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The problem of optimal illumination for selective array imaging of small and not well separated
scatterers in clutter is considered. The imaging algorithms intro duced are based on the Coherent
Interferometric (CINT) imaging functional, which can be viewed as a smoothed version of travel-
time migration. The smoothing gives statistical stabilit y to the image but it also causesblurring.
The trade-o between statistical stabilit y and blurring is optimized with an adaptiv e version of
CINT. The algorithm for optimal illumination and for selective array imaging usesCINT. It is a
constrained optimization problem that is basedon the quality of the image obtained with adaptiv e
CINT. The resulting optimal illuminations and selectivity impro ve signi can tly the resolution of
the images, as can be seenin the numerical simulations presented in the paper.

PACS numbers: 43.60.Gk, 43.60.Pt, 43.60.Tj

. INTRODUCTION

We consider the imaging of small scatterersin clut-
tered media from the time traces of echoes recorded at
a remote array. By clutter we mean inhomogeneitiesin
the medium that are unknown and cannot be estimated
in detail. In regimeswith signi cant multiple scattering
of the wavesby the clutter, the time traceshave consider-
able delay spread(coda) and their travel-time migration
createsimageswith spedles that are dicult to inter-
pret. The imagesare also unstable, which meansthat
they change unpredictably with dierent realizations of
the clutter.

To stabilize the imaging processin clutter, we intro-
ducedin®? the coherert interferometric (CINT) imaging
functional. The imagesproduced by CINT are statisti-
cally stable, that is, they have small variancewith respect
to random badckground uctuations. Let us emphasize
that it is the imagesthat have small variance and not the
badkground uctuations, which have a sizeablecumula-
tive e ect on wave propagation, and henceon the array
data. CINT is a smoothed version of travel-time (Kirc h-
ho ) migration®# in which the delay spreadis reducedby
using the cross-correlationsof the traces over appropri-
ate space-timewindows'®>®, rather than the tracesthem-
selves. The CINT imagesare then formed with travel-
time migration of the local cross-correlations. The choice
of the space-timewindows dependson the clutter and it
a ects both the statistical stability and the resolution of
the image. We showed in® that there is a trade-o be-
tweenthese two e ects, and we introduced an adaptive
algorithm for selectingthe sizeof the space-timewindows
soasto achieve an optimal compromisebetweengaining

statistical stability and losing resolution by blurring.

In this paper we consider the imaging of a cluster of
small scatterersthat are closetogether and, becauseof
the inevitable blur, cannot be distinguished with adap-
tive CINT. We introduce an algorithm for optimal illu-
mination and selective imaging of the scatterers one at
a time, in which we use the singular value decomposi-
tion (SVD) of the array response matrix, frequency by
frequency

The SVD of the response matrix has been used be-
fore in”® for obtaining optimal illuminations for detec-
tion of scatterersfrom the traces recorded at the array.
These illuminations maximize the power of the signals
recordedby the array. They are determined by the lead-
ing singular vector of the response matrix at the reso-
nant frequency which is wherethe leading singular value
achievesits maximum over the bandwidth. However, the
optimal illumination for detection is not appropriate for
imaging because(1) the narrow bandwidth gives poor
range resolution of the imagesand no statistical stabil-
ity in clutter®1911 and (2) the leading singular vector
doesnot necessarilyilluminate a single (strongest) scat-
terer in the cluster. In general,this occursonly whenthe
scatterersare well separated.

Well separated small scatterers can be imaged selec-
tively in known mediawith the DORT method'?, DORT
stands for Decomposition de I'Op erateur de Retourne-
ment Temporel in french, which usesone singular vector
at a time, over the entire bandwidth. Howewer, DORT
does not image selectiwely in clusters of nearby scatter-
ers becausethe one-to-one correspondencebetween the
scatterersand the singular vectorsdoesnot hold. It also
doesnot give stable imageswhen there is clutter.



There are three parts to the optimal illumination algo-
rithm for selective imaging of clusters of small scatterers
aspreseried in this paper. First, all imaging is basedon
the adaptive CINT functional, sothat it is statistically
stable in clutter. Second,the illumination is not done
with one singular vector at a time, but with an optimal
convex combination of the leading singular vectorsacross
the bandwidth. The coe cien ts (subspaceweights) are
calculated by solving a constrained optimization prob-
lem which minimizes the support of the image, which
is formed with adaptive CINT. Third, oncethe optimal
subspaceselection has been done so that the image is
focusedon a single scatterer, it is further improved by
assigningoptimal weights to ead illuminating sourcein
the array. Theseweights are also constrained minimizers
of the support of the image.

The paper is organizedasfollows. In sectionll we de-
scribe the set-up for array imaging of a cluster of small
scatterers. In section |1l we describe the adaptive CINT
algorithm and its relation to travel-time migration. In
section IV we consider the optimal illumination prob-
lem. We de ne the weighted subspacesusing the SVD
of the array response matrix in section IV.A, and then
intro duce the optimal illumination algorithm in section
IV.B. We illustrate the performance of the algorithms
with numerical simulations in the regime of ultrasonic
array imaging in concrete”>4. Details and commerts on
the numerical results are givenin sectionV. We end with
a summary and conclusionsin section VI.

1. PROBLEM SETUP
We consider imaging of a cluster of M small (point-

in a cluttered medium. The data is gatheredwith an ar-
ray A of Ng sourcesand N; receivers that is far from
the scatterers. The sourcesare at points % 2 A, for
s = 2 A, for
r = 1;:::;N,. The array illuminates sequetially the
scatterersby sendinga pulsef (t) from the sourcesat %
and recording for eat pulsethe tracesP (%, ; %s;t) of the
scattered echoesat the receivers

P(xrixsit) = F(1) 2 ( % %s:t);
forr=1;::5;N;; s= 1,101 Ns: (2.1)
Here ( t) = f ( %,;%s;t)gisthe N,  Ns array impulse
responsematrix and the symbol ? standsfor time convo-
lution. The traces P (% ;%s;t) are recorded over a time
window that is assumedfor simplicity to be long enough
(essemially in nite) soasto neglectit in (2.1). We also
take for conveniencethe caseof Ns = N, = N co-located
sourcesand receivers. By reciprocity, this makesthe ar-
ray responsematrix ( t) symmetric.
The probing pulse is of the form

f()=-e " fa(®); (2.2)

where! , is the certral frequencyand fg(t) is the base-
band pulse,with bandwidth B. In the frequencydomain
we have
Z,
Bry=" ¢ g (tde= Myl

for jt 1o B

)80 (53

where the symmetric interval of negative frequenciesis
suppressedfor simplicity. We choose (') asthe indi-
cator function of the frequencyinterval j! ] B=2. This
way, the Fourier coe cien ts of the traces coincide over
the bandwidth with the Fourier coe cien ts of the re-
sponse matrix

Bl xs;1) = Plxeixs; ) sirn= LN ji g
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FIG. 1. Sdematic of array imaging in a homogeneous
medium. The computational set-up is on the left. The traces
received when illuminating from the cerntral elemert in the
array are on the right.

The numerical simulations are in two dimensions, in
a regime that is often usedin ultrasonic array imaging



scatterers

X XXX XXX K XXX XXX
array

FIG. 2. Array imaging in clutter. The computational set-up
is shown on the left. The uctuations in the sound speed
are shown in color and the color-bar is in km/s. The traces
received when illuminating from the certral elemert in the
array are on the right.

in concrete'®!4. In this paper, the elastic wave propa-
gation in concrete is approximated by a scalar acoustic
problem. Therefore, only pressurewaves are considered
and shear waves, Rayleigh waves, and mode cornversion
e ects are neglected. We solve the acoustic wave equa-
tion as a rst order velocity-pressure system with the
nite elemen, time domain method given in®, for both
two and three dimensions. The setup is showvn in Fig-
ures 1 and 2 for imaging in homogeneousand cluttered
media, respectively. We simulate the wave propagation
in an unbounded ervironment by surrounding the com-
putational domain with a perfectly matched absorbing
layer, as shown in Figure 1.

The array is linear, with N = 100transducersat ,=2

apart and with an aperture a = 49,5 3. We usethe fre-
guencyband 150 450kHz,with bandwidth B = 300kHz.
The referencesound speedis ¢, = 3km/s and therefore
o = lcm. We have M = 4 small scatterers at range
L = 90 , from the array. They are at distanced = 3
apart and we model them as soft acoustic disks of diam-
eter ,, with the acoustic pressureequal to zero at their
boundary. In concretethey correspond to air holes.

We model the clutter as a random processand write
the square of the index of refraction n(x) = c,=q*) in
the form
%

n2(x) = n2(x) 1+ (2.5)

Here ny(%) is the smooth and known index of refraction
of the badkground medium. We take ny(x) = 1 for sim-
plicity, sothat the wave speedc(x) uctuates about the
constart value c,. The normalized uctuations are mod-
eled by (%), which is a statistically homogeneousan-
dom processwith meanzeroand rapidly decaing corre-
lation. The uctuations have a characteristic length scale
*, the correlation length for example, which can be con-
sideredto bethe typical sizeof the inhomogeneities. The
parameter cortrols the strength of the uctuations.

The uctuation process (%) isisotropic with Gaussian
correlation

o2
RG:xY) = R(jx x%)=e =7

The correlation length is takento be * = ;=2 and the
uctuation strength = 0:03. Note that we are in a
regime with small uctuations 1, asis expectedin
concretestructures. Nevertheless,becausethe rangel is
large with respectto , and °, there is signi cant delay
spreadin the traces, as seenin Figure 2. The estimated
transport meanfree path®7 in the clutter is 75 ,. This
is to be contrasted with the time reversal experiments
in'®, where the range is about 10 transport mean free
paths and all coherenceis e ectiv ely lost in the echoes.
Here the range L is comparableto the meanfree path so
there is someresidual coherencen the data and coherert
interferometric imaging can be e ectiv e.

Il1l. ADAPTIVE COHERENT INTERFEROMETRIC
IMA GING

In travel-time (Kirchho ) migration the data traces
are mapped to an image by the functional
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HereyS is a seard point in the region wherewe form the
imageand (%, ;¥°) is the travel time of the wavesfrom
the array elemen x, to ¥°, in the badkground medium
with sound speed ¢,. Since we assumea constart ¢,

(%r;%%) = j*  ¥°j=c: In generalsmooth media is
given by Fermat's principle®®.

Travel-time migration of the traceswhenthey have sig-
ni cant delay spreaddue to multiple scattering in clutter

) X
e ! DT Pk xgl e

it (xs5%°)

(3.1)

pret, as seenin the left picture of Figure 3. The images
are also unstable, in the sensethat they change unpre-
dictably with the realization of the clutter.

To stabilize the imaging processwe intro duced in%26
the coherent interferometric (CINT) approach which mi-
grates to ¥° local cross-correlationsof the traces, com-
puted over appropriately sizedspace-timewindows. The

producesimageswith spedlesthat are di cult to inter- CINT imaging function is
|

Z z X X

| CINT (yS; a4 d) - d! d! 0
. e s .
X ' !;(] SRR R T T (3.2)
QCxrixsi! 1y5)O(xroixc01! O yS);

S;SOZX L+l 0; p

where the bar means complex conjugate and
@(xr;xs;! :y5) is the Fourier transform of the trace
P (%r;%s;t) migrated to yS

Olxrxsi! 1 ¥°) = Blxeixg; 1 )e * [ ey eyl
(3.3)

Here the set of indicesin the summation is de ned by
Xa(t) = ,i
'od
(3.4)
The 4 and 4 are clutter-dependert coherenceparame-
ters that must be estimated from the data. They deter-
mine the sizeof the time-spacewindows usedto compute
the local cross-correlationsof the traces, as we now ex-

X('; @)= rr%= 200N % %]

plain.

The data appears in |1°NT  in the form
B(x,;%xs;1 )P(%,0,%0;1 9 for receiver and source
location indexes in X # 4 , and for frequen-
cies that are not more than 4 apart. This 4 is

the decoherencefrequency in clutter, de ned as the
smallest dierence j! 'Y over which Ib(xr;xs;!)
and Fb(xr;xs;! 9 become statistically uncorrelated.
When we restrict j! 19 d» we have signi cant
random phasecancellation in the local cross-correlation

Bx,;xs;1 )P, 1 %;1 9.  Equivalertly, in the time

domain, when we corvolve P (x%;%s;t) with its time
reversedversion over a time window of sizeO(1= 4), we
get a signi cant reduction of the delay spread.

The parameter 4 denes the decoherencelength
Xq4(!), at frequency! , asshown in (3.4). This decoher-
encelength is the smallestseparationbetweenthe sources
j*¥s *s0 and between receivers jx,  %,0j over which

B0t %s; 1) and P(x,0;%50;! ) become statistically un-
" correlated. Thus, in CINT, we cross-correlatethe traces

over space-time windows that are de ned by the deco-
herencelength and frequencyin order to have signi cant
reduction of the delay spreadin the traces.

We showved in®® that thresholding of the space-
frequencywindows with X4 and 4 amounts to smooth-
ing the image and giving it statistical stability. In very
weak clutter, wherethere is little lossof coherencen the
data, X4 and 4 can be as large as the aperture a and
bandwidth B, respectively. Then | ®NT  becomessim-
ply the squareof | KM . However, in stronger cluter X q
and 4 canbe small comparedto a and B, respectively,
and then | ©NT is a smoothed version of 1M % The
smoothing occurs by convolution with the window func-
tions whosee ectiv e support is cortrolled by 4 and g,
as we explain in detail in>8. We showed in'® that the
CINT point spreadfunction has range resolution c,= 4
and cross-rangeresolution (L=X4(! o) = 2 L 4. These



results should be comparedwith the Rayleigh resolution
limits ¢,=B and ,L=a for travel-time migration in ho-
mogeneousmedia'®. For strong clutter, where ¢ B
and X4(! ) @, there is considerableloss of resolution.

The key question in the implemenrtation of | NT s
how to estimate the clutter dependert parameters ¢
and 4. This can be done directly from the data, using
statistical techniques such as the variogram?, but it is
a delicate process. We introduced in® an adaptive ver-
sion of the CINT algorithm that estimates 4 and 4
during the image formation processby optimization of
an objective function that quarti es the quality of the
image.

CINT is a trade-o betweensmoothing for statistical
stabilization and lossof resolution by blurring. This can
be seenin Figure 3, where we display the | ©NT image
computed with three di erent setsof parameters 4 and

4. On the left we show | X | which correspondsto set-
ting ¢ = B and X4 = a acrossthe bandwidth. On the
right we show the squareroot of the oversmoothed image
| CINT ' obtained with valuesfor 4 and X4 that are too
small. There are no spedles in this image. They have
beenremoved by smoothing but we have also lost a lot
of resolution. The middle picture in Figure 3 shows the
square root of | ©“NT for the optimal choice of 4 and
Xgq4 (i.e., ¢) obtained by the following adaptive CINT
algorithm.

Adaptiv e CINT algorithm:  For given starting values
of the parameters 4 and 4, calculate

1

| CNT S; : 2
IS, & d)= _(y ¢ _d) -
SUpysop J1 OV (¥ a5 a)i?

(3.5)

for S sweepinga seard domain D. For a suitably chosen
parameter > 0, estimate 4 and 4 asthe minimizers
of

O( d; d): kJ(, ds d)kLl(D)+
(3.6)
over all possible 42 [0;B]and 4 O.

The rst term in (3.6) favors images of small spatial
support and the secondterm inducessmoothing. This is
essetial for penalizing spedled imagesbut the smooth-
ing must be cortroled in order to minimize the blurring.
The balancebetweenthe two terms in (3.6) is done with
parameter > 0, which must be chosenin suc a way
that k‘](, ds d)kLl(D) and r ySJ (; ds d) L1(D)
are of the sameorder. In principle, can be changed
during the estimation process. However, a good indica-
tion that the data responds well to the adaptive CINT
algorithm is the relative stability of as the iteration
processfor the determination of 4 and 4 advances,un-
til a plateau for the objective is reached. In all numerical
simulations in this paper, and in previous one®, =1
worked well.

Note that in adaptive CINT we work with the square
root of | ©NT | This is becausewe compareit with | KM |

Fysd (5 di d) Lypys

When no smoothing is done then | ¢NT P s equal to
| KM

In the numerical setup consideredin this paper (cf.
Figure 2) the scatterersare closetogether and becauseof
the inevitable blurring that CINT introduces,they can-
not be distinguished with adaptive CINT. This is clear
from the middle picture in Figure 3. In order to im-
age the scatterers separately we introduce in the next
section an algorithm for optimal illumination and selec-
tive imaging. In this algorithm we usethe singular value
decomposition (SVD) of the array responsematrix, fre-
quency by frequency When the scatterers are not so
closely spaced,or more precisely when the blurring in-
tro ducedis smallerthan the distancein betweenthe scat-
terers, then the adaptive CINT method can e ectiv ely
digtinguish them. Results for such a caseare reported
in>.

IV. OPTIMAL ILLUMINA TION AND SELECTIVE
IMA GING WITH CINT

We introduce a two-step algorithm for optimal illu-
mination and subspaceselectionwith adaptive CINT in
order to image clustersof small scatterersin clutter. The
rst stepis describedin sectionIV.A and it usesthe sin-
gular value decomposition of the array response matrix
to image the scatterersin a selectie manner, one at a
time. The secondstep is described in sectionIV.B. 1t is
designedto improve the image of eadh scatterer using an
optimal illumination from the array.

A. Selective imaging with CINT
1. The singula value decomposition of the response matrix

The singular value dgcomposition,of the N N re-
sponsematrix B 1) = D(x.:xs1) at any frequency
I in the bandwidth is given by

)(\l ?
bry= IO TOLG! (4.1)

j=1
sothat
Ry (1)= ;()bi(1); j=1::N:

Here the star stands for complex conjugate and trans-
pose. The singular values j(!) Oarein decreasingor-
der and b; (! ), ¥; (! ) are the orthonormal left and right
singular vectors, respectively.

Becausethe complex matrix l? ') is symmetric, al-
though not hermitian, we can determine the left singular
vectorsasthe complex conjugatesof the right ones. How-
ever, this is true only when the correct phasehas been
assignedto thesevectors. The computation of the SVD

(4.2)
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FIG. 3. The squareroot of the coherert interferometric imaging function for three choices of smoothing parameters. The left
picture is with no smoothing, the middle picture is with optimal smoothing, and the right picture with too much smoothing.

The four re ectors are indicated with green dots.

with any public software returns

bj()y=¢€ 1w (), j=1::N;  (43)
with an ambiguous phasethat is di cult to unwrap in a
consistert manner acrossthe bandwidth. Nevertheless,
the projection matrices

Pi(1) = by (1)b/(")

onto the spacespannedby the jth left singular vector
have no phase ambiguities, and this is what we usein
the algorithm described below.

(4.4)

2. Data lItering

Let us assumethat the number N of array elemens
is larger than the number M of small scatterersin the
cluster. Then there are n?(! ) < N signi cant singular
values of lé 1), with n?(!) M. SeeFigure 4 for an
illustration of this fact, for the numerical setup described

=.4() O

We de ne the ltering operators D(!;): ! CN N,
which take coe cients d2  andreturn a linear combi-
nation of the projection matrices (4.4)

n%! o)
D(!;d) = di (1P (1);
j=1

(4.6)

for each frequency! in the bandwidth.

in section Il.LA, where M = 4. We note in Figure 4(a)
that in the homogeneousnedium we cansetn®(! ) = 4.
In the random medium Figure 4(b) shownsthat we can set
n?(!) = 5 or at most 6, becausefor all indices beyond
this threshold the singular valueslevel o aswhenthereis
additiv e noise acrossthe bandwidth. Note alsothat this
threshold stays basically the sameacrossthe bandwidth,
sowe can write
n’()  n?(lo):

This is becausewe are dealing with small, point-lik e scat-
terers. In the caseof extendedscatterersn?(! ) doesvary
acrossthe bandwidth, as was showvn before?!, and this
hasto be taken into accourt when doing selective imag-
ing of suc re ectors.

Using the threshold n?(! ,), we now de ne a set of
Itering operators that we wish to apply to the data.

(4.5)

Denition 1 Let be the set of non-negative subspice
weights
9
B n%! o) Z =
- g()d =1 :
20 a0 e % ’

When we apply these lIters to the response matrix, we
get

d ()P

j=1

%_ 4.7)
di(1) ()b ()b (1)

D(';dR 1)
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FIG. 4. The rst m singular values of the response matrix as a function of frequency.

where we removed the null space of Q ). Note that
here the singular vectors b; (! ) have the correct phase
(i.e., " j(1) = 0in (4.3)). This correct phaseis obtained
by computing the projection P; (! )i 1) of B 1), which
doesnot su er from the phaseambiguity.

Now if we distinguish the subsets , of , for p =
Lin?(Lo),
p=Ffd2 ; d(!)=0 forj 6 p;
: . B
P=Linno) ()= g1 0t 5

z
I (y°;p) =

J

X
o(!)
s=1 r=1
Z
= d(
it Yol

d!

!o] 2

!
B
2 s=1

We call this the DORT image becauseit usesone sin-
gular vector at a time. We recall that in the original
DORT method?!?, the singular vectors are computed at a
ead frequency and then a time-domain signal is formed
from them and is backpropagated. To construct this sig-
nal in time, the phaseof the singular vectors is usedto
compute the time delay that it needsat the array in or-
der to focus. We can also describe DORT as an imaging
method in which ead singular vector over the bandwidth
is badkpropagated and the imagesare then summedover
frequencies. The badpropagation is done in a homo-
geneousmedium. In such a medium, DORT and iter-
ative time reversaf? are essetially equivalent and can
be used either for detection or for imaging of small tar-
gets. In iterativ e time reversal the badkpropagation step

X § xeyS
) bp(xs;!)e ! ()

we note that D(! ;d) ford2 | Iters out the cortribu-
tion of all singular vectors, exceptthe pth one, uniformly
acrossthe bandwidth. This is what is done at the pth
step of the basic DORT algorithm. The travel time mi-
gration of the ltered data D (! ;d)b(! ) givesthe imaging
function

bp(xs: ! )bp(x ;1 )e [ Cesiy®+ (xeiy®)]

#o
(4.8)

is done by physially transmitting the time reversedsig-
nal from the transducer array, repeatedly until it focuses
on the strongest target. In a random medium iterativ e
time reversal is an excellert detection method because
it is not sensitive to the random inhomogeneities. This
is another manifestation of statistical stability in time
reversaP101l  The issue of iterativ e time reversal ver-
sus DORT as a detection method with noisy signals is
also discussedin chapter ten of?3. Imaging in clutter is
addressedin®#?% using the singular value decomposition
and time correlation techniques. The algorithms based
on adaptive CINT that are presened in this paper are,
however, more exible and e ectiv e.



Note that when we usejust one sourcein (4.8), we get
z h _ N

F(ySipixs) = di p(l) bp(xsit)e ' o)
o B7 #

bp(ec it et )
r=1

(4.9)
Whenp= 1and ,(!) isconstart in the bandwidth, this
can be interpreted asthe image produced by travel-time
migration of the traces obtained with the illumination
produced by iterativ e time reversal® in echo mode. In-
deed, supposethat we illuminate the scatterersfrom the
sourceat x5 2 A and we record the echoes

POt %! ) = 0% 1)

This is the s column of the response matrix written in
short lQ i %s;!). Now, if we time-reverse these signals
and we reemit them in the medium, we get back the new
vector

B1y)b(ixs;1):

Iterating this way, we cornverge to the leading singular
vector as is well known”8. However, this singular vec-
tor is computed with the phase of b(xg;!) that is in-
herited from the original illumination from the sourceat
¥s. This phaseis compensatedin (4.9) with the travel
time (xs;¥°) to the seart point ¥S where the image
peaks. The DORT images (4.8) peak on one scatterer

4 y4

LONT (¢S5 g5 g;d) = d!
;502X

for arbitrary d2 . Here@d(xr;xs;! :yS) isthe ltered

data migrated to yS

h i
Bulerixs; ! ;yS) = D(;d)b) e M [ ay®r (xeiy®)]
r;s

(4.11)
and the set X (I ; 4) isdened in (3.4) in terms of .

Now we begin the iteration:

Step 1: Find the optimal Iter D(! ;d), forj! ]
B =2, by minimizing the objective function

| CNT (yS; d: d;d) 2
SUBysop J1 T (¥S; ai aid)j®

(4.12)

J(¥%;d) =

at a time, if these are well separated,in the sensethat
the pth singular value is assaiated with the samescat-
terer uniformly in the bandwidth. However, in clusters
of nearby scatterersDORT doesnot give selective images
becausethe one-to-onecorrespondencebetweenthe sin-
gular values and the scatterers doesnot hold acrossthe
bandwidth. This is seenclearly in the plots of the top
row of Figure 5. Moreover, DORT does not give stable
imagesin clutter as can be seenin plots of the bottom
row of Figure 5.

3. The selectiveimaging algarithm

To image the scatterers one by one, we formulate an
iterativ e algorithm with two parts that we now describe.

Part 1: Weestimate rst the clutter-dependen decoher-
enceparameters 4 and 4 using adaptive CINT. This
estimation is done as described in section 111 with the
CINT imaging function (3.2) that usesthe un ltered ar-

ray responsematrix b(! ). The resulting image is shown
in the middle in Figure 3. The numerical setup is de-
scribed in section | l.A.

We note that we may also be able to estimate 4 and

4 using CINT with array data coming from a known
small scatterer, a pilot, whose range is comparable to
that of the cluster that we wish to image selectiely.
Part 2: With 4 and 4 xed, asfoundin Part 1, de ne
the CINT image using the ltered data D (! ;d)b(! )

X X

d ©
i
rirogx Lt *2!0; d

(4.10)

Qalxr;%s; !5 ¥5)Qa(xro; x50, ! O yS);

1410,
—

over all subspaceweights d 2 This optimization
seeksimages of small spatial support. There is no
needto penalize the gradient here becauseall the sta-
tistical smoothing has been done by the thresholding
with 4 and X4 (i.e., 4). The optimization involves
n’(! )N, variables d; (! m), for j =
m = is the number of frequency
sub-bandsused to parametrize the bandwidth. Denote
the resulting optimal Iter by D(! ;d®).

Remark 1 We showin the bottom left picture of Figure
6 the image obtained with the optimal Iter D(! ;d®),
in the setup descrited in section 1lLA. The image is fo-
cusal on a single satterer and the optimally lter ed data
D(! ;d®)b(1) correspndsto the echces from this sat-



O = 12131 O = 1:4268

0
0

cross-range in |
cross-range in |

9 1

0 9. 92 94
range in

90 91
range in

1
0

O = 1:3908

1
0

O = 1:2313

0

PN

-]
o
»
©

cross-range in |
IS
cross-range in |

86 88

o4

0 a2 88 0 o2
range in! ; range in! ;

92 93 94

0

48
7 i--.l' k
46
i B *
88 89 92 93 94

441
1
0

O = 35716

cross-range in |

£
o
=)
2
g
@
2
4
5

90 91
range in

9 92 94
range inl
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maximum, which we denote by O.

terer alone. The optimal subspce weightsd® are plotted
in the bottom left picture of Figure 7.

Step 2: In order to image the next scatterer, we use
Iters that maskthe scatterer found in Step 1, asfollows.
Let usdenoteby J(! ;1) the index of the largest subspace
weight

@D 1y= @ (1 y:
dy () (=1 mr??((l D)dj (): (4.13)
Wedene themap @ : 1, B:1,+ 5 1 N which
takesa frequency! in the bandwidth and returns
®ay= J(';1)  if dgl()! (1) >0 (4.14)
0 otherwise

Now we seekthe optimal Iter D(! ;d@) forj! 1]
B =2 by minimizing the objective function (4.12) over all
the subspaceweights in

W= g)2 ;d()=0ifj= W)
B j=L:n%( o)

forj! 1) ;
Remark 2 We show in Figure 7 the optimal subspce
weights d® and in Figure 6 the images obtained with
D(! ;d®). The objective function is larger than that at
Step 1 becauseof the additional constraints in =~ . The
imagesare focuseal on a single satterer, whichis di er ent
from the one in Step 1. That satterer has been maskel
by restricting the search to the set @

Step p: At the pth iteration we mask the scatterers

D(! ;dP) that minimizes the objective function (4.12)
over the subspaceweights in

M= d()2

P 1. d()=0ifj= e D)
for j! j

!oj

The iteration terminates at the n?(! ,) step, where we
have usedall the degreesof freedomin the array response
matrix.

B. The optimal illumination algorithm

The imagesobtained with the selective imaging algo-
rithm described in sectionIV.A can be improved further
by assigningoptimal weights to ead sourcein the array,
aswe now describe. Let

N )

ws =1
s=1
be the set of weights that we can assignto the sources

in the array and de ne for any d2  and any weights in
W the CINT imaging function
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Z Z X X
| ONT (¢S 4; qidiw) = dl 0o s dr o
it 1. B : g z
Fotel o oy 5 rir 02X '*2—'0 d
P X S (4.15)
Ws@q (% %5515 yS) Weo® (05 %071 O yS):
$:502X %; d
[
Here @d(xr;xs;! ;y5) isthe Itered data migrated to yS function
and given by (4.1).
O(w) = kI (s W)k 1(py;
1
| CNT S; : ;d'W 2
J (yS,W) - - (y d, d ) o
SUpysop J1 N (355 o s diw)j2
(4.16)
For agivendata Iter D(! ;d) with jI 1, B=2,the over the setW. This canbe usedin conjunction with the

optimal illumination w is the minimizer of the objective  optimal selectiwe illumination algorithm as follows.
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The optimal illumination algorithm: For p =
ji' 'o B=2asdescribedin sectionlV.A. Then com-
pute for any given p the optimal illumination w(), which
minimizes over the set W the objective function (4.16)

computed with d = d(P):

Remark 3 We illustrate this algorithm with numerical
simulations in the setup descriked in section ILA. The
source weightsare shownin Figure 9 and the imagesare
shownin Figure 8

To explain how the algorithm works, let us consider
the sourceat xs. Its contribution to the imaging function
(4.15) is in the term

h

ws D(':d)R 1) (4.17)

[

r;s
Suppose for simplicity that we have a single scatterer
and M = n?(!,) = 1. Then (4.17) with d = d® s just
the sth column of the responsematrix, corresponding to
the illumination of the scatterer from the sourceat xs.
The image with the sourceat x5 peaksnaturally at the
location of the scatterer. However, the focusing can be
sharpenedby using all the sourceswith optimal weights,
as we have shown in??.

When we have a cluster of scatterers the algorithm
works in a similar way. The selective imaging algorithm
givesat step p an image that is focusedon the pth scat-
terer. The ltered data D(! ;d®)bP(!) correspond ap-
proximately to the edhoesfrom this scatterer alone, and
the imageis sharpenedby using the optimal illumination
w(P) from the array.

V. NUMERICAL IMPLEMENT ATION AND RESULTS

In the implementation of the algorithms, the seardh
point ¥s is in a squaredomain of sizel0 ¢ 10 o, cen-
tered at the certer of massof the scatterers. This domain
is discretized using a uniform grid of 31 31 points and
thus the discretization stepis ¢=3. It is in this domain
that we presen all the imagesin the paper (seeFigures
3,5, 6 and 8).

Details regarding the implementation of the adaptive
CINT algorithm can be found in®. In order to save com-
putational time whenimplemerting the selective imaging
algorithm, we divide the bandwidth B into 15 sub-bands.
In the lower frequency range, for ! 2 [150 300]kHz, we
take 5 sub-bands of size 30kHz while in the higher fre-
guency range, for I 2 [300,450]kHz, we take a ner dis-
cretization using 10 sub-bands of size 15kHz. In ead
sub-band the subspaceweights d; (! ) are constart. This
meansthat for the selective imaging algorithm we have
60 unknowns becausewe usen (! o) = 4. In the clut-
tered medium, we tried rst this discretization of the fre-
guency and noted that the coe cien ts d; (! ) are mostly
zerofor frequencies! outside of [150, 250]kHz. We there-
fore changedthe discretization. In the cluttered medium
we usenon-zerod (! ) only in the lower part of the band-
width, that is, for ! 2 [150,250]kHz. The results shavn
in the bottom row of Figure 7 are obtained by divid-
ing this part of the bandwidth into 10 sub-bandsof size
10kHz and taking the subspaceweights d; (! ) to be con-
stant in ead sub-band. The optimal coe cien ts d;(!)
for homogeneousand random media are shown in Figure
7. The corvertion for the colorsin Figure 7 is the fol-
lowing: we usethe blue color for di(! ), greenfor dx(! ),

11
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In the implementation of the optimal illumination al-
gorithm, we group the array weights into blocks of 10
elemerns and take the weights w to be constart in each
block. The number of variablesin this optimization prob-
lem is 10. The optimal weights for homogeneousand
random media are showvn in Figure 9.

Becausethe scatterers are closeto ead other in our

numerical simulations, we cannot image them separately
with the DORT method as can be seenclearly in the top
row of Figure 5, which are in a homogeneousmedium.
There are more elaborate implementations of DORT that
use cortinuation methods for singular values along fre-
guencies. Thesemay give better results in homogeneous
media. However, DORT in its various implemertations
cannot be usedin cluttered media, becauseit givesnoisy
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and unstable images. In the imagesin the bottom row
of Figure 5, we note that aswe go from left to right the
results deteriorate. The last image in particular is just
noise.

We seea big improvemert in Figure 6, where the im-
agesare obtained with the selective subspacealgorithm.
We note that we image the scatterers one by one, both
in the homogeneousand in the cluttered medium. The
discretization of the bandwidth in the selective imaging
processa ects signi cantly the results. On one hand,
coarserparametrizations lead to fewer optimization vari-
ablesand lower computational cost. On the other hand,
the image quality su ers from a coarseparametrizations.
This can be seenin the imagesin the top row of Figure,
which is for a homogeneousmedium. They are better
than the DORT imagesshown in the top row of Figure
5, but we still seesomeghosts. However, when we re ne
the bandwidth parametrization, the results improve.

By comparing the imagesin the middle and bottom
rows of Figure 6, we seethat it is crucial to use a sta-
tistically stable method in clutter, such as CINT. When
we do not have statistically stable results, the optimal
subspaceselection does not make sense. This is seenin
the middle row of Figure 6, where travel time migration
is used instead of CINT. The bottom row in Figure 6
shows how selective imaging works in clutter. Here the
resolution is naturally worse than that in the homoge-
neous case. This is expected because,as we explained
in section 11, with CINT we give up someresolution to
gain stability in clutter.

The results are further improved with the optimal il-
lumination algorithm, as shown in the imagesof Figure
8. For both homogeneousand random media, the use of
the optimal weights improvesthe quality of the images
by reducing sidelobes. The improvemert is more visible
in cluttered media.

VI. SUMMARY AND CONCLUSIONS

We intro duce a three-part algorithm for imaging small
nearby scatterersin a randomly inhomogeneousnedium.
We assessts performancewith numerical simulations in
the context of ultrasonic array imaging of concretestruc-
tures. Travel time migration is not e ective and gives
imagesthat have spedcles and are unstable becauseof
signi cant multiple scattering from the inhomogeneities.
Adaptiv e coherert interferometry (CINT) is e ective in
stabilizing the image at the expense of some blurring,
which makesnearby scatterersdi cult to identify. The
algorithm preserted in this paper usesadaptive CINT
combined with (1) optimal subspaceselection using the
singular value decomposition (SVD) of the array response
matrix, and (2) with optimal illumination. This algo-
rithm is much more demanding computationally than
travel time migration, but it is quite e ectiv e for imaging
in clutter.
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