is spanned by the singular vectors ^U_r(ω), for M + 1 ≤ r ≤ N, which are orthogonal to the subspace spanned by ^g(y_1, ω), . . . , ^g(y_M , ω). The test illuminating vector ^g(y^s, ω) is orthogonal to the null-space of ^P^H , which is the same as that of ^P ^P^H (ω), if and only if it lies in the subspace spanned by ^g(y_1, ω), . . . , ^g(y_M , ω). However, as explained in section III, part 2, the vectors ^g(y^s, ω), ^g(y_1, ω), . . . , ^g(y_M , ω) are linearly independent if y^s ≠ y_p, for all p = 1, . . . , M. Therefore, if ^g(y^s, ω) is orthogonal to the null-space of ^P ^P H (ω) then ys coincides with a target location y_j , for some 1 ≤ j ≤ M.

In a homogeneous medium the illuminating vector for a search point is known. Therefore projecting into the null-space of ^P (ω) at any fixed frequency will give a very good estimate of the target locations because they are exact zeros of the norm of the projection as a function of the search point y^s (see (III.10)). This is, in fact, the well known MUltiple SIgnal Classification (MUSIC) algorithm whose advantages over beam-forming and other target location methods is well known (Schmidt 1979, Schmidt 1986, Stoica, Moses 1997).

When imaging in random media, however, the illuminating vector ^g(y^s, ω) at a search point y^s is random and not known. The best we can do is use the known, deterministic illuminating vector ^g_0(y, ω) given at y^s by

^g_0(y^s, ω) =

^G_0(ys, x_1, ω) ^G_0(ys, x_2, ω) . . ^G_0(ys, x_N , ω)

, (III.9)

where ^G_0(y^s, x_j , ω) is the deterministic two-point Green’s function that solves (II.3) with n(x) ≡ 1. To locate the targets we compute the projection P_N ^g_0(y, ω) of ^g_0(y^s, ω) onto the null-space of ^P ^P^H (ω), given by

P_N ^g_0(y^s, ω) = M∑ r=1 [ ^U^H_r (ω)^g_o(y^s, ω) ] ^U_r(ω) − ^g_o(y^s, ω), (III.10)

for each frequency in the support of the probing pulse ^f(ω).

In a deterministic medium the target locations y_p, p = 1, ..., M are the zeros of ||P_N ^g_0(y^s, ω)|| for any frequency. In a random medium we cannot expect this frequency by frequency projection to give a good estimate of the location of the targets because the deterministic illuminating vector ^g_0(y^s, ω) is, in general, quite different from the random one ^g(y^s, ω). In particular, at any fixed frequency ω, the replacement of the unknown illuminating vector ^g(y^s, ω) by the known one ^g_0(y^s, ω) may be satisfactory for some realizations of the random medium but not for others. This means that imaging by projecting ^g_0(y^s, ω) onto the null-space of ^P ^P^H (ω) at a fixed frequency is statistically unstable. When, however, we take the inverse Fourier transform of this projected vector, suitably normalized, and evaluate it at an appropriate time, the averaging over frequencies ω produces a statistically stable functional that does provide information about the unknown targets in the random medium.

We now introduce, the statistically stable, time domain target imaging algorithm. We search for the targets one at a time. To find y_j for some 1 ≤ j ≤ M we take a search point y^s, calculate the illuminating vector ^g_o(y^s, ω), given by (III.9), and then compute its projection onto the subspace spanned by ^U_{M+1}(ω), . . . , ^U_N (ω) as in (III.10). We normalize this projection by the singular value σ_j (ω) and we take the inverse Fourier transform to return to the time domain

F^{(j)}(y^s, t) = ∫ e^{−iωt}σ_j (ω) M∑ r=1 [ ^U^H_r (ω)^g_o(y^s, ω) ] ^U_r(ω)dω − ∫ e^{−iωt}σ_j (ω)^g_o(y^s, ω)dω. (III.11)

The normalization by the singular value σ_j (ω), which is given by (III.7) in the case of well separated targets, allows us to give a time reversal interpretation of the functionals F^{(j)}(y^s, t) which are, therefore, self-averaging. We explain this in detail for a single target in section III, part 3.1.

Up to the normalization by σ_j (ω), the second term in (III.11) is the deterministic illuminating vector g_o(y^s, t). Each component p of this vector has a deterministic arrival time which is the travel time from the pth transducer to the search point, t_p(y^s) =

| x_p − y^s |

c_0

. (III.12) It is natural, at least in homogeneous media, to evaluate the pth component of F^{(j)}(y, t) at time t_p(y^s). We then construct G^{(j)}(y^s) = N∑ p=1 ( F^{(j)}_p (y^s, t_p(y^s))

)_2 (III.13) and display the objective functional R(y^s) = M∑ j=1 min_{ys} G^{(j)}(y^s)

G^{(j)}(y^s)

, (III.14) for points y^s in the target domain. The maxima of R(y^s) are estimates of the target locations y_1, . . . , y_M .

In section III, part 3.2, we show results of numerical simulations for locating one or two targets in random media using this method (Figures 12 and 13). As these simulations indicate, and as we explain in section III, part 3.3, the imaging algorithm (III.14) gives a robust estimate of the cross-range, or the Direction of Arrival (DOA), of scattered signals from the targets to the array. In homogeneous media we also get range estimation since the arrival times (III.12) are exact. In random media, however, the DOA estimator (III.14) does not give the range of the targets. In section III, part 3.3 we show that by using arrival time estimates from the data we can modify (III.13) so as to obtain good range estimates as well (Figure 16).

3.1. Imaging and time reversal. The functionals F^{(j)}(y^s, t) defined by (III.11) are, up to normalization by the singular value σ_j (ω), just the time-domain projections into the null-space of ^P (ω), which is MUSIC in the time domain. The null-space projection is a good DOA estimator for narrow-band array probing in homogeneous media, considerably better than beam-forming (Schmidt 1979, Schmidt 1986), so extending it to the time domain is natural. Our understanding of time reversal in random media, discussed in section II, suggests an entirely different reason why suitably normalized MUSIC in the time domain is a good DOA estimator: statistical stability. This means that the estimator (III.14) is self-averaging because of multipathing (Blomgren, Papanicolaou, Zhao 2001) and therefore essentially independent of the random medium fluctuations. We now give a time reversal interpretation of F^{(j)}(y^s, t) defined by (III.11). In section III, part 3.3, we discuss its sensitivity to arrival time estimation, which is then explored in several directions until section III, part 6, where we introduce the Subspace Arrival Time (SAT) estimator that is accurate and robust.

We consider for simplicity the case of a single target and drop the superscript (j). Using the theoretical model (III.7) we can write (III.11) in the form

F(y^s, t) = B(y^s, t) − A(y^s, t), (III.15) with

A(y^s, t) = ∫_∞ −∞ e^{−iωt} | ^f(ω) | | ^ξ_1(ω) | ^g_0(y^s, ω) N∑ p=1 ^G(y_1, x_p, ω) ^G(y_1, x_p, ω)dω, (III.16) B(y^s, t) = ∫_∞ −∞ e^{−iωt} | ^f(ω) | | ^ξ_1(ω) | ^g(y_1, ω) N∑ p=1 ^G_0(y^s, x_p, ω) ^G(y_1, x_p, ω)dω.

The self-averaging property of F(y^s, t) is inherited from time reversal in random media because the random Green’s functions in (III.16) appear in a way that is similar to the time-reversed, back-propagated field Γ in (II.6). In fact, both A(y^s, t) and B(y^s, t) have a time reversal interpretation as follows. In Figure 9 we illustrate the time reversal interpretation of A(y^s, t) in three steps. First the unknown target sends to the array the pulse | ^f(ω) | weighted by the magnitude of the scattering strength | ^ξ_1(ω) |. Then the echos received are time-reversed and back-propagated to the unknown point y_1, in the random medium. The field at y_1 is

| ^f(ω) | | ^ξ_1(ω) | N∑ p=1 ^G(y_1, x_p, ω) ^G(y_1, x_p, ω), (III.17)

which is self-averaging in the time domain. In the third step we take the field at a search point y^s and send it to the array in a fictitious homogeneous medium. We expect a large response at the array if y^s is near y_1. Because of the self-averaging of time reversal in random media the components of A(y^s, t) are self-averaging. In addition to this property, which is very important in imaging, super-resolution plays a beneficial role in A(y^s, t) as well. The search point y^s, at a fixed range, has to be closer to the target y_1 in order to produce significant illumination on the array. In Figure 10 we illustrate the time reversal interpretation of B(y^s, t), again in three steps. The first step is the same as for A(y^s, t), that is we record at the array the echos received from the unknown location y_1 in the random medium. Then we time-reverse and back-propagate to the search point y^s in a fictitious homogeneous medium. The field at y^s is | ^f(ω) | | ^ξ_1(ω) | N∑ p=1 ^G_0(y^s, x_p, ω) ^G(y_1, x_p, ω), (III.18)

and it is not self-averaging. In the third step the field at the unknown point y_1 is send to the array of transducers in the random medium. Here again we expect a large response at the array if y^s is near y_1. The components of B(y^s, t) are self-averaging because in the last step we back-propagate in the random medium.

Self-averaging in the time domain occurs, in general, when large random phases in the Green’s functions cancel or nearly cancel. This is the case with A(y^s, t) and B(y^s, t) because the random Green’s functions appear in conjugate pairs. In A(y^s, t) there is exact phase cancellation while in B(y^s, t) the phase cancellation is approximate. The time domain stability comes from the approximate decorrelation of such quantities over different frequencies, as we discuss in section II, part 3.

3.2. Simulations. We have computed array response matrices numerically for one-target and two-target configurations as shown in Figure 11. In both configurations we use the probing pulse given by (II.7), with the same central frequency and frequency band. In the first simulation an array of aperture a = 4.5λ is used to identify one target, located at y_1 = (11.5λ, 42λ). The array transducers are at x_p = ( 9λ + (p − 1) λ 2 , 4λ ) , for p = 1, · · · , 10.

In the second simulation we have two targets, one bigger than the other. The larger target is located at y_1 = (8λ, 21λ) and the smaller one at y_2 = (4λ, 22λ). The array in this case has aperture a = 9.5λ and the transducers are located at x_p = ( 7λ + (p − 1) λ 2 , 4λ ) , for p = 1, · · · , 20.

The ambient medium is either homogeneous or random. The characteristics of the random media are the same as those in section II, part 2. The sound speed c(x) has constant mean c_0 = 1.5km/s, correlation length l = 0.3mm and standard deviation s between 1% and 5%.

We solve the wave equation with a finite element method as described in Appendix A. In the numerical simulations the targets are modeled by small squares. The size of the small target is λ/30 × λ/30 and the size of the bigger one is λ/15 × λ/15. In Figures 12 and 13 we show the results obtained with the time domain estimation using (III.14) and a fixed frequency MUSIC estimation, at the central frequency of the pulse ν = 3MHz. More precisely we display the objective functional

R_{MUSIC}(y^s) = M∑ j=1 min_{ys} G^{(j)}_{MUSIC}(y^s) G^{(j)}(y^s)

, (III.19) where G^{(j)}_{MUSIC}(y^s) is computed by, G^{(j)}_{MUSIC}(y^s) = |P_N ^g_0(y^s, ω)|^2 (III.20) where P_N ^g_0(y^s, ω) is defined by (III.10) and with ω = 2πν. As we see in these figures both methods give very good results in homogeneous media. In random media the fixed frequency MUSIC estimation is not stable. It can be very bad for some realizations of the random medium and satisfactory for others. The time domain estimation is, however, statistically stable as expected. In the time domain we have a robust estimate of the cross-range, or direction of arrival, but range estimation in random media is not good at all. In the next section, we use a simplified model for the random Green’s functions in order to explain the bad range estimation. It comes from the sensitivity of F^{(j)}(y^s, t) to the arrival times used in it. The deterministic arrival times (III.12) are too crude. We show that by using good arrival time estimates from the data we can modify (III.13)-(III.14) so as to get good range estimates as well.

3.3. Sensitivity of imaging to arrival times. In Figures 12 and 13 the bottom left panel indicates clearly that MUSIC in the time domain, based on the functional F^{(j)}(y^s, t) given by (III.11) and (III.14), is sensitive to what arrival times we use in F^{(j)}(y^s, t). In this section we want to explain this sensitivity and to discuss the role that arrival times play in the behavior of the functional F^{(j)}(y^s, t). MUSIC for narrow-band signals is a good direction of arrival (DOA) estimator (Schmidt 1979, Schmidt 1986) and this persists for broad-band signals in the time domain, where we also have self-averaging. The price we pay for statistical stability is, however, sensitivity to arrival time information. This is an important trade-off in target location in random media that we now explain. We discuss it further in section III, part 4, in connection with synthetic aperture imaging and again in section III, part 6, where we combine direction of arrival estimation with arrival time analysis, which we call subspace arrival time analysis (SAT).

For simplicity we consider the case of one target (j = 1) located at y_1 and write the qth component of F^{(1)}(y^s, t) using the Green’s functions in the homogeneous, ^G_o(y_1, x_p, ω), and random media, ^G(y_1, x_q, ω), as follows

F^{(1)}q (y^s, t) = N∑ p=1 ∫_∞ −∞ e^{−iωt}| ^f(ω)||^ξ(ω)| { ^G(y_1, x_p, ω) ^G_o(y^s, x_p, ω) ^G(y_1, x_q, ω)

− ^G(y_1, x_p, ω) ^G(y_1, x_p, ω) ^G_o(y^s, x_q, ω) } dω. (III.21) First we note that since F^{(1)}q (y^s, t) is self-averaging we may replace the product ^G(y_1, x_p, ω) ^G(y_1, x_q, ω) of two random Green’s functions by its average. We can then approximate this average by

E{ ^G(y_1, x_p, ω) ^G(y_1, x_q, ω)} ≈ e^{−β(ω)|xp−xq |2} (4π)^2r_pr_q e^{−iω(τ̃ (1)p −τ̃ (1)q )}, (III.22)

where r_p = |x_p − y_1| (and r^s_p = |x_p − y^s| below), p = 1, . . . , N are the distances from the pth transducer to the target y_1 and the search point y^s, respectively, and by τ̃^{(1)}p , p = 1, . . . , N we denote the travel time from the pth transducer to the target in the random medium. These random travel times are estimated from the diagonal of the response matrix (see section III, part 5.1). This approximate expression for the average holds when the distance of the target from the array is large compared to its size (a ≪ L), along with some other approximations (cf. Blomgren, Papanicolaou, Zhao 2001). The factor β depends on the frequency but we will assume it is constant since we only want to give a qualitative analysis of the sensitivity of F^{(1)}q (y^s, t) to arrival times.

We now simplify F^{(1)}q (y^s, t) by using (III.22) and doing the Fourier transform to get

F^{(1)}q (y^s, t) ≈ M_q(y^s, t) = 1 (4π)^3 N∑ p=1 { e^{−β|xp−xq |2} r_p r_q r^s_p f(t + τ̃^{(1)}_p − τ̃^{(1)}_q − t_p(y^s))

− 1 r^2_p r^s_q f(t − t_q(y^s)) } . (III.23)

We have also replaced | ^f(ω)| by ^f(ω) and set |^ξ(ω)| = 1. The times t_p(y^s), p = 1, . . . , N

are the deterministic travel times given by (III.12). We construct the functional

G_M (y^s) = N∑ p=1 (M_p (y^s, t_p(y^s)))^2 (III.24)

and display

R_M = min_{ys} G_M (y^s)

G_M (y^s)

, (III.25)

at search points y^s.

When evaluated at time t = t_q(y^s), (III.23) becomes,

M_q(y^s, t_q(y^s)) = 1 (4π)^3 N∑ p=1 e^{−β|xp−xq |2} r_p r_q r^s_p f(τ̃^{(1)}_p − τ̃^{(1)}_q − (t_p(y^s) − t_q(y^s))) − 1 r^2_p r^s_q f(0). (III.26)

We see from (III.26) that M_q(y^s, t_q(y^s)) depends on differential arrival times, which

means that we expect it to have a minimum when

τ̃^{(1)}_p − τ̃^{(1)}_q = t_p(y^s) − t_q(y^s).

Therefore, this functional can only have good cross-range resolution. It cannot have

good range resolution because there is essentially no range information in it. The large

conical uncertainty regions to the right of the targets (in red color) in Figures 12 and

13, are produced by the attenuation factor e^{−β|xp−xq |2} where the parameter β is adjusted to match the behavior the DOA estimator (III.14).

In Figure 14 we compare results using the simplified model (III.23) with the DOA estimator (III.21), which needs no arrival time estimates. The parameter β in (III.23) is adjusted to reproduce qualitatively the behavior of (III.21) and the arrival times τ̃^{(1)}p are estimated from P_{pp}(t). For the numerical computations we used the two dimensional Green’s function in (III.23) (ie., replaced r_p, r^s_p and r_q by √r_p, √ r^s_p and √r_q). We see from the two top rows of Figure 14 that the approximate or model estimator (III.23) explains very well the range uncertainty of the DOA estimator (III.21). For comparison we show in the third row the behavior of the estimator R_{Δ−AT A} = min_{ys} G_{Δ−AT A}(y^s) G_{Δ−AT A}(y^s)

, (III.27) which uses only differential arrival times G_{Δ−AT A}(y^s) = N∑ p,q=1 [ τ̃^{(1)}_p − τ̃^{(1)}_q − (t_p(y^s) − t_q(y^s))

]_2

. (III.28) We see from the third row of Figure 14 that the differential arrival time estimator (III.28) is not statistically stable like (III.21), shown in the first row. In fact it gives a bad estimate of the target’s position in the lowest right view of Figure 14. This is due to the large difference between the estimated random times τ̃^{(1)}p , p = 1, . . . , N and the deterministic ones t_p(y_1), p = 1, . . . , N as shown in Figure 15. This difference may be caused by an unusual realization of the random medium that produces a large error in the estimation of τ̃^{(1)}p , p = 1, . . . , N. Random arrival times are not easy to estimate in practice, as we explain in section III, part 5.1. To summarize, the time domain DOA estimator (III.21) is statistically stable and gives good cross-range resolution because it uses implicitly differential arrival times, with no need to estimate random arrival times. This is what we infer from the model estimator (III.23) where the differential arrival times, which are hidden in the random Green’s functions, are now explicitly required. The differential arrival time estimator (III.28) uses only estimated arrival times and is not stable statistically. The DOA estimator (III.21) that requires no arrival time estimation and is statistically stable is clearly superior. But it is sensitive to lack of range information as we see from the large conical regions around the targets, in Figures 12 and 13, bottom left.

3.4. DOA estimation with arrival times. We discuss next one way in which arrival time estimates can be used with a DOA estimator. We return to this issue in section III, part 6, after a detailed discussion of arrival time estimation in section III, parts 5.1 and 5.2.

The idea is to construct functionals that use both differential and absolute arrival times. We consider only the single target case (j = 1) for simplicity. For a search point y^s we compute

H^{(1)}_q (y^s) = B^{(1)}_q (y^s, τ^{(1)}_q ) − A^{(1)}_q (y^s, t_q(y_s)) (III.29) with

A^{(1)}q (y^s, t) = ∫_∞ −∞ e^{−iωt} | ^f(ω) | | ^ξ_1(ω) | ^G_0(y^s, x_q, ω) N∑ p=1 ^G(y_1, x_p, ω) ^G(y_1, x_p, ω)dω,

B^{(1)}q (y^s, t) = ∫_∞ −∞ e^{−iωt} | ^f(ω) | | ^ξ_1(ω) | ^G(y_1, x_q, ω) N∑ p=1 ^G_0(ys, x_p, ω) ^G(y_1, x_p, ω)dω.

(III.30) Here τ^{(1)}p , p = 1, . . . , N are arrival times estimated from the effective singular vectors (see section III, part 5.2), which are much better than the estimates τ̃^{(1)}p , p = 1, . . . , N obtained from the diagonal of the response matrix. We then construct the Direction-of-Arrival Arrival-Time (DOA-AT) estimator G^{(1)}_τ (y^s) = N∑ p=1 ( H^{(1)}_p (y^s))

)_2

, (III.31) and display R_τ (y^s) = min_{ys} G^{(1)}τ (y^s) G^{(1)}τ (y^s)

. (III.32) Simulation results using the DOA-AT estimator (III.32), for one and two targets, are shown in Figure 16. Clearly the functional (III.31) gives a good estimate of both the range and the cross-range of the targets. However, it is sensitive to the quality of the arrival time estimates τ^{(1)}p , p = 1, . . . , N. In section III, part 6, we introduce an alternative functional which is more efficient and robust : it gives a better estimate of the locations of the targets and is less sensitive to arrival time estimates.

It is clear from the analysis of this section that methods that do not use arrival time estimation but provide range information are important. One such widely used method is Synthetic Aperture Imaging (SAI) which we discuss in the next section.

4. SYNTHETIC Aperture Imaging (SAI)

In Synthetic Aperture Imaging (Cheney 2001) we measure only the diagonal P_{pp}(t) of the response matrix and we locate point scatterers using deterministic travel times. At a search point y^s in the domain of interest we compute the deterministic arrival time for P_{pp}(t). That is, the time to go from the pth transducer to the search point y^s and then come back to the pth transducer. This is twice the arrival time t_p(y^s) given by (III.12). The target locations are estimated as the maxima of the absolute value of the objective function

R(y^s) = N∑ p=1 P_{pp}(2t_p(y^s)). (III.33)

For large synthetic arrays with transducers that have a limited angular aperture, the usual case, we should not sum over all transducer locations x_p, p = 1, . . . , N, but only over the ones that illuminate the region of interest at some range L, as shown in Figure 17. Synthetic aperture imaging with (III.33) is an arrival time imaging method, as we now explain in the single target case. Let us suppose that there is only one target located at y_1. In the frequency domain the SAI measurements are modeled by ^P_{pp}(ω) = ^f(ω)^ξ_1(ω) ^Q_{pp}(ω), (III.34)

where ^Q_{pp}(ω) = ^G^2(x_p, y_1, ω). (III.35)

In a homogeneous medium the three-dimensional Green’s function is given by

G_0(x_p, y_1, ω) = e^{ik|xp−y1|} 4π | x_p − y_1 |

(III.36)

and so, in the time domain,

Q_{pp}(t) = 1 16π^2 | x_p − y_1 |^2 ∫_∞ −∞ e^{iω(2tp(y1)−t)}dω = 1 8π | x_p − y_1 |^2 δ (t − 2t_p(y_1)) , (III.37)

where δ(·) is the delta function. The objective function (III.33) is then given by

R(y^s) = N∑ p=1 1 8π | x_p − y_1 |^2 ξ_1(t) ⋆ f (2(t_p(y^s) − t_p(y_1))) , (III.38)

where ⋆ stands for convolution in time. For multiple targets we simply sum over them in (III.38)

R(y^s) ≈ N∑ p=1 1 8π | x_p − y_1 |^2 M∑ j=1 ξ_j(t) ⋆ f (t_p(y^s) − t_p(y_j )) , (III.39)

neglecting multiple scattering between the targets.

Given the small support of the pulse f(t), appropriate for a broad-band probing signal, R(y^s) peaks at search points y^s with arrival time t_p(y^s) ≈ t_p(y_j). The SAI functional (III.39) shows clearly the role of the probing pulse on the resolution of the images. The shorter the pulse f(t), the better the range resolution in (III.39). Cross-range resolution is, in principle, very good for large SAI in a homogeneous medium (Cheney 2001).

In random media, however, the arrival times of the scattered echos differ from t_p(y_j ), so we expect that the quality of the images degrades when the random sound speed fluctuations increase. Moreover, the objective function (III.33) is not statistically stable, and images can vary significantly from one realization of the randomly inhomogeneous medium to another. That is because in (III.33) the square of the random Green’s function ^G^2(x_p, y_1, ω) appears. It caries a large random phase because there is no complex conjugation (time reversal) in (III.33) to eliminate it, as in the DOA estimation in section III, part 3. Only functionals in which large phases cancel can be self-averaging, and therefore useful for imaging in random media. Range resolution, however, is controlled mainly by the bandwidth of the probing pulse and summing over transducer locations smoothes out fluctuations and gives acceptable results.

In Figures 18 and 19 we plot the absolute value of the objective function (III.33) as a function of range and cross-range of the search point y^s. In random media the estimates of the target locations are quite unsatisfactory, especially the cross-range, for simulations with both one target (Figure 18) and two targets (Figure 19). The statistical instability is also seen clearly.

5. ARRIVAL time analysis

As we have seen in section III, parts 3.2 and 3.3, direction of arrival estimates do not provide information about the range of the targets. We get this from the arrival times of the recorded back-scattered echos.

5.1. Arrival time estimation and imaging. In the single target case an easy way to estimate arrival times from the unknown target to the array is to use the diagonal of the response matrix as in SAI. The arrival time in P_{pp}(t) is twice the arrival time from the unknown target to the pth transducer. For multiple targets the time traces of the diagonal of the response matrix P_{pp}(t) contain scattered fronts from all the targets and they are difficult to interpret, especially when the medium is randomly inhomogeneous as we see in Figure 20. Here the traces of P_{pp}(t) are from numerical simulations with two targets embedded in a homogeneous medium and a random medium with standard deviation s = 6.68%. It is clearly difficult to estimate arrival times for the second front in the random medium.

If we have reasonable estimates of arrival times from the diagonal of the response matrix we can try to image the targets using only these estimates with the following objective functional. Let τ̃^{(j)}p be the estimated arrival times for the scattered fronts j = 1, . . . , M (M = 2 in Figure 20) and transducers p = 1, . . . , N (N = 20 in Figure 20). For a search point y^s we compute the deterministic arrival times t_p(y^s) from (III.12) and we define the Arrival Time Analysis (ATA) estimator functional

R_{AT A}(y^s) = M∑ j=1 min_{ys} G^{(j)}_{AT A}(y^s) G^{(j)}_{AT A}(y^s)

, (III.40)

where

G^{(j)}_{AT A}(y^s) = N∑ p=1 [ τ̃^{(j)}_p − 2t_p(y^s)

]_2 . (III.41)

The estimates of the target locations are the maxima of functional R(y^s), which we show in Figure 21 in the left column. In random media we can get good estimates of the arrival times τ̃^{(1)}p from the first front but rather poor estimates of the arrival times τ̃^{(2)}p from the second front. This is seen in Figure 21 (left column) where the image of the second target is not so good.

It is interesting to combine the ATA estimator (III.40) with the Δ-ATA estimator (III.27) that uses only differential arrival times and has good cross-range resolution. By combining we mean that we take as estimator the sum of the products

G_C = M∑ j=1 G^{(j)}_{AT A}(y^s) · G^{(j)}_{Δ−AT A}(y^s) (III.42)

with G^{(j)}_{AT A}(y^s) given by (III.41) and G^{(j)}_{Δ−AT A}(y^s) given by (III.28), in the one-target case. Simulation results are shown in Figure 21, right column. Cross range resolution is somewhat better when differential arrival times are used.

5.2. Arrival time estimation using the SVD. We can improve our estimates of arrival times considerably by using the singular vectors of the response matrix. These vectors have already been used in direction of arrival estimation, as explained in section III, part 3. We use them now to illuminate each target separately, while shading the others, so that arrival times of scattered fronts can be estimated more accurately than when using only the diagonal of the response matrix as in SAI.

When the targets are sufficiently far apart, or have sufficiently different strengths, the singular values σ_j (ω), j = 1, . . . , M, of the response matrix ^P (ω) are well-separated over the frequency band of the pulse f(t). The traces of the singular vectors U_j (t) have only one coherent front (one arrival time) back-scattered by the target that makes the largest contribution to the singular value σ_j (ω), j = 1, . . . , M. This does not mean that we require ^g^H (y_j , ω)^g(y_h, ω) ≈ 0 for j ≠ h or, equivalently, that the targets are so far apart that they are essentially isolated from each other. It does mean, however, that the contribution of the illuminating Green’s vector ^g(y_j , ω) in ^U_j (ω) is more significant than that of the vectors ^g(y_h, ω), for h ≠ j.

Let us suppose that the target at y_1 is the strongest with σ_1(ω) separated from all other singular values over the frequency band of ^f(ω). The singular vector ^U_1(ω) of ^P (ω) is normalized (‖ ^U_1(ω)‖ = 1) but carries an arbitrary, frequency dependent, phase. Because of this U_1(t) looks incoherent in the time domain. We can, however, calculate N, coherent in time, versions of the leading singular vector, by projecting the columns of the response matrix onto it ^U^{(p)}_1 (ω) = [ ^U_1(ω)^H ^P^{(p)}(ω) ] ^U_1(ω), p = 1, . . . , N. (III.43)

Here ^P^{(p)} is the pth column of the response matrix ^P (ω). Clearly ^U^{(p)}_1 (ω) is a singular vector of ^P (ω) and it carries the phase of its pth column, so that in the time domain U^{(p)}_1 (t) is coherent and arrival times can be estimated. The singular vector ^U^{(p)}_1 (t) can be obtained by iterated time reversal and back propagation as was done in Prada, Manneville, Spolianski, Fink 1996.

In the single target case ^U^{(p)}_1 (ω) = ^f(ω)^ξ_1(ω) ^G(ω, x_p, y_1)^g(ω, y_1). (III.44)

For multiple targets ^U^{(p)}_1 (ω) is more complicated and contains contributions from the other targets. But when the target located at y_1 is the strongest and its presence is dominant in the time trace of the singular vector, for the estimation of arrival times we can still consider the one-target expression (III.44) as valid approximately.

The various versions of the leading singular vector calculated by (III.43) have different arrival times because of the phase differences introduced by the Green’s function ^G(ω, x_p, y_1). However, we can synchronize them and then average them (stack them) to obtain the effective singular vector

< U_1(t) >= 1 N N∑ p=1 U^{(p)}_1 (t − τ^{(1)}_p ). (III.45)

The synchronization of U^{(p)}_1 (t) requires the estimates of travel times τ^{(1)}p , from emitting transducer p to target location y_1. These times are estimated as the minimizers of

min_{τ (1)} p ∫_T 0 N∑ p=1 [ U^{(p)}_1 (t − τ^{(1)}_p ) − 1 N N∑ q=1 U^{(q)}_1 (t − τ^{(1)}_q )

]_2 dt, (III.46)

for some time T large enough to capture the scattered echos in U^{(p)}_1 (t), for p = 1, . . . , N.

The time trace of < U_1(t) > is cleaner than all other traces because of the averaging. But we are more interested in the estimates of the arrival times τ^{(1)}p that come out of (III.46) and we now show how they can be used. Arrival time estimates for other targets are obtained in the same way, by starting with the second singular vector of the response matrix, etc.

6. SUBSPACE arrival time analysis (SAT)

We are now ready to introduce an imaging method that combines the direction of arrival analysis (see section III, part 3) with the arrival time analysis (see section III, part 5.2).

For each search point y_s we compute the objective functional

R_{SAT} (y^s) = M∑ j=1 min_{ys} G^{(j)}_{SAT} (y^s)

G^{(j)}_{SAT} (y^s)

, (III.47) where

G^{(j)}_{SAT} (y^s) = N∑ p=1 [ F^{(j)}_p (y^s, t_p(y^s)

]_2 [ τ^{(j)}_p − t_p(y^s)

]_2 . (III.48)

Here F^{(j)}(y^s, t) is defined by (III.11), t_p(y^s), p = 1, . . . , N are the deterministic arrival times given by (III.12) and τ^{(j)}p , p = 1, . . . , N, j = 1, . . . , M are the arrival times computed in (III.46). We call (III.47) the Subspace Arrival Time (SAT) estimator. In Figures 24 and 25 we show the results of simulations using this estimator. As we can see from the results this imaging method is very robust. The target locations are estimated well even in the case of random media with strong inhomogeneities (maximum fluctuations up to 12% in the velocity). Another important property of SAT is statistical stability. Target location estimates do not change for different realizations of the random media. The functional (III.47) is more robust than the functional (III.29) discussed in section III, part 3.3. This is because the probing pulse is very short (broad-band signal), so evaluating the first term B^{(1)}q (y^s, t) at time t = τ^{(1)}q makes the functional (III.29) sensitive to errors in the estimates of arrival times.

The basic limitation of SAT imaging (III.47) comes from the assumption that each singular vector of the matrix ^P (ω) can be associated with one target. What is actually important here is that the ordering of the singular values does not change with frequency, over the bandwidth of ^f(ω). If the singular values cross as frequency varies, then we need to track this crossing. For example, by identifying the singular values from the form of the corresponding singular vectors instead of using their relative amplitude.

SAT imaging works well because it combines good estimation of both direction of arrival, DOA, and arrival times, ATA. In section III, parts 3.3 and 4, we discussed sensitivity of DOA to arrival time, and hence range estimation. We discussed in section III, part 3.4, the possibility of using estimators that do not use direct arrival time estimation at all, like the DOA estimator (III.14) and the SAI estimator (III.33). We can combine these two estimators much as we did with ATA and Δ-ATA in (III.42). A no-explicit arrival time estimator, DOA-SAI, is R_{DOA-SAI}(y^s) = M∑ j=1 G^{(j)}_{DOA-SAI}(y^s) max_{ys} G^{(j)}_{DOA-SAI}(y^s)

(III.49) where G^{(j)}_{DOA-SAI}(y^s) = | | | | N∑ p=1 P_{pp}(2t_p(y^s)) | | | | /G^{(j)}(y^s) (III.50) and with G^{(j)}(y^s) given by (III.13).

In Figures 26 and 27 we show one and two target simulation results using (III.49). It is not as good as SAT (Figures 24 and 25) but it is better than DOA (Figures 12 and 13) and SAI (Figures 18 and 19). This is as expected, of course, but it is interesting to see how range and cross-range estimation interact and influence each other in a random medium.

IV. SUMMARY AND CONCLUSIONS

Active array probing of small scatterers in random media poses special problems that require a careful assessment of imaging methodology. Based on our understanding of time reversal in random media (Blomgren, Papanicolaou, Zhao 2001), super-resolution and its statistical stability in the time domain in particular, we have identified a number of imaging methods that give good estimates for the location of the scatterers. The key idea is a subspace projection method in the time domain that is statistically stable (section III, part 3). We explain carefully the sensitivity of this estimator to range information, in section III, part 3.3, which is somewhat unexpected since in homogeneous media range and cross-range estimation are essentially distinct processes. We explain briefly the well-known inadequacy of synthetic aperture imaging in random media, in section III, part 4. In section III, part 6, we formulate the Subspace Arrival Time (SAT) method that is robust and accurate if we have good arrival time estimates, as we can often get using subspace analysis in the manner of section III, part 5.2.

We have conducted extensive numerical simulations to understand better and to substantiate our theoretical insights into imaging in random media.

Acknowledgments

The work of Liliana Borcea has been partially supported by the National Science Foundation under grant number DMS-9971209. The work of George Papanicolaou was supported by grants AFOSR F49620-01-1-0465, NSF DMS-9971972, and DOE DE-FG03-00ER25424

APPENDIX A: COMPUTATIONAL SETUP

1. THE mixed finite element solution of the wave equation

We describe here the numerical method we use to compute the solution of the wave equation. Our method is based on the discretization of the mixed velocity-pressure formulation for acoustics (i.e., system (A.1)). For the space discretization, we use a new finite element method (see Bécache, Joly, Tsogka 1997, Bécache, Joly, Tsogka 2000), which is compatible with mass-lumping techniques (i.e., it leads to explicit time discretization schemes) and for the time discretization we use a centered 2nd order finite difference scheme.

1.1. The continuous problem: the wave equation. Let Ω be a bounded domain of IR^2. We consider the wave equation as a first order system (the velocity pressure system), ϱ ∂v ∂t − ∇p = 0, 1 k ∂p ∂t − div v = f,

(A.1)

with some initial conditions at time t = 0 that we will systematically omit in the following. In (A.1), v denotes the velocity (the time derivative of the displacement), p the pressure, ϱ = ϱ(x) the density and k = k(x) the bulk modulus. A mixed formulation associated to equations (A.1) is given by the following problem, Find (v, p) : [0, T ] −→ X × M such that d dt c(v, w) + b(w, p) = 0, ∀w ∈ X, d dt a(p, q) − b(v, q) = (f, q), ∀q ∈ M,

(A.2)

T being some finite time, up to which, we compute the solution and where c(v, w) = ∫ Ω ϱ v · w dx, ∀(v, w) ∈ X × X,

a(p, q) = ∫ Ω 1 k p q dx, ∀(p, q) ∈ M × M,

b(w, q) = ∫ Ω q div w dx, ∀(w, q) ∈ X × M,

(f, q) = ∫ Ω f q dx, ∀q ∈ M.

(A.3)

The functional spaces X and M are defined as,

M = L^2(Ω) = { all f(x) such that ∫ Ω |f(x)|^2dx < ∞ }

X = H(div ; Ω) = { all f(x) such that ∫ Ω ( |f(x)|^2 + |div f(x|^2 ) dx < ∞ } (A.4)

1.2. Semi-discretization in space. Suppose now that Ω is a union of rectangles in such a way that we can consider a regular mesh (T_h) with square elements K of edge h > 0. We introduce the following approximation spaces

X_h = {w_h in X such that, for all K in T_h, the restriction of w_h in K is in Q_1 × Q_1} ,

M_h = {q_h in M such that, for all K in T_h, the restriction of q_h in K is in Q_0} , (A.5) where Q_1 is the space of piece-wise bilinear functions and Q_0 the space of piece-wise constant functions. This element is the lowest order element of a new family of mixed finite elements (Bécache, Joly, Tsogka 1997, Bécache, Joly, Tsogka 2000)) which allows us to obtain explicit time discretization schemes using mass-lumping techniques. The discrete problem associated to (A.2) is Find (v_h, p_h) : [0, T ] → X_h × M_h such that d dt c(v_h, w_h) + b(w_h, p_h) = 0, ∀w_h ∈ X_h, d dt a(p_h, q_h) − b(v_h, q_h) = (f, q_h), ∀q_h ∈ M_h,

(A.6)

We introduce here B_{N1} = {τ_i}^{N1}_{i=1}, B_{N2} = {ϕ_i}^{N2}_{i=1} the bases of X_h and M_h respectively, where N_1 = dimX_h and N_2 = dimM_h. We denote then by [V_h] = (V_1, ..., V_{N1} ) and [P_h] = (P_1, ..., P_{N2} ) the coordinates of v_h and p_h in the bases B_{N1} and B_{N2} . In these bases, problem (A.6) can be written in the following form Find (V_h, P_h) ∈ L^2(0, T ; IR^{N1} ) × L^2(0, T ; IR^{N2} ) such that

M_v dV_h dt + B^T_h P_h = 0,

M_p dP_h dt − B_hV_h = F_h,

(A.7) with (i) (M_v)_{i,j} = (ϱϕ_i, ϕ_j)_{L2(Ω)} , 1 ≤ i, j ≤ N_1,

(ii) (M_p)_{i,j} = (kτ_i, τ_j )_{(L2(Ω))2} , 1 ≤ i, j ≤ N_2,

(iii) (B_h)_{i,j} = (τ_i, div ϕ_j)_{L2(Ω)} , 1 ≤ i ≤ N_2, 1 ≤ j ≤ N_1,

(iv) (F_h)_j = (f, τ_j )_{L2(Ω)} 1 ≤ j ≤ N_2 ;

(A.8)

B^T_h denotes the transpose of B_h.

1.3. Total discretization. For the time discretization of problem (A.7) we restrict ourselves to the classical second order centered finite differences approximation : Find (V^{n+1/2}_h , P^{n+1}_h ) ∈ IR^{N1} × IR^{N2} such that :

M_v V^{n+1/2} h − V^{n−1/2}_h Δt − B_hP^n_h = 0

M_p P^{n+1}_h − P^n_h Δt + B^T_h V^{n+1/2}_h = F^{n+1/2}_h

(A.9)

In our simulations, we assume that the problem is posed in the whole space. To solve it numerically, we surround the domain with an absorbing layer. More precisely, we couple system (A.9) with the perfectly matched absorbing layer model (PML). This is a very efficient absorbing layer model, introduced by Berenger 1994 for Maxwell’s equations.

2. THE PML absorbing layer model

The Perfectly Matched Layer model was introduced by Berenger 1994 for the 2D Maxwell problem. This model has astonishing properties: the reflection coefficient at the interface between the layer and the free medium is zero for all frequencies and angles of incidence. This model can be extended to general first order hyperbolic systems. In this section, we explain the basic principles of this model in the general case of a first order hyperbolic system and then we apply this model to acoustics.

2.1. The PML model for a general first order hyperbolic system. Consider the following first order hyperbolic system, posed initially in the space IR^2:

∂u ∂t = A ∂u ∂x_1 + B ∂u ∂x_2 , u ∈ IR^m (a)

u(x_1, x_2, 0) = u^0(x_1, x_2) (b)

(A.10)

Suppose that the support of initial data u^0 is in the left half-space, we would like to substitute problem (A.10) by an equivalent one posed in the left half-space. The basic principle of the PML model is to couple the equation in the left half-space with an equation in the right half-space such that there is no reflection at the interface and that the wave decreases exponentially inside the layer. We first introduce the following system u = u^‖ + u^⊥, ∂u^‖ ∂t = B ∂u ∂x_2 , ∂u^⊥ ∂t = A ∂u ∂x_1 ,

(A.11)

where the index ‖ (resp. ⊥) means that we keep only the derivatives parallel to the interface, i.e., the x_2-derivatives (resp. orthogonal, i.e., the x_1-derivatives). It is easy to see that system (A.11) implies (A.10)-(a).

Secondly we define a new wave, v, solution of (A.11) in the left half-space and satisfying a new system in the right half-space, involving a damping on the normal component : v = v^‖ + v^⊥, ∂v^‖ ∂t = B ∂v ∂x_2 , ∂v^⊥ ∂t + d(x_1)v^⊥ = A ∂v ∂x_1 ,

(A.12)

where the damping parameter d(x_1) is positive and satisfies : d(x_1) = 0, for all x_1 ≤ 0. Now, consider a plane wave u, solution of (A.10)-(a), i.e., of the form :

u(x_1, x_2, t) = u_0 e^{−i(k1x1+k2x2−ωt)}, (A.13)

where u_0 satisfies the dispersion relation :

u_0 + k_1 ω Au_0 + k_2 ω Bu_0 = 0. (A.14)

We have the following result : There exists a unique plane wave, v, solution of system (A.12) of the form

v(x_1, x_2, t) = u_0 e^{−i(k1x1+k2x2−ωt)}e^{α(x1)}, (A.15)

satisfying :

• v ≡ u in the left half-space x_1 ≤ 0 (no reflection) • v is damped in the right half-space

• the damping coefficient in the absorbing layer is | v(x_1, x_2, t) | | u(x_1, x_2, t) | = e^{α(x1)} = exp ( − k_1 ω ∫_{x1} 0 d(ξ)dξ ) , x_1 > 0.

For the proof see Collino, Tsogka 2001.

Remark A.1 Note that the damping is exponentially decreasing, depending on the direction of propagation of the wave: it decreases very fast for a wave propagating normally to the interface and more and more slowly as the direction approaches being parallel to the interface.

In practice, we introduce a boundary, with a Dirichlet condition at x_1 = δ, to bound the layer, and we solve (A.10)-(a) in the left half-space and (A.12) in the right half-space. This new boundary produces a reflection, but, since the wave decreases exponentially in the layer, the reflection coefficient becomes quickly very small. This coefficient depends on the choice of d(x_1) and on the size δ of the layer. One wants to choose a layer large enough in order to get a small reflection coefficient, but not too large in order to avoid increasing the additional computational cost too much.

2.2. Application to acoustics. Now consider the 2D acoustics problem written as a first order hyperbolic system, the velocity-pressure system (A.1). We can write (A.1) in the following matrix form : ϱ ∂v ∂t = G^⊥ ∂p ∂x_1 + G^‖ ∂p ∂x_2 in Ω, 1 k ∂p ∂t = D^⊥ ∂v ∂x_1 + D^‖ ∂v ∂x_2 in Ω,

(A.16) with

G^‖ = 1 0

0 0 ; G^⊥ = 0 0

0 1 ; D^‖ = 1 0

0 0 ; D^⊥ = 0 0

0 1 . (A.17)

Applying the previous result, we get the following system in the Perfectly Matched

Layer

v = v^‖ + v^⊥, p = p^‖ + p^⊥,

ϱ ∂v^‖ ∂t = G^‖ ∂p ∂x_2 , ϱ ∂v^⊥ ∂t + ϱd(x_1)v^⊥ = G^⊥ ∂p ∂x_1 , 1 k ∂p^‖ ∂t = D^‖ ∂v ∂x_2 , 1 k ∂p^⊥ ∂t + 1 k d(x_1)p^⊥ = D^⊥ ∂v ∂x_1 .

(A.18)

References

E. Bécache, P. Joly, and C. Tsogka. Etude d’un nouvel élément fini mixte permettant la condensation de masse. C. R. Acad. Sci. Paris Sér. I Math., 324:1281–1286, 1997.

E. Bécache, P. Joly, and C. Tsogka. An analysis of new mixed finite elements for the approximation of wave propagation problems. SIAM J. Numer. Anal., 37:1053–1084, 2000.

J.P. Bérenger. A perfectly matched layer for the absorption of electromagnetic waves.

J. Comput. Phys., 114:185–200, 1994.

N. Bleistein, J.K. Cohen, and J.W. Stockwell Jr. Mathematics of multidimensional seismic imaging, migration, and inversion. Springer, New York, 2001.

P. Blomgren, G. Papanicolaou, and H. Zhao. Super-resolution in time-reversal acoustics.

to appear in the Journal of the Acoustical Society of America, 2001. M. Cheney. A mathematical tutorial on synthetic aperture radar. SIAM Review, 43:301–312, 2001.

J. F. Claerbout. Fundamentals of geophysical data processing : with applications to petroleum prospecting. CA : Blackwell Scientific Publications, Palo Alto, 1985.

J. F. Clouet and J. P. Fouque. A time reversal method for an acoustical pulse propagating in randomly layered media. Wave Motion, 25:361–368, 1997.

F. Collino and C. Tsogka. Application of the pml absorbing layer model to the linear elastodynamic problem in anisotropic heteregeneous media. Geophysics, 66:294–305, 2001.

J.C. Curlander and R.N. McDonough. Synthetic Aperture Radar. Wiley, New York, 1991.

A. Derode, P. Roux, and M. Fink. Robust acoustic time reversal with high-order multiple scattering. Physical Review Letters, 75:4206–4209, 1995.

A.J. Devaney. Super-resolution processing of multi-static data using time reversal and music. to appear in J. Acoust. Soc. Am.

D. R. Dowling and D. R. Jackson. Narrow band performance of phase conjugate arrays in dynamic random media. J. Acoust. Soc. Am., 91:3257–3277, 1992.

M. Fink. Time reversal mirrors. J. Phys. D, 26:1330–1350, 1993. M. Fink. Time reversed acoustics. Phys. Today, 50:34–40, 1997.

S. Haykin, J. Litva, and T. J. Shepherd. Radar Array Processing. Springer-Verlag, New York, 1993.

W. A. Kuperman, W. S. Hodgkiss, H. C. Song, T. Akal, C. Ferla, and D. R. Jackson.

Phase conjugation in the ocean : Experimental demonstration of an acoustic time reversal mirror. J. Acoust. Soc. Am., 103:25–40, 1998.

C. Prada, S. Manneville, D. Spolianski, and M. Fink. Decomposition of the time reversal operator: Detection and selective focusing on two scatterers. J. Acoust. Soc. Am., 99:2067–2076, 1996.

C. Prada, J. L. Thomas, and M. Fink. The iterative time reversal mirror: Analysis of convergance. J. Acoust. Soc. Am., 97:62–71, 1995.

C. Prada, F. Wu, and M. Fink. The iterative time reversal mirror: A solution to self-focusing in the pulse echo mode. J. Acoust. Soc. Am., 90:1119–1129, 1991.

R. O. Schmidt. Multiple emitter location and signal parameter estimation. In Rome Air Development Center Rome NY, editor, Proc. RADC Spectrum Estimation Workshop, RADC-TR-79-63, pages 243–258, October 1979.

R. O. Schmidt. Multiple emitter location and signal parameter estimation. IEEE Trans.

Antennas Prop., AP-34:276–280, 1986.

H. C. Song, W. A. Kuperman, and W. S. Hodgkiss. Iterative time reversal in the ocean.

J. Acoust. Soc. Am., 105:3176–3184, 1999.

B.D. Steinberg. Microwave Imaging with Large Antenna Arrays. Wiley, New York, 1983. P. Stoica and R.L. Moses. Introduction to Spectral Analysis. Prentice Hall, New Jersey, 1997.

P. Stoica and A. Nehoral. Music, maximum likelihood, and cramér-rao bound: Further results and comparisons. In IEEE Trans. Acoustics, Speech, and Signal Proc., volume 38, pages 2140–2150, 1990.

C. Tsogka and G. Papanicolaou. Time reversal through a solid-liquid interface and super-resolution. submitted in the Journal of the Acoustical Society of America.

E. Turkel and A. Yefet. Absorbing pml boundary layers for wave-like equations.

absorbing boundary conditions. Appl. Numer. Math., 27(4):553–557, 1998. W. Xu and M. Kaveh. Comparative study of the biases of music-like estimators. Signal Processing, 50:39–55, 1996.

Figure 1: Array probing of a randomly inhomogeneous medium containing M small scatterers.

Figure 2: Time reversal in a homogeneous medium. A point source at y emits a wave which is received at the array of aperture a, at a distance L from the source. The signal is time reversed and sent back into the medium. The focusing resolution in both range and cross-range is diffraction limited. Figure 3: Time reversal in a random medium with significant multipathing. The array appears to have an effective aperture a_e > a and the focusing of the back-propagated field is tighter than in a homogeneous medium. Figure 4: The computational setup. The dimensions of the problem are given in terms of the central wavelength λ = 0.5mm. The medium is considered to be infinite in all directions so in the numerical computations an absorbing layer surrounds the domain.

Figure 5: Typical realization of random sound speed c(x). The target is shown as a large black dot •. The units in the horizontal and vertical axes are mm and, in the color bar, km/sec. The standard deviation for this example is s = 4.95%. Figure 6: The probing pulse f(t) given by (II.7). The horizontal axis is time t in micro seconds.

Figure 7 The re-focused field Γ shown as a function of range and cross-range in mm, at the time of re-focusing on the source point y. The vertical array is 2mm from the left side and it has twenty transducers that are 0.25mm apart. Note the tighter focusing in the random medium.

Figure 8: The first three singular values σ_1(ω), σ_2(ω) and σ_3(ω) from simulations with two targets in a random medium. The standard deviation s and maximum fluctuations (M.F.) are indicated on the top of each view. The horizontal axis is the radian frequency ω = 2πν with ν in MHz. Note crossing of singular values in the strongest random medium. Note also that in this medium it appears that there are more than two targets.

Figure 9: Time reversal interpretation of A(y^s, t). The array is illuminated from the unknown location y_1 in the random medium. The echos received at the array are time-reversed and re-emitted into the medium. They focus at y_1, with super-resolution. The field at the search point y^s is then propagated to the array, in a fictitious, homogeneous medium. The pth component of A(y^s, t) is the signal at transducer x_p and it is evaluated at the deterministic arrival time t_p(y^s) =| x_p − y^s | /c_0.

Figure 10: Time reversal interpretation of B(y^s, t). The array is illuminated from the unknown location y_1 in the random medium. The echos at the array are time-reversed and re-emitted in a fictitious homogeneous medium. In the third step the field at the unknown point y_1 is send to the array in the random medium.

Figure 11: The setup for two numerical simulations. In the first case we have one target at y_1 = (11.5λ, 42λ) and the aperture of the array is 4.5λ. In the second case we have two targets, one bigger than the other. The larger target is located at y_1 = (8λ, 21λ) and the smaller one at y_2 = (4λ, 22λ). The aperture is 9.5λ. Figure 12:Direction of arrival estimation for one target in homogeneous and random media. On the left is the time domain estimation using (III.14) and on the right is fixed frequency MUSIC, at the central frequency of the pulse ν = 3MHz. The target is the green star. The horizontal axis is range in mm and the vertical axis is cross-range in mm. The standard deviation s and the maximum fluctuations M.F. are above each figure. Figure 13: Same as Figure 12 with two targets.

Figure 14: Comparison of direction of arrival (DOA) estimators for simulations with a single target and for two realizations of random media. In the top row we show the functional R(y^s) given by (III.14), which requires no arrival time estimation. In the second row we show the direction of arrival estimator given by (III.25), with the β adjusted to match the top row and arrival times estimated from the diagonal of the response matrix. In the third row we show the results of estimating target location with the differential arrival time estimator (III.27).

Figure 15 Comparison between the random arrival times τ̃_p, p = 1, . . . , N (continuous line), estimated from the diagonal of the response matrix and the deterministic arrival times t_p(y_1), p = 1, . . . , N (dashed line).

Figure 16: Estimates of one target and two targets in a random medium using the DOA-AT estimator (III.32). The range uncertainly of the DOA estimator (III.14), seen in Figures 12 and 13, is eliminated.

Figure 17: Synthetic aperture imaging (SAI). The array is very large so to image a particular region we use only the part of the array that illuminates it. Figure 18: The SAI estimate of the location of one target in random media with different strength of the fluctuations of the sound speed. The exact location of the target is denoted by the green star. The standard deviation s and maximum fluctuations (M.F.) are indicated on the top of each view. The horizontal axis is the range in mm and the vertical axis is the cross-range in mm. Figure 19: Same as Figure 18 but with two targets.

Figure 20: Traces of the diagonal part of the response matrix P_{pp}(t) for a homogeneous medium and a random medium with standard deviation s = 6.68% and maximum fluctuation M.F. = 11.57%. The horizontal axis is time, in microseconds.

Figure 21: The ATA estimate (III.40) (left column) and the estimate obtained by combining ATA with Δ-ATA (III.27) (right column) of two target in random media with different strength of the fluctuations of the sound speed. The exact location of the targets are denoted by the green stars. The standard deviation s and maximum fluctuations (M.F.) are indicated on the top of each view. The horizontal axis is the range in mm and the vertical axis is the cross-range in mm. Figure 22: Traces computed from the diagonal of the singular vector matrix for the homogeneous medium. In figures (a1) and (a2) we show the traces from the diagonal of the first and the second singular vector matrix. In figures (b1) and (b2) we show the traces of the first and second averaged singular vector. In figure (c) we show the traces from the diagonal of the response matrix. There is no averaging in (a1), (a2) and (c).

Figure 23: Same as in Figure 22 but for the random medium with s = 6.68%. Figure 24: The SAT estimate of one target in random media with different strength of the fluctuations of the sound speed. The exact location of the target is denoted by the green star. The standard deviation s and maximum fluctuations (M.F.) are indicated on the top of each view. The horizontal axis is the range in mm and the vertical axis is the cross-range in mm. Figure 25: The SAT estimate as in Figure 24 for two targets.

Figure 26: Combined DOA (III.13) and SAI (III.33) estimation of one target location in random media with different strength of the fluctuations of the sound speed. The exact location of the target is denoted by the green star. The standard deviation s and maximum fluctuations (M.F.) are indicated on the top of each view. The horizontal axis is the range in mm and the vertical axis is the cross-range in mm.

Figure 27: Same as Figure 26 with two targets. Figure 28: The damping parameter.

Figure 1. Borcea, JASA

Figure 2. Borcea, JASA

Figure 3. Borcea, JASA

Figure 4. Borcea, JASA

•

Figure 5. Borcea, JASA

Figure 6. Borcea, JASA

Figure 7. Borcea, JASA

Figure 8. Borcea, JASA

Figure 9. Borcea, JASA

Figure 10. Borcea, JASA

Figure 11. Borcea, JASA

Figure 12. Borcea, JASA

Figure 13. Borcea, JASA

Figure 14. Borcea, JASA

Figure 15. Borcea, JASA

Figure 16. Borcea, JASA

Figure 17. Borcea, JASA

Figure 18. Borcea, JASA

Figure 19. Borcea, JASA

Figure 20. Borcea, JASA

Figure 21. Borcea, JASA

(a1)

(a2)

(b1)

(b2)

(c)

Figure 22. Borcea, JASA

(a1)

(a2)

(b1)

(b2)

(c)

Figure 23. Borcea, JASA

Figure 24. Borcea, JASA

Figure 25. Borcea, JASA

Figure 26. Borcea, JASA

Figure 27. Borcea, JASA

Figure 28. Borcea, JASA