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2Abstra
t. We present a general method for estimating the lo
ation of small,well-separated s
atterers in a randomly inhomogeneous environment using an a
tivesensor array. The main features of this method are (i) an arrival time analysis ofthe e
ho re
eived from the s
atterers, (ii) a singular value de
omposition of the arrayresponse matrix in the frequen
y domain, and (iii) the 
onstru
tion of an obje
tivefun
tion in the time domain that is statisti
ally stable and peaks on the s
atterers.By statisti
ally stable we mean here that the obje
tive fun
tion is self-averaging overdi�erent realizations of the medium. This is a new approa
h to array imaging thatis motivated by time reversal in random media, analyzed in detail in (Blomgren,Papani
olaou, Zhao 2001). It 
ombines features from seismi
 imaging like arrivaltime analysis with frequen
y domain radar signal subspa
e methodology like MUSIC(MUltiple SIgnal Classi�
ation) (S
hmidt, 1979, S
hmidt 1986, Stoi
a, Moses 1997,Devaney 2000).
PACS numbers: 43.60.Gk, 43.60.Cg, 43.60.Rw



3I. ARRAY IMAGINGAn a
tive array of N transdu
ers lo
ated at xp; p = 1; : : : ; N , probes an unknownmedium 
ontaining M < N small s
atterers by emitting pulses and re
ording theba
k-s
attered e
hos. To �x ideas, we 
onsider a linear array where two adja
ent pointtransdu
ers are at distan
e �=2 apart, where � is the 
arrier (
entral) wavelength ofthe probing pulses. Su
h a setup ensures that the 
olle
tion of transdu
ers behaves likean array of aperture a = (N � 1)�=2 and not like separate entities, while keeping theinterferen
e between the transdu
ers at a minimum (Steinberg 1983). Our aim is toidentify the number M of s
atterers and their lo
ation yp in a randomly inhomogeneousmedium, in a regime where multipathing due to inhomogeneities is signi�
ant. Su
h aregime o

urs, for example, when � <� l � a � L, where l is the 
orrelation length ofthe random 
u
tuations of the wave speed and L is the range of the targets, as shownin Figure 1. In ultrasound imaging the 
orrelation length may be 
omparable to the
entral wavelength, whi
h is typi
ally 0:5mm, and propagation distan
es 
an be upto several hundreds of wavelengths. In su
h a regime, multipathing due to randominhomogeneities is important and must be taken into 
onsideration.1. THE array response matrixTo image the targets we use the response matrix (Ppq(t)), obtained as follows. Apulse f(t) is emitted from transdu
er p, lo
ated at xp, and the ba
k-s
attered returnsPpq(t) are re
orded at xq, q = 1; : : : ; N; for a suÆ
iently long time interval t 2 (0; T ).Probing of the medium is done by using all transdu
ers p = 1; : : : ; N . The data 
olle
ted



4is the response matrix P (t) = (Ppq(t)).2. TYPES of arraysArray probing 
an be done with many di�erent types of arrays, transdu
ers andre
ording devi
es. In ultrasound imaging the arrays are often linear, they may haveas many as 100 or more transdu
ers, and full response matri
es 
an be measured andpro
essed. In seismi
 imaging the arrays 
an be very large but they are mostly passive,that is, the array 
onsists mostly of re
eivers and has few emitters. In radar and sonarthe geometri
 layout of the arrays may depend on appli
ations and it need not be linearor planar.Large arrays of 
losely spa
ed transdu
ers 
an be very e�e
tive in imaging butthey are expensive, diÆ
ult to 
alibrate and to move, and they generate very largeresponse matri
es that require 
omputationally intensive pro
essing. However, imagingof a

eptable quality 
an often be done with syntheti
 arrays, that is, with small arraysthat are transported over the area to be imaged. They generate response matri
es thathave blo
k-diagonal or near-diagonal form. In Syntheti
 Aperture Imaging (SAI), onlythe diagonal of the response matrix Ppp(t) is measured. In Interferometri
 imaging, onlythe diagonal Ppp(t) and one lower diagonal Ppp�1(t) are measured, et
.In very large arrays, syntheti
 or a
tual, the exa
t lo
ation of the transdu
ersmay not be known, so its imaging 
hara
teristi
s have to be 
alibrated using targets atknown lo
ations and with known s
attering behavior. In this paper, we 
onsider arrayswith known transdu
er lo
ations and full measured response matri
es.



53. IMAGING strategiesAny re
e
tion-based imaging method involves some form of ba
k-propagation intothe medium, or time reversal, of the �elds measured on the array. This is be
ause theba
k-propagated �elds tend to fo
us on sharp re
e
tors in the medium. In physi
al timereversal, the ba
k-propagating �elds are emitted by the array into the real medium,whi
h is unknown. In virtual time reversal, the ba
k-propagation is done numeri
ally, ina �
titious, referen
e medium.Physi
al time reversal has many appli
ations in medi
ine, for example in thedestru
tion of kidney stones (lithotripsy), in the destru
tion of mines, in 
ommuni
ations,and elsewhere (Fink 1993, Fink 1997, Kuperman, Hodgkiss, Song, Akal, Ferla, Ja
kson1998, Song, Kuperman, Hodgkiss 1999). Virtual time reversal is used mostly forimaging, as we dis
uss in this paper.We may 
lassify array imaging methods in three general 
ategories: (a) timedomain, broad-band methods that use mostly arrival time and/or amplitude informationre
orded by the array (b) �xed frequen
y or narrow-band methods that use mostlydi�erential phase information on the array and (
) imaging methods based on intensitymeasurements. We 
onsider here only the �rst two 
ategories of imaging, whi
h we 
all
oherent imaging methods. In
oherent imaging uses only intensity measurements.Time domain methods in
lude broad-band Syntheti
 Aperture Imaging (Curlander,M
Donough 1991, Haykin, Litva, Shepherd 1993), where only the diagonal Ppp(t) ofthe response matrix is measured and used. The ba
k-propagation of Ppp(t) is done



6in a homogeneous medium, that is, we use arrival times 
omputed in a homogeneousba
kground (see se
tion III, part 4). Time domain imaging methods are also used inexploration geophysi
s, where they are referred to as migration. In these appli
ations,the measured array response matri
es are very large and have very 
omplex stru
ture.The arrival time analysis is also very 
ompli
ated be
ause one 
annot assume auniform ba
kground medium. In Kir
hho� migration (Claerbout 1985, Bleistein,Cohen, Sto
kwell 2001), the imaging is based on referen
e arrival times obtained by raymethods. Other migration methods ba
k-propagate waves using various approximations,as in the one-way wave equation migration method (Claerbout 1985, Bleistein, Cohen,Sto
kwell 2001). Narrow-band methods use di�erential phase information of the fullarray response matrix and they image by beam-forming (Curlander, M
Donough 1991,Haykin, Litva, Shepherd 1993), or by �xed frequen
y subspa
e methods like MUltipleSignal Classi�
ation (MUSIC) (S
hmidt 1979, S
hmidt 1986, Stoi
a, Moses 1997). Leastsquares (maximum likelihood) dire
tion of arrival estimation methods (Haykin, Litva,Shepherd 1993) also use the full array response matrix in the frequen
y domain.These imaging methods 
an be su

essfully used to identify the unknown targets,that is, to determine their number M and their lo
ations xp, p = 1; : : : ;M , when theba
kground medium is deterministi
 and uniform. However, in the 
ase of random mediawith signi�
ant multipathing, imaging is more diÆ
ult and 
onventional approa
hessu
h as Syntheti
 Aperture Imaging (SAI) (see se
tion III, part 4) or subspa
e proje
tionmethods (MUSIC, see se
tion III, part 3) fail. Statisti
al approa
hes, su
h as maximumlikelihood, assume that the noise in the measured response matrix is additive and white.



7Su
h modeling is appropriate for instrument noise when signal to noise power is smallbut it is not appropriate for dealing with sto
hasti
 e�e
ts arising from inhomogeneitiesin the medium that 
ause multipathing.4. IMAGING in random mediaSin
e most imaging methods use time reversal in some form, an important steptowards su

essful imaging in random media is understanding physi
al time reversal andthe role played by multipathing.Physi
al time reversal has been explored with ultrasound (Fink, 1993,Fink 1997,Prada, Wu, Fink 1991, Prada, Thomas, Fink 1995, Prada, Manneville, Spolianski, Fink1996) and underwater a
ousti
s (Kuperman, Hodgkiss, Song, Akal, Ferla, Ja
kson 1998,Song, Kuperman, Hodgkiss 1999) experiments, with numeri
al simulations (Blomgren,Papani
olaou, Zhao 2001, Tsogka, Papani
olaou 2001) and with theoreti
al analysis(Blomgren, Papani
olaou, Zhao, 2001, Clouet, Fouque 1997, Dowling, Ja
kson 1992).In physi
al time reversal the lo
ations of the targets need not be known but theymust a
tively illuminate an array of transdu
ers. The signal re
orded at the array istime reversed and re-emitted into the medium. Be
ause of the time reversibility of thewave equation, the ba
k-propagated �eld fo
uses near the a
tive targets. The arraya
ts as a lens that refo
uses the time-reversed signals ba
k onto the sour
e from whi
hthey emanated. The fo
using resolution is di�ra
tion limited be
ause of the �niteaperture a of the array, as shown in Figure 2. In a homogeneous medium, the resolutionin dire
tions parallel to the array, the 
ross-range resolution, is �L=a (Blomgren,



8Papani
olaou, Zhao 2001, Steinberg, 1983). The resolution in the perpendi
ulardire
tion, the range resolution, is � (L=a)2 � �L=a (Steinberg 1983). In both 
ases wemust have L � a. In randomly inhomogeneous media, the fo
using resolution is mu
htighter (Fink 1997, Blomgren, Papani
olaou, Zhao 2001). This phenomenon is 
alledsuper-resolution and 
omes from multipathing 
aused by the random inhomogeneities.The array is like a lens with an e�e
tive aperture larger than its physi
al size, as shownin Figure 3. Moreover, the time-reversed, ba
k-propagated �elds are self-averagingin the time domain. This means that super-resolution is statisti
ally stable, that is,independent of the realizations of the random medium. A more detailed des
ription oftime reversal in random media is given in se
tion II.In this paper we are interested in lo
ating targets buried in a random medium,given the measured array response matrix P (t). This is 
learly di�erent from physi
altime reversal. Nevertheless, the imaging methods that we propose are related to timereversal and therefore have its statisti
al stability. Our approa
h is a new, time resolvedimaging method, where the unknown target lo
ations are minimizers of an obje
tivefun
tion that is statisti
ally stable. The imaging method is based on the followingtwo steps:1. A statisti
ally stable broad-band dire
tion of arrival analysis whi
h gives good
ross-range resolution of the targets (se
tion III, part 3).2. An arrival time analysis whi
h gives good range resolution of the targets (se
tionIII, part 5).



9The 
ombination of these two steps gives our estimates of the unknown target lo
ations(se
tion III, part 6).In the next se
tion we introdu
e physi
al time reversal in a random medium anddis
uss super-resolution and statisti
al stability. We illustrate these phenomena withthe results of numeri
al simulations.In Se
tion III we dis
uss imaging, beginning with a point-target model for theresponse matrix. We then introdu
e the array subspa
e analysis in se
tion III, part 2,formulate robust time-domain dire
tion-of-arrival estimators in se
tion III, part 3, andshow results of numeri
al simulations in se
tion III, part 3.2. We also dis
uss brie
ysyntheti
 aperture imaging (SAI) in se
tion III, part 4, before estimating arrival timesin se
tion III, part 5. The Subspa
e Arrival Time (SAT) method uses time-domaindire
tion-of-arrival estimation and arrival time estimates. It is introdu
ed in se
tionIII, part 6, and performs very well when we have good arrival time estimates, as ournumeri
al simulations indi
ate. When we do not have arrival time estimates we 
an usea 
ombination of dire
tion-of-arrival estimation and SAI. This does not perform as wellas SAT but is robust and 
onsiderably better than SAI. We end with a brief summaryand 
on
lusions followed by a des
ription of the 
omputational setup, appendix A.



10II. TIME REVERSAL IN RANDOM MEDIA1. SUPER-RESOLUTION in time reversalA short pulse f(t) emanating from a point y in the random medium illuminates thearray of aperture a. The signal  (xp; t) re
orded at the array is synthesized from timeharmoni
 waves as  (xp; t) = Z 1�1e�i!t bf(!) bG(xp;y; !)d!; (II.1)where the Fourier transform of the pulse isbf(!) = 12�Z 1�1ei!tf(t)dt: (II.2)We assume that we re
ord the signal for a long enough time interval [0; T ℄ that we maytake T =1. The time harmoni
 Green's fun
tion bG satis�es the redu
ed wave equation� bG(xp;y; !) + � !
0�2 n2(x) bG(xp;y; !) = �Æ(xp � y); (II.3)where 
0 is a referen
e speed and n(x) = 
0
(x) (II.4)is the a
ousti
 index of refra
tion of the medium with random sound speed 
(x).The signal  (xp; t) is time-reversed (
onjugated in the Fourier domain) andre-emitted into the medium. The ba
k-propagated �eld fo
uses near the illuminatingpoint y. To estimate the fo
using resolution we measure the amplitude of the �eldon a s
reen pla
ed at distan
e L from the array, 
ontaining the sour
e point y andthe observation points yo. The distan
e from the sour
e to the �rst zero of the



11ba
k-propagated amplitude, the �rst Fresnel zone, is the 
ross-range resolution in ahomogeneous medium. In random media we �t the main lobe of the ba
k-propagatedamplitude with a Gaussian and take the estimated varian
e as the 
ross-range resolution(Tsogka, Papani
olaou 2001). The time-reversed, ba
k-propagated �eld at yo is�(yo;y; t) = Z 1�1e�i!tb�(yo;y; !)d!; (II.5)whereb�(yo;y; !) = NXp=1 b (xp; !) bG(xp;yo; !) = bf(!) NXp=1 bG(xp;yo; !) bG(xp;y; !): (II.6)In a homogeneous medium, �(yo;y; t) fo
uses near the sour
e point y, near thedeterministi
 arrival time, with 
ross-range resolution �L=a, provided that L � a(Blomgren, Papani
olaou, Zhao 2001, Steinberg 1983). In a randomly inhomogeneousmedium the fo
using of �(yo;y; t) is tighter, as shown s
hemati
ally in Figure 3. Thisis be
ause the random inhomogeneities in the medium produ
e multipathing and thearray appears to have an e�e
tive aperture ae whi
h 
an be mu
h larger than a, itsphysi
al size. Therefore, the width �L=ae of the fo
using region is mu
h smaller thanin a homogeneous medium and we have super-resolution. From Figure 3 we 
an seethat there will also be some diminution of the intensity of the signal re
orded at thearray be
ause multipathing will s
atter some energy away from it. This is of no great
on
ern sin
e linearity allows us to amplify the signal  (xp; t) before time-reversing andre-emitting it into the medium, assuming that instrument noise is small.



122. SIMULATIONSWe illustrate super-resolution for time reversal in random media with numeri
alsimulations, using the setup shown in Figure 4. We solve the wave equation for thea
ousti
 pressure �eld, in the time domain, in a medium with random sound speed 
(x)whi
h has 
onstant mean 
0 = 1:5km/s and 
orrelation length l = 0:3mm. The standarddeviation of the 
u
tuations of 
(x) is denoted by s and it varies between 0 and 5%. Atypi
al realization of the randomly 
u
tuating sound speed is shown in Figure 5. Therandom 
u
tuations of the sound speed are generated numeri
ally with Fourier serieshaving suitably 
alibrated random amplitudes. The probing pulsef(t) = �2�2�2 �t� 1�� e��2�2(t� 1� )2 ; (II.7)is shown in Figure 6. The 
entral frequen
y is � = 3MHz, bf(!) with ! = 2�� issupported over the band of frequen
ies 0:159� 7:958MHz and the 
arrier wavelength is� = 0:5mm.We simulate an in�nite medium by embedding the re
tangular 
omputationaldomain of size 24�� 48� into a perfe
tly mat
hed absorbing layer (
f. B�erenger 1994).The sour
e point is lo
ated at y = (11:5; 42)�, the array has aperture a = 9:5� and thetransdu
ers are lo
ated at xp = (7 + (p � 1)=2; 4)�, for p = 1; : : : ; 20: In Figure 7, weshow the ba
k-propagated, time-reversed �eld �(yo;y; t) for all observation points yo inthe 
omputational domain, at the time it fo
uses on the sour
e point y. We show theresults for two media. The left �gure is for a homogeneous medium (s = 0%) and theright for a random medium with standard deviation s = 4:95%. Super-resolution is seen



13
learly by the tighter 
ompression of the pulse in the random medium.3. STATISTICAL stability of time reversalExperimental studies of time reversal (Fink 1997, Kuperman, Hodgkiss, Song, Akal,Ferla, Ja
kson 1998) show a remarkable stability of the ba
k-propagated, time-reversed�eld as it refo
uses near the sour
e point y, in a variety of situations and without anyaveraging. We refer to this property as self-averaging of �, whi
h is a time domainstatisti
al phenomenon that does not o

ur for time-harmoni
 or narrow-band signals.The key to self-averaging of � is the approximate statisti
al de
orrelation of itsFourier 
omponents for di�erent frequen
ies. This de
orrelation holds in a regime wherethere is signi�
ant multipathing in the random medium. We have su
h a regime whenthe 
arrier wavelength � and the 
orrelations l of the sound speed 
u
tuations are short
ompared to propagation distan
es and the 
u
tuations are weak. ThenE nb�(yo;y; !1)b�(yo;y; !2)o � E nb�(yo;y; !1)oE nb�(yo;y; !2)o ; for !1 6= !2 (II.8)Ef�g being the expe
tation operator, and thereforeE f�(yo;y; t)2g = E �Z 1�1d!1Z 1�1d!2 e�i(!1+!2)tb�(yo;y; !1)b�(yo;y; !2)�� Z 1�1d!1Z 1�1d!2 e�i(!1+!2)tE nb�(yo;y; !1)oE nb�(yo;y; !2)o= E2 f�(yo;y; t)g : (II.9)



14From this, we 
an easily prove that the probability of � di�ering signi�
antly from itsexpe
ted value is small. Using Chebyshev's inequality we see that for any small � > 0,Probfj �(yo;y; t)� E f�(yo;y; t)g j > �g � 1�2E �[�(yo;y; t)� E f�(yo;y; t)g℄2	 � 0;whi
h means that � is self-averaging.In other words, in random media with signi�
ant multipathing averaging overfrequen
ies ! in the band of the probing pulse f(t) is like averaging over realizations ofthe random medium and �(yo;y; t) � E f�(yo;y; t)g : (II.10)An analyti
 expression for E f�(yo;y; t)g is given in Blomgren, Papani
olaou, Zhao2001 using the Green's fun
tion bG in the paraxial approximation. It is shown there thatE f�(yo;y; t)g 
oin
ides with the ba
k-propagated, time-reversed �eld in a homogeneousmedium where the array has an e�e
tive aperture ae � a. Therefore, �(yo;y; t)refo
uses near the sour
e point y with 
ross-range resolution �L=ae, whi
h is often mu
hsmaller than the di�ra
tion limited resolution �L=a.We have done simulations of time reversal for many realizations of random mediawith standard deviation of the sound speed 
u
tuations s � 5% (Figure 7). Ournumeri
al simulations show 
learly the statisti
al stability of time reversal and thetighter fo
using of the �eld � for di�erent realizations of the random media.



15III. IMAGING1. POINT target model for the response matrixTo image the M unknown s
atterers with an a
tive array of transdu
ers we measurethe response matrix (Ppq(t)) ; p; q = 1; : : : ; N; as explained in se
tion I, part 1. We nowdes
ribe a simple, point target model for (Ppq(t)), whi
h is used in the analysis of ourimaging algorithm.When imaging M targets lo
ated at y1; : : : ;yM , we will assume that, at frequen
y!, bP (!) = � bPpq(!)� is given bybPpq(!) = bf(!) MXj=1b�j(!) bG(yj;xp; !) bG(yj;xq; !); p; q = 1; : : : ; N; (III.1)where bf(!) is the Fourier transform of the probing pulse, bG is the Green's fun
tionfor the Helmholtz equation (II.3) in the random medium, and b�j(!) is the s
attering
oeÆ
ient of the jth target. Equivalently, the response matrix is a sum of outer produ
tsbP (!) = bf(!) MXj=1b�j(!)bg(yj; !) bgT (yj; !); (III.2)where T denotes transpose and where
bg(yj; !) =

0BBBBBBBBBB�
bG(yj;x1; !)bG(yj;x2; !)...bG(yj;xN ; !)

1CCCCCCCCCCA ; (III.3)
is the illuminating Green's ve
tor onto the array, from the point yj. The mainapproximations made in (III.2) are the following:



16� The targets are assumed to be isotropi
 point s
atterers over the frequen
y bandof the pulse.� The transdu
ers are also assumed to be isotropi
 point emitters and re
eivers.� There is no multiple s
attering between the unknown targets, whi
h means thatthey are weak s
atterers, or that they are well separated.With these assumptions, (III.1) has the following interpretation. A point sour
e at xpradiates a �eld with amplitude bf(!). This produ
es the �eld bf(!) bG(yj;xp; !) at yj.Then, a point a
ting as se
ondary sour
e (from Huygen's prin
iple) at yj, with thisamplitude times its own s
attering 
oeÆ
ient b�j(!), radiates a �eld observed at xq, andgiven by (III.1).Multipathing in the random medium is taken into a

ount in (III.2) be
ause weuse the random Green's fun
tions bG. It should be kept in mind that (III.2) is a modelthat we use only in the theoreti
al analysis of the imaging algorithms. In our numeri
alsimulations the response matrix P (t) = (Ppq(t)) is obtained by solving the full randomwave equation in the presen
e of small in
lusions that represent the targets, as explainedin Appendix A.2. SUBSPACE analysis of the response matrixWe have pointed out that time reversal is a good way to look for the unknowntarget lo
ations, that is, to image. However, having measured the response matrix P (t),it is not 
lear what it is that we should time-reverse, in what medium to ba
k-propagate



17it, and what to look for in the time-reversed, ba
k-propagated spa
e-time �eld. Tounderstand why the Singular Value De
omposition (SVD) of the response matrix bP (!)in the frequen
y domain is the relevant tool we form the produ
t( bP (!) bPH(!))pq = NXr=1 bPpr(!) bPrq(!): (III.4)Up to normalization by the s
alar fa
tor bf(!) this has the following interpretation.A pulse f(t) is emitted from the qth transdu
er, the e
hos are re
orded on the array,time-reversed and re-emitted from ea
h transdu
er into the medium, and the e
hos arere
orded again on the array. This is the response matrix that results from probing themedium twi
e, the se
ond time by time-reversal and ba
k-propagation.The eigenve
tors and eigenvalues of the Hermitian matrix bP (!) bPH(!) have alsoa simple physi
al interpretation. They are the 
hara
teristi
 responses of the mediumas seen by the array at frequen
y !. Suppose that the array emits a signal whi
h atfrequen
y ! has 
omplex amplitudes equal to the 
omponents of one of the eigenve
tors.The e
hos re
orded at the array are time-reversed and re-emitted into the medium. Afterthis double probing the response at the array is the eigenve
tor sent out, multiplied bythe 
orresponding eigenvalue.Given the singular value de
omposition of the response matrixbP (!) = bU(!)�(!)bV H(!); (III.5)the eigenve
tors of bP (!) bPH(!), denoted by bUr(!), for r = 1; : : : ; N , are the 
olumns ofmatrix bU(!). The eigenvalues of bP (!) bPH(!) are �2r(!), �r(!) being the singular valuesof bP (!) that form the diagonal matrix �(!). In our setup bP (!) is 
omplex symmetri




18but not Hermitian, so its left singular ve
tors bUr(!) are the 
omplex 
onjugates ofthe right singular ve
tors bVr(!), for r = 1; : : : ; N . Most physi
al arrays, however,are not 
onstru
ted with isotropi
 point transdu
ers so response matri
es are notsymmetri
. We assume symmetry here for simpli
ity. All of our analysis 
arries over tothe non-symmetri
 
ase.2.1. Appli
ation of the SVD. An immediate appli
ation of the SVD of theresponse matrix is the determination of the number of small targets. Suppose that onlyM < N singular values of the measured response matrix bP (!) are signi�
ant and therest are zero or 
lose to zero�1(!) � �2(!) � �M(!) > �M+1(!) � : : : �N (!) � 0: (III.6)Based on the model (III.2) for the response matrix, this means that there must beM targets in the medium. If therefore the SVD of the array response matrix has nosigni�
ant singular values over the band of frequen
ies of the probing pulse, then thereare no dete
table targets in the medium.In general, the rank of the model response matrix bP (!) is equal to the numberof targets M � N , although there exist very spe
ial geometri
al target 
on�gurationsin homogeneous media that give a lower rank matrix (Devaney 2000). Su
h target
on�gurations may be ignored in a random medium and for realisti
 arrays where thelo
ations of sensors along a line or a plane are not exa
tly half a wavelength apart.In Figure 8 we show the singular values �j(!), for j = 1; : : : ; 3, 
omputed fromnumeri
al simulations in the 
ase of two targets embedded in homogeneous and random



19media. When the ba
kground is homogeneous only two singular values of the responsematrix are signi�
ant, so we 
learly dete
t the presen
e of two targets in the medium.In the 
ase of random media with weak 
u
tuations (s � 5%), more than two signi�
antsingular values may appear. However, their amplitude is small for all frequen
ies andtherefore we 
an 
onsider them as noise and negle
t them. As the 
u
tuations of theinhomogeneities in
rease the amplitude of the \noisy" signi�
ant singular values alsoin
reases and it appears as if more than two targets are in the random medium. Thispoints to a natural limitation of this approa
h, sin
e we 
annot expe
t to dete
t targetsin a medium when s
attering from the random inhomogeneities is 
omparable to thatfrom the targets.Now, when there are dete
table targets in the medium, the next step is tolo
ate them. To do so, we 
an use the singular ve
tors of bP (!). We remark that,the �rst M left singular ve
tors bU1(!); : : : ; bUM(!) are an orthogonal basis of theM dimensional subspa
e of ICN , spanned by the illuminating ve
tors at the targetlo
ations bg(y1; !); : : : ; bg(yM ; !) while bUr(!), for M + 1 � r � N , are orthogonal tothis subspa
e. When the targets are suÆ
iently far apart from ea
h other, destru
tiveinterferen
e and the spatial de
ay of the Green's fun
tions imply that the inner produ
tbgH(yj; !) bg(yh; !) � 0 for j 6= h. In this 
ase, we 
an asso
iate with ea
h targetyj; j = 1; : : : ;M , a nonzero singular value �r(!) and the 
orresponding singular ve
torbUr(!). In fa
t, the bUr(!) are proportional to the illuminating ve
tors from the targets



20and we havebUr(!) � ei�(!) bg(yj; !)j bg(yj; !) j ; �r(!) �j bf(!) j j b�j(!) j j bg(yj; !) j2; (III.7)for some 1 � j � M and an arbitrary phase �(!). In general, the targets will not besuÆ
iently far apart and the approximation (III.7) will not hold. However, the rank ofbP (!) is M and the illuminating ve
tors bg(y1; !); : : : ; bg(yM ; !) are linearly independentbut not ne
essarily mutually orthogonal. The left singular ve
tors bUr(!) are linear
ombinations of the illuminating ve
tors from the targets.The problem is now how to use the singular value de
omposition of the matrixbP (!) over a band of frequen
ies of the probing pulse to image the M unknown targets.In the 
ase of well separated targets we 
an image with beam-forming, at least in ahomogeneous medium. We simply take the inner produ
t of ea
h singular ve
tor bUr(!)with the normalized illuminating ve
tor at a test point ys in a homogeneous medium,bUHr (!) bg0(ys; !)j bg0(ys; !) j : (III.8)At a �xed frequen
y this proje
tion is a reasonable thing to do in a homogeneousmedium, when the targets are not too 
lose to the array. This is be
ause by (III.7) theinner produ
t (III.8) will be small unless ys is 
lose to one of the targets.However, in a random medium this inner produ
t is wildly 
u
tuating fromrealization to realization and from frequen
y to frequen
y. We 
annot integrate overfrequen
y, as we did in time reversal, hoping to obtain a self-averaging quantity, for tworeasons. The �rst one is that bUr in (III.7) has an arbitrary frequen
y dependent phase�(!) whi
h 
omes from the way the SVD algorithm 
onstru
ts the singular ve
tors.



21This problem is easy to �x by 
omputing the singular ve
tors with the power method,for example. The se
ond reason is more serious and requires a di�erent strategy, whi
hwe introdu
e in the next se
tion. The problem is, that the beam-forming inner produ
t(III.8) will never be self-averaging be
ause the random Green's fun
tion in the singularve
tor in (III.7) is not 
ompensated by a time-reversed one (the 
onjugated randomGreen's fun
tion) whi
h 
an
els the large random phase that it has (see se
tion II, part3). Only fun
tionals for whi
h large phases 
an
el 
an be self-averaging and thereforeuseful for imaging in random media. This point is dis
ussed further in se
tion III, part3.1.3. STATISTICALLY stable broad-band dire
tion of arrival analysisAn algorithm that leads to statisti
ally stable imaging of the target lo
ations 
anbe 
onstru
ted from the following observation:� If the random ve
tor bg(ys; !) at a sear
h point ys is orthogonal to the null-spa
eof bP bPH(!) then ys must 
oin
ide with one of the target lo
ations yj, for some1 � j �M .We have already noted this property and now review it. The null-spa
e of bP bPH(!) isspanned by the singular ve
tors bUr(!); for M + 1 � r � N , whi
h are orthogonal to thesubspa
e spanned by bg(y1; !); : : : ; bg(yM ; !). The test illuminating ve
tor bg(ys; !) isorthogonal to the null-spa
e of bPH , whi
h is the same as that of bP bPH(!), if and onlyif it lies in the subspa
e spanned by bg(y1; !); : : : ; bg(yM ; !). However, as explained inse
tion III, part 2, the ve
tors bg(ys; !);bg(y1; !); : : : ; bg(yM ; !) are linearly independent



22if ys 6= yp, for all p = 1; : : : ;M . Therefore, if bg(ys; !) is orthogonal to the null-spa
e ofbP bPH(!) then ys 
oin
ides with a target lo
ation yj, for some 1 � j � M .In a homogeneous medium the illuminating ve
tor for a sear
h point is known.Therefore proje
ting into the null-spa
e of bP (!) at any �xed frequen
y will give avery good estimate of the target lo
ations be
ause they are exa
t zeros of the norm ofthe proje
tion as a fun
tion of the sear
h point ys (see (III.10)). This is, in fa
t, thewell known MUltiple SIgnal Classi�
ation (MUSIC) algorithm whose advantages overbeam-forming and other target lo
ation methods is well known (S
hmidt 1979, S
hmidt1986, Stoi
a, Moses 1997).When imaging in random media, however, the illuminating ve
tor bg(ys; !) at asear
h point ys is random and not known. The best we 
an do is use the known,deterministi
 illuminating ve
tor bg0(y; !) given at ys by
bg0(ys; !) =

0BBBBBBBBBB�
bG0(ys;x1; !)bG0(ys;x2; !)...bG0(ys;xN ; !)

1CCCCCCCCCCA ; (III.9)
where bG0(ys;xj; !) is the deterministi
 two-point Green's fun
tion that solves (II.3)with n(x) � 1. To lo
ate the targets we 
ompute the proje
tion PNbg0(y; !) of bg0(ys; !)onto the null-spa
e of bP bPH(!), given byPNbg0(ys; !) = MXr=1 hbUHr (!)bgo(ys; !)i bUr(!)� bgo(ys; !); (III.10)for ea
h frequen
y in the support of the probing pulse bf(!).



23In a deterministi
 medium the target lo
ations yp; p = 1; :::;M are the zeros ofjjPNbg0(ys; !)jj for any frequen
y. In a random medium we 
annot expe
t this frequen
yby frequen
y proje
tion to give a good estimate of the lo
ation of the targets be
ausethe deterministi
 illuminating ve
tor bg0(ys; !) is, in general, quite di�erent from therandom one bg(ys; !). In parti
ular, at any �xed frequen
y !, the repla
ement of theunknown illuminating ve
tor bg(ys; !) by the known one bg0(ys; !) may be satisfa
toryfor some realizations of the random medium but not for others. This means thatimaging by proje
ting bg0(ys; !) onto the null-spa
e of bP bPH(!) at a �xed frequen
yis statisti
ally unstable. When, however, we take the inverse Fourier transform ofthis proje
ted ve
tor, suitably normalized, and evaluate it at an appropriate time, theaveraging over frequen
ies ! produ
es a statisti
ally stable fun
tional that does provideinformation about the unknown targets in the random medium.We now introdu
e, the statisti
ally stable, time domain target imaging algorithm.We sear
h for the targets one at a time. To �nd yj for some 1 � j �M we take a sear
hpoint ys, 
al
ulate the illuminating ve
tor bgo(ys; !), given by (III.9), and then 
omputeits proje
tion onto the subspa
e spanned by bUM+1(!); : : : ; bUN(!) as in (III.10). Wenormalize this proje
tion by the singular value �j(!) and we take the inverse Fouriertransform to return to the time domainF (j)(ys; t) = Z e�i!t�j(!) MXr=1 hbUHr (!)bgo(ys; !)i bUr(!)d! � Z e�i!t�j(!)bgo(ys; !)d!:(III.11)



24The normalization by the singular value �j(!), whi
h is given by (III.7) in the 
ase ofwell separated targets, allows us to give a time reversal interpretation of the fun
tionalsF (j)(ys; t) whi
h are, therefore, self-averaging. We explain this in detail for a singletarget in se
tion III, part 3.1.Up to the normalization by �j(!), the se
ond term in (III.11) is the deterministi
illuminating ve
tor go(ys; t). Ea
h 
omponent p of this ve
tor has a deterministi
 arrivaltime whi
h is the travel time from the pth transdu
er to the sear
h point,tp(ys) = j xp � ys j
0 : (III.12)It is natural, at least in homogeneous media, to evaluate the pth 
omponent of F (j)(y; t)at time tp(ys). We then 
onstru
tG(j)(ys) = NXp=1 �F (j)p (ys; tp(ys))�2 (III.13)and display the obje
tive fun
tionalR(ys) = MXj=1minys G(j)(ys)G(j)(ys) ; (III.14)for points ys in the target domain. The maxima of R(ys) are estimates of the targetlo
ations y1; : : : ;yM .In se
tion III, part 3.2, we show results of numeri
al simulations for lo
ating oneor two targets in random media using this method (Figures 12 and 13). As thesesimulations indi
ate, and as we explain in se
tion III, part 3.3, the imaging algorithm(III.14) gives a robust estimate of the 
ross-range, or the Dire
tion of Arrival (DOA),of s
attered signals from the targets to the array. In homogeneous media we also get



25range estimation sin
e the arrival times (III.12) are exa
t. In random media, however,the DOA estimator (III.14) does not give the range of the targets. In se
tion III, part3.3 we show that by using arrival time estimates from the data we 
an modify (III.13)so as to obtain good range estimates as well (Figure 16).3.1. Imaging and time reversal. The fun
tionals F (j)(ys; t) de�ned by(III.11) are, up to normalization by the singular value �j(!), just the time-domainproje
tions into the null-spa
e of bP (!), whi
h is MUSIC in the time domain. Thenull-spa
e proje
tion is a good DOA estimator for narrow-band array probing inhomogeneous media, 
onsiderably better than beam-forming (S
hmidt 1979, S
hmidt1986), so extending it to the time domain is natural. Our understanding of time reversalin random media, dis
ussed in se
tion II, suggests an entirely di�erent reason whysuitably normalized MUSIC in the time domain is a good DOA estimator: statisti
alstability. This means that the estimator (III.14) is self-averaging be
ause of multipathing(Blomgren, Papani
olaou, Zhao 2001) and therefore essentially independent of therandom medium 
u
tuations. We now give a time reversal interpretation of F (j)(ys; t)de�ned by (III.11). In se
tion III, part 3.3, we dis
uss its sensitivity to arrival timeestimation, whi
h is then explored in several dire
tions until se
tion III, part 6, wherewe introdu
e the Subspa
e Arrival Time (SAT) estimator that is a

urate and robust.We 
onsider for simpli
ity the 
ase of a single target and drop the supers
ript (j).Using the theoreti
al model (III.7) we 
an write (III.11) in the formF(ys; t) = B(ys; t)�A(ys; t); (III.15)



26withA(ys; t) = Z 1�1e�i!t j bf(!) j j b�1(!) j bg0(ys; !) NXp=1 bG(y1;xp; !) bG(y1;xp; !)d!;(III.16)B(ys; t) = Z 1�1e�i!t j bf(!) j j b�1(!) j bg(y1; !) NXp=1 bG0(ys;xp; !) bG(y1;xp; !)d!:The self-averaging property of F(ys; t) is inherited from time reversal in random mediabe
ause the random Green's fun
tions in (III.16) appear in a way that is similar tothe time-reversed, ba
k-propagated �eld � in (II.6). In fa
t, both A(ys; t) and B(ys; t)have a time reversal interpretation as follows. In Figure 9 we illustrate the time reversalinterpretation of A(ys; t) in three steps. First the unknown target sends to the arraythe pulse j bf(!) j weighted by the magnitude of the s
attering strength j b�1(!) j. Thenthe e
hos re
eived are time-reversed and ba
k-propagated to the unknown point y1, inthe random medium. The �eld at y1 isj bf(!) j j b�1(!) j NXp=1 bG(y1;xp; !) bG(y1;xp; !); (III.17)whi
h is self-averaging in the time domain. In the third step we take the �eld at asear
h point ys and send it to the array in a �
titious homogeneous medium. We expe
ta large response at the array if ys is near y1. Be
ause of the self-averaging of timereversal in random media the 
omponents of A(ys; t) are self-averaging. In addition tothis property, whi
h is very important in imaging, super-resolution plays a bene�
ialrole in A(ys; t) as well. The sear
h point ys, at a �xed range, has to be 
loser to thetarget y1 in order to produ
e signi�
ant illumination on the array. In Figure 10 we



27illustrate the time reversal interpretation of B(ys; t), again in three steps. The �rst stepis the same as for A(ys; t), that is we re
ord at the array the e
hos re
eived from theunknown lo
ation y1 in the random medium. Then we time-reverse and ba
k-propagateto the sear
h point ys in a �
titious homogeneous medium. The �eld at ys isj bf(!) j j b�1(!) j NXp=1 bG0(ys;xp; !) bG(y1;xp; !); (III.18)and it is not self-averaging. In the third step the �eld at the unknown point y1 is send tothe array of transdu
ers in the random medium. Here again we expe
t a large responseat the array if ys is near y1. The 
omponents of B(ys; t) are self-averaging be
ause inthe last step we ba
k-propagate in the random medium.Self-averaging in the time domain o

urs, in general, when large random phases inthe Green's fun
tions 
an
el or nearly 
an
el. This is the 
ase with A(ys; t) and B(ys; t)be
ause the random Green's fun
tions appear in 
onjugate pairs. In A(ys; t) there isexa
t phase 
an
ellation while in B(ys; t) the phase 
an
ellation is approximate. Thetime domain stability 
omes from the approximate de
orrelation of su
h quantities overdi�erent frequen
ies, as we dis
uss in se
tion II, part 3.3.2. Simulations. We have 
omputed array response matri
es numeri
ally forone-target and two-target 
on�gurations as shown in Figure 11. In both 
on�gurationswe use the probing pulse given by (II.7), with the same 
entral frequen
y and frequen
yband. In the �rst simulation an array of aperture a = 4:5� is used to identify one target,lo
ated at y1 = (11:5�; 42�). The array transdu
ers are atxp = �9�+ (p� 1)�2 ; 4�� ; for p = 1; � � � ; 10:



28In the se
ond simulation we have two targets, one bigger than the other. The largertarget is lo
ated at y1 = (8�; 21�) and the smaller one at y2 = (4�; 22�). The array inthis 
ase has aperture a = 9:5� and the transdu
ers are lo
ated atxp = �7�+ (p� 1)�2 ; 4�� ; for p = 1; � � � ; 20:The ambient medium is either homogeneous or random. The 
hara
teristi
s of therandom media are the same as those in se
tion II, part 2. The sound speed 
(x) has
onstant mean 
0 = 1:5km/s, 
orrelation length l = 0:3mm and standard deviation sbetween 1% and 5%.We solve the wave equation with a �nite element method as des
ribed in AppendixA. In the numeri
al simulations the targets are modeled by small squares. The sizeof the small target is �=30 � �=30 and the size of the bigger one is �=15 � �=15. InFigures 12 and 13 we show the results obtained with the time domain estimation using(III.14) and a �xed frequen
y MUSIC estimation, at the 
entral frequen
y of the pulse� = 3MHz. More pre
isely we display the obje
tive fun
tionalRMUSIC(ys) = MXj=1minys G(j)MUSIC(ys)G(j)(ys) ; (III.19)where G(j)MUSIC(ys) is 
omputed by,G(j)MUSIC(ys) = jPNbg0(ys; !)j2 (III.20)where PNbg0(ys; !) is de�ned by (III.10) and with ! = 2��. As we see in these �guresboth methods give very good results in homogeneous media. In random media the �xedfrequen
y MUSIC estimation is not stable. It 
an be very bad for some realizations



29of the random medium and satisfa
tory for others. The time domain estimation is,however, statisti
ally stable as expe
ted. In the time domain we have a robust estimateof the 
ross-range, or dire
tion of arrival, but range estimation in random media is notgood at all. In the next se
tion, we use a simpli�ed model for the random Green'sfun
tions in order to explain the bad range estimation. It 
omes from the sensitivity ofF (j)(ys; t) to the arrival times used in it. The deterministi
 arrival times (III.12) aretoo 
rude. We show that by using good arrival time estimates from the data we 
anmodify (III.13)-(III.14) so as to get good range estimates as well.3.3. Sensitivity of imaging to arrival times. In Figures 12 and 13 thebottom left panel indi
ates 
learly that MUSIC in the time domain, based on thefun
tional F (j)(ys; t) given by (III.11) and (III.14), is sensitive to what arrival timeswe use in F (j)(ys; t). In this se
tion we want to explain this sensitivity and to dis
ussthe role that arrival times play in the behavior of the fun
tional F (j)(ys; t). MUSICfor narrow-band signals is a good dire
tion of arrival (DOA) estimator (S
hmidt 1979,S
hmidt 1986) and this persists for broad-band signals in the time domain, where wealso have self-averaging. The pri
e we pay for statisti
al stability is, however, sensitivityto arrival time information. This is an important trade-o� in target lo
ation in randommedia that we now explain. We dis
uss it further in se
tion III, part 4, in 
onne
tionwith syntheti
 aperture imaging and again in se
tion III, part 6, where we 
ombinedire
tion of arrival estimation with arrival time analysis, whi
h we 
all subspa
e arrivaltime analysis (SAT).For simpli
ity we 
onsider the 
ase of one target (j = 1) lo
ated at y1 and write



30the qth 
omponent of F (1)(ys; t) using the Green's fun
tions in the homogeneous,bGo(y1;xp; !), and random media, bG(y1;xq; !), as followsF (1)q (ys; t) = NXp=1 Z 1�1 e�i!tj bf(!)jjb�(!)jnbG(y1;xp; !) bGo(ys;xp; !) bG(y1;xq; !)� bG(y1;xp; !) bG(y1;xp; !) bGo(ys;xq; !)o d!: (III.21)First we note that sin
e F (1)q (ys; t) is self-averaging we may repla
e the produ
tbG(y1;xp; !) bG(y1;xq; !) of two random Green's fun
tions by its average. We 
an thenapproximate this average byEf bG(y1;xp; !) bG(y1;xq; !)g � e��(!)jxp�xq j2(4�)2rprq e�i!(~� (1)p �~� (1)q ); (III.22)where rp = jxp � y1j (and rsp = jxp � ysj below), p = 1; : : : ; N are the distan
es fromthe pth transdu
er to the target y1 and the sear
h point ys, respe
tively, and by ~� (1)p ,p = 1; : : : ; N we denote the travel time from the pth transdu
er to the target in therandom medium. These random travel times are estimated from the diagonal of theresponse matrix (see se
tion III, part 5.1). This approximate expression for the averageholds when the distan
e of the target from the array is large 
ompared to its size(a � L), along with some other approximations (
f. Blomgren, Papani
olaou, Zhao2001). The fa
tor � depends on the frequen
y but we will assume it is 
onstant sin
e weonly want to give a qualitative analysis of the sensitivity of F (1)q (ys; t) to arrival times.



31We now simplify F (1)q (ys; t) by using (III.22) and doing the Fourier transform to getF (1)q (ys; t) �Mq(ys; t) = 1(4�)3 NXp=1 (e��jxp�xq j2rp rq rsp f(t+ ~� (1)p � ~� (1)q � tp(ys))� 1r2p rsq f(t� tq(ys))� : (III.23)We have also repla
ed j bf(!)j by bf(!) and set jb�(!)j = 1. The times tp(ys), p = 1; : : : ; Nare the deterministi
 travel times given by (III.12). We 
onstru
t the fun
tionalGM(ys) = NXp=1 (Mp (ys; tp(ys)))2 (III.24)and display RM = minys GM (ys)GM(ys) ; (III.25)at sear
h points ys.When evaluated at time t = tq(ys), (III.23) be
omes,Mq(ys; tq(ys)) = 1(4�)3 NXp=1 e��jxp�xqj2rp rq rsp f(~� (1)p � ~� (1)q � (tp(ys)� tq(ys)))� 1r2p rsq f(0):(III.26)We see from (III.26) that Mq(ys; tq(ys)) depends on di�erential arrival times, whi
hmeans that we expe
t it to have a minimum when~� (1)p � ~� (1)q = tp(ys)� tq(ys):Therefore, this fun
tional 
an only have good 
ross-range resolution. It 
annot havegood range resolution be
ause there is essentially no range information in it. The large
oni
al un
ertainty regions to the right of the targets (in red 
olor) in Figures 12 and



3213, are produ
ed by the attenuation fa
tor e��jxp�xq j2 where the parameter � is adjustedto mat
h the behavior the DOA estimator (III.14).In Figure 14 we 
ompare results using the simpli�ed model (III.23) with the DOAestimator (III.21), whi
h needs no arrival time estimates. The parameter � in (III.23)is adjusted to reprodu
e qualitatively the behavior of (III.21) and the arrival times ~� (1)pare estimated from Ppp(t). For the numeri
al 
omputations we used the two dimensionalGreen's fun
tion in (III.23) (ie., repla
ed rp, rsp and rq by prp, prsp and prq). We seefrom the two top rows of Figure 14 that the approximate or model estimator (III.23)explains very well the range un
ertainty of the DOA estimator (III.21). For 
omparisonwe show in the third row the behavior of the estimatorR��ATA = minys G��ATA(ys)G��ATA(ys) ; (III.27)whi
h uses only di�erential arrival timesG��ATA(ys) = NXp;q=1 �~� (1)p � ~� (1)q � (tp(ys)� tq(ys))�2 : (III.28)We see from the third row of Figure 14 that the di�erential arrival time estimator(III.28) is not statisti
ally stable like (III.21), shown in the �rst row. In fa
t it gives abad estimate of the target's position in the lowest right view of Figure 14. This is dueto the large di�eren
e between the estimated random times ~� (1)p , p = 1; : : : ; N and thedeterministi
 ones tp(y1), p = 1; : : : ; N as shown in Figure 15. This di�eren
e may be
aused by an unusual realization of the random medium that produ
es a large error inthe estimation of ~� (1)p , p = 1; : : : ; N . Random arrival times are not easy to estimate inpra
ti
e, as we explain in se
tion III, part 5.1. To summarize, the time domain DOA



33estimator (III.21) is statisti
ally stable and gives good 
ross-range resolution be
ause ituses impli
itly di�erential arrival times, with no need to estimate random arrival times.This is what we infer from the model estimator (III.23) where the di�erential arrivaltimes, whi
h are hidden in the random Green's fun
tions, are now expli
itly required.The di�erential arrival time estimator (III.28) uses only estimated arrival times andis not stable statisti
ally. The DOA estimator (III.21) that requires no arrival timeestimation and is statisti
ally stable is 
learly superior. But it is sensitive to la
k ofrange information as we see from the large 
oni
al regions around the targets, in Figures12 and 13, bottom left.3.4. DOA estimation with arrival times. We dis
uss next one way in whi
harrival time estimates 
an be used with a DOA estimator. We return to this issue inse
tion III, part 6, after a detailed dis
ussion of arrival time estimation in se
tion III,parts 5.1 and 5.2.The idea is to 
onstru
t fun
tionals that use both di�erential and absolute arrivaltimes. We 
onsider only the single target 
ase (j = 1) for simpli
ity. For a sear
h pointys we 
ompute H(1)q (ys) = B(1)q (ys; � (1)q )�A(1)q (ys; tq(ys)) (III.29)



34withA(1)q (ys; t) = Z 1�1e�i!t j bf(!) j j b�1(!) j bG0(ys;xq; !) NXp=1 bG(y1;xp; !) bG(y1;xp; !)d!;B(1)q (ys; t) = Z 1�1e�i!t j bf(!) j j b�1(!) j bG(y1;xq; !) NXp=1 bG0(ys;xp; !) bG(y1;xp; !)d!:(III.30)Here � (1)p , p = 1; : : : ; N are arrival times estimated from the e�e
tive singularve
tors (see se
tion III, part 5.2), whi
h are mu
h better than the estimates ~� (1)p ,p = 1; : : : ; N obtained from the diagonal of the response matrix. We then 
onstru
t theDire
tion-of-Arrival Arrival-Time (DOA-AT) estimatorG(1)� (ys) = NXp=1 �H(1)p (ys))�2 ; (III.31)and display R� (ys) = minys G(1)� (ys)G(1)� (ys) : (III.32)Simulation results using the DOA-AT estimator (III.32), for one and two targets,are shown in Figure 16. Clearly the fun
tional (III.31) gives a good estimate of boththe range and the 
ross-range of the targets. However, it is sensitive to the quality ofthe arrival time estimates � (1)p , p = 1; : : : ; N . In se
tion III, part 6, we introdu
e analternative fun
tional whi
h is more eÆ
ient and robust : it gives a better estimate ofthe lo
ations of the targets and is less sensitive to arrival time estimates.It is 
lear from the analysis of this se
tion that methods that do not use arrivaltime estimation but provide range information are important. One su
h widely usedmethod is Syntheti
 Aperture Imaging (SAI) whi
h we dis
uss in the next se
tion.



354. SYNTHETIC Aperture Imaging (SAI)In Syntheti
 Aperture Imaging (Cheney 2001) we measure only the diagonal Ppp(t)of the response matrix and we lo
ate point s
atterers using deterministi
 travel times.At a sear
h point ys in the domain of interest we 
ompute the deterministi
 arrival timefor Ppp(t). That is, the time to go from the pth transdu
er to the sear
h point ys andthen 
ome ba
k to the pth transdu
er. This is twi
e the arrival time tp(ys) given by(III.12). The target lo
ations are estimated as the maxima of the absolute value of theobje
tive fun
tion R(ys) = NXp=1Ppp(2tp(ys)): (III.33)For large syntheti
 arrays with transdu
ers that have a limited angular aperture, theusual 
ase, we should not sum over all transdu
er lo
ations xp, p = 1; : : : ; N , but onlyover the ones that illuminate the region of interest at some range L, as shown in Figure17. Syntheti
 aperture imaging with (III.33) is an arrival time imaging method, aswe now explain in the single target 
ase. Let us suppose that there is only one targetlo
ated at y1. In the frequen
y domain the SAI measurements are modeled bybPpp(!) = bf(!)b�1(!) bQpp(!); (III.34)where bQpp(!) = bG2(xp;y1; !): (III.35)



36In a homogeneous medium the three-dimensional Green's fun
tion is given byG0(xp;y1; !) = eikjxp�y1j4� j xp � y1 j (III.36)and so, in the time domain,Qpp(t) = 116�2 j xp � y1 j2Z 1�1ei!(2tp(y1)�t)d! = 18� j xp � y1 j2 Æ (t� 2tp(y1)) ; (III.37)where Æ(�) is the delta fun
tion. The obje
tive fun
tion (III.33) is then given byR(ys) = NXp=1 18� j xp � y1 j2 �1(t) ? f (2(tp(ys)� tp(y1))) ; (III.38)where ? stands for 
onvolution in time. For multiple targets we simply sum over themin (III.38) R(ys) � NXp=1 18� j xp � y1 j2 MXj=1�j(t) ? f (tp(ys)� tp(yj)) ; (III.39)negle
ting multiple s
attering between the targets.Given the small support of the pulse f(t), appropriate for a broad-band probingsignal, R(ys) peaks at sear
h points ys with arrival time tp(ys) � tp(yj). The SAIfun
tional (III.39) shows 
learly the role of the probing pulse on the resolution ofthe images. The shorter the pulse f(t), the better the range resolution in (III.39).Cross-range resolution is, in prin
iple, very good for large SAI in a homogeneous medium(Cheney 2001).In random media, however, the arrival times of the s
attered e
hos di�er fromtp(yj), so we expe
t that the quality of the images degrades when the random soundspeed 
u
tuations in
rease. Moreover, the obje
tive fun
tion (III.33) is not statisti
ally



37stable, and images 
an vary signi�
antly from one realization of the randomlyinhomogeneous medium to another. That is be
ause in (III.33) the square of the randomGreen's fun
tion bG2(xp;y1; !) appears. It 
aries a large random phase be
ause thereis no 
omplex 
onjugation (time reversal) in (III.33) to eliminate it, as in the DOAestimation in se
tion III, part 3. Only fun
tionals in whi
h large phases 
an
el 
an beself-averaging, and therefore useful for imaging in random media. Range resolution,however, is 
ontrolled mainly by the bandwidth of the probing pulse and summing overtransdu
er lo
ations smoothes out 
u
tuations and gives a

eptable results.In Figures 18 and 19 we plot the absolute value of the obje
tive fun
tion (III.33)as a fun
tion of range and 
ross-range of the sear
h point ys. In random media theestimates of the target lo
ations are quite unsatisfa
tory, espe
ially the 
ross-range,for simulations with both one target (Figure 18) and two targets (Figure 19). Thestatisti
al instability is also seen 
learly.5. ARRIVAL time analysisAs we have seen in se
tion III, parts 3.2 and 3.3, dire
tion of arrival estimates donot provide information about the range of the targets. We get this from the arrivaltimes of the re
orded ba
k-s
attered e
hos.5.1. Arrival time estimation and imaging. In the single target 
ase an easyway to estimate arrival times from the unknown target to the array is to use the diagonalof the response matrix as in SAI. The arrival time in Ppp(t) is twi
e the arrival time fromthe unknown target to the pth transdu
er. For multiple targets the time tra
es of the



38diagonal of the response matrix Ppp(t) 
ontain s
attered fronts from all the targets andthey are diÆ
ult to interpret, espe
ially when the medium is randomly inhomogeneousas we see in Figure 20. Here the tra
es of Ppp(t) are from numeri
al simulations withtwo targets embedded in a homogeneous medium and a random medium with standarddeviation s = 6:68%. It is 
learly diÆ
ult to estimate arrival times for the se
ond frontin the random medium.If we have reasonable estimates of arrival times from the diagonal of the responsematrix we 
an try to image the targets using only these estimates with the followingobje
tive fun
tional. Let ~� (j)p be the estimated arrival times for the s
attered frontsj = 1; : : : ;M (M = 2 in Figure 20) and transdu
ers p = 1; : : : ; N (N = 20 in Figure20). For a sear
h point ys we 
ompute the deterministi
 arrival times tp(ys) from(III.12) and we de�ne the Arrival Time Analysis (ATA) estimator fun
tionalRATA(ys) = MXj=1minys G(j)ATA(ys)G(j)ATA(ys) ; (III.40)where G(j)ATA(ys) = NXp=1 �~� (j)p � 2tp(ys)�2 : (III.41)The estimates of the target lo
ations are the maxima of fun
tional R(ys), whi
hwe show in Figure 21 in the left 
olumn. In random media we 
an get good estimates ofthe arrival times ~� (1)p from the �rst front but rather poor estimates of the arrival times~� (2)p from the se
ond front. This is seen in Figure 21 (left 
olumn) where the image ofthe se
ond target is not so good.



39It is interesting to 
ombine the ATA estimator (III.40) with the �-ATA estimator(III.27) that uses only di�erential arrival times and has good 
ross-range resolution. By
ombining we mean that we take as estimator the sum of the produ
tsGC = MXj=1 G(j)ATA(ys) � G(j)��ATA(ys) (III.42)with G(j)ATA(ys) given by (III.41) and G(j)��ATA(ys) given by (III.28), in the one-target
ase. Simulation results are shown in Figure 21, right 
olumn. Cross range resolution issomewhat better when di�erential arrival times are used.5.2. Arrival time estimation using the SVD. We 
an improve our estimatesof arrival times 
onsiderably by using the singular ve
tors of the response matrix. Theseve
tors have already been used in dire
tion of arrival estimation, as explained in se
tionIII, part 3. We use them now to illuminate ea
h target separately, while shading theothers, so that arrival times of s
attered fronts 
an be estimated more a

urately thanwhen using only the diagonal of the response matrix as in SAI.When the targets are suÆ
iently far apart, or have suÆ
iently di�erent strengths,the singular values �j(!); j = 1; : : : ;M; of the response matrix bP (!) are well-separatedover the frequen
y band of the pulse f(t). The tra
es of the singular ve
tors Uj(t) haveonly one 
oherent front (one arrival time) ba
k-s
attered by the target that makes thelargest 
ontribution to the singular value �j(!); j = 1; : : : ;M . This does not mean thatwe require bgH(yj; !)bg(yh; !) � 0 for j 6= h or, equivalently, that the targets are so farapart that they are essentially isolated from ea
h other. It does mean, however, thatthe 
ontribution of the illuminating Green's ve
tor bg(yj; !) in bUj(!) is more signi�
ant



40than that of the ve
tors bg(yh; !), for h 6= j.Let us suppose that the target at y1 is the strongest with �1(!) separated from allother singular values over the frequen
y band of bf(!). The singular ve
tor bU1(!) ofbP (!) is normalized (kbU1(!)k = 1) but 
arries an arbitrary, frequen
y dependent, phase.Be
ause of this U1(t) looks in
oherent in the time domain. We 
an, however, 
al
ulateN , 
oherent in time, versions of the leading singular ve
tor, by proje
ting the 
olumnsof the response matrix onto itbU(p)1 (!) = h bU1(!)H bP(p)(!)i bU1(!); p = 1; : : : ; N: (III.43)Here bP(p) is the pth 
olumn of the response matrix bP (!). Clearly bU(p)1 (!) is a singularve
tor of bP (!) and it 
arries the phase of its pth 
olumn, so that in the time domainU(p)1 (t) is 
oherent and arrival times 
an be estimated. The singular ve
tor bU(p)1 (t)
an be obtained by iterated time reversal and ba
k propagation as was done in Prada,Manneville, Spolianski, Fink 1996.In the single target 
asebU(p)1 (!) = bf(!)b�1(!) bG(!;xp;y1)bg(!;y1): (III.44)For multiple targets bU(p)1 (!) is more 
ompli
ated and 
ontains 
ontributions from theother targets. But when the target lo
ated at y1 is the strongest and its presen
e isdominant in the time tra
e of the singular ve
tor, for the estimation of arrival times we
an still 
onsider the one-target expression (III.44) as valid approximately.The various versions of the leading singular ve
tor 
al
ulated by (III.43) havedi�erent arrival times be
ause of the phase di�eren
es introdu
ed by the Green's



41fun
tion bG(!;xp;y1). However, we 
an syn
hronize them and then average them (sta
kthem) to obtain the e�e
tive singular ve
tor< U1(t) >= 1N NXp=1U(p)1 (t� � (1)p ): (III.45)The syn
hronization of U(p)1 (t) requires the estimates of travel times � (1)p , from emittingtransdu
er p to target lo
ation y1. These times are estimated as the minimizers ofmin� (1)p Z T0 NXp=1 "U(p)1 (t� � (1)p )� 1N NXq=1U(q)1 (t� � (1)q )#2 dt; (III.46)for some time T large enough to 
apture the s
attered e
hos in U(p)1 (t), for p = 1; : : : ; N .The time tra
e of < U1(t) > is 
leaner than all other tra
es be
ause of theaveraging. But we are more interested in the estimates of the arrival times � (1)p that
ome out of (III.46) and we now show how they 
an be used. Arrival time estimates forother targets are obtained in the same way, by starting with the se
ond singular ve
torof the response matrix, et
.6. SUBSPACE arrival time analysis (SAT)We are now ready to introdu
e an imaging method that 
ombines the dire
tion ofarrival analysis (see se
tion III, part 3) with the arrival time analysis (see se
tion III,part 5.2).For ea
h sear
h point ys we 
ompute the obje
tive fun
tionalRSAT (ys) = MXj=1minys G(j)SAT (ys)G(j)SAT (ys) ; (III.47)



42where G(j)SAT (ys) = NXp=1 �F (j)p (ys; tp(ys)�2 �� (j)p � tp(ys)�2 : (III.48)Here F (j)(ys; t) is de�ned by (III.11), tp(ys), p = 1; : : : ; N are the deterministi
 arrivaltimes given by (III.12) and � (j)p , p = 1; : : : ; N , j = 1; : : : ;M are the arrival times
omputed in (III.46). We 
all (III.47) the Subspa
e Arrival Time (SAT) estimator.In Figures 24 and 25 we show the results of simulations using this estimator. As we
an see from the results this imaging method is very robust. The target lo
ations areestimated well even in the 
ase of random media with strong inhomogeneities (maximum
u
tuations up to 12% in the velo
ity). Another important property of SAT is statisti
alstability. Target lo
ation estimates do not 
hange for di�erent realizations of the randommedia. The fun
tional (III.47) is more robust than the fun
tional (III.29) dis
ussed inse
tion III, part 3.3. This is be
ause the probing pulse is very short (broad-band signal),so evaluating the �rst term B(1)q (ys; t) at time t = � (1)q makes the fun
tional (III.29)sensitive to errors in the estimates of arrival times.The basi
 limitation of SAT imaging (III.47) 
omes from the assumption thatea
h singular ve
tor of the matrix bP (!) 
an be asso
iated with one target. What isa
tually important here is that the ordering of the singular values does not 
hange withfrequen
y, over the bandwidth of bf(!). If the singular values 
ross as frequen
y varies,then we need to tra
k this 
rossing. For example, by identifying the singular values fromthe form of the 
orresponding singular ve
tors instead of using their relative amplitude.SAT imaging works well be
ause it 
ombines good estimation of both dire
tion



43of arrival, DOA, and arrival times, ATA. In se
tion III, parts 3.3 and 4, we dis
ussedsensitivity of DOA to arrival time, and hen
e range estimation. We dis
ussed in se
tionIII, part 3.4, the possibility of using estimators that do not use dire
t arrival timeestimation at all, like the DOA estimator (III.14) and the SAI estimator (III.33). We
an 
ombine these two estimators mu
h as we did with ATA and �-ATA in (III.42). Ano-expli
it arrival time estimator, DOA-SAI, isRDOA-SAI(ys) = MXj=1 G(j)DOA-SAI(ys)maxys G(j)DOA-SAI(ys) (III.49)where G(j)DOA-SAI(ys) = ����� NXp=1 Ppp(2tp(ys))����� =G(j)(ys) (III.50)and with G(j)(ys) given by (III.13).In Figures 26 and 27 we show one and two target simulation results using (III.49).It is not as good as SAT (Figures 24 and 25) but it is better than DOA (Figures 12 and13) and SAI (Figures 18 and 19). This is as expe
ted, of 
ourse, but it is interesting tosee how range and 
ross-range estimation intera
t and in
uen
e ea
h other in a randommedium.IV. SUMMARY AND CONCLUSIONSA
tive array probing of small s
atterers in random media poses spe
ial problemsthat require a 
areful assessment of imaging methodology. Based on our understandingof time reversal in random media (Blomgren, Papani
olaou, Zhao 2001), super-resolutionand its statisti
al stability in the time domain in parti
ular, we have identi�ed a number



44of imaging methods that give good estimates for the lo
ation of the s
atterers. Thekey idea is a subspa
e proje
tion method in the time domain that is statisti
allystable (se
tion III, part 3). We explain 
arefully the sensitivity of this estimator torange information, in se
tion III, part 3.3, whi
h is somewhat unexpe
ted sin
e inhomogeneous media range and 
ross-range estimation are essentially distin
t pro
esses.We explain brie
y the well-known inadequa
y of syntheti
 aperture imaging in randommedia, in se
tion III, part 4. In se
tion III, part 6, we formulate the Subspa
e ArrivalTime (SAT) method that is robust and a

urate if we have good arrival time estimates,as we 
an often get using subspa
e analysis in the manner of se
tion III, part 5.2.We have 
ondu
ted extensive numeri
al simulations to understand better and tosubstantiate our theoreti
al insights into imaging in random media.A
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45APPENDIX A: COMPUTATIONAL SETUP1. THE mixed �nite element solution of the wave equationWe des
ribe here the numeri
al method we use to 
ompute the solution of the waveequation. Our method is based on the dis
retization of the mixed velo
ity-pressureformulation for a
ousti
s (i.e., system (A.1)). For the spa
e dis
retization, we use anew �nite element method (see B�e
a
he, Joly, Tsogka 1997, B�e
a
he, Joly, Tsogka2000), whi
h is 
ompatible with mass-lumping te
hniques (i.e., it leads to expli
it timedis
retization s
hemes) and for the time dis
retization we use a 
entered 2nd order �nitedi�eren
e s
heme.1.1. The 
ontinuous problem: the wave equation. Let 
 be a boundeddomain of IR2. We 
onsider the wave equation as a �rst order system (the velo
itypressure system), 8>>>><>>>>: %�v�t �rp = 0;1k �p�t � div v = f; (A.1)with some initial 
onditions at time t = 0 that we will systemati
ally omit in thefollowing. In (A.1), v denotes the velo
ity (the time derivative of the displa
ement), pthe pressure, % = %(x) the density and k = k(x) the bulk modulus. A mixed formulation



46asso
iated to equations (A.1) is given by the following problem,8>>>>>>>>><>>>>>>>>>:
Find (v; p) : [0; T ℄ 7�! X �M su
h thatddt
(v;w) + b(w; p) = 0; 8w 2 X;ddta(p; q)� b(v; q) = (f; q); 8q 2M; (A.2)

T being some �nite time, up to whi
h, we 
ompute the solution and where8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

(v;w) = Z
 % v �w dx; 8(v; w) 2 X �X;a(p; q) = Z
 1k p q dx; 8(p; q) 2 M �M;b(w; q) = Z
 q div w dx; 8(w; q) 2 X �M;(f; q) = Z
 f q dx; 8q 2M:

(A.3)
The fun
tional spa
es X and M are de�ned as,M = L2(
) = �all f(x) su
h that Z
 jf(x)j2dx <1�X = H(div ; 
) = �all f(x) su
h that Z
 �jf(x)j2 + jdiv f(xj2� dx <1� (A.4)1.2. Semi-dis
retization in spa
e. Suppose now that 
 is a union of re
tanglesin su
h a way that we 
an 
onsider a regular mesh (Th) with square elements K of edgeh > 0. We introdu
e the following approximation spa
es8>>>><>>>>: Xh = fwh in X su
h that, for all K in Th; the restri
tion of wh in K is in Q1 �Q1g ;Mh = fqh in M su
h that, for all K in Th; the restri
tion of qh in K is in Q0g ; (A.5)



47where Q1 is the spa
e of pie
e-wise bilinear fun
tions and Q0 the spa
e of pie
e-wise
onstant fun
tions. This element is the lowest order element of a new family of mixed�nite elements (B�e
a
he, Joly, Tsogka 1997, B�e
a
he, Joly, Tsogka 2000)) whi
h allowsus to obtain expli
it time dis
retization s
hemes using mass-lumping te
hniques. Thedis
rete problem asso
iated to (A.2) is8>>>>>>>>><>>>>>>>>>:
Find (vh; ph) : [0; T ℄! Xh �Mh su
h thatddt
(vh; wh) + b(wh; ph) = 0; 8wh 2 Xh;ddta(ph; qh)� b(vh; qh) = (f; qh); 8qh 2Mh; (A.6)

We introdu
e here BN1 = f�igN1i=1, BN2 = f�igN2i=1 the bases of Xh and Mh respe
tively,where N1 = dimXh and N2 = dimMh. We denote then by [Vh℄ = (V1; :::; VN1) and[Ph℄ = (P1; :::; PN2) the 
oordinates of vh and ph in the bases BN1 and BN2. In thesebases, problem (A.6) 
an be written in the following form8>>>>>>>>><>>>>>>>>>:
Find (Vh; Ph) 2 L2(0; T ; IRN1)� L2(0; T ; IRN2) su
h thatMv dVhdt +BTh Ph = 0;MpdPhdt �BhVh = Fh; (A.7)



48with (i) (Mv)i;j = (%�i; �j)L2(
) ; 1 � i; j � N1;(ii) (Mp)i;j = (k�i; �j)(L2(
))2 ; 1 � i; j � N2;(iii) (Bh)i;j = (�i; div �j)L2(
) ; 1 � i � N2; 1 � j � N1;(iv) (Fh)j = (f; �j)L2(
) 1 � j � N2 ;
(A.8)

BTh denotes the transpose of Bh.1.3. Total dis
retization. For the time dis
retization of problem (A.7) werestri
t ourselves to the 
lassi
al se
ond order 
entered �nite di�eren
es approximation :8>>>>>>>>>>><>>>>>>>>>>>:
Find (V n+1=2h ; P n+1h ) 2 IRN1 � IRN2 su
h that :MvV n+1=2h � V n�1=2h�t � BhP nh = 0MpP n+1h � P nh�t +BTh V n+1=2h = F n+1=2h (A.9)

In our simulations, we assume that the problem is posed in the whole spa
e. Tosolve it numeri
ally, we surround the domain with an absorbing layer. More pre
isely,we 
ouple system (A.9) with the perfe
tly mat
hed absorbing layer model (PML). Thisis a very eÆ
ient absorbing layer model, introdu
ed by Berenger 1994 for Maxwell'sequations.2. THE PML absorbing layer modelThe Perfe
tly Mat
hed Layer model was introdu
ed by Berenger 1994 for the 2DMaxwell problem. This model has astonishing properties: the re
e
tion 
oeÆ
ient at



49the interfa
e between the layer and the free medium is zero for all frequen
ies and anglesof in
iden
e. This model 
an be extended to general �rst order hyperboli
 systems. Inthis se
tion, we explain the basi
 prin
iples of this model in the general 
ase of a �rstorder hyperboli
 system and then we apply this model to a
ousti
s.2.1. The PML model for a general �rst order hyperboli
 system.Consider the following �rst order hyperboli
 system, posed initially in the spa
e IR2:8>>>><>>>>: �u�t = A �u�x1 +B �u�x2 ; u 2 IRm (a)u(x1; x2; 0) = u0(x1; x2) (b) (A.10)Suppose that the support of initial data u0 is in the left half-spa
e, we would like tosubstitute problem (A.10) by an equivalent one posed in the left half-spa
e. The basi
prin
iple of the PML model is to 
ouple the equation in the left half-spa
e with anequation in the right half-spa
e su
h that there is no re
e
tion at the interfa
e andthat the wave de
reases exponentially inside the layer. We �rst introdu
e the followingsystem 8>>>>>>>>><>>>>>>>>>:
u = uk + u?;�uk�t = B �u�x2 ;�u?�t = A �u�x1 ; (A.11)

where the index k (resp. ?) means that we keep only the derivatives parallel to theinterfa
e, i.e., the x2-derivatives (resp. orthogonal, i.e., the x1-derivatives). It is easy tosee that system (A.11) implies (A.10)-(a).



50Se
ondly we de�ne a new wave, v, solution of (A.11) in the left half-spa
e andsatisfying a new system in the right half-spa
e, involving a damping on the normal
omponent : 8>>>>>>>>><>>>>>>>>>:
v = vk + v?;�vk�t = B �v�x2 ;�v?�t + d(x1)v? = A �v�x1 ; (A.12)

where the damping parameter d(x1) is positive and satis�es : d(x1) = 0; for all x1 � 0:Now, 
onsider a plane wave u, solution of (A.10)-(a), i.e., of the form :u(x1; x2; t) = u0 e�i(k1x1+k2x2�!t); (A.13)where u0 satis�es the dispersion relation :u0 + k1! Au0 + k2! Bu0 = 0: (A.14)We have the following result : There exists a unique plane wave, v, solution of system(A.12) of the form v(x1; x2; t) = u0 e�i(k1x1+k2x2�!t)e�(x1); (A.15)satisfying :� v � u in the left half-spa
e x1 � 0 (no re
e
tion)� v is damped in the right half-spa
e



51� the damping 
oeÆ
ient in the absorbing layer isj v(x1; x2; t) jj u(x1; x2; t) j = e�(x1) = exp��k1! Z x10 d(�)d�� ; x1 > 0:For the proof see Collino, Tsogka 2001.Remark A.1 Note that the damping is exponentially de
reasing, depending on thedire
tion of propagation of the wave: it de
reases very fast for a wave propagatingnormally to the interfa
e and more and more slowly as the dire
tion approa
hes beingparallel to the interfa
e.
In pra
ti
e, we introdu
e a boundary, with a Diri
hlet 
ondition at x1 = Æ, to bound thelayer, and we solve (A.10)-(a) in the left half-spa
e and (A.12) in the right half-spa
e.This new boundary produ
es a re
e
tion, but, sin
e the wave de
reases exponentially inthe layer, the re
e
tion 
oeÆ
ient be
omes qui
kly very small. This 
oeÆ
ient dependson the 
hoi
e of d(x1) and on the size Æ of the layer. One wants to 
hoose a layer largeenough in order to get a small re
e
tion 
oeÆ
ient, but not too large in order to avoidin
reasing the additional 
omputational 
ost too mu
h.2.2. Appli
ation to a
ousti
s. Now 
onsider the 2D a
ousti
s problem writtenas a �rst order hyperboli
 system, the velo
ity-pressure system (A.1). We 
an write(A.1) in the following matrix form :8>>>><>>>>: %�v�t = G? �p�x1 +Gk �p�x2 in 
;1k �p�t = D? �v�x1 +Dk �v�x2 in 
; (A.16)



52withGk = 266664 1 00 0
377775 ; G? = 266664 0 00 1

377775 ; Dk = 266664 1 00 0
377775 ; D? = 266664 0 00 1

377775 : (A.17)Applying the previous result, we get the following system in the Perfe
tly Mat
hedLayer 8>>>>>>>>><>>>>>>>>>:
v = vk + v?; p = pk + p?;%�vk�t = Gk �p�x2 ; %�v?�t + %d(x1)v? = G? �p�x1 ;1k �pk�t = Dk �v�x2 ; 1k �p?�t + 1kd(x1)p? = D? �v�x1 : (A.18)
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57Figure 1: Array probing of a randomly inhomogeneous medium 
ontaining Msmall s
atterers.Figure 2: Time reversal in a homogeneous medium. A point sour
e at y emitsa wave whi
h is re
eived at the array of aperture a, at a distan
e L from thesour
e. The signal is time reversed and sent ba
k into the medium. The fo
usingresolution in both range and 
ross-range is di�ra
tion limited.Figure 3: Time reversal in a random medium with signi�
ant multipathing.The array appears to have an e�e
tive aperture ae > a and the fo
using of theba
k-propagated �eld is tighter than in a homogeneous medium.Figure 4: The 
omputational setup. The dimensions of the problem are givenin terms of the 
entral wavelength � = 0:5mm. The medium is 
onsidered tobe in�nite in all dire
tions so in the numeri
al 
omputations an absorbing layersurrounds the domain.Figure 5: Typi
al realization of random sound speed 
(x). The target is shown asa large bla
k dot �. The units in the horizontal and verti
al axes are mm and, inthe 
olor bar, km/se
. The standard deviation for this example is s = 4:95%.Figure 6: The probing pulse f(t) given by (II.7). The horizontal axis is time t inmi
ro se
onds.



58Figure 7 The re-fo
used �eld � shown as a fun
tion of range and 
ross-range inmm, at the time of re-fo
using on the sour
e point y. The verti
al array is 2mmfrom the left side and it has twenty transdu
ers that are 0.25mm apart. Note thetighter fo
using in the random medium.Figure 8: The �rst three singular values �1(!), �2(!) and �3(!) from simulationswith two targets in a random medium. The standard deviation s and maximum
u
tuations (M.F.) are indi
ated on the top of ea
h view. The horizontal axis isthe radian frequen
y ! = 2�� with � in MHz. Note 
rossing of singular valuesin the strongest random medium. Note also that in this medium it appears thatthere are more than two targets.Figure 9: Time reversal interpretation of A(ys; t). The array is illuminatedfrom the unknown lo
ation y1 in the random medium. The e
hos re
eived atthe array are time-reversed and re-emitted into the medium. They fo
us at y1,with super-resolution. The �eld at the sear
h point ys is then propagated to thearray, in a �
titious, homogeneous medium. The pth 
omponent of A(ys; t) isthe signal at transdu
er xp and it is evaluated at the deterministi
 arrival timetp(ys) =j xp � ys j =
0:Figure 10: Time reversal interpretation of B(ys; t). The array is illuminated fromthe unknown lo
ation y1 in the random medium. The e
hos at the array aretime-reversed and re-emitted in a �
titious homogeneous medium. In the thirdstep the �eld at the unknown point y1 is send to the array in the random medium.



59Figure 11: The setup for two numeri
al simulations. In the �rst 
ase we have onetarget at y1 = (11:5�; 42�) and the aperture of the array is 4:5�. In the se
ond
ase we have two targets, one bigger than the other. The larger target is lo
atedat y1 = (8�; 21�) and the smaller one at y2 = (4�; 22�). The aperture is 9:5�.Figure 12:Dire
tion of arrival estimation for one target in homogeneous andrandom media. On the left is the time domain estimation using (III.14) andon the right is �xed frequen
y MUSIC, at the 
entral frequen
y of the pulse� = 3MHz. The target is the green star. The horizontal axis is range in mm andthe verti
al axis is 
ross-range in mm. The standard deviation s and the maximum
u
tuations M:F: are above ea
h �gure.Figure 13: Same as Figure 12 with two targets.Figure 14: Comparison of dire
tion of arrival (DOA) estimators for simulationswith a single target and for two realizations of random media. In the top rowwe show the fun
tional R(ys) given by (III.14), whi
h requires no arrival timeestimation. In the se
ond row we show the dire
tion of arrival estimator given by(III.25), with the � adjusted to mat
h the top row and arrival times estimatedfrom the diagonal of the response matrix. In the third row we show the results ofestimating target lo
ation with the di�erential arrival time estimator (III.27).



60Figure 15 Comparison between the random arrival times ~�p, p = 1; : : : ; N(
ontinuous line), estimated from the diagonal of the response matrix and thedeterministi
 arrival times tp(y1), p = 1; : : : ; N (dashed line).Figure 16: Estimates of one target and two targets in a random medium using theDOA-AT estimator (III.32). The range un
ertainly of the DOA estimator (III.14),seen in Figures 12 and 13, is eliminated.Figure 17: Syntheti
 aperture imaging (SAI). The array is very large so to imagea parti
ular region we use only the part of the array that illuminates it.Figure 18: The SAI estimate of the lo
ation of one target in random media withdi�erent strength of the 
u
tuations of the sound speed. The exa
t lo
ation ofthe target is denoted by the green star. The standard deviation s and maximum
u
tuations (M.F.) are indi
ated on the top of ea
h view. The horizontal axis isthe range in mm and the verti
al axis is the 
ross-range in mm.Figure 19: Same as Figure 18 but with two targets.Figure 20: Tra
es of the diagonal part of the response matrix Ppp(t) for ahomogeneous medium and a random medium with standard deviation s = 6:68%and maximum 
u
tuation M.F. = 11:57%. The horizontal axis is time, inmi
rose
onds.



61Figure 21: The ATA estimate (III.40) (left 
olumn) and the estimate obtainedby 
ombining ATA with �-ATA (III.27) (right 
olumn) of two target in randommedia with di�erent strength of the 
u
tuations of the sound speed. The exa
tlo
ation of the targets are denoted by the green stars. The standard deviations and maximum 
u
tuations (M.F.) are indi
ated on the top of ea
h view. Thehorizontal axis is the range in mm and the verti
al axis is the 
ross-range in mm.Figure 22: Tra
es 
omputed from the diagonal of the singular ve
tor matrix forthe homogeneous medium. In �gures (a1) and (a2) we show the tra
es from thediagonal of the �rst and the se
ond singular ve
tor matrix. In �gures (b1) and(b2) we show the tra
es of the �rst and se
ond averaged singular ve
tor. In �gure(
) we show the tra
es from the diagonal of the response matrix. There is noaveraging in (a1), (a2) and (
).Figure 23: Same as in Figure 22 but for the random medium with s = 6:68%.Figure 24: The SAT estimate of one target in random media with di�erentstrength of the 
u
tuations of the sound speed. The exa
t lo
ation of the target isdenoted by the green star. The standard deviation s and maximum 
u
tuations(M.F.) are indi
ated on the top of ea
h view. The horizontal axis is the range inmm and the verti
al axis is the 
ross-range in mm.Figure 25: The SAT estimate as in Figure 24 for two targets.



62Figure 26: Combined DOA (III.13) and SAI (III.33) estimation of one targetlo
ation in random media with di�erent strength of the 
u
tuations of the soundspeed. The exa
t lo
ation of the target is denoted by the green star. Thestandard deviation s and maximum 
u
tuations (M.F.) are indi
ated on the topof ea
h view. The horizontal axis is the range in mm and the verti
al axis is the
ross-range in mm.Figure 27: Same as Figure 26 with two targets.Figure 28: The damping parameter.
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