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Abstract

In time reversal, an array of transducers receives the signal emitted by a localized source,
time reversesit and re-emits it into the medium. The emitted waves back-propagate to the
source and tend to focus near it. In a homogeneousmedium, the cross-rangeresolution of
the refocused ¯eld at the source location is ¸ 0L=a, where ¸ 0 is the carrier wavelength, L is
the range and a is the array aperture. The refocusing spot size in a homogeneousmedium
is independent of the bandwidth of the pulse, but broadband can help in reducing spurious
Fresnelzones. In a noisy (random) medium, the cross-rangeresolution is improved beyond the
homogeneousdi®raction limit becausethe array can capture waves that move away from it at
the source, but get scattered onto it by the inhomogeneities. We refer to this phenomenon
as sup er-resolution of the time reversal processin random media. Super-resolution implies
in particular that, becauseof multipathing, the array appears to have an e®ectiv e aperture
ae that is greater than a. Since ae depends on the scattering medium, it is not known. In
this paper we present a brief review of time reversal theory in a remote sensingregime and a
robust procedure for estimating ae from the signals received at the array. Knowing ae permits
assessingquantitativ ely super-resolution in time reversal for applications in spatially localized
communications with reduced interference. We also review interferometric imaging and its
relation to time reversaland to matched ¯eld imaging. We show that ae quanti¯es in an explicit
way the lossof resolution in interferometric array imaging.

PACS numbers: 43.60.Gk,43.60.Cg,43.60.Rw,43.60Tj

1 In tro duction

There have beenrecently sometheoretical and experimental developments in time rev ersal , where
signals emitted by a sourceare recorded by an array of transducers, time reversedand sent back
into the samemedium. Becauseof the time reversibilit y of the wave equation we have (di®raction
limited) refocusing of the time reversed signal at the source when there is no attenuation. In a
homogeneousmedium we get a refocusingspot of approximate size¸ 0L=a [14]. However, in random
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media experimental [21, 27, 42, 35] and theoretical [8, 38, 2, 23] studies show that in broadband
regimesthe refocusing is much tighter and the Fresnelzonesare reduced. This is the phenomenon
of sup er-resolution and it is due to the random inhomogeneities, which distribute the waves
over a larger part of the medium than they would in the homogeneouscaseand therefore carry
more information about the source location. The array appears to have an e®ectiv e aperture
ae > a and this leads to super-resolution and the elimination of Fresnel zonesbecauseof random
phasecancellations. A quantitativ e assessment of super-resolution can be made by looking at the
averagetime reversedback-propagated ¯eld, calculated explicitly in [23]. However, it is remarkable
that in appropriate regimes, like broadband, this phenomenondoes not happen just in the mean
but for almost all realizations of the random medium. This is the self-averaging phenomenon
which has beenexplored numerically and analytically in [8, 38, 2], and for layered random media
in [18, 28] and the referencestherein. Self-averaging is important becauseit di®erentiates between
an observable refocusingwith super-resolution and random speckle patterns distributed around the
original source.

Since re°ection-based array imaging methods involve some form of time reversal or back-
propagation into the real (or a ¯ctitious) medium, it is natural to ask what implications super-
resolution and statistical stabilit y in time reversalhavefor imaging in clutter. In [12,6] wedeveloped
an approach to statistically stable imaging of small targets buried in a randomly inhomogeneous,
isotropic, in¯nite medium. In [10], we reported our ¯rst resolution study, for imaging an active
point source with a passive array of transducers, in random media. However, the details of the
calculations are not given in [10] and we present them here. We also intro duce a resolution study
of interferometric imaging of extended, quiescent objects, in clutter, from the scattered echoesre-
ceived at the array. Using theoretical results of time reversal in random media [8, 38, 2, 23], we
develop a model for interferometric, matched ¯eld imaging, which accounts in a simple and explicit
manner for the e®ectof the clutter on the image. This e®ectis quanti¯ed by a single parameter,
the e®ective aperture ae, which is unknown. We show here that the matched ¯eld functional can
be usednot only to locate unknown sourcesand re°ectors but also to provide an estimate for ae,
and we demonstrate the feasibility of our approach with numerical simulations. In particular, we
show that the estimated ae predicts very accurately the spot sizein time reversal in random media.
Sincethe e®ective aperture ae dependson the scattering medium its estimation givesa measureof
the randomnessof the medium and plays an important role in several applications. To illustrate
this, we brie°y present in section6 a re°ectivit y imaging method for extendedscatterersin random
media. We show that in this casethe blurring e®ectof the random medium on the imagecan be also
quanti¯ed with ae. Another application in which ae appearsasa key parameter is communications
in cluttered media as we discussin section 7.

In section 2 we intro duce time reversal and imaging by arrays. In section 3 we discusstime
reversal in both deterministic and random media. In section 4, we discussimaging active point
sourcesin random media. In section 5 we usethe matched ¯eld functional of section 4 to estimate
the e®ective aperture ae, which dependson the random medium and on the range. We demonstrate
the feasibility and robustnessof the estimation processwith numerical simulations in section5. The
important role that ae plays in imaging applications is illustrated with two examples: imaging of
the re°ectivit y of extended targets, presented in section 6, and securecommunications, discussed
in section 7. Finally, in section 8 we give a brief summary and conclusions.
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2 Imaging and time rev ersal

For simplicit y we assumethat there is a single scatterer to be imaged in the noisy medium. We
distinguish between two types of scatterers or targets: (1) active ones, which emit a signal f (t)
that propagatesthrough the medium and is received at the array, and (2) passive ones,which are
quiet and can be detectedand imaged from scatteredsignalsreceived at the array, that are excited
by primary signals emitted by the array. The scatterers can be small, point-lik e, or extended but
of ¯nite support. Let us begin with the caseof a small, active source,located at

y = (0; 0; L );

with respect to the center of the array, where L is the range and the cross-range is zero. The
array has point transducers located at x p = (ph=2; 0; 0), for p = ¡ N ; : : : ; N . The separation h=2
between the array elements is chosenso that in a remote sensingregime the transducers behave
like an array of aperture a = N h ¿ L and not like separateentities, while interferenceis kept at
a minimum. Often, h = ¸ 0, the wavelength of the carrier frequencyof the pulse.

Supposethat we have an active sourcewhich emits a pulse

f (t) = ¡
d
dt

0

@ 1
q

2¼¾2
t

e¡ i! 0 t e
¡ t 2

2¾2
t

1

A =
i! 0 + t

¾2
tq

2¼¾2
t

e¡ i! 0 t e
¡ t 2

2¾2
t ; (2.1)

where º 0 = ! 0=2¼is the carrier frequencyand B = 1=(¾t º 0) is the (relativ e) bandwidth of

bf (! ) =
Z 1

¡1
f (t)ei! t dt = i! e¡

¾2
t ( ! ¡ ! 0 ) 2

2 : (2.2)

Clearly, there are many other choices for f (t). For example, chirps such as f (t) = ei! 0 t+ i®t 2
are

commonly usedin synthetic aperture radar imaging [30, 13, 37, 19, 16]. We usethe pulse(2.1) here
for simplicit y in the calculations. The signal received at x p (seeFigure 1) is

sp(t) = f (t) ?t G(xp; y ; t) =
1

2¼

Z 1

¡1

bf (! ) bG(xp; y ; ! )e¡ i! t d! ; (2.3)

where bG is the two point Green's function at radian frequency! , and where?t denotesconvolution
in time. Throughout the paper, we use the reciprocity of the Green's function which allows us to
interchangeits spatial arguments.

We choose the scalar wave equation as our mathematical model for wave propagation in the
medium and we let c(x) be the propagation speed at a point x 2 IR3. This scalar model is
appropriate for sonar and ultrasound regimes but not for electromagnetic waves or for seismic
imaging, although it is often used there too. At frequency º = ! =2¼, the two point, outgoing
Green's function satis¯es the reducedwave equation

¢ bG(x; y ; ! ) + k2n2(x) bG(x; y ; ! ) = ¡ ±(x ¡ y ); (2.4)

where k = ! =c0 is the wavenumber, c0 is a referencespeedof propagation and

n(x) =
c0

c(x)
; (2.5)

is the index of refraction of the medium.
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Figure 1: The setup for array time reversal and imaging

We neglect the presenceof boundariesand interfacesin the medium and focusattention just on
the scattering by the random inhomogeneities.For simplicit y we alsoneglectlargescalebackground
variations, although they can be accounted for easily in numerical calculations, and we let the
°uctuations of the index of refraction be

n2(x) ¡ 1 = ¾¹
µ

x
l

¶
; (2.6)

where l is the correlation length (the scaleat which the medium °uctuates), the standard deviation
¾ ¿ 1 (weak °uctuations) and ¹ is a stationary, isotropic random ¯eld with mean zero and
normalized covariance

R(x) = R(jx j) = E
©
¹ (x0+ x)¹ (x0)

ª
: (2.7)

We also assumethat the covariance (2.7) decays su±ciently fast at in¯nit y. We review someof
the basic theory of waves in random media with such °uctuations in the appendix. Note that the
scattering medium that we consider here is di®erent than the one in the experiments in [21, 27],
where the °uctuations are very strong. We take weak °uctuations but becausethe waves travel a
long distance in the scattering medium, the multipathing e®ectis observable, as illustrated by the
super-resolution that we get in the numerical simulations of time reversal. We show in this paper
that, in such random media, the e®ective aperture ae is the only parameter neededto quantify
super-resolution.

In imaging , we seek the unknown location y of the source that is buried in the unknown
random medium by reversing in time the signalssp(t), p = ¡ N ; :::; N ; and back-propagating them
numerically into a ¯ctitious medium , which is here homogeneouswith constant sound speedc0.
This process,which is alsoreferred to asmigration [17, 7], or back-projection [37] in geophysicsand
in X-ray crystallography, respectively, is a form of time rev ersal [8, 25, 26, 27, 42, 35, 18]. In time
reversal, the signals sp(t), p = ¡ N ; :::; N ; received at the array are time reversedand re-emitted
into the actual medium . They back-propagate to the sourceand focus near it.

Thus, in both imaging and time reversal, we consider the back-propagated ¯eld at a \search"
point y s as shown in Figure 1. We take y s in the plane determined by y and the array, at range
L + ´ and cross-range»,

y s = (»; 0; L + ´ ):
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The space-timepoin t-spread function for time rev ersal is de¯ned by

¡ T R (y s; t) =
1

2¼

Z 1

¡1
e¡ i! t b¡ T R (y s; ! )d! ; (2.8)

where

b¡ T R (y s; ! ) =
NX

p= ¡ N

bsp(! ) bG(xp; y s; ! ) = bf (! )
NX

p= ¡ N

bG(xp; y ; ! ) bG(xp; y s; ! ); (2.9)

and where the bar in (2.9) stands for complex conjugation. This function peaks near t ¼ 0 and
y s ¼ y. The poin t-spread function for imaging is given by

¡ I M (y s; t = 0) =
1

2¼

Z 1

¡1

b¡ I M (y s; ! )d! ; (2.10)

where

b¡ I M (y s; ! ) =
NX

p= ¡ N

bsp(! ) bG0(xp; y s; ! ) = bf (! )
NX

p= ¡ N

bG(xp; y ; ! ) bG0(xp; y s; ! ); (2.11)

and where bG0(xp; y s; ! ) is the Green's function in a homogeneousmedium

bG0(x ; y ; ! ) =
eik jx ¡ y j

4¼jx ¡ y j
=

ei! t (x ;y )

4¼jx ¡ y j
: (2.12)

Note that, sincey is constant, we suppressit from the list of arguments in ¡ T R and ¡ I M .
In a homogeneousmedium the travel time from x to y is t(x ; y ) = jx ¡ y j=c0. We note that

¡ I M di®ersfrom ¡ T R only insofar as the back propagation is done in a homogeneousor reference
medium in imaging. Up to a scaling factor that dependson range, the imaging functional (2.10) is
equivalent to the Kirc hho®migration functional

¡ K M (y s) =
NX

p= ¡ N

sp(tp(y s)) ; (2.13)

where tp(y s) = jxp ¡ y j=c0 is the travel time from xp to y s.
In this paper, we analyzethe point-spread functions for time reversal and imaging, both in the

frequency and in the time domain, for randomly inhomogeneousmedia in a weakly °uctuating,
remote sensingregime. This functional, like (2.10), peaks when the search point y s is near the
unknown sourcelocation y .

3 Time rev ersal

When dissipative e®ectsof the medium can be neglected,the time reversal point spread function
focusesspatially and temporary near the sourceposition y . Becausethe array aperture a is limited,
the refocusing is di®raction limited. In homogeneousmedia, the focal spot size is of order ¸ 0L=a
[14] and Fresnel zonesmay be observed, especially in a narrowband regime. It is surprising at
¯rst, that in richly scattering media we observe much better focusing [21, 25, 26, 27, 35, 42]. But
there is a simple physical explanation for this. Multiple scattering (multipathing) in the medium
causesrays that are directed initially away from the array, to be scattered back onto it, and thus
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to be captured, time reversed and reemited in the medium. The scattering medium makes the
array appear to be larger, that is, to have an e®ectiv e aperture ae > a and the result is sup er-
resolution with a focal spot size of order ¸ 0L=ae. The Fresnel zonesalso disappear, becauseof
random phasecancellations. Of course,scattering reducessignal power at the array, becauserays
are scattered o®of it, so ampli¯cation is often needed.The other surprising e®ectin time reversal
is that under certain conditions, for example in broad band regimes(see[8]), the refocused¯eld
is self-averaging or statistically stable. This property is what makes super-resolution in time
reversal observable when the environment is richly scattering.

In what follows, we analyze the time reversal point spread function ¡ T R in homogeneousand
random media. The e®ectof the clutter on ¡ T R is quanti¯ed explicitly by the e®ective aperture.
In the frequencydomain, b¡ T R (y s; ! ) dependson the narrow-band e®ective aperture ae intro duced
in [8]. However, in broad band regimes,the focusingof ¡ T R (y s; t) is determined by the broad-band
e®ective aperture Ae, which dependsboth on ae and on the bandwidth of the probing pulse f (t).

3.1 Time rev ersal in homogeneous media

The time reversal point-spread function in homogeneousmedia is

¡ T R
0 (y s; t) =

1
2¼

Z 1

¡1

b¡ T R
0 (y s; ! )e¡ i! t d! ; (3.1)

where

b¡ T R
0 (y s; ! ) = bf (! )

NX

p= ¡ N

bG0(xp; y ; ! ) bG0(xp; y s; ! )

= bf (! )
NX

p= ¡ N

eik (jx p ¡ y s j¡j x p ¡ y j)

(4¼)2jxp ¡ y jjxp ¡ y sj
:

(3.2)

In a remote sensingregime (a ¿ L), we can usethe parabolic approximation of the phase

jxp ¡ y j =
³
L 2 + x2

p

´ 1
2 ¼ L +

x2
p

2L
: (3.3)

Similarly, for y s closeto the target,

jxp ¡ y sj =
h
(L + ´ )2 + (» ¡ xp)2

i 1
2 ¼ L + ´ +

(» ¡ xp)2

2(L + ´ )
: (3.4)

Then using (3.3) and (3.4) for approximating the phasein (3.2), we have (jx p ¡ y sj, jxp ¡ y j are
approximated by L in the amplitude),

b¡ T R
0 (»; 0; ! ) ¼

bf (! )
(4¼L)2 e

ik
³

´ + »2

2( L + ´ )

´
NX

p= ¡ N

e
¡ ik

µ
´ x 2

p
2L ( L + ´ ) +

x p »
L + ´

¶

; (3.5)

and sincexp = ph=2 and h is small (with respect to a and L) we approximate the sum in (3.5) by
an integral

b¡ T R
0 (»; ´ ; ! ) ¼

bf (! )
8¼2L 2h

e
ik

³
´ + »2

2( L + ´ )

´ Z a=2

¡ a=2
e

¡ ik
³

´ x 2

2L ( L + ´ ) + x»
L + ´

´

dx: (3.6)
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Finally, using the Fourier coe±cients of the pulse(2.2) weobtain the time reversed,back-propagated
¯eld at the search point,

¡ T R
0 (»; ´ ; t) ¼ ¡

1
2¼

Z 1

¡1
d!

i! e¡
¾2

t ( ! ¡ ! 0 ) 2

2

8¼2L 2h
e

¡ i!
h

t ¡ 1
c0

³
´ + »2

2( L + ´ )

´i Z a=2

¡ a=2
dx e

¡ i !
c0

³
´ x 2

2L ( L + ´ ) + x»
L + ´

´

:

(3.7)
To estimate the spatial focusingresolution in cross-range,let us evaluate ¡ T R

0 at the exact range
´ = 0 and at the arrival time t = »2=(2c0L),

¡ T R
0 (»; ´ = 0; t =

»2

2c0L
) ¼

c0

4¼2Lh»
¡ i

q
2¼¾2

t

sin
µ

! 0»a
2c0L

¶
e

¡ a2 »2

8c2
0 L 2¾2

t : (3.8)

For the pulse(2.1), the cross-rangefocusingresolution is determined by the product of sinc
³

¼»a
¸ 0L

´
=

sin
³

¼»a
¸ 0L

´
=

³
¼»a
¸ 0L

´
and a Gaussiane

¡ »2

2s2
0 with standard deviation

s0 =
2c0¾t L

a
= 2º 0¾t

¸ 0L
a

=
2
B

¸ 0L
a

; (3.9)

where ! 0 = 2¼º 0 and B = 1=(º 0¾t ) is the relative bandwidth, 0 < B < 1. In the caseof a narrow-

band pulse, s0 is large and the deterministic resolution limit
¸ 0L

a
comesfrom the sinc function.

The Fresnelzonesare also visible. For a broad-band pulse, s0 is comparable to
¸ 0L

a
, which is the

spot size determined by the Gaussianfactor, and the Fresnel zonesare now eliminated. In either
case,the larger the aperture a is the better the focusing.

3.2 Time rev ersal in random media

The time reversed,back-propagated ¯eld in the random medium is

¡ T R (y s; t) =
1

2¼

Z
b¡ T R (y s; ! )e¡ i! t d! ; (3.10)

for

b¡ T R (y s; ! ) = bf (! )
NX

p= ¡ N

D
bG(xp; y ; ! ) bG(xp; y s; ! )

E
; (3.11)

where bG is the random, time harmonic Green's function and where, becauseof the self-averaging
property of ¡ T R (y s; t) (see[8, 38]), we can take the expectation of bG bG. We evaluate the ¯eld at
the exact range (´ = 0) using the moment formula [32, 41],

D
bG(xp; y ; ! ) bG(xp; y s; ! )

E
¼ bG0(xp; y ; ! ) bG0(xp; y s; ! )e¡ k 2 »2 a2

e
2L 2 ; (3.12)

where
ae = ae(L ) =

p
DL 3; (3.13)

is a length that de¯nes the e®ective aperture and D is a reciprocal length parameter that depends
only on the statistics of the random °uctuations of the speedof propagation. This moment formula
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is valid in the regime of the paraxial and white noiseapproximation, which is discussedfurther in
the appendix. Using this formula we have [8]

b¡ T R (»; ´ = 0; ! ) ¼ bf (! )e¡ k 2»2 a2
e

2L 2

NX

p= ¡ N

bG0(xp; y ; ! ) bG0(xp; y s; ! ) = b¡ T R
0 (»; ´ = 0; ! )e¡ k 2 »2a2

e
2L 2

(3.14)
and in time domain,

¡ T R (»; ´ = 0; t) ¼
c0

8¼2Lh» sin®
1

q
2¼¾2

t (1 + ²2)
e

¡ i ! 0
1+ ² 2

³
¡ t+ »2

2c0L

´
¡ ! 2

0
a2

e »2

2c2
0 L 2 (1+ ² 2 ) £

2

6
6
6
4

e
¡ i! 0

»a sin ®
2c0 L (1+ ² 2 )

¡

³
¡ t + »2

2c0L + »a sin ®
2c0 L

´ 2

2¾2
t (1+ ² 2 ) ¡ e

i! 0
»a sin ®

2c0 L (1+ ² 2 )
¡

³
¡ t + »2

2c0L ¡ »a sin ®
2c0 L

´ 2

2¾2
t (1+ ² 2 )

3

7
7
7
5

;

(3.15)

where » is assumedto vary over a region smaller than,

» ¿
¾t c0L

ae
=

! 0¾t

2¼
¸ 0L
ae

=
1
B

¸ 0L
ae

; (3.16)

so that ² =
ae»

¾t c0L
¿ 1. Since the pulse is short, we evaluate the right hand side of (3.15) at the

arrival time t =
»2

2c0L
and we get,

¡ T R (»; 0;
»2

2c0L
) ¼

c0

4¼2Lh»
¡ i

q
2¼¾2

t

sin
µ

! 0»a
2c0L

¶
e

¡ A 2
e»2

8c2
0L 2¾2

t = ¡ T R
0

Ã

»; 0;
»2

2c0L

!

e
¡ 2¼2a2

e
L 2 ¸ 2

0
»2

: (3.17)

Here Ae is the broad-band e®ective aperture given by

A2
e = a2 + 4! 2

0¾2
t a2

e = a2 +
µ

4¼ae

B

¶ 2

: (3.18)

We can also write (3.17) in the form

¡ T R (»; 0;
»2

2c0L
) ¼

c0

4¼2Lh»
¡ i

q
2¼¾2

t

sin
µ

! 0»a
2c0L

¶
e

¡ »2

2s2
R (3.19)

where the variance of the GaussiansR is given by

sR =
2
B

¸ 0L
Ae

: (3.20)

This is just like (3.9) but with the physical aperture a replacedby the e®ective aperture Ae. From
(3.18) we note that the product B Ae is

B Ae =
q

B 2a2 + (4¼ae)2; (3.21)

so that for narrow-band signals the physical aperture a is negligible while for broad-band onesit
may contribute to super-resolution. By super-resolution we mean the ordering a < Ae. We often
have a ¿ Ae when there is substantial multipathing.
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In the numerical simulations the range L is limited by our computational capabilities so ae is
roughly the sameasa and the physical aperture aswell as the bandwidth play a role in (3.21). We
also seefrom (3.21) that super-resolution is enhancedby larger bandwidths, as is the statistical
stabilit y in time reversal refocusing. BecauseB is the relative bandwidth, 0 < B < 1, the value of
B plays a signi¯cant role when a and ae are of the sameorder but doesnot a®ectsuper-resolution
if a ¿ ae. However, narrow bandwidth will a®ect the statistics. At ¯xed frequency, b¡ T R is a
random quantit y which may exhibit or not focusing, depending on the realization of the medium
[8]. In a broadband regime, due to the frequencydiversity and the decorrelation of b¡ T R (y s; ! ), for
di®erent frequencies[8, 39], we obtain by Fourier synthesisa stable quantit y ¡ T R (y s; t). The precise
bandwidth neededto ensurestatistical stabilit y is not known but we can usethe following empirical
rule: If ¢ ! is an estimate of the decoherencefrequency interval for b¡ T R , then the bandwidth B
divided by ¢ ! should be large (» 30¡ 50).

4 In terferometric and matc hed ¯eld imaging

In time reversal, one doesnot needto know the sourcelocation, but in imaging, one wishesto ¯nd
it, from the received echoesat the array. While it is often said that all imaging methods use time
reversal, there is a signi¯cant di®erence.Real time reversalis doneby sendingthe recorded,reversed
signals at the array, back into the same random medium while in imaging the back propagation
is done analytically or numerically, in a referencemedium. For example,when imaging in random
media with index of refraction (2.5), we do not know the °uctuations of the soundspeed,sowe use
a reference,homogeneousmedium with soundspeedc0. The imaging point spreadfunction is given
by (2.10) and it is radically di®erent from ¡ T R , in random media. First, unlike ¡ T R , ¡ I M is wider
in random media than in homogeneousones,becausemultiple scattering impedesthe identi¯cation
of the sourcelocation. Second,the imaging point-spread function is not self-averaging, which is a
seriousproblem that must be addressedthrough appropriate data processing.

A key point in the self-averagingof ¡ T R is the approximate cancellation of phasesof the random
Green'sfunctions betweeny and the array, and betweenthe array and y s, respectively. Such phase
cancellationsdo not occur in (2.10). Our key observation is that we can achieve phasecancellations
by taking correlations of the recorded signals at the array. For example, in the remote regime
with a ¿ L, by taking the autocorrelation of ¡ I M , we obtain a self-averaging functional. At zero
time-lag this is the matched ¯eld imaging functional

¡ M F (y s) =
Z 1

¡1
jb¡ I M (y s; ! )j2d! ; (4.1)

which is statistically stable and provides an estimate of the cross-rangeof the source. The range is
lost, however, and it must be estimated separately, from arrival time information, for example.

The matched¯eld functional canbegivenan interferometric interpretation asfollows. Intro duce
the trace autocorrelations or interferograms at the array

SI M
pq = sp(¢) ¤ sq(¡¢ )( tp(y s) ¡ tq(y s)) (4.2)

where¤ denotesconvolution in time. Note that the autocorrelation of the traces is evaluated at the
di®erencebetweenthe travel time from x p to y s and xq to y s becausea peak is expected when y s

is closeto the sourcelocation y . Now, if we sum theseinterferogramswe get, up to scaling factors,
the matched ¯eld functional. Thus,

¡ K M F (y s) =
X

p;q
SI M

pq ; (4.3)
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the Kirc hho® matched ¯eld functional, is essentially equivalent to ¡ M F (y s), that is, they peak at
the samepoint y .

Various functionals for imaging the location of an active sourceand their relative performance
are consideredin [6, 12]. Our main interest and result in this paper is an analytical formula for the
matched ¯eld functional ¡ M F (y s) that can be usedto estimate the narrow-band e®ective aperture
ae, when the range L is known. The estimation of ae is important in assessingquantitativ ely
super-resolution in time reversal and in estimating the loss of resolution of matched ¯eld imaging
in random media.

4.1 Matc hed ¯eld in homogeneous media

In homogeneousmedia, the matched ¯eld estimator is

¡ M F
0 (»; ´ ) =

1
2¼

Z
d!

¯
¯
¯b¡ T R

0 (»; ´ ; ! )
¯
¯
¯
2

: (4.4)

Using now expression(3.6) and the Fourier coe±cients of the pulse (2.2) in (4.4) we obtain,

¡ M F
0 (»; ´ ) ¼

1
2¼

Z
d!

µ
!

8¼2L 2h

¶ 2

e¡ ¾2
t (! ¡ ! 0 )2

¯
¯
¯
¯
¯

Z a=2

¡ a=2
dx e

¡ i !
c0

³
´ x 2

2L ( L + ´ ) + x»
L + ´

´ ¯
¯
¯
¯
¯

2

: (4.5)

We show in Figure 2, the plot of ¡ M F
0 for the parameters in the numerical simulations described

in section 5. Because¡ M F
0 is an autocorrelation, range information is lost but the cross-rangecan

be estimated, with a resolution that decreasesas we search deeper in range (i.e. for large ´ ). To
illustrate the dependenceof the cross-rangeresolution on the array aperture a, we evaluate (4.5)
at the exact range (´ = 0),

¡ M F
0 (»; 0) ¼

c2
0

64¼4L 2h2
q

¼¾2
t

2

6
6
4

1 ¡ e
¡ a2 »2

4c2
0 L 2¾2

t

»2 + 2
sin2

³
! 0»a
2c0L

´

»2 e
¡ a2»2

4c2
0L 2¾2

t

3

7
7
5 : (4.6)

We note now that, as in time reversal in homogeneousmedia, the cross-rangeresolution of the

Figure 2: The matched ¯eld estimator in deterministic media (left ¯gure, equation (4.6)) and in
random media (right ¯gure, equation (4.16)), for an e®ective aperture ae = 2a.

matched ¯eld estimator is inversely proportional to the aperture a. In the next section, we show
that in random media, the matched ¯eld functional behaves very di®erently than time reversal.
In particular, we show that becauseof multiple scattering by the inhomogeneities,the imagesare
blurred in a manner quanti¯ed by the narrow-band e®ective aperture ae.
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4.2 Matc hed ¯eld in random media

The matched ¯eld functional in random media is

b¡ M F (y s; ! ) =
¯
¯
¯ bf (! )

¯
¯
¯
2 NX

p= ¡ N

NX

q= ¡ N

bG0(xp; y s; ! )G(xp; y ; ! ) bG(xq; y ; ! )G0(xq; y s; ! ): (4.7)

Becauseof its statistical stabilit y in the time domain [8, 39],
R

d! b¡ M F (y s; ! ) is essentially equal
to its expectation. Using the moment formula (see[32, 41] and the appendix),

D
bG(xp; y ; ! ) bG(xq; y ; ! )

E
¼ bG0(xp; y ; ! ) bG0(xq; y ; ! )e¡ k 2 a2

e
2L 2 jx p ¡ x q j2 ; (4.8)

and equations (3.3), (3.4) we obtain

b¡ M F (»; ´ ; ! ) ¼

¯
¯
¯ bf (! )

¯
¯
¯
2

(4¼L)4

NX

p= ¡ N

NX

q= ¡ N

e
¡ k 2a2

e
2L 2 (xp ¡ xq)2+ ik (xp ¡ xq )

³
( x p + x q ) ´
2L ( L + ´ ) + »

L + ´

´

: (4.9)

As in section 3, we replace the sums in (4.9) with integrals and we let xp = ph=2 ! x and
xq = qh=2 ! ~x so that (4.9) becomes

b¡ M F (»; ´ ; ! ) ¼
4

¯
¯
¯ bf (! )

¯
¯
¯
2

(4¼L)4h2

Z a=2

¡ a=2
dx

Z a=2

¡ a=2
d~x e¡ k 2a2

e
2L 2 (x¡ ~x)2+ ik (x¡ ~x)

¡
( x + ~x ) ´

2L ( L + ´ ) + »
L + ´

¢
: (4.10)

Now, let us make the changeof variables

u = x ¡ ~x; v =
x + ~x

2
; (4.11)

which mapsthe square[¡ a=2; a=2]£ [¡ a=2; a=2] into a parallelogram. Clearly, v 2 [¡ a=2; a=2] and,

since the integrand in (4.10) decays in u as e¡ k 2a2
e u 2

2L 2 , only the vicinit y of u = 0 matters. More
precisely, we have a Gaussianin u with variance ¾2,

¾2 =
L 2

k2a2
e

=
L 2¸ 2

4¼2a2
e
; (4.12)

which is small becauseit is proportional to the refocusing spot size in time reversal. We can
therefore integrate over all u on the real line

b¡ M F (»; ´ ; ! ) ¼
4

¯
¯
¯ bf (! )

¯
¯
¯
2

(4¼L)4h2

Z a=2

¡ a=2
dv e¡ k 2¾2

2

¡
´ v

L ( L + ´ ) + »
L + ´

¢2 Z 1

¡1
du e¡ 1

2¾2

£
u¡ ik ¾2

¡
v ´

L ( L + ´ ) + »
L + ´

¢¤2

: (4.13)

The integral in u is equal to
p

2¼¾. The variance of the v integrand is large comparedto a,

L 2(L + ´ )2

a2k2¾2´ 2 =
µ

L + ´
´

¶ 2 µ
ae

a

¶ 2

À 1;

at least for small ´ and/or ae À a. We can thus approximate the integral in v by the value of the
integrand at v = 0, times the aperture a. The result is

b¡ M F (»; ´ ; ! ) ¼ C(L; a; ¸ )e
¡ »2

2( L + ´ ) 2

¡
L
ae

¢2

; (4.14)
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where

C(L; a; ¸ ) =
4aL¸

¯
¯
¯ bf (! )

¯
¯
¯
2

p
2¼h2ae(4¼L)4

; (4.15)

is independent of the search point y s. We seefrom (4.14) that the zero-lagmatched ¯eld functional
is essentially independent of frequencyin random media, so that summing over frequencieswe have

¡ M F (»; ´ ) ¼ ~C(L; a)e
¡ »2

2( L + ´ ) 2

¡
L
ae

¢2

; (4.16)

where ~C(L; a) is given by
~C(L; a) =

Z 1

¡1
C(L; a; ¸ =

2¼c0

!
)d! ;

and is independent of the cross-range».
We have now a simple analytical expression(4.16) that allows us to assessthe e®ectof the

random medium when imaging an active sourceby the matched ¯eld functional. We must know
the range L of the target, however, since it is the ratio ae=L that appears in (4.16). Unlike time
reversal, where a larger ae (i.e. stronger multipath) gives a tighter point-spread function (see
equation (3.17)), in imaging the resolution is worse with larger ae. Rich scattering environments
produceblurry imagesof active stationary (not moving) sources.As we will show in section6, this
is true in general for imaging in random media.

5 Estimation of the e®ectiv e aperture

Using the explicit dependenceof ¡ M F on ae, we estimate the e®ective aperture by matching the
formula (4.16) with the numerically calculated imaging functional ¡ M F

n (»; ´ ). The setup of the
numerical simulations is described below.

5.1 Setup for the numerical simulations

transducers

absorbing medium

x
x
x
xx

4:5¸ 24̧

48̧

(11:5; 42)̧

Figure 3: The computational setup. The dimen-
sions of the problem are given in terms of the
central wavelength ¸ = 0:5mm. The medium is
consideredto be in¯nite in all directions so in
the numerical computations an absorbing layer
surrounds the domain.

²

Figure 4: A typical realization of the random
soundspeedc(x). The target is shown asa large
black dot ² . The units in the horizontal and
vertical axesaremm and, in the color bar, km/s.
The standard deviation for this example is s =
4:95%
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We take an array of 10 transducers at a distance h = ¸ 0=2 from each other, which means
that a = 2:25mm. The active source is a square of size ¸ 0=30, located at range L = 2cm and
at zero cross-range,measuredwith respect to the center of the array. The pulse (2.1) has width
¾t = 0:2325¹ s, central frequency2¼! 0 = 3MHz (i.e. ¸ 0 = 0:5mm) and the bandwidth is 2 ¡ 4MHz
(measuredat 6dB). The ¯eld c(x) is generatedas a random Fourier serieswith meanc0 = 1:5km/s
and Gaussiancorrelation, with correlation length l = 0:3mm. The standard deviation rangesfrom
1% to 5%. An exampleof a realization of the random medium is shown in Figure 4. We calculate
the acoustic pressureat the array by solving the wave equation in the time domain, with a ¯nite
element method that discretizesthe mixed velocity-pressure(¯rst order system) formulation [3, 4].
To simulate the in¯nite medium, we surround the computational domain by a perfectly matched
absorbing layer (cf. [5]), as shown in Figure 3.

All computations are done in two dimensions, to avoid excessive computational time but the
analysis is basedon three dimensional Green's functions. However, we have seenthat, in remote
sensingregimes,it is the phaseof the Green's function and not its amplitude that matters. Since
the phasesof the Green's functions are the samein two and in three dimensions,we expect that
the results of our direct numerical computations will be in good agreement with the theory.

We note ¯nally that the numerical simulations are done with solutions of the wave equation
and not its parabolic approximation, which is used in deriving the theoretical results. The ratio
a=L ¼ :125 here.

5.2 The estimation of ae

To ¯nd ae, we match formula (4.16) with the numerically computed ¡ M F
n (»; ´ ) as follows. We

calculate numerically the signals sp(t) received at the array elements p = ¡ N ; : : : ; N , for a time
interval of length T, which is long enough to ensure that all is quiet for t > T. The numerical
matched ¯eld functional at the search point

y s = (»; 0; L + ´ )

is
¡ M F

n (»; ´ ) =
Z

d¡ M F
n (»; ´ ; ! )d! ; (5.1)

where

d¡ M F
n (»; ´ ; ! ) =

¯
¯
¯
¯
¯
¯

NX

p=1

bsp(! ) bG0(xp; y s; ! )

¯
¯
¯
¯
¯
¯

2

: (5.2)

To ¯nd ae we sample the search domain in steps of ¸ 0=2, and we minimize the discrepancy
betweenthe theoretical and numerical matched ¯eld functionals (4.16) and (5.1), respectively,

min
¯

5X

j = ¡ 5

4X

m= ¡ 4

"

°
µ

j
¸ 0

2
; m

¸ 0

2

¶
¡ e

¡ ¯ ( j ¸ 0=2) 2

2( L + m¸ 0 =2) 2

#2

: (5.3)

Here

¯ = (
L
ae

)2; (5.4)

and for each ´ we normalize (5.1) by

° (»; ´ ) = ¡ M F
n (»; ´ )=max

»
¡ M F

n (»; ´ ): (5.5)
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The minimization (5.3) is done in MATLAB with fminunc. We ¯nd ae from the minimizer ¯ , by
substituting the correct range L in (5.4).

To assessthe feasibility and robustnessof our estimation approach, we take di®erent realizations
of the random medium. Since ¡ M F is self-averaging, we expect the value of the estimated ae

to be stable. Take for example four realizations of the random medium. The estimated ae are
1:43; 1:54; 1:37; 1:46 in mm, respectively, and the °uctuations are small (the standard deviation
about the mean 1:45 is 7%). We show in the top two panelsof Figure 5 the numerically computed
matched ¯eld functional (5.1), for two realizations. The theoretical matched ¯eld functional (4.16),
when calculated with the estimated ae looks the sameas the numerical ones.

Once ae is estimated, we can use it to compute the time reversal functional ¡ T R given by
(3.19). This prediction can be comparedwith the numerically computed time reversalpoint spread
function, in order to assessthe feasibility of our estimation approach. The results are shown in the
bottom panelsof Figure 5. Note the super-resolution phenomenon,manifestedby the tighter focal
spot in the random medium than in the homogeneousone. Note also that the theoretical formula
(3.17) with the estimated ae givesa rather accurate spot sizeat the source. The °uctuations that
we observe (for large » )in the numerically computed ¯eld (right bottom panels)are not captured by
the theoretical result (3.17), asexpected. However, near the source,the refocused¯eld is predicted
accurately. The statistical stabilit y of both (5.1) and the time reversed¯eld is observed in numerical
simulations with several realizations of the random medium.

6 Application to distributed re°ectivit y imaging

We will considerbrie°y the inverseproblem of imaging the re°ectivit y %(y) of an extended target
compactly supported in the domain D ½ IR3. As in the previous section, our objective here is to
analyzethe resolution obtained by the matched ¯eld imaging method when the target is embedded
in a randomly inhomogeneousmedium. The regime of physical scalesis the sameas previously,
i.e., we focus attention on remote sensingin a random medium with signi¯cant multipathing and
a homogeneousbackground. The geometry of the problem is shown in Figure 6.

Signalsare recordedon two small linear arrays covering a possibly large synthetic aperture. The
physical aperture of the transmitting array is as and that of the receiving one ar . Let us assume
that a referencepoint of D is located at

y0 = (0; 0; L );

with respect to the center Os of the transmitter array. Both arrays have point transducers located
on the x-axis and separatedby h=2, asin section2. That is, weassumethat the array of transmitters
is orthogonal to the axis Osy0, Os being the origin of our coordinate system, and we denote by ®
the angle betweenOsy0 and Or y0 (seeFigure 6). The transmitter and receiver array elements are
located at

transmitter: xp = (xp; 0; 0); xp = p
h
2

; p = ¡ N ; : : : ; N ;

receiver: x r = (Or + xr ; 0; 0); x r = r
h
2

; r = ¡ N r ; : : : ; N r :
(6.6)

The data for the distributed re°ectivit y imaging problem is the resp onse matrix P(x p; x r ; t),
obtained as follows. A pulse f (t) is emitted from an array element, located at x p, and the back-
scattered returns, P(xp; x r ; t), are recorded at x r , r = ¡ N r ; : : : ; N r ; for a su±ciently long time
interval [0; T]. Probing of the medium is done by using all transducersat x p, p = ¡ N ; : : : ; N .
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x
in

 m
m

t in mm

Figure 5: Top: ¡ MF (y s) computed numerically for two realizations of the random medium, the
estimation of ae is 1:43mm (resp. 1:47mm) for the data on the left (resp. right). The horizontal
axis is L + ´ in mm and the vertical axis is the cross-range» in mm. Bottom (left to right): the
theoretical prediction of the time reversed¯eld in a homogeneousmedium, in a random medium
(obtained using ae = 1:45mm in (3.17)) and the numerically calculated time reversed¯eld for the
sametwo realizations of the random medium consideredin the top matched ¯eld estimates. The
horizontal axis is time in ¹ s and the vertical axis is the cross-range» in mm.

To analyze the resolution of the matched ¯eld imaging method for this extended re°ectivit y
problem, we ¯rst intro duce an imaging functional which is the generalization of the method pre-
sented in section 4. We consider here a more general setup (see Figure 6) with a source and a
receiver array o®setby an angle ®. Note that, the geometry of the previous sectionscan be recov-
ered by letting ® = 0. The overall range L of the extendedre°ector is assumed¯xed and, because
we are interested in a remote sensingregime, we also assumethat

as

L
¿ 1;

ar

L
¿ 1 and

jy ¡ y0j
L

¿ 1; 8y 2 D:

Using the Born approximation for scattering from the extended re°ector we have the following
theoretical expressionfor the responsematrix

P(xp; x r ; t) =
1

2¼

Z 1

¡1
e¡ i! t bP(xp; x r ; ! )d! ; (6.7)

15



x

z®

y s = y0 + (ys
x ; 0; ys

z)

ar

as

Or

Os

f (t)

L

L r

x r

xp

h=2

h=2

y0 = (0; 0; L )

D

y = y0 + (yx ; 0; yz)

Figure 6: The setup for distributed re°ectivit y imaging.

with,
bP(xp; x r ; ! ) = k2 bf (! )

Z

D
%(y) bG(xp; y ; ! ) bG(x r ; y ; ! )dy : (6.8)

Here, asbefore,k = ! =c0 is the wavenumber, c0 is a referencespeedof propagation and bG(xp; y ; ! )
is the two point (random) Green's function satisfying the reduced wave equation (2.4). We note
that the data, i.e, the elements of the responsematrix, are not self-averaging becausethe product
of the random Green's functions bG(xp; y ; ! ) bG(x r ; y ; ! ) has a large random phase, for there is no
complex conjugation (time reversal) in (6.7) to eliminate it.

To image the unknown re°ectivit y %(y) we back-propagate each element of the responsematrix
bP(xp; x r ; ! ) to the search point y s in a homogeneousmedium. This can be done by evaluating
P(xp; x r ; t) at the deterministic arrival time

tpr (y s) =
jxp ¡ y sj

c0
+

jx r ¡ y sj
c0

;

which givesthe Kirc hho®migration [7, 17] imaging functional

SI M (xp; x r ; y s) = P(xp; x r ; t = tpr (y s)) =
1

2¼

Z 1

¡1

bP(xp; x r ; ! )e¡ i! tpr (y s )d! : (6.9)

As in the caseof a point scatterer, (6.9) is not self-averaging. To obtain a statistically stable
imaging functional we correlate SI M (xp; x r ; y s) with the time-reversedSI M (x0

p; x0
r ; y s), that is, we

multiply them and we sum over the arrays elements xp; xr ; x0
p; x0

r , which gives

¡ I M (Or ; Os; y s) =

NX

p= ¡ N

NX

p0= ¡ N

N rX

r = ¡ N r

N rX

r 0= ¡ N r

1
2¼

Z 1

¡1

bP(xp; x r ; ! ) bP(x0
p; x0

r ; ! )e¡ i! (tpr (y s )¡ tp0r 0(y s )) d! :
(6.10)
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Sinceh is small comparedto as; ar we can approximate the sum by an integral as in section 4,

¡ I M (Or ; Os; y s) =
µ

2
h

¶ 4 Z as =2

¡ as =2

Z as =2

¡ as =2

Z ar =2

¡ ar =2

Z ar =2

¡ ar =2
dxpdx0

pdxr dx0
r

¢
1

2¼

Z 1

¡1
d! bP(xp; x r ; ! ) bP(x0

p; x0
r ; ! )e¡ i! (tpr (y s )¡ tp0r 0(y s )) :

(6.11)

In the following we will systematically use (6.11) with the integrals instead of (6.10). In more
detail, the Kirc hho®migration imaging functional for the distributed re°ectivit y is

¡ I M (Or ; Os; y s) =
µ

2
h

¶ 4 Z as =2

¡ as =2

Z as =2

¡ as =2

Z ar =2

¡ ar =2

Z ar =2

¡ ar =2
dxpdx0

pdxr dx0
r (6.12)

¢
1

2¼

Z 1

¡1
d!

µ
!
c0

¶ 4

j bf (! )j2e¡ i! (tpr (y s )¡ tp0r 0(y s ))

¢
Z

D

Z

D
dydy 0%(y)%(y 0) bG(xp; y ; ! ) bG(x r ; y ; ! ) bG(x0

p; y 0; ! ) bG(x0
r ; y 0; ! ) (6.13)

For this to be a self-averaging functional phasecancellation is needed,which meansthat x p and
x0

p must be closeto each other (resp. x r and x0
r ). This is why we consider the imaging functional

¡ I M for small arrays. However, becausewe usean approximation like the one in (4.13), the array
apertures as and ar must be large comparedto the spot size¾, de¯ned in (4.12), but not too large
so that this coarse graining usestoo much of the data.

If weonly havea singlesourcerather than an array of sources,but still havean array of receivers,
then we loseresolution in range, which we cannot recover by using data for di®erent o®sets® [11].
This seemssurprising at ¯rst but it can be explained from the cone-like structure of the support
of the matched ¯eld functional for point scatterers. We discussthis further in section 6.3.

6.1 Imaging an activ e poin t scatterer

Let us note brie°y that this processof back-propagation, or Kirc hho®migration, and correlation is
a generalization of the matched ¯eld method presented in section 4. To seethis, let us consideran
active sourcelocated at y = (0; 0; L ) with the samegeometry as above but with the receiver array
at the location of the transmitter array, which is absent here. The receiver array elements are at
x r = xp = (xp; 0; 0); xp = ph=2; p = ¡ N ; : : : ; N : The responsematrix P is now a vector and we
can re-derive the matched ¯eld method in the following way.

We ¯rst back-propagate each element of the responsevector bP(x r ; ! ) to the search point y s =
(»; 0; L + ´ ) in a homogeneousmedium. This can be doneby evaluating P(x r ; t) at the deterministic
arrival time,

t r (y s) =
jx r ¡ y sj

c0
:

We thus get,

SI M
A (x r ; y s) = P(x r ; t = t r (y s)) =

1
2¼

Z 1

¡1

bP(x r ; ! )e¡ i! t r (y s )d! : (6.14)

To obtain a statistically stable imaging functional we consider the correlation of SI M
A (x r ; y s) with

the time-reversedSI M
A (x0

r ; y s),

1
2¼

Z 1

¡1

bP(x r ; ! ) bP(x0
r ; ! )e¡ i! (t r (y s )¡ t r 0(y s )) d! =

1
2¼

Z 1

¡1
j bf (! )j2 bG(x r ; y ; ! ) bG(x0

r ; y ; ! )e¡ i! (t r (y s )¡ t r 0(y s )) d! :
(6.15)
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Summing now (6.15) over the array elements x r , x0
r gives the matched ¯eld function (4.16) (up to

a constant),

¡ I M
A (L; ar ; ar

e; y s) =
µ

2
h

¶ 2 Z ar =2

¡ ar =2

Z ar =2

¡ ar =2
dxr dx0

r
1

2¼

Z 1

¡1
d! bP(x r ; ! ) bP(x0

r ; ! )e¡ i! (t r (y s )¡ t r 0(y s ))

¼ ~C0(L r ; ar )e
¡ »2

2( L r + ´ ) 2

³
L r
ar

e

´ 2

:
(6.16)

If we identify ar = a; L r = L and ar
e = ae =

p
DL 3, which is the e®ective aperture, then (6.16) is

the sameas (4.16).

6.2 Imaging a passive poin t scatterer

The generalizationof the result (6.16) to the caseof a passive point scatterer located at y = (0; 0; L )
is obtained in a similar way. We now use the expressionof bP(xp; x r ; ! ) for a passive point target
with scattering coe±cient ¿(! ) in (6.11) and we get

¡ I M
P (Or ; Os; y s) =

µ
2
h

¶ 4 Z as =2

¡ as =2

Z as =2

¡ as =2

Z ar =2

¡ ar =2

Z ar =2

¡ ar =2
dxpdx0

pdxr dx0
r

1
2¼

Z 1

¡1
d! j bf (! )j2jb¿(! )j2 bG(x r ; y ; ! ) bG(x0

r ; y ; ! ) bG(xp; y ; ! ) bG(x0
p; y ; ! )e¡ i! (tpr (y s )¡ tp0r 0(y s )) :

(6.17)

This is just like (6.12) but without integration over y ; y 0 and we note that it involves the product
of four (random) Green's functions.

To show that the imaging functional ¡ I M
P (Or ; Os; y s) is self-averaging and that only second

moments of the Green's function are needed,let us consider

A pp0r r 0(t) =
Z 1

¡1
j bf (! )j2jb¿(! )j2 bG(xp; y ; ! ) bG(x0

p; y ; ! ) bG(x r ; y ; ! ) bG(x0
r ; y ; ! )e¡ i! t d! ; (6.18)

which appears in (6.17) evaluated at the deterministic time

t = tpr (y s) ¡ tp0r 0(y s):

We can write (6.18) as,

A pp0r r 0(t) =
Z t

0
ª pp0(s)ª r r 0(s ¡ t)ds; (6.19)

with
ª pp0(t) =

Z 1

¡1

bf (! )b¿(! ) bG(xp; y ; ! ) bG(x0
p; y ; ! )e¡ i! t d! : (6.20)

The processª pp0(t) is a weighted cross-correlationand is self-averaging becausethe large random
phasesof the Green's functions nearly cancel in (6.20). Since (6.19) is the convolution of ª pp0(t)
and ª r r 0(t), which are self averaging, we can replace ª pp0(t) and ª r r 0(t ¡ s) in (6.19) by their
expectations and concludethat A pp0r r 0(t) is self-averaging with only secondmoments needed.

From (6.17) we obtain for a search point located at y s = (»; 0; L + ´ ),

¡ I M (Or ; Os; y s) ¼ ~C(L s; as; L r ; ar ; ®)e
¡ »2

2( L s + ´ ) 2

³
L s
as

e

´ 2

e
¡ [» cos ®¡ ´ sin ®]2

2( L r +[ » sin ®+ ´ cos ®]) 2

³
L r
ar

e

´ 2

; (6.21)

where as
e =

p
DL 3

s and ar
e =

p
DL 3

r are the e®ective apertures associated with the source and
receiver arrays, L s = L, L r = L= cos®. Note that (6.21) is the intersection of two coneswith each
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one similar to the cone obtained for the active sourcecase(seeFigure 5 top) but with di®erent
axesof symmetry. Thus (6.21) indicates that using a sourceand a receiver array with o®setangle
® may allow the recovery of somerange information for the target. It is not possibleto obtain any
range information, however, when the two arrays coincide, as we can seeby taking ® = 0 in (6.21),

¡ I M
P (y s) ¼ ~C00(L; a)e

¡ »2

( L + ´ ) 2

¡
L
ae

¢2

: (6.22)

This expressionis the squareof (6.16) and this is becausethe random medium is traversedtwice,
from the array to the scatterer and from the scatterer back to the array. In other words, in the zero
o®setcase® = 0 we sum twice over the samearray. This is not necessary, however. In fact, when
the receiver and transmitter arrays coincide, we can use only a column of the responsematrix to
image a passive point target. Taking xp = x0 ¯xed, a sourceat the central array element, we get

¡ I M
P (y s) =

1
2¼

µ
2
h

¶ 2 Z a=2

¡ a=2

Z a=2

¡ a=2
dxr dx0

r

Z 1

¡1
d! j bf (! )j2jb¿(! )j2

bG(x r ; y ; ! ) bG(x0
r ; y ; ! ) bG(x0; y ; ! ) bG(x0; y ; ! )e¡ i! (t0r (y s )¡ t0r 0(y s )) ;

(6.23)

which givesthe sameresult (6.16) for an active source. This is becausethe large random phasesof

the Green's functions bG(x0; y ; ! ) bG(x0; y ; ! ) cancelexactly in (6.23), so that in (6.23) the blurring
comesfrom traversing the random medium once,from the target to the array. This is the sameas
for an active source.

6.3 Imaging the re°ectivit y of an extended scatterer

Wecanusethe sametechniquesto imaging the distributed re°ectivit y %(y). After somecalculations
similar to the onesabove, given in [11], we get from (6.11)

¡ I M (Or ; Os; y s) ¼ ~C(L s; as; L r ; ar ; ®)

Z

D+ y 0

dyxdyz%2(yx ; yz)e
¡ ( yx ¡ y s

x ) 2

2( L s + y s
z ) 2

³
L s
as

e

´ 2

e
¡ [( yx ¡ y s

x ) cos ®¡ ( yz ¡ y s
z ) sin ®]2

2( L r +[ y s
x sin ®+ y s

z cos ®]) 2

³
L r
ar

e

´ 2

;
(6.24)

for a search point locatedat y s = y0+ (ys
x ; 0; ys

z) and for y 2 D parameterizedby y = y 0+ (yx ; 0; yz).
The geometry of the problem is described in Figure 6 with the array element locations de¯ned by
(6.6) and where as

e =
p

DL 3
s, L s = L, ar

e =
p

DL 3
r , L r = L= cos®.

This is the generalization of (6.21) to the caseof an extended object with re°ectivit y %(y).
We can analyze roughly the imaging resolution provided by the functional (6.24) when the overall
range L is assumedknown and in a remote sensingregime, i.e.,

jy ¡ y0j
L

¿ 1; 8y 2 D:

We alsoconsiderthis functional in a domain of interest D I probed by the search point y s and which
can be parameterizedin the sameway, that is, we also assumethat

jy s ¡ y0j
L

¿ 1; 8y s 2 DI :

Remark, that this assumption is not restrictiv e as it follows from (6.24) that only y s satisfying

jy s ¡ y0j · ae;
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will contribute to a signi¯cant value of the functional ¡ I M (Or ; Os; y s).
In this regime we can approximate the denominators in the exponent of (6.24),

L + ys
z ¼ L;

L r + [ys
x sin®+ ys

z cos®] ¼ L r :

and obtain

¡ I M (Or ; Os; y s) ¼ ~C(L s; as; L r ; ar ; ®)

Z

D+ y 0

dyxdyz%2(yx ; yz)e
¡ ( yx ¡ y s

x ) 2

2( as
e) 2 e

¡ [( yx ¡ y s
x ) cos ®¡ ( yz ¡ y s

z ) sin ®]2

2( ar
e ) 2 :

(6.25)

Note, that we do not recover the re°ectivit y %(y) pointwise but rather %2(y ) averagedover an area
de¯ned by the intersection of two Gaussianscentered at y s and with variance proportional to the
e®ective apertures. When two arrays are usedthen somerangeinformation remains in the matched
¯eld imaging functional, as it can be seenfrom (6.25). This is similar to the result obtained for
the point scatterer caseand suggeststhat it is necessaryto have both an array of sourcesand an
array of receivers in order to get somerangeresolution. When only onearray is available, all range
information is lost as we can easily verify from (6.25) by letting the o®setangle be zero (® = 0),

¡ I M (y s) ¼ ~C(L; a)
Z

D+ y 0

dyxdyz%2(yx ; yz)e
¡ ( yx ¡ y s

x ) 2

a2
e : (6.26)

From the expression(6.25) wecanalsoseethat asthe angle® decreasesthe varianceof the Gaussian
in the rangedirection increases.This expression(6.25) suggestsalsothat for a symmetric geometry
the re°ectivit y imaging functional satis¯es a di®usion equation. We consider in the next section
such a symmetric geometry setup.

6.4 Symmetric geometry setup

Consider a symmetric source-receiver setup with the two arrays of equal size (ar = as = a) as
shown in Figure 7. This can be viewed as a change in the coordinate system were the new origin
is the center betweenthe two arrays

X 0 =
Os + O r

2
;

and in this casethe array elements location is

transmitter: xp = (Os + xp; 0; 0); xp = p
h
2

; p = ¡ N ; : : : ; N ;

receiver: x r = (Or + xr ; 0; 0); x r = r
h
2

; r = ¡ N r ; : : : ; N r :
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x

z

a

a

Or

X 0

Os

f (t)

x r

xp

h=2

h=2

y s = y0 + (ys
x ; 0; ys

z)

y0 = (X 0; L )

D

®

®

L= cos®

L= cos®

y = y0 + (yx ; 0; yz)

Figure 7: Symmetric geometry setup for distributed re°ectivit y imaging.

A referencepoint of D is located at

y0 = (L; 0; 0);

with respect to X 0 and the distance from the central array points to y 0 is L= cos®. For y s =
y0 + (ys

x ; 0; ys
z) and y = y0 + (yx ; 0; yz), (6.25) becomes,

¡ I M (X 0; ®; y s) ¼ ~C(L; a;®)
Z

D+ y 0

dyxdyz%2(yx ; yz)e¡ ( yx ¡ y s
x ) 2 cos2 ®+( yz ¡ y s

z ) 2 sin 2 ®

D L 3 cos3 ®: (6.27)

If we let,

I (y s; D ; L; ®; X 0) =
1

C(L; a;®)
¡ I M (L; ®; a;ae; y s);

then I (y s; D ; L; ®; X 0) is the solution of a di®usion equation with anisotropic and singular coe±-
cients,

@I
@D

=
L 3

cos3 ®

Ã
1

4cos2 ®
@2I

@(ys
x )2 +

1
4sin2 ®

@2I
@(ys

z)2

!

;

I jD =0 = %2(y s):

(6.28)

When a large aperture is available, the matched ¯eld functional ¡ I M (X 0; ®; y s) can be viewed
as the result of pre-processing(coarse graining of the data). Speci¯cally, by dividing the large
array into smaller onesand by calculating local data covariances,we obtain ¡ I M (X 0; ®; y s) which
is a blurry but stable view (image) of the re°ectivit y and can be described by (6.27) when the
physical array aperture a is large comparedto the spot size¾, de¯ned in (4.12) (cf. approximation
(4.13)). The imaging resolution for the matched ¯eld method in random media is determined by
the narrow-band e®ective aperture ae, which doesnot depend on the physical aperture. Moreover,
as (6.28) suggests,the optimal resolution in cross-rangecan be obtained for ® = 0, and in rangefor
® ¼ 40o. Large synthetic apertures can be usedto improve the imaging resolution of the matched
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¯eld method by providing multiple blurry views of the re°ectivit y obtained for di®erent source-
receiver o®setangles® and mid-points X 0. One way to do this is to estimate %2 by a least squares
deblurring method using data for several source-receiver o®setangles® and mid-points X 0.

We do not attempt to addressthe full inverseproblem of imaging the re°ectivit y of an extended
target in random media. Here, we focusedattention on the matched ¯eld imaging functionals and
we showed the importance of a key parameter, the e®ective aperture. Imaging of extended targets
in random media is consideredfurther in [11].

7 Application to secure comm unication schemes

The useof time reversalin wirelesscommunication wassuggestedearly in time-reversalexperiments
in the framework of underwater acoustics [35], [31], [26]. More recently , in [24, 22] experimental
results using a Multiple Input Single Output (MISO) communication scheme with time reversal
have been presented. We describe here this scheme. It is another important application of time
reversal, as discussedin section 3.2, but now in communications. The estimation of ae in this
framework allows us to assessat the transmitter the region around the receiver in which spatially
localized, no interferencecommunications through a cluttered medium can be realized.

A schematic view of the communication schemeis presented in Figure 8. The intended receiver

Tx so(t)

r1(t)

rN(t)

Rx

(a) The intended receiver ¯rst sendsa pilot signal
s0(t) to the transmitting array.

Tx r(t)

s1
TR(t;b)

sN
TR(t;b)

Rx dM*G

(b) Each element of the transmitting array records, time-
reverses and encodes a bitstream on the pilot signals re-
ceived, and then sendsthem back.

Figure 8: The Multiple input Single Output time-reversal scheme.

¯rst sendsa pilot signal s0(t) = e¡ i! 0 t g(t) which is recorded by each element of the transmitter
array. The modulating pulse is often the sinc function whoseFourier transform is

bg(! ) = 1; for j! j · 4¼W

and zero outside, with 2W the bandwidth. If we denote by hp(y ; t) the impulse responsefunction
between the receiver located at y and the p ¡ th element of the transmitter array then the signal
recordedon the array is

rp(y ; t) = hp(y ; t) ?t s0(t) + np(t): (7.29)

Here ?t denotesconvolution in time and np(t) is the instrument white noiseat the pth element of
the transmitting array. In the frequencydomain (7.29) is

brp(y ; ! ) = bhp(y ; ! )bs0(! ) + bnp(! ): (7.30)

In the secondstep of this communication schemethe transmitter time-reversesthe recordedsignal,
encodesa messageon it and sendsit back into the channel. The encoding schemethat we consider
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here is the BPSK (binary phaseshift keying). Given a modulation pulse s0(t) a BPSK encoding
schemeof an M-symbol data stream f bm g is

dM (t) =
MX

m=1

bm s0(t ¡ m±T); (7.31)

where ±T is the pulse repetition interval. The information is in the bitstream f bm g, which are
binary variables taking the values(¡ 1; 1). In the frequencydomain this schemegivesthe signal

bdM (! ) = bs0(! )
MX

m=1

bm e¡ im! ±T ; (7.32)

where bdM (! ) and bs0(! ) are the Fourier transforms of the messageto be transmitted and the pilot
pulse, respectively. Thus, for an M-symbol data stream the signal emitted from the p¡ th element
of the transmitter is

bsp(y ; ! ) = brp(y ; ! )
MX

m=1

bm e¡ im! ±T =
³

bhp(y ; ! ) bs0(! ) + bnp(! )
´ MX

m=1

bm e¡ im! ±T ; (7.33)

where the bar in (7.33) stands for complex conjugation. After propagation through the channel,
the signal at a receiver located at y s is,

br (y s; y ; ! ) =
NTX

p=1

bhp(y s; ! )bsp(y ; ! ) + bn0(! )

=

0

@
NTX

p=1

bhp(y s; ! )bhp(y ; ! ) bs0(! ) +
NTX

p=1

bhp(y s; ! )bnp(! )

1

A
MX

m=1

bm e¡ im! ±T + bn0(! ):

(7.34)

where bn0(! ) is an additional noise term at receiver. Allowing the receiver to move from y to y s

probesthe spatial focusing properties of the communication schemes.
To interpret the messagethe receiver correlates r (y s; y ; t) with the pilot pulse s0(t). In the

frequencydomain, the resulting signal is

bS(y s; y ; ! ) =

0

@b¡( y s; y ; ! ) +
NTX

p=1

bhp(y s; ! )bnp(! )

1

A bdM (! ) + bs0(! )bn0(! ); (7.35)

where b¡( y s; y ; ! ) is the responsefunction of the communication scheme,

b¡( y s; y ; ! ) =
NTX

p=1

bhp(y s; ! )bhp(y ; ! ) bs0(! ); (7.36)

and bdM (! ) is the M-symbol data stream carried by the pilot pulse, de¯ned by (7.32). In an
in¯nite random medium the transfer function bhp(y ; ! ) is the two point Green'sfunction bG(xp; y ; ! )
satisfying the reducedwave equation (2.4) and we have

b¡ (y s; y ; ! ) = b¡ T R (y s; ! ) = b¡ T R
0 (y s; ! )e¡ k 2 a2

e»2

2L 2 ; (7.37)

for y s = y + (»; 0; L ), s0(t) = f (t). When the signal to noise power is high, that is, when the
noise terms bnp and bn0 can be neglected, then we can apply the theoretical results of section 3.2.
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In particular we can use the method of section 5.2 to estimate the e®ective aperture ae at the
transmitter and predict the refocusing spot size from (3.17). This provides a robust estimate at
the transmitter of the area in which the intended receiver can move without losing reception of the
message,and/or the area around the receiver in which the messagecan be intercepted.

Another reasonfor using time-reversal in communications, in addition to spatial localization at
the receiver, is the following. Time reversal is a temporal matched ¯lter so the indented receiver
can be very simple and neednot usesophisticated decoding. If we let » = 0 in (7.37) we seethat
the signal at the receiver (for y = y s) has no random phase,even when transmission is through
a cluttered (random) medium. This meansthat inter-symbol interference is reduced signi¯cantly
becauseof the time-reversal process.

This simple MISO time-reversal coding scheme achieves signal compressionboth in time and
spaceallowing for securecommunications with reduced inter-symbol interference. Moreover, the
rate of information transmission for this schemerealizesthe Shannoncapacity for a °at frequency
channel that is known at the transmitter [40]. For a frequencyselective MISO channel, as we have
in random media, the Shannoncapacity is not realizedunlessa more elaborate frequencydependent
coding scheme[40] is used. We comparethe performanceof time reversal communication schemes
with other MISO (multiple input single output) and SIMO (single input multiple output) com-
munications schemesin rich scattering environments (clutter) in [9]. Numerical results illustrating
the e±ciency of time-reversal and generalizedtime reversal coding schemeswhen the receiver has
perfect channel knowledge(and the signal to noiseration is high) are presented in [34].

Perfect channel knowledgemeansthat the transfer function bhp(y ; ! ) remains the samebetween
the ¯rst and the secondstep of the communication scheme,which may not be true if, for example,
the propagation medium changesin time or if the transmitter knows the transfer function up to
an error [40]. We are currently working on this problem as well as on the generalization of the
time-reversal processto MIMO (multiple input multiple output) communication schemes. As for
the MISO scheme, depending on the parameters of the problem, we expect the narrow-band or
broad-band e®ective aperture to play an important role for communications trough clutter.

8 Summary

We have analyzedthe matched ¯eld imaging functional, which can be usedfor locating small active
scatterersembeddedin a random medium. In a remotesensingregimewith signi¯cant multipathing
we obtained an analytical expressionfor the imaging functional. Using this expressionwe have
quanti¯ed the imaging resolution in random media and we have shown that this depends on a
singleparameter, the narrow-band e®ective aperture ae. Using this for the matched ¯eld functional
we have proposeda simple and robust method for estimating the unknown e®ective aperture ae.
We have assessedthe feasibility of our estimation approach with direct numerical simulations.
In particular, using the estimated ae we can predict the refocused spot size for time reversal in
random media. We have seenremarkably good agreement betweenthe predicted and the observed
refocused spot size in direct numerical simulations of time reversal in a random medium. We
have also indicated how the concept of e®ective aperture enters in matched ¯eld or interferometric
functionals for the re°ectivit y of an extendedscatterer as well as in wirelesscommunications with
time reversal.
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A The white noise limit and the parab olic appro ximation

We collect here somecomments on the scaling analysis of the random Helmholtz equation (2.4)
and refer to [1, 36, 44] for additional comments and results on scaling and asymptotics in the
high-frequencyand white-noise regime.

Let L z be a range scale and L x a cross-rangescale and de¯le the dimensionlessparameters
² = l=Lz, ± = l=Lx , where l is the correlation length of the °uctuations in the index of refraction.
Let ° = 1=k0l . We also de¯ne the Fresnelnumber

µ =
L z

k0L 2
x

= °
±2

²

Then the scaledHelmholtz equation, with the phaseeik z removed, is

²2µ2

±2 Ãzz + 2ik µÃz + µ2¢ xÃ +
k2±
²1=2

¹ (
x
±

;
z
²

)Ã = 0: (A.1)

Here we relate the strength of the °uctuations ¾ to ² and ± by ² = ¾2=3±2=3. It is in this regime
that °uctuation e®ectshave a fully developed form.

We ¯rst need to examine when the parabolic approximation is valid. It is in the white noise
limit ² ! 0, with Fresnel number µ and ± ¯xed, that the parabolic approximation is valid as was
pointed out in [1]. This is easily seenif the random °uctuations ¹ are di®erentiable in z. The
parabolic approximation is clearly not valid in the high frequency limit µ ! 0, before the white
noise limit ² ! 0 is also taken. In the white noise limit, the wave function Ã(z; x) satis¯es an
Ito-SchrÄodinger equation

2ik µdzÃ + µ2¢ xÃdz +
ik 3±2

4µ
R0(0)Ãdz + k2±ÃdzB (

x
±

; z) = 0: (A.2)

Here R0 is the integrated covariance of the °uctuations ¹ and the Brownian ¯eld B (x; z) has
covariance

hB (x; z1)B (y ; z2)i = R0(x ¡ y )z1 ^ z2:

This Ito-SchrÄodinger equation is the result of the central limit theorem applied to (A.1). Let

B ² (x ; z) =
1

p
²

Z z

0
¹ (x ;

s
²
)ds:

Then, as ² ! 0 this processconvergesweakly, under suitable hypotheses,to the Brownian ¯eld
B (x; z) with the above covariance. The extra term in (A.2) is the Stratonovich correction. It is
from this stochastic equation that the moment formula that we usein the paper is obtained.

The white noise limit for stochastic partial di®erential equations is analyzed in [15] and a
rigorous theory of the Ito-SchrÄodinger equation is given in [20]. The ergodic theory of the Ito-
Schroedinger equation is explored in [33]. Wave propagation in the parabolic approximation with
white-noise °uctuations is consideredin detail in [29, 43].
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