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Abstract. We intro duce a space-timeinterferometric array imaging functional that
provides statistically stable images in cluttered environments. We also present a
resolution theory for this imaging functional that relates the space-time coherence
of the data to the range and cross-rangeresolution of the image. Extensive numerical
simulations illustrate the theory and addresssomeimplementation issues.
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1. In tro duction

Broadbandarray imagingof acousticsourcesin a known, homogeneousor slowly varying
background is donee±ciently with Kirchho®migration

I KM (~y s) =
X

~x r 2 A

P(~x r ; ¿(~x r ; ~y s)) (1.1)

whereP(~x r ; t) are time tracesof the signalsemanating from the sourcesand recorded
by a passive array A with receivers located at ~x r . The imaging functional I KM (~y s) is
evaluated at a search point ~y s in the domain of the object to be imaged,and ¿(~x r ; ~y s)
is the travel time from ~x r to ~y s. In a homogeneousmedium it is distance over the
propagation speedc0, ¿(~x r ; ~y s) = j~x r ¡ ~y sj=c0. If a localizedsourcearound ~y emits a
short pulse then the functional I KM (~y s) will have a sharp peak when the search point
~y s is near ~y. From the location of this peak we get an estimate of the unknown source
location ~y, which is why I KM (~y s) is an imaging functional. When the array is active
then the re°ectors to be imagedwill produce echoes that are recordedat the array as
time tracesP(~xs; ~x r ; t), where~xs denotesthe probing signalsourcelocation in the array
and ~x r are the recorderlocations. Kirchho®migration is now donewith the functional

I KM (~y s) =
X

~x s ;~x r 2 A

P(~xs; ~x r ; ¿(~xs; ~y s) + ¿(~x r ; ~y s)) ; (1.2)
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which will have a peak when ~y s is near a re°ector, thereby providing an estimateof its
location.

The Kirchho®migration functionals and their numerousvariants have beenused
successfullyin many applications in seismicimaging [9, 21], in non-destructive testing
[17, 38], in radar [29, 15, 39] and elsewhere. Some of the variants that have been
consideredare (a) special array con¯gurations such as zero-o®setor synthetic aperture
arrays in which ~xs = ~x r [24, 9], (b) selective scatterer illumination using the singular
value decomposition [32], (c) iterated application of Kirchho®(or full wave) migration
to capture nonlinear e®ectsin the inversion, usually in homogeneousmedia and with
monochromatic data [23], and many others. While many studies consider imaging in
homogeneousmedia, migration applies also to smooth, variable velocity backgrounds.
In this casea velocity estimation processmust be carried out [21, 19, 48, 47]. The
mathematical analysisof the imaging functionals (1.1) and (1.2), for large arrays and
broadbanddata, is carried out in [9, 8, 49]. We review brie°y the resolution theory for
(1.1) in this paper, in Appendix A.

It has beenknown for a long time that if the objects to be imagedare in a richly
scatteringenvironment then Kirchho®migration doesnot work well. This is becausethe
echo from a re°ector doesnot appearasa cleanpeakin the signalsrecordedat the array
but has instead a lot of delay spread,or coda, that is generatedby the inhomogeneous
medium (as in Figure 6 below). Consequently, Kirchho®migration leadsto unreliable
imagesthat changeunpredictably with the detailed featuresof the clutter. The purpose
of this paper is to addressthis problemof imaging in inhomogeneousor cluttered media.

1.1. Matched ¯eld imaging

One way to deal with the delay spreadthat clutter introducesis to compute the cross
correlationsof the time tracesat the array and to migrate them, insteadof migrating the
tracesthemselvesas in (1.1) and (1.2). This idea is the basisfor imaging with matched
¯eld functionals [18, 1, 35]. There are many variants for this method depending on
what is known or can be estimatedabout the background from the data by techniques
similar, for example, to the onesused for velocity estimation in Kirchho® migration.
Here, we supposethat we know the smooth part of the background velocity, which we
take as constant for simplicity, but we do not know the rapidly °uctuating part (the
clutter). If we knew the rapid °uctuations of the velocity, then we would e®ectively
know the Green'sfunction of the clutter and we could migrate the data with it, rather
than with travel times in a homogeneousmedium. This is the sameas doing physical
time reversal [30, 31, 25, 32, 44, 37], which is known to have focusing properties that
are much better than the onesin homogeneousmedia, and provides, therefore, better
resolution when usedfor imaging in clutter than what Kirchho®migration givesin the
corresponding homogeneousmedium. The catch is, of course, that we do not know
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the Green's function of the cluttered medium, and it doesnot help if we know it only
approximately becausethe e®ective removal of the delay spreadin the data requiresthat
we reconstruct accuratelywith migration the multiple scattering that producedit. The
essential point in migrating crosscorrelations of the data is that they tend to reduce
the delay spreadand to enhancethe peaksfrom the re°ectors that we want to image,
without knowing anything about the clutter itself. The underlying assumptionhere is
that what we want to image has someregular structure that is encoded in the array
data while the clutter is irregular so that the delay spreadin the data looks random. It
is thereforenatural that when modeling the data and the imaging process,we usewave
propagation in random media in order to capture clutter e®ects.

Enhancedspatial focusing in physical time reversal in random media [26, 27, 25]
and the realization that it is statistically stable [10] in broadbandregimesmotivated
us to carry out a theoretical study of the imaging resolutionof matched¯eld functionals
in random media[11]. Statistical stabilit y meansthat the physical time reversalprocess
is self-averagingwith respect to the random °uctuations in the medium properties, the
clutter. This is not true in narrowband regimesbecausethe interferencepatterns that
form near the point of focusing, the speckle patterns, do not averageout as they do
in broadband regimes. Enhancedfocusing in time reversal meansthat the crossrange
resolution is ¸ 0L=ae where¸ 0 is the central wavelength,L is the rangeand ae(L) is the
e®ectiv e aperture of the array that is typically larger than the physical aperture a
and dependson the random medium as well as the range [10, 11]. The focal spot size
¸ 0L=ae in time reversalis thereforesmaller in random media than in homogeneousones
whereit is given by the Rayleigh formula ¸ 0L=a [16].

Weshowedin [11] that whenwedo not know the randommedium,sothat wecannot
imagewith time reversaland imageinsteadwith a matched¯eld functional, which is also
called interferometry, the cross-rangeresolution is equal to ae(L). This is much worse
than in time reversal but it is the best that can be done when the random medium is
not known. We have thus two imaging functionals with extremecross-rangeresolutions:
time reversal that usesfull knowledgeof the actual realization of the random medium
and matched ¯eld that usesno knowledgeat all. Both time reversaland matched ¯eld
imaging are statistically stable, which is a key property for successfulimaging, while
Kirchho®migration is not.

1.2. Coherent interferometry

While interferometric or matched ¯eld imaging provides the best statistically stable
cross-rangeresolution that is possiblewith no knowledge of the random medium, it
providesno rangeresolution at all. To get rangeresolution with it we must either have
largearrays or several arrays widely separatedfrom each other, sothat we canusewhat
is essentially geometrictriangulation [11]. The main result of this paper is to introduce
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a more general classof imaging functionals, the coherent interferometric functionals,
and to give a resolution theory for them that is a natural extensionof the one in [11].
The main idea is to computethe crosscorrelationsof the traceslocally in time, and not
over the whole time interval, and to migrate them. By segmenting the tracesinto time
intervals and calculating the correlationslocally in each interval we get rangeresolution
that is of the order of the time intervals multiplied by the propagation speedc0. The
shorter the time intervals the better the range resolution. In a homogeneousmedium
they can be as short as the width Tp of the probing pulse. Depending on the shape
of the pulse and the way its width is de¯ned, Tp is equal to a constant multiplied by
the reciprocal bandwidth B ¡ 1, which we denote by Tp » B ¡ 1. This way we seethat
the rangeresolution in a homogeneousmedium is c0B ¡ 1. We do not considerhere the
issueof how to chooseoptimally the shape of the pulse beyond ¯xing its bandwidth
appropriately.

How large should the time segments be when there is delay spread? They should
be of the order of the delay spread Td. They should not be smaller becausethen
the correlations will not capture the delay spread and compressit, leading therefore
to unstable images. And they should not be larger becausethen we will lose range
resolution. If the local crosscorrelationsof the tracesare computedcorrectly, the range
resolutionin coherent interferometric imagingwill bec0Td. Weshow in Section3 that the
reciprocal of Td is proportional to the decoherencefrequencyof the traces, ­ d. Since
Td > Tp we have that ­ d < B, so range resolution in random media is proportional
to c0­ ¡ 1

d and is worse than c0B ¡ 1, the resolution in homogeneousmedia. We show
in Section 5 that expressionc0­ ¡ 1

d for the range resolution can be derived from ¯rst
principles for a large classof random media.

What about the cross-rangeresolution? By analogy to ­ d we introduce the
decoherencelength X d which is the distance between traces on the array over which
they becomeuncorrelated. We show in Section 3 that the cross-rangeresolution in
coherent interferometry is ¸ 0L=X d. This is worse than the Rayleigh resolution in a
homogeneousmedium ¸ 0L=a, becauseX d · a, in general.We will alsoseein Section3
that the decoherencelength X d is comparableto the focal spot sizein time reversal,so
that X d = ¸ 0L=ae. If we usethis expressionfor X d in the cross-rangeresolution formula
¸ 0L=X d we seethat it equalsae, which is the matched ¯eld cross-rangeresolution that
wasderived in [11]. We show in Section5 that this cross-rangeresolutioncanbe derived
from ¯rst principles for a large classof random media.

This resolution theory for coherent interferometry in random media is the main
result of this paper.
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1.3. Outline of the paper

In Section2 we state more preciselythe imaging problem for passive and active arrays.
All of the analytical results in this paper are carried out only for passive array imaging.
The active array analysis is in principle very similar but does not follow directly
from the passive one and will be presented elsewhere. In Section 3 we introduce
the coherent interferometric functional, discussits properties and compareit to other
imaging functionals. Our extensive numerical simulations, for both active and passive
arrays, are presented in Section 4. The resolution analysis is given in Sections5 and
6, and it is followed by a brief Section 7 summarizing the results. In Appendix A we
review brie°y the well known resolution analysisof the Kirchho®migration functional
(1.1) and in Appendix B we give for completenessthe derivation of the two-frequency
moment formula that we usein the resolution analysisof Sections5 and 6.

2. The arra y imaging problem

In Section 2.1 we introduce the forward model for imaging a point or a distributed
sourcewith a passive array of receivers in a cluttered environment. We also state the
inverseproblem of imaging the sourcelocation or the sourcedensity. In Section2.2 we
give the Born approximation model for imaging with an active array a point re°ector
or re°ectors with distributed re°ectivit y. We alsostate the inverseproblem of imaging
the re°ector location or the distributed re°ectivit y.

We usethe term array imaging throughout becausewe assumethat the transducer
locations ~x r are closeenough, less than half a central wavelength apart, so that the
radiation ¯eld of the array is essentially that of an aperture whosesizeis determinedby
the number of transducers.

2.1. Imaging in clutter with a passivearray

In the schematic in Figure 1 a point sourceat ~y? emits a signal that is recordedby an
array of receivers locatedat ~x r . The signal is an initially sphericalwave convolved with
the pulsefunction

f (t) = e¡ i! 0 t f B (t); (2.3)

where! 0 is the carrier frequencyand 2B is the bandwidth of

bf (! ) =
Z 1

¡1
ei (! ¡ ! 0 )t f B (t)dt = bf B (! ¡ ! 0): (2.4)

The Fourier transform of the basebandpulse bf B is assumedto have support in the
interval [¡ B ; B ]. We will refer to B , rather than to 2B, as the bandwidth. The wave
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Array of transducers

~y?

f (t)

~x r

Figure 1. Schematic for the data acquisition by a passive array of receivers

propagatesthrough a random medium and its amplitude at ~x r is given by the time
convolution of the pulsewith the Green'sfunction

P(~x r ; t) = e¡ i! 0 t f B (t) ? G(~x r ; ~y?; t): (2.5)

In the frequencydomain we have

bP(~x r ; ! ) = bf B (! ¡ ! 0) bG(~x r ; ~y?; ! ): (2.6)

Here bG is the outgoing Green'sfunction of the reducedwave equation

¢ bG(~x; ~y?; ! ) + k2n2(~x) bG(~x; ~y?; ! ) = ±(~x ¡ ~y?) (2.7)

in the random medium, where k = ! =c0 is the wavenumber. The index of refraction
n(~x) = c0=c(~x) is assumedto be a statistically homogeneousrandom processso that

n2(~x) = 1 + ¾0¹
µ

~x
l

¶
: (2.8)

The meanof n2(~x) is oneand the normalized°uctuation process¹ is a stationary and
isotropic random ¯eld that is boundedand has rapidly decaying covariance

R(~x) = R(j~xj) = h¹ (~x + ~x0)¹ (~x0)i : (2.9)

Normalization heremeansthat R(0) = 1 and
Z

R3
h¹ (~x)¹ (0)i d~x = 1

so that l is the correlation length and ¾0 the standard deviation of the °uctuations
of n2(~x). This is a simple, mono-scalemodel for the random medium °uctuations
that allows for a relatively simple theoretical discussion.Imaging in a random medium
is in°uenced signi¯cantly by the properties of the °uctuation process,but we will not
considerthis issuehere. Wewill alsonot considerslowly varying backgroundsor random
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°uctuations that are statistically inhomogeneous.As we explain in Section 3.4, when
we usethe coherent interferometric functional (3.21) and can determineadaptively the
smoothing or decoherenceparametersX d and ­ d in a stable way, then we can imagein
the random medium which producedthe noisy array data even though we do not know
anything about this random medium and how to model it. It is only when we want to
have a resolution theory in which the smoothing parametersare determined from ¯rst
principles that a detailed model for the °uctuations is needed.

Equation (2.5) relates the ¯eld amplitude recorded at the array to the source
location ~y?, so it is the forward model equation. The inverseproblem for a point source
is to ¯nd the location ~y? of the point sourcegiven measurements P(~x r ; t) at points ~x r

on the array.

Array of transducers

~y

~x r

D

Figure 2. Schematic for passive array data from a distributed sourcein D.

For a continuousdistribution of sourcesin D (see¯gure 2) that emit the samesignal
simultaneously, the recordeddata at the array are modeledby

P(~x r ; t) =
Z

D
½(~y)e¡ i! 0 t f B (t) ? G(~x r ; ~y; t)d~y; (2.10)

where½(~y) is the sourcedensity in D. The inverseproblem for the distributed source
is to ¯nd ½(~y), and its support D in particular, from the data P(~x r ; t) at the array.

2.2. Imaging with an active array

In Figure 3 we show a schematic for imaging with an active array, distributed re°ectors
of re°ectivit y ½(~y), occupying a region D. The array is active becauseit emits pulses
(2.3) from transducersat ~xs 2 A and records the echoes with receivers at ~x r 2 A.
We model the recorded¯eld amplitudes using the Born approximation for scattering
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Array of transducers

~x s

D

~x r

~y

Figure 3. Schematic for imaging with an active array distributed re°ectors in D.

betweenre°ectors, but allow for full multiple scattering by the random medium. In the
frequencydomain the model amplitudes are given by

bP(~xs; ~x r ; ! ) = k2 bf B (! ¡ ! 0)
Z

D
d~y½(~y) bG(~y;~xs; ! ) bG(~x r ; ~y; ! ): (2.11)

The forward model for the array data is thus a random linear transformation of the
re°ectivit y ½(~y). It is randombecausethe Green'sfunctions are the onesfor the random
medium (2.7). The inverseproblem is to estimate the re°ectivit y ½(~y), and its support
D in particular, from data recordedat the array.

In the numericalsimulations that we show in Section4 we useonly oneilluminating
transducer for computational simplicity.

It is important to explain why when imaging in a cluttered environment the Born
approximation model (2.11) is quite su±cient. This is becausewhen the random
inhomogeneitieshave a strong enoughe®ect,the information from multiple scattering
betweenre°ectors is completelylost in the delay spreadin the data. This is very clearly
seenin Figure 6. The top right plot showsthe recordedtraces,with central illumination,
from three small re°ectors. In addition to the three prominent hyperbolas that come
from the direct re°ections, there are several fainter hyperbolasthat comefrom multiple
scattering betweenthe three re°ectors. The bottom right plot in Figure 6 shows what
happens when there is clutter. The delay spread in the data obliterates the fainter
hyperbolas. Whatever imagewe do get will comeonly from the direct re°ections,which
is what the model (2.11) contains.

3. Statistically stable imaging in clutter

The reasonthat the Kirchho®migration functionals (1.1),(1.2) do not imagewell when
there is clutter, which we model with a random medium, is becausewe back propagate
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the recordeddata in a deterministic, homogeneousor slowly varying medium. Ideally,
we would like to back propagatein the real medium,asin time reversal. However, we do
not know the randomly °uctuating background. We may know its statistical properties,
but we do not know its actual realization, which is what is neededif we are to back
propagatein it.

For a point sourcelocated at ~y? the signal received by the array at ~x r is modeled
in the frequencydomain by

bP(~x r ; ! ) = bf B (! ¡ ! 0) bG(~x r ; ~y?; ! ); (3.12)

where bG(~x; ~y; ! ) is the Green'sfunction in the random medium, that is, the solution of
the random Helmholtz equation (2.7). The Kirchho®migration functional (1.1), which
we write again with the full deterministic Green's function for the back propagation,
has the form

I KM (~y s) =
X

~x r 2 A

Z

j! ¡ ! 0 j· B
d! bP(~x r ; ! ) bG0(~x r ; ~y s; ! ); (3.13)

When we substitute the expression(3.12) for bP(~x r ; ! ) in (3.13) we get

I KM (~y s) =
X

~x r 2 A

Z

j! ¡ ! 0 j· B
d! bf B (! ¡ ! 0) bG(~x r ; ~y?; ! ) bG0(~x r ; ~y s; ! ); (3.14)

The main di®erencebetweenthis expressionand Kirchho®migration in a homogeneous
medium (A.7), asreviewed in Appendix A, is that the phasecancellationthat occursin
the deterministic casewhen~y s is closeto the unknown sourcelocation ~y?, doesnot occur
in (3.14). The random phaseof bG(~x r ; ~y?; ! ) cannot be canceledwith the deterministic
phaseof bG0(~x r ; ~y s; ! ) soasto producea peakin the Kirchho®migration functional from
which the sourcelocation ~y? can be estimated. This is seenclearly in the numerical
simulations described in Section4 and in Figure 8 in particular. What is also seenin
that ¯gure is that for di®erent realizations of the samerandom medium the Kirchho®
migration functional producesvery di®erent imageswhen the random °uctuations are
signi¯cant. This is the phenomenonof statistical instabilit y that comesfrom the
random phaseof bG(~x r ; ~y?; ! ) in (3.14). The Kirchho® migration functional (3.14) is
thereforeunsuitable for imaging in clutter.

Can we ¯nd an imaging functional that can, when there is clutter, produce
an estimate of the unknown source location ~y? from the array data f P(~x r ; t)g in a
statistically stable way? The imagewill, of course,be blurred by the clutter. However,
we want this blurred image to be statistically stable, that is, the sought after imaging
functional must be self-averaging with respect to the realizations of the random
medium. The image that is formed by a self averaging imaging functional can then
be processedfurther by deblurring methods, as we show in a companionpaper [12]. In
the next sections,we considerthree di®erent typesof self-averaging functionals. They
are: time reversal functionals, incoherent interferometric or matched ¯eld functionals,
and coherent interferometric functionals.
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3.1. Imaging and time reversalin random media

If we know the random medium between the array and the vicinit y of the unknown
source,that is, if we know the random Green'sfunctions bG(~x r ; ~y; ! ) for ~x r 2 A and ~y
near ~y?, then we can imagewith the time rev ersal functional

I TR (~y s) =
X

~x r 2 A

Z

j! ¡ ! 0 j· B
d! bP(~x r ; ! ) bG(~x r ; ~y s; ! ): (3.15)

It is called the time reversal functional becauseit also represents the ¯eld near the
source~y?, when the array time-reversesthe signalsreceived and re-emits them into the
(random) medium from which they came. This is physical time rev ersal [30, 31, 32].
It becomesan imaging functional if we know the random Green'sfunctions, because
then (3.15) can be computed numerically from the array data. The time reversal
functional I TR (~y s) is usually self-averaging, especially in broadband regimes[10], and
hasbetter focusingproperties in random media than in homogeneousmedia. Note that
I TR in homogeneousmedia is identical to the Kirchho®migration functional I KM . The
enhancedfocusingof time reversalin randommediais calledsuper resolution[26,27, 25],
and it has been analyzed in detail in [10]. The super resolution phenomenonis due
to scattering that enhancesthe angular diversity of the back propagated waves near
the source,making the focal spot tighter than in a homogeneousmedium. Statistical
stabilit y is the result of good phasecancellationwhen the random Green's function is
usedfor back propagation, as can be seenfrom the theoretical expressionof the time
reversal functional

I TR (~y s) =
X

~x r 2 A

Z

j! ¡ ! 0 j· B
d! bf B (! ¡ ! 0) bG(~x r ; ~y?; ! ) bG(~x r ; ~y s; ! ): (3.16)

In both deterministic and random mediathe rangeresolutionof I TR is c0=B, which
is the width of the pulse times the homogeneouspropagation speed. The cross-range
resolution in deterministic media is L=(k0a) in narroband cases,as is well known [16],
and c0L=(Ba) (seeAppendix A.1) in broadband regimes. In random media it can be
much better becausethe e®ectiv e aperture ae of the array, a quantit y that dependson
the random medium, can be much larger than the physical aperture a [25]. The cross-
rangeresolution for I TR in random media is L=(k0ae) in relatively narrowband regimes,
[10]. The dependenceof the cross-rangeresolution on the bandwidth is discussedin
[11].

The problem with I TR as an imaging functional is, of course,that we do not know
the clutter. It is becausewe do not know it that we model it asa random medium. We
emphasizethat knowing the random medium meansknowing its particular realization
that generatedthe data recordedby the array. Knowing this realization roughly, or
knowing only its statistical properties, does not help and using such information for
imaging can have a negative e®ecton statistical stabilit y and on imageresolution.
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3.2. The matched ¯eld functional and incoherent interferometry

Even though we cannot use time reversal for imaging in clutter we would still like to
exploit the remarkable properties of I TR , its statistical stabilit y and super-resolution
in order to image. One way to exploit statistical stabilit y is with the matched ¯eld or
incoherent interferometric functional which we now introduce.

We want to avoid the random phaseproblems in Kirchho®migration imaging so
we mimic physical time reversal by computing cross-correlationsof data traces, the
interferograms

P(~x r ; ¢) ¤t P(~x r 0; ¡¢ )(t) =
Z 1

¡1
P(~x r ; s)P(~x r 0; s ¡ t)ds: (3.17)

We back propagatethe interferogramsin the homogeneousmedium and then, we sum
over the array

I INT (~y s) =
X

~x r ;~x r 0

P(~x r ; ¢) ¤t P(~x r 0; ¡¢ )j¿(~x r ;~y s )¡ ¿(~x r 0;~y s ) : (3.18)

Interferometric methods for imaging are consideredin the recent work of Schuster et al
[46], which contains many referencesto the seismicimaging literature, aswell as in [42].
Interferometric functionals for imaging in clutter are usedin [20].

The interferogramsare self-averaging and in (3.18) we are doing what amounts
to di®erential Kirchho®migration on the lag of the interferograms,which is the back
propagation of correlationsof traces. In the frequencydomain, I INT has the form

I INT (~y s) =
Z

d!

¯
¯
¯
¯
¯

X

~x r

bP(~x r ; ! )e¡ i! ¿(~x r ;~y s )

¯
¯
¯
¯
¯

2

(3.19)

This is the form of a matched ¯eld functional [18, 1, 35, 28], especially when the
exponential of the travel time is replacedby the deterministic Green'sfunction

I INT (~y s) =
Z

d!

¯
¯
¯
¯
¯

X

~x r

bP(~x r ; ! ) bG0(~x r ; ~y s; ! )

¯
¯
¯
¯
¯

2

(3.20)

Sincewe take absolutevaluesin (3.20) we can achieve somerandom phasecancellation
for bP, and becausewe integrate over the bandwidth we can expect statistical stabilit y.
We discussthis further in the next section.

The imagingpropertiesof the interferometric functional I INT wereanalyzedin detail
in [11] along with the presentation of the results of numerical simulations. The main
shortcomingof I INT is that it provides essentially no rangeresolution at all, except by
geometrictriangulation if the array is largeenoughor whenmorethan onearray is used.
The lossof rangeinformation canbeseenclearly from (3.18)becausethe correlationsare
taken over all time so that information about absolutearrival times is lost. It can also
be seenfrom (3.19) wherean overall phaseis lost, which accounts for the lossof range
information. Crosscorrelationsof tracesare doneover the whole array in (3.18), even
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though they may be negligiblewhen there is clutter unlessthe distancebetween~x r and
~x r 0 is small. The way to avoid this di±cult y is to considerinterferometric functionals
in which the time-trace correlations are constructed over speci¯c time segments that
correspond to information arriving from speci¯c ranges.This is an intuitiv ely appealing
idea but it is not easyto implement becausethe time segmentation of the data must be
doneproperly or elsethe results will not be much better than when no segmentation is
used. There is a delicatetrade o®betweensegmentations with relatively short segments,
which provide good rangeresolution, while they are also long enoughso that the local
correlationsare statistically stable. We considerthis basic issuein the next section.

There is another way to recover range resolution from broadband, active array
data when the targets to be imagedare in a cluttered environment but su±ciently well
separated.This is donewith the singularvaluedecomposition, matched¯eld functionals
and an arrival times analysis. It is described in detail in [13, 14].

3.3. The coherent interferometric functional

Weseefrom the frequencydomain form of I INT in (3.19) that data at only onefrequency
areusedin constructing the functional, beforedoing the integration over the bandwidth.
If there are correlations between bP(~x r ; ! 1) and bP(~x r 0; ! 2) for two di®erent frequencies
! 1 and ! 2, they are not used in I INT . This is another way of saying that correlations
are taken over all time in (3.18), rather than over time segments, as we will seelater
in this Section. We will ¯rst considerthe imaging functionals in the frequencydomain
becausethis is the form we use in the analysis and numerical simulations. Then, we
shall rewrite them in the time domain as stacked, migrated trace correlations.

The key idea in constructing good imaging functionals in random media is to
realizethat there are two intrinsic, and characteristic, parametersin the data bP(~x r ; ! )
that determine in a decisive way the quality of the image that is formed. One is the
decoherence frequency ­ d, and the other is the decoherence length X d. They
can be estimated in principle from the data bP(~x r ; ! ). The decoherencefrequency is
the di®erencein frequencies! 1 and ! 2 over which bP(~x r ; ! 1) and bP(~x r ; ! 2) become
uncorrelated. The decoherencelength is the di®erencein transducer locations ~x r and
~x r 0 over which bP(~x r ; ! ) and bP(~x r 0; ! ) becomeuncorrelated. While the estimation of ­ d

and X d is possible,it is by no meansa simple task and it is best doneadaptively, asthe
imageis formed. We will not discussadaptive estimation techniqueshere,as this is the
subject of a forthcoming paper [12]. We will discusshowever the e®ectof ­ d and X d on
imageformation and resolution.

The decoherencelength X d can be related simply to the cross-rangefocusing
resolution in time reversal,which as noted above is given by L=(k0ae). This is because
of the reciprocity of the random Green's functions which allow us to identify cross
correlations of the data bP(~x r ; ! ) and bP(~x r 0; ! ) with focusing in time reversal, as in
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(3.16). We may, in fact, set X d = L=(k0ae). This is an interesting expressionbecause
it relates two important length scales,X d and ae, that can be estimated, in principle,
from di®erent data sets.

We now introducethe coherent interferometric functional

I CINT (~y s; ­ d; X d) =
Z Z

j! 1 ¡ ! 2 j· ­ d

d! 1d! 2

X X

j~x r ¡ ~x r 0j· X d

bP(~x r ; ! 1) bP(~x r 0; ! 2)

e¡ i (! 1¿(~x r ;~y s )¡ ! 2¿(~x r 0;~y s )) (3.21)

This functional dependson the parameters­ d and X d, which arenot determinedat ¯rst.
I CINT is equalto the squareof the Kircho®migration functional I KM (3.13)when­ d = B
and X d = a, that is, when there is no smoothing to account for the reducedcoherence
in the data. In a deterministic medium this is appropriate becausefrequencycoherence
of the tracespersistsover the bandwidth, asdoesspatial coherenceof the tracesacross
the array. On the other hand, if the decoherencefrequencyis very short, ­ d ¼ 0, then
the coherent interferometric functional (3.21) reducesessentially to the incoherent one
(3.19), the matched ¯eld functional. We see,therefore, that (3.21) is a smoothed or
regularizedversionof the Kircho®migration functional (3.13), in which the smoothing
or (statistical) regularization parametersare related to the intrinsic coherenceof the
data. The interpretation of (3.21) as the back propagation of local trace correlations
will becomeclear from its time domain version.

Let us introduce a notation that we also use in Section 5. If range is measured
from a ¯xed point on the array, such asits center, then we write ~x r = (x r ; 0). With this
notation, we also introducethe midpoint (sum) and o®set(di®erence)variables:

x r = ¹x ¡ ~x=2; x r 0 = ¹x + ~x=2 (3.22)

as well as the sum or center frequencyand the di®erencefrequencyvariables

! 1 = ¹! ¡ ~! =2; ! 2 = ¹! + ~! =2 (3.23)

Here, the midpoint variable ¹x runs over all the recorder locations in the array A and
the o®setvariable runs over points for which x r and x r 0 remain in the array. The center
frequencyvariable ¹! runs over the bandwidth and the di®erencevariable ~! is such that
! 1 and ! 2 are inside the bandwidth.

Using the notation (3.22) and (3.23), we rewrite the coherent interferometric
functional (3.21) in the form

I CINT (~y s; ­ d; X d) =
Z

j ¹! ¡ ! 0 j· B
d¹!

X

¹x 2 A

Z

j ~! j· ­ d

X

j ~x j· X d

bP(¹x ¡
~x
2

; ¹! ¡
~!
2

) bP(¹x +
~x
2

; ¹! +
~!
2

)

ei ¹! [¿( ¹x + ~x
2 ;~y s )¡ ¿( ¹x ¡ ~x

2 ;~y s )]e
i ~!
2 [¿( ¹x ¡ ~x

2 ;~y s )+ ¿( ¹x + ~x
2 ;~y s )] (3.24)

where we do not show, for simplicity, edgerestrictions in the range of the di®erence
variables ~x and ~! . Let us assumethat the di®erencevariablesare small. We can then
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simplify the exponents in (3.24) to get

¿(¹x +
~x
2

; ~y s) ¡ ¿(¹x ¡
~x
2

; ~y s) ¼ r ¹x ¿(¹x; ~y s) ¢~x (3.25)

and
1
2

[¿(¹x ¡
~x
2

; ~y s) + ¿(¹x +
~x
2

; ~y s)] ¼ ¿(¹x; ~y s): (3.26)

If we now de¯ne the time-frequencyand space-wavenumber, smoothed Wigner function
of the data

WD (¹x; p; ¹t; ¹! ; ­ d; X d) =
Z

j ~! j· ­ d

d~!
X

j ~x j· X d

bP(¹x¡
~x
2

; ¹! ¡
~!
2

) bP(¹x +
~x
2

; ¹! +
~!
2

)ei (p¢~x + ¹t ~! )(3.27)

we can write the coherent interferometric functional (3.21) in the simpli¯ed form

I CINT (~y s; ­ d; X d) =
Z

j ¹! ¡ ! 0 j· B
d¹!

X

¹x

WD (¹x; ¹! r ¹x ¿(¹x; ~y s); ¿(¹x; ~y s); ¹! ; ­ d; X d) (3.28)

It is important to note here that the smoothed Wigner function of the data (3.27) is
not statistically stable. Summing over the array and especially over the bandwidth is
what makesthe coherent interferometric functional (3.28) statistically stable.

It is interesting to write the analogof the coherent interferometric functional (3.28)
in the time domain. This is easily done by inverting the Fourier transforms and then
doing the smoothing or regularization in the time domain. The result is

I TCINT (~y s; Td; X d) =
X

¹x 2 A

X

j ~x j· X d

Z

j ¹t ¡ ¿( ¹x ;~y s )j· Td

d¹t
Z

j~t ¡r ¹x ¿( ¹x ;~y s )¢~x j· Tp

d~t

P(¹x ¡
~x
2

; ¹t ¡
~t
2

)P(¹x +
~x
2

; ¹t +
~t
2

) (3.29)

whereTd = ¼=­ d is the decoherencetime and Tp = ¼=B is the pulsewidth. Note that
I TCINT is not the exact transformation of (3.28), but rather its time domainanalog. This
is becausecuto®sin frequencybecomesinc kernelsin the time domain. We have used
cuto®sin the time domain to underscorethe parallel form that I CINT and I TCINT have.
In the analysisand in the numerical computations of Section 4, we use the frequency
domain versionof the coherent interferometric functional.

We can now comparethe coherent interferometric functional (3.29) to the matched
¯eld functional (3.18). First, in (3.17), we have to integrate the variable ¹t over all
time, as in (3.29). Then, (in 3.18), we have to evaluate the variable ~t at r ¹x ¿(¹x; ~y s) ¢~x,
omitting the integration. This evaluation of ~t corresponds to the di®erential migration
in (3.18), that is, the evaluation of the crosscorrelation at the di®erenceof the travel
times. The integration over ~t in (3.29) has no analog in (3.18). Finally in (3.18), we
have to integrate over all ~x, without restricting its length to be lessthan X d, as is done
in (3.29). However, the main feature of the coherent interferometric functional (3.29) is
that trace correlations are computed locally in time. This a®ectsthe range resolution
in an essential way as we discussnext.
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3.4. Model independent resolution limits for coherent interferometry

The time domain version(3.29) of the coherent interferometric functional is particularly
well structured for doing a rough but basic resolution estimation. If the search point
~y s is closeto the source~y? then the uncertainty in rangewill comefrom the width of
the time interval usedfor calculating the correlations, j¹t ¡ ¿(¹x; ~y s)j · Td. This means
a rough estimate of the rangeresolution ¾R

R in a random medium is

¾R
R = c0Td =

¼c0

­ d
(3.30)

where we have used the relation Td = ¼=­ d that relates the decoherencetime to the
decoherencefrequencyand the fact that travel time is range over propagation speed.
In the deterministic case,­ d = B, the full bandwidth, so the rangeresolution is given
by ¾D

R = ¼c0=B. This agreeswith the results of the Kirchho®migration functional in
Appendix A.1.

We can get a rough estimate of the direction of arrival resolution ¾R
D OA from the

rangeof integration of the time lag ~t in (3.29). Since~x is boundedin length by X d, the
direction of arrival c0jr ¹x ¿(¹x; ~y s)j is boundedby ¼c0=(BX d) so that

¾R
D OA =

¼c0

BX d
(3.31)

The cross-rangeresolution ¾R
CR is then given by L¾R

D OA

¾R
CR =

¼c0L
BX d

(3.32)

When there is no randomnessand X d = a, the full array size, then the cross-range
resolution is the sameasthe onewe obtain from the analysisof the Kirchho®migration
functional in Appendix A, ¾D

CR = ¼c0L
B a .

In Section 5 we will analyze in detail, and from ¯rst principles, the coherent
interferometric functional (3.28) for a particular class of random media and in a
particular scaling regime. The result of this analysis is that the rough range and
cross-rangeresolution estimates(3.30) and (3.32) are, in fact, correct. We also show
in Section 5 how the decoherencefrequencyand length, ­ d and X d, respectively, are
related to the statistical properties of the °uctuations in the random medium. What,
however, is especially interesting for imaging is that the rough range and cross-range
resolution estimates(3.30) and (3.32) are univ ersal in the classof array data for which
the decoherencefrequency and length ­ d and X d are well de¯ned. The resolution
estimatesdo not dependon any particular model or scalingregimefor the random wave
propagation. They do depend, however, on being able to estimate from the data, in a
robust way, the coherenceparameters­ d and X d. We have, therefore,a self consistent
way to assesswhenthe resolutionestimates(3.30) and (3.32) areexpectedto hold. This
new insight into the relationship between image resolution and array data coherence
plays an important role in the designof adaptive algorithms for stable imageformation
[12].
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4. Numerical simulations

We present in this section the results of numerical simulations for imaging with the
coherent interferometric functional (3.21), for both the passive and the active array
con¯gurations (cf. Sections2.1 and 2.2).

4.1. The setupfor the numerical simulations

The setup for the numerical experiments is shown in Figure 4 where the dimensions
of the problem are given in terms of the central wavelength ¸ 0. We use an array of
185 transducersat a distance h = ¸ 0=2 from each other. The object to be imaged
is at range L = 90̧ 0 and at zero cross-range,measuredwith respect to the center
of the array. In the passive array simulations the object is a con¯guration of three
point sourcesemitting the samepulse f (t) simultaneously and the distance between
thesepoints is d = 6¸ 0. In the active array simulations the three sourcesare replaced
by three disks of radius ¸ 0 whosecenters are located at the samepoints. The disks
arenon penetrablescatterersmodeledwith homogeneousDirichlet boundary conditions
(acousticsoft scatterers). A probing pulseis emitted by the central array element. The
pulse f (t) is the time derivative of a Gaussianwith central frequency! 0=(2¼) = 1kHz
and bandwidth 0:6 ¡ 1:3kHz (measuredat 6dB). With a propagation speedof 3km/s
the central wavelength is then ¸ 0 = 3m.

l 0

l 0l 0

l 0

100

100
Source

absorbing medium

ar
ra

y

L=90

d=6

d
a

Figure 4. The computational
setup. The dimensions of the
problem are given in terms of the
central wavelength ¸ 0.

Figure 5. A typical realization
of the random sound speed c(x).
The location of the objects to be
imaged is shown as three black
dots. The horizontal axis is range
(in wavelenghts) and the vertical is
cross-range(in wavelenghts).

To simulate imaging in a cluttered medium, the objects to be imaged (sources
or scatterers)are embeddedin a heterogeneousbackground medium with an index of
refraction n(~x) = c0=c(~x) given by (2.8). The °uctuations in the sound speed c(~x)
are modeled using a random Fourier serieswith mean c0 = 3:0km/s and a Gaussian
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correlation function. The correlation length is l = 1:5m and the standard deviation is
s = 3%. A typical realization of the random medium is shown in Figure 5 where the
units in the horizontal and vertical axesare given in terms of the central wavelength
and the scaleof the color bar is in km/s.

To generatethe array data wesolve the acousticwaveequation,formulated asa ¯rst
order in time velocity-pressuresystem,using a mixed ¯nite element method [4, 5]. The
propagation medium is consideredto be in¯nite in all directions and in the numerical
computations a perfectly matched absorbinglayer (PML) surroundsthe domain.

In Figure 6 we show numerically generateddata recordedat the array. We show
time tracesin a homogeneousmedium as well as in a random medium. It is clear from
Figure 6 that in the active array casethe e®ectof the random medium is a lot stronger
as the waves travel twice the distance from the array to the scatterers. The coherent
interferometry imagesobtained for thesedata, with the functional (3.21), are presented
in the next section,wherethey are alsocomparedwith imagesobtained usingKirchho®
migration.

Passive array Activ e array

Figure 6. Time traces recorded on the array Top: homogeneousmedium. Bottom:
random medium with standard deviation s = 3%. The horizontal axis is time (in msec)
and the vertical is array transducer location (in m).

4.2. Imaging with coherent interferometry and with Kir chho®migration

Weshow ¯rst in Figure 7 the imagesobtainedwith Kirchho®migration in a homogeneous
medium. Wenote that coherent interferometry (3.21)with no smoothing, sothat X d = a
and ­ d = B, is the sameas the squareof the Kirchho®migration functional (1.1,1.2).
For this reason,in the following, insteadof showing the Kirchho®migration images,we
show their square.

The search domain, which is also the domain over which we show the image, is a
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Passive array Activ e array

Figure 7. Kirc ho® migration images in a homogeneousmedium. The vertical axis
is cross-rangeand the horizontal axis is range. The correct location of the objects is
indicated with a star.

squareof size20̧ 0 £ 20̧ 0, as in Figure 7. The vertical axis is the cross-rangewhile the
horizontal axis is range. The pixel sizein the image is ¸ 0=2. In all the imagesthat we
show, the search domain, the domain of ~y s, is ¯xed and equal to this one.

As expected,imageswith Kirchho®migration arevery good in homogeneousmedia
and, more generally, in smooth deterministic media. When the background medium is
randomly inhomogeneous,however, Kirchho® migration imagesare no longer reliable
becausethey are noisy and statistically unstable. That is, the imageschange from
one realization of the random medium to another. This is clearly seenin Figure 8,
especially in the active array case. The randomnessin the imagesis inherited from
the data recordedon the array and remainsin them becausethere is no random phase
cancellationin I KM .

To obtain statistically stable imageswe usethe coherent interferometric functional
(3.21). This corresponds to migrating cross-correlationsof the array data over the
decoherencelength X d and frequency­ d. The imagesobtained for di®erent valuesof
X d and ­ d are shown in Figures9-11.

The true decoherenceparametersX d and ­ d are not known and depend on the
random medium which is also assumedunknown. In principle, we can estimate these
parametersdirectly from the data. However, this estimation can be rather delicate in
practice, especially in inhomogeneousrandom mediawhereX d and ­ d arenot constant.
Insteadof estimating X d and ­ d directly from the data, wehave introducedan algorithm
that ¯nds the decoherenceparametersby looking at the image itself, as it is formed
with (3.21). The essential idea is to minimize the spatial roughnessof the image,as it
is being formed, while controlling the smoothing. The main advantage of this approach
is that the image that emergesis statistically stable while the data are not, and so
the smoothing parametersX d and ­ d are easierto estimate from the imageitself. The
detailed description of the algorithm is presented in [12]. Here we demonstratewith
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Figure 8. Kirc hho® migration imagesfor three realizations of a random medium with
standard deviation s = 3%.
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Figure 9. Coherent Interferometry imagesin random media with s = 3%.
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numerical simulations that optimal smoothing (decoherence)parametersX ?
d ; ­ ?

d exist,
by displaying in Figure 9 the imagesfor X d; ­ d smaller, equal and larger than X ?

d ; ­ ?
d,

respectively. When the X d and ­ d used in (3.21) are smaller than the optimal ones,
the estimated imageis over-smoothed, that is, blurrier than the optimal image. In the
oppositedirection, whenX d and ­ d in I CINT are over-estimated,then the imageis noisy
and statistically unstable. Note in particular that the decoherencefrequencyplays a
crucial role in the statistical stabilit y (seeFigure 11).

X d = a, ­ d = ­ ?
d X d = X ?

d , ­ d = ­ ?
d X d < X ?

d , ­ d = ­ ?
d

Figure 10. Coherent Interferometry: The e®ectof X d on image resolution. The value
of ­ d is ¯xed and X d decreasesfrom left to right with the optimal in the middle.

X d = X ?
d , ­ d = B X d = X ?

d , ­ d = ­ ?
d X d = X ?

d , ­ d < ­ ?
d

Figure 11. Coherent Interferometry: The e®ectof ­ d on image resolution. The value
of X d is ¯xed and ­ d decreasesfrom left to right with the optimal in the middle.

As we know from the analysisof time reversal in random media [22, 10, 40, 2, 3,
43, 33] another parameter that plays an important role in the statistical stabilit y is
the bandwidth. In coherent interferometric imaging the bandwidth enters through the
summation over ! in (3.28). To illustrate how the averageover frequency(sum over ! )
a®ectsthe stabilit y of I CINT , we show in Figure 12 imagesobtained with and without
averagingover frequency.

The images shown in Figures 10-12 are for the active array case, with central
illumination. They clearly illustrate the role of X d and ­ d in the resolution and the
stabilit y of the images.Wenote in particular that whenimaging in clutter the resolution
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Figure 12. Coherent Interferometry: The e®ectof bandwidth on the stabilit y of the
images. The values of X d and ­ d are the optimal ones. Top: with averaging over
frequency. Bottom: without averaging over frequency. Left to right: three di®erent
realizations of the random medium.

of the image is no longer determined by the array aperture and the bandwidth of the
pulse, as is the casein deterministic media (compare Figure 11-middle with Figure
7-right). Instead, imaging resolution in random media depends on the decoherence
length X d and frequency­ d. In the following section,we present a theoretical analysis
of coherent interferometry which gives resolution estimates, in the passive array case.
As noted in Section 3.4, even though the analysis is done with a particular model in
a particular asymptotic regime, the numerical results presented in this section are in
qualitativ e agreement with the theoretical results. The numerical simulations are done
in a realistic physical setting without any approximations like the ones used in the
theoretical analysis.

5. Analysis of the coheren t in terferometric functional

In this section,we give a quantitativ e resolutionanalysisof the coherent interferometric
imaging method introduced in Section 3, in a parabolic (forward scattering) high
frequencyasymptotic regime.

We assumethat the sizeof the array is small in comparisonwith the rangeof the
sourceand introduce a system of coordinates centered in the middle of the array, as
shown in Figure 13. The array is taken, for simplicity, to be a squareof aperture a in
the plane orthogonal to the z axis, which connectsthe sourcewith the origin. In this
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~y?

f (t)

~x r

a

a

x1

x2

0

z?

z

Figure 13. The array, assumedplanar and with aperture a, is centered at the origin of
the system of coordinates, at distance z? from the source.

systemof coordinateswe introducethe notation

~y? = (y? = 0; z?); ~x r = (x r ; 0); (5.33)

wherez? and y? are the rangeand the cross-rangeof the source,respectively. The later
is, by the choiceof the coordinate system,the zero vector in R2. Similarly, x r denotes
the location of the r -th transducer in the planar array.

We will usethe parabolic approximation of the Green'sfunction and we write bG as

bG(~x; ~y?; ! ) = eik jz¡ z? jÃ(~x; ~y?; ! ); for an arbitrary ~x = (x; z) 2 R3;(5.34)

wherethe amplitude Ã satis¯es the parabolic equation

2ik Ãz + ¢ x Ã + k2¾0¹
³ x

l
;
z
l

´
Ã = 0; z < z?;

Ã = ±(x ¡ y?); z = z?; (5.35)

and ¢ x is the two-dimensional Laplace operator, with respect to the transverse
coordinates x. This approximation is valid when kjÃzj À jÃzzj or, equivalently, when
back scattering is negligible. This is usually the casewith weakrandominhomogeneities
in remotesensingregimes,with z? much larger than L x , a transverselength scalegiven,
for example,by the aperture a of the array. Even though the random inhomogeneities
are weak,we do not usea singlescattering approximation. Sincethe wavestravel over
long distancesfrom the sourceto the array, multiple scattering in the forward direction
is signi¯cant and taken into account by the random parabolic equation (5.34).

When the °uctuations are zero,¾0 = 0, the solution of (5.35) is

Ã0(~x; ~y?; ! ) »
1

jz ¡ z?j
e

ik j x ¡ y ? j 2

2j z ¡ z? j ; (5.36)
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where the subscript 0 indicates that the medium is homogeneousand » is used,
throughout the paper, to denote equality up to a multiplicativ e constant. Thus, for
jz ¡ z?j À jx ¡ y?j;

bG0(~x; ~y?; ! ) =
1

4¼j~x ¡ ~y?j
eik j~x ¡ ~y ? j »

1
jz ¡ z?j

e
ik

µ
jz¡ z? j+ j x ¡ y j 2

2j z ¡ z? j

¶

; (5.37)

which is the parabolic approximation of the Green's function in the homogeneous
medium, as expected. Naturally, when the random °uctuations are present, bG and
Ã are random functions.

5.1. Scaling

We scale variables with a horizontal scale L z » z? along the main direction of
propagation of the waves,a transversal length L x , the carrier wavenumber k0 = ! 0=c0

and the carrier frequency! 0, respectively,

x = L x x0; z = L zz0; k = k0k0; ! = ! 0! 0; B = ! 0B 0: (5.38)

The scaledrangeof the sourceis

z0
? =

z?

L z
(5.39)

and, for a point ~x r = (x r ; 0) in the array, the scaleddistanceto the sourceis

j~x r ¡ ~y?j0 =
j~x r ¡ ~y?j

L z
=

"

(z0
?)2 +

µ
L x

L z

¶ 2

jx0
r ¡ y0

?j2
# 1

2

¼ z0
? +

µ
L x

L z

¶ 2 jx0
r ¡ y0

?j2

2z0
?

:(5.40)

In the remainder of this Section, all variablesare scaledand we simplify the notation
by dropping the primes in (5.38)-(5.40).

Substituting (5.38) in (5.35)and neglectingthe multiplicativ econstant in the initial
condition, the scaledparabolic equation is

2ik Ãz + µ¢ x Ã +
¾±

µ
p

²
k2¹

³ x
±

;
z
²

´
Ã = 0; z < z?;

Ã = ±(x ¡ y?); z = z?; (5.41)

with the dimensionlessparameters

² =
l

L z
; ± =

l
L x

and ¾=
¾0±
²3=2

(5.42)

depending on the random medium, and with the Fresnelnumber given by

µ =
L z

k0L2
x

: (5.43)

Sincewe are interested in a remote sensingregime, with the sourcebeing a long
distanceaway from the receivers, as comparedwith the aperture of the array and the
correlation length, we order the length scalesas

ÃLz À L x À l; or, equivalently, ² ¿ ± ¿ 1: (5.44)
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The particular choice¾0 = ¾²3=2=±of the strength of the °uctuations is madesothat, in
conjunction with ordering (5.44) of the length scales,we can take the white noise limit
² ! 0 in (5.41). This asymptotic regimeis usedin Appendix B, together with the high
frequencyµ ¿ 1 approximation, to obtain simple expressionsfor the secondmoments
of Ã. We discussthe moment formula in Section5.2. We then useit in Section5.4 to
analyzethe imaging functional for locating the source,given measurements (2.5) at the
array.

5.2. The moment formula

To ¯nd the sourcelocation ~y? we usea coherent interferometric functional (3.21) of the
tracesP(~x r ; t) and P(~x r 0; ¡ t), at receiversz r and r 0. In the random medium, the traces
decorrelaterapidly, so we take receiver locations and frequencies,that are within a µ
neighborhood of each other.

We analyzethe imaging functional (3.21) in Section5.4. This involvesthe random
functions

bP(~x r ; ! ) bP(~x r 0; ! 0) = bf B (! ¡ 1) bf B (! 0¡ 1) bG(~x r ; ~y?; ! ) bG(~x r 0; ~y?; ! 0): (5.45)

When the functional (3.21) is self-averaging we can analyze it using the expectation
of (5.45). The self-averaging property comesprimarily from the smoothing with the
decoherencefrequency­ d. We do not examinethis property in detail hereand refer to
[40] for a systematicanalysisof self-averagingissuesfor the random parabolic equation
(5.41).

We ¯rst changevariablesby de¯ning

! =
! + ! 0

2
; e! =

! 0¡ !
µ

; (5.46)

x =
x r + x r 0

2
; ex =

x r 0 ¡ x r

µ
; (5.47)

where we omit subscripts on the midpoint and o®setvariables x and ex, respectively.
We alsonote that becauseof (5.38) the scaledwavenumberssatisfy

k = ! ; ek = e! : (5.48)

In Appendix B we derive the moment formula
D

bG(~x r ; ~y?; ! ) bG(~x r 0; ~y?; ! 0)
E

¼ bG0(~x r ; ~y?; ! ) bG0(~x r 0; ~y?; ! 0)

Á1(z?)e¡
ek 2D f z?

2 ¡ Á2 (z? )
k 2D p z? j ex j 2

6 ;
(5.49)

where

Á1(z) = cosh
1
2 (z

q
iekDp)

z
q

iekDp

sinh(z
q

iekDp)
; (5.50)

z Here we use the prime to distinguish betweendi®erent receiver locations or frequencies.The prime
doesnot refer to the scaling as all our variables are now dimensionless.
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Á2(z) =
3

iekDpz

0

@

q
iekDp

tanh(z
q

iekDp)
¡

1
z

1

A ; (5.51)

and Dp, D f are given in terms of the covariance(2.9) of the °uctuations by

Dp = ¡
¾2

4
R00

0(0); D f =
¾2±2

4
R0(0); for R0(jx j) =

Z 1

¡1
R(jxj; z)dz: (5.52)

When ek = 0 this formula is well known [34]. It is alsoknown in somespecial caseswith
ek 6= 0, [45].

While onecando calculationswith formula (5.49),weshallusethe simpli¯ed version
D

bG(~x r ; ~y?; ! ) bG(~x r 0; ~y?; ! 0)
E

¼ bG0(~x r ; ~y?; ! ) bG0(~x r 0; ~y?; ! 0)e¡
ek 2D f z?

2 ¡
k 2D p z? j ex j 2

6 ; (5.53)

obtained from (5.49) by approximating Á1(z?) and Á2(z?) by one. This is a good
approximation in the weak °uctuation regime with ¾ ¿ ±, where simple series
expansionsof (5.50)-(5.51)give

Á1(z) = 1 + O(¾2) and (Á2(z) ¡ 1)Dp = O
µ

¾2

±2

¶
D f ¿ D f : (5.54)

5.3. Space and frequencydecoherence

>From the moment formula (5.53) we can get a theoretical estimate of the spaceand
frequency decoherenceparametersof the array data. We can set them equal to the
varianceof the Gaussiansin ek and in ex in (5.53)

j! ¡ ! 0j · ­ d =
µ

p
D f z?

(5.55)

and

jx r ¡ x r 0j · X d(! ) =
µ

k

s
3

Dpz?
=

µz?

kae
: (5.56)

Here

ae =

r
Dpz3

?

3
(5.57)

is the e®ective aperture in the random medium [40], scaledby L x . When we use(5.43)
in (5.56) and rearrangeterms we get

L x X d(! ) =
L zz?

k0kL x ae
; (5.58)

which is, in dimensionlessvariables and scales,the equality of the decoherencelength
X d to the time reversalspot size [10, 40]. We also usethe notation X d(! ) to indicate
that the decoherencelength dependson the central frequency.
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5.4. The imaging functional

Let us take a search point ~y s = (ys; zs) and de¯ne the imaging function

I CINT (~y s) =
X

x r 2 A

Z

j! ¡ 1j· B
d!

Z

j! 0¡ 1j · B
j! ¡ ! 0j · ­ d

d! 0
X

x r 0 2 A
jx r ¡ x r 0j · X d(! )

bP(~x r ; ! ) bP(~x r 0; ! 0)£

bG0(~x r ; ~y s; ! ) bG0(~x r 0; ~y s; ! 0);

(5.59)

whereA denotesthe array. Here, we do a ¯ctitious back propagation to ~y s, by means
of the homogeneousmedium Green'sfunction (5.37), that in scaling(5.38) becomes

bG0(~x r ; ~y s; ! ) »
1
zs

eik 0L z kzs + i k j x r ¡ y s j 2

2µzs =
1
zs

ei( L z
L x )2 k

µ zs + k j x r ¡ y s j 2

2µzs : (5.60)

Of course, I CINT (~y s) depends on the random Green's functions, so back propagating
with G0 cannot achieve perfectphasecancellationin (5.59), at ~y s = ~y?, asdesired.This
leadsto blurring of the image,as we now show.

We recall from Section 5.2 that I CINT (~y s) is essentially deterministic (self-
averaging), so we can replacethe random part in (5.59) by its expectation using the
moment formula (5.53). Let us assumesmall spacingsbetweenthe receivers,sothat we
can approximate the sumsin (5.60) by integrals

X

x r 2 A

X

x r 0 2 A
jx r ¡ x r 0j · X d(! )

»
Z

x 2 A
dx

Z

µjex j· X d (! )
dex; (5.61)

wherediscretelocations x r and ex r have beenreplacedby the continuum varying x and
ex, respectively. Equation (5.59) becomes,up to multiplicativ e constants,

I CINT (~y s) »
Z

x 2 A
dx

Z

j! ¡ 1j2 B
d!

Z

µjex j· X d (! )
dex

Z

µje! j· ­ d

de! bf B

µ
! ¡ 1 ¡

µe!
2

¶
bf B

µ
! ¡ 1 +

µe!
2

¶

bG0
¡
(x ¡ µex

2 ; 0); ~y?; ! ¡ µe!
2

¢ bG0
¡
(x + µex

2 ; 0); ~y?; ! + µe!
2

¢
e¡

ek 2D f z?
2 ¡

k 2 D p z? j ex j 2

6

bG0
¡
(x ¡ µex

2 ; 0); ~y s; ! ¡ µe!
2

¢bG0
¡
(x + µex

2 ; 0); ~y s; ! + µe!
2

¢
:

(5.62)

Using expression(5.60) of bG0, we have

bG0
¡
(x ¡ µex

2 ; 0); ~y?; ! ¡ µe!
2

¢ bG0
¡
(x + µex

2 ; 0); ~y?; ! + µe!
2

¢
»

1
z2

?
ei( L z

L x )2 1
µ

h³
k¡ µek

2

´
z? ¡

³
k+ µek

2

´
z?

i

£ ei
³

k¡ µek
2

´
j x ¡ y ? ¡ µ

2 ex j 2

2µz?
¡ i

³
k+ µek

2

´
j x ¡ y ? + µ

2 ex j 2

2µz? :

(5.63)

For µ ¿ 1 we can write

jx ¡ y? ¡ µ
2exj2

2z?
+

jx ¡ y? + µ
2exj2

2z?
¼

jx ¡ y?j2

z?
(5.64)
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and

jx ¡ y ? ¡ µ
2 ex j2

2µz?
¡ jx ¡ y ? + µ

2 ex j2

2µz?
¼ ¡ ex ¢

r x jx ¡ y?j2

2z?

¼ ¡
µ

L z

L x

¶ 2

ex ¢r x j(x; 0) ¡ ~y?j;

(5.65)

with the last approximation in (5.65) coming from (5.40).
Gathering the results (5.63)-(5.65)and recalling oncemore (5.40) we get

bG0
¡
(x ¡ µex

2 ; 0); ~y?; ! ¡ µe!
2

¢ bG0
¡
(x + µex

2 ; 0); ~y?; ! + µe!
2

¢
» 1

z2
?
£

e¡ i( L z
L x )2[ek j(x ;0)¡ ~y ? j+ k ex ¢r x j(x ;0)¡ ~y ? j)]

(5.66)

and, similarly,

bG0
¡
x ¡ µex

2 ; 0); ~y s; ! ¡ µe!
2

¢bG0
¡
(x + µex

2 ; 0); ~y s; ! + µe!
2

¢
» 1

z2
s
£

ei( L z
L x )2[ek j(x ;0)¡ ~y s j+ k ex ¢r x j(x ;0)¡ ~y s j)]:

(5.67)

Equation (5.62) becomes,after approximating the amplitude 1=(z?zs)2 ¼ 1=z4
?,

I CINT (~y s) » 1
z4

?

Z

x 2 A
dx

Z

j! ¡ 1j2 B
d!

¯
¯
¯ bf B (! ¡ 1)

¯
¯
¯
2

Z

µje! j· ­ d

de!
Z

µjex j· X d (! )
dex

e¡
k 2D p z? j ex j 2

6 ¡
ek 2D f z?

2 ei( L z
L x )2[ek(j(x ;0)¡ ~y s j¡j (x ;0)¡ ~y ? j)+ kex ¢(r x j(x ;0)¡ ~y s j¡r x j(x ;0)¡ ~y ? j)];

(5.68)

wherewe set

bf B

µ
! ¡ 1 §

µe!
2

¶
¼ bf B (! ¡ 1) ; (5.69)

assumingthat ­ d is much smaller than the bandwidth B of the pulse. This is precisely
the setup in which coherent interferometry is expected to work well, since achieving
a stable imaging function requires averaging over ! spanning many decoherence
frequencies.

Recallingfrom Section5.2 that the domainsof integration over e! and ex are chosen
as the essential supportx of the Gaussiansin (5.68), we can approximate the integrals
over e! and ex by extending them to the entire real axis and R2 plane, respectively. The
result is

I CINT (~y s) » 1
z5

?
p

z?

Z

j! ¡ 1j2 B
d!

j bf B (! ¡ 1)j2

! 4

Z

x 2 A
dx e¡ ( L z

L x )4 jr x j ( x ;0) ¡ ~y s j¡r x j ( x ;0) ¡ ~y ? j j2
2D p z? =3 £

e
¡ ( L z

L x )4 ( j ( x ;0) ¡ ~y s j¡j ( x ;0) ¡ ~y ? j )2

2D f z? ;

(5.70)

x While the Gaussianshave in¯nite support, they are very small outside the essential support de¯ned
as three standard deviations.
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wherethe extra factors of z? in the amplitude are due to the integration.
We can write (5.70) in a simpler form that makes the resolution of the coherent

interferometric point spreadfunction I CINT (~y s) more transparent. Using the parabolic
approximation (5.40) we have

µ
L z

L x

¶ 2

(r x j(x; 0) ¡ ~y sj ¡ r x j(x; 0) ¡ ~y?j) ¼
x ¡ ys

zs
¡

x ¡ y?

z?
(5.71)

and

(j(x; 0) ¡ ~y sj ¡ j(x; 0) ¡ ~y?j) ¼ zs ¡ z? +
µ

L x

L z

¶ 2 µ
jx ¡ ysj2

2zs
¡

jx ¡ y?j2

2zs

¶
¼ zs ¡ z?:

Using also (5.55) and (5.57) we can write the approximation to I CINT (~y s) in the form

I CINT (~y s) »
1

z5
?
p

z?

Z

j! ¡ 1j2 B
d!

j bf B (! ¡ 1)j2

! 4

Z

x 2 A
dx e

¡
jy ? ¡ z?

zs
y s + ( z?

³ s
¡ 1)x j2

2a2
e

¡ ( z? ¡ zs ) 2

2r 2
e ; (5.72)

where

L zre =
1

k0­ d
(5.73)

is de¯ned as the range resolution. It is given in terms of scalesand dimensionless
variables and it is the distance traveled at speed c0 over the delay spread 1=(! o­ d),
as discussedin Section 3.4. Thus, in dimensional variables the range resolution is
determined by c0=­ d, and the larger the delay spread the poorer estimate of z? is.
Moreover, assumingthat r e ¿ 1, we can simplify I CINT further to obtain

I CINT (~y s) »
1

z5
?
p

z?

Z

j! ¡ 1j2 B
d!

j bf B (! ¡ 1)j2

! 4

Z

x 2 A
dx e

¡ j y ? ¡ y s j 2

2a2
e

¡ ( z? ¡ zs ) 2

2r 2
e ; (5.74)

and note that the cross-rangeresolution is determinedby the e®ective aperture ae.

5.5. Summaryof the resolution analysis

In order to relate the resultswe have obtained above, with the discussionof Section3.4
we write (5.74) in dimensionalvariables. By the convention of Section5.1, all variables
in (5.74) should carry a prime becausethey are scaled.Restoring the scalesgives

I CINT (~y s) »
Z

j! ¡ ! 0 j2 B
d!

j bf B (! ¡ ! 0)j2

! 4

Z

x 2 A
dx e¡ j y ? ¡ y s j 2

2( L x ae) 2 ¡ ( z? ¡ zs ) 2

2( L z r e) 2 : (5.75)

As already noted above, the rangeresolution is

L zre =
c0

­ d
; (5.76)

where ­ d has beendimensionalizedby multiplying (5.55) with ! 0. Since­ d is usually
much smaller than the bandwidth B, the range resolution in random media can be
considerably worse than in a homogeneousmedium, where it is given by c0=B (see
Appendix A.1).
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The cross-rangeresolution is givenby L xae or, in dimensionalvariables,by ae. This
agreeswith the result obtained in [11] for the cross-rangeresolutionof the matched¯eld
functional (3.18). Using (5.58) we alsohave that

L xae =
c0L z

! 0X d(! 0)
; (5.77)

whereX d hasbeendimensionalizedby multiplying (5.56)with L x . Note that the product
! X d(! ) is independent of the frequency, as seenfrom (5.58), so we used the carrier
frequency! 0 in (5.77).

The broadband cross-rangeresolution of Kirchho® migration is given by c0L z
B a , as

reviewed in Appendix A.1. Thus, we seefrom (5.77) that Ba is replacedby ! 0X d(! 0)
in coherent interferometry. Since X d is usually smaller than Ba=! 0, the cross-range
resolution in random media is worsethan it is in a homogeneousone. The imagesthat
are obtained with the coherent interferometric functional are stable but blurred.

6. In terferometric imaging of extended sources

~x r

ax

ay

x

y

u z

~x r 0

­

~y

~y 0

Figure 14. Sourcesdistributed continuously in D emit simultaneously a pulse which
propagates through the medium and is partially captured at an array of transducers
shown in the Figure.

In this sectionwe extend the resolution analysisof Section5 for a point source,to
a distributed source. The setup is described in Section 2.1 and the forward model is
given by (2.10). We usethe assumptionsand notation of Section5.

To ¯x ideaswe supposethat the support D of the sourceis much larger than µ,
in all directions. If the diameter of D is · O(µ), then for all practical purposesthe
sourceis like a point and the analysisof Section 5 applies. Of course,we can have a
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thin domain D aswell, but the analysispresented hereextendseasily to such particular
cases.

We imageD with the coherent interferometric function (5.59), for arbitrary search
points ~y s. Using the forward model (2.10) and the self-averagingof I CINT , we have

I CINT (~y s) =
X

x r 2 A

Z

j! ¡ 1j· B
d!

Z

j! 0¡ 1j · B
j! 0¡ ! j · ­ d

d! 0
X

x r 0 2 A
jx r ¡ x r 0j · X d(! )

bf B (! ¡ 1) bf B (! 0¡ 1)£

Z

D
d~y

Z

D
d~y0½(~y)½(~y0)

D
G(~x r ; ~y; ! )G(~x r 0; ~y0; ! 0)

E
G0(~x r ; ~y s; ! )G0(~x r 0; ~y s; ! 0):

(6.1)

We proceed as in Section 5.4 by changing variables as in (5.46) and (5.47) and by
replacing the sumsover the array with integrals over the aperture. This leads to the
replacement of the discretelocation x r and ex r in (6.1) with the continuously varying x
and ex, respectively. We alsode¯ne for two arbitrary points ~y = (y; z) and ~y0 = (y 0; z0)
in D, new variables

y =
y + y 0

2
; z =

z + z0

2
; (6.2)

ey =
y0¡ y

µ
; ez =

z0¡ z
µ

: (6.3)

Then, moment formula
D

bG(~x; ~y; ! ) bG(~x0; ~y0; ! 0)
E

¼ bG0(~x; ~y; ! ) bG0(~x0; ~y0; ! 0) expf¡ k
2
D f jz0¡ zj

2µ2 g£

exp
n

¡
ek2D f z^ z0

2 ¡ k
2
D p z^ z0

6 (jexj2 + ex ¢ey + jey j2)
o

;

(6.4)

derived in Appendix B, and the approximation (5.69) give

I CINT (~y s) »
Z

x 2 A
dx

Z

j! ¡ 1j· B
d!

Z

µjex j· X d (! )
j bf B (! ¡ 1)j2dex

Z

µje! j· ­ d

de!
Z

D
dz dy

Z
dez dey£

½
³

y ¡ µey
2 ; z ¡ µez

2

´
½

³
y + µey

2 ; z + µez
2

´
G0

³
(x ¡ µex

2 ; 0); (y ¡ µey
2 ; z ¡ µez

2 ); ! ¡ µe!
2

´
£

G0

³
(x + µex

2 ; 0); (y + µey
2 ; z + µez

2 ); ! + µe!
2

´
G0

¡
(x ¡ µex

2 ; 0); ~y s; ! ¡ µe!
2

¢
£

G0
¡
(x + µex

2 ; 0); ~y s; ! + µe!
2

¢
e¡

k 2 D f j ez j

2µ ¡
ek 2D f z^ z0

2 ¡
k 2 D p z^ z0

6 ( jex j2+ ex ¢ey + jey j2);

(6.5)

where

z ^ z0 = minf z; z0g: (6.6)
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Further, we recall (5.60) and write

G0

³
(x ¡ µex

2 ; 0); (y ¡ µey
2 ; z + µez

2 ); ! ¡ µe!
2

´
G0

³
(x + µex

2 ; 0); (y + µey
2 ; z + µez

2 ); ! + µe!
2

´
»

1
(z¡ µez

2 )( z+ µez
2 )

exp
½

¡ ik 0L zkez=µ¡ iµk0L z
ekz + i (k ¡ µek

2 ) jx ¡ y ¡ µ( ex ¡ ey )
2 j2

2µ(z¡ µez
2 )

¡

i (k + µek
2 ) jx ¡ y + µ( ex ¡ ey )

2 j2

2µ(z+ µez
2 )

¾

and

G0
¡
(x ¡ µex

2 ; 0); ~y s; ! ¡ µe!
2

¢
G0

¡
(x + µex

2 ; 0); ~y s; ! + µe!
2

¢
» 1

z2
s
£

exp
n

iµk0L z
ekzs ¡ i (k ¡ µek

2 ) jx ¡ y s ¡ µex
2 j2

2µzs
+ i (k + µek

2 ) jx ¡ y s + µex
2 j2

2µzs

o
:

(6.7)

The ¯rst exponential in (6.5) indicates a rapid lossof coherencefor ez > O(µ) ¿ 1
and, becauseof our assumptionson ½, wecanset ez = 0 in all the factorsof the integrand
in (6.5) except the exponential

e¡
k 2 D f j ez j

2µ ¡ ik 0L z kez=µ;

whoseintegral over ez is
Z

deze¡
k 2 D f j ez j

2µ ¡ ik 0L z kez=µ ¼ µ
Z 1

¡1
dse¡

k 2D f j sj

2 ¡ ik 0L z ks =
4µD f

k
2
D 2

f + 4k2
0L2

z

= C(! ): (6.8)

Next, we note that moment formula (6.4) restricts the magnitude of µey to the
decoherencelength X d(! ), that coincideswith the time reversalspot size. SinceX d(! ) =
O(µ) in our scaling,the assumptionson ½allow us to write ½

³
y § µey

2 ; z
´

¼ ½(y; z) and
obtain

I CINT (~y s) »
Z

x 2 A
dx

Z

j! ¡ 1j· B
d! C(! )j bf B (! ¡ 1)j2

Z

D
dydz

½2(y ; z)
z2z2

s

Z

µjex j· X d (! )
dex

Z

µjey j· X d (! )
dey

Z

µje! j· ­ d

de! exp

(

ik 0µL z
ek(zs ¡ z) ¡

ek2D f z
2

¡
k

2
Dpz
6

¡
jexj2 + ex ¢ey + jey j2

¢
)

£

exp
½

i(k ¡ µek
2 ) jx ¡ y ¡ µ( ex ¡ ey )

2 j2

2µz ¡ i (k + µek
2 ) jx ¡ y + µ( ex ¡ ey )

2 j2

2µz

¾
£

exp
n

i (k ¡ µek
2 ) jx ¡ y s ¡ µex

2 j2

2µzs
+ i (k + µek

2 ) jx ¡ y s + µex
2 j2

2µzs

o
:

(6.9)
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Now, in the scaling(5.38), we have

¡ µk0L z
ekz +( k ¡ µek

2 ) jx ¡ y ¡ µ( ex ¡ ey )
2 j2

2µz ¡ (k + µek
2 ) jx ¡ y + µ( ex ¡ ey )

2 j2

2µz ¼

¡ k(ex ¡ ey) ¢r x
jx ¡ y j2

2z ¡ ek jx ¡ y j2

2z ¡ µk0L z
ekz ¼

¡
³

L z
L x

´ 2 h
k(ex ¡ ey) ¢r x j(x; 0) ¡ (y ; z)j ¡ ekj(x; 0) ¡ (y ; z)j

i

(6.10)

and, similarly,

µk0L z
ekzs ¡ (k ¡ µek

2 ) jx ¡ y s ¡ µex
2 j2

2µzs
+ (k + µek

2 ) jx ¡ y s + µex
2 j2

2µzs
¼

kex ¢r x
jx ¡ y s j2

2zs
+ ek jx ¡ y s j2

2zs
+ µk0L z

ekzs ¼

³
L z
L x

´ 2 h
k ex ¢r x j(x; 0) ¡ ~y sj + ekj(x; 0) ¡ ~y sj

i
:

(6.11)

Using theseexpressions,equation (6.9) becomes

I CINT (~y s) »
Z

x 2 A
dx

Z

j! ¡ 1j· B
d! C(! )j bf B (! ¡ 1)j2

Z

D
dy

½2(y)
z2z2

s

Z

µje! j· ­ d

de! exp

(

iek
µ

L z

L

¶ 2

(j(x; 0) ¡ ~y sj ¡ j(x; 0) ¡ (y ; z)j) ¡
ek2D f z

2

)

Z

µjex j· X d (! )
dex exp

(

ik
µ

L z

L

¶ 2

ex ¢(r x j(x; 0) ¡ ~y sj ¡ r x j(x; 0) ¡ (y ; z)j) ¡
k

2
Dpzjexj2

6

)

Z

µjey j· X d (! )
dey exp

(

ik
µ

L z

L

¶ 2

ey ¢r x j(x; 0) ¡ (y ; z)j ¡
k

2
Dpz
6

¡
jey j2 + ey ¢ex

¢
)

:

(6.12)

Becausethe domain of integration in ey is chosenas the essential support of the
Gaussianin (6.12) we can extend the integral over the whole R2 and obtain
Z

µjey j· X d (! )
dey exp

(

ik
µ

L z

L

¶ 2

ey ¢r x j(x; 0) ¡ (y ; z)j ¡
k

2
Dpz
6

¡
jey j2 + ey ¢ex

¢
)

»

1

kz
exp

(
k

2
Dpzjexj2

24
¡

ik
2

µ
L z

L

¶ 2

ex ¢r x j(x; 0) ¡ (y ; z)j ¡
3
2

µ
L z

L x

¶ 4 jr x j(x; 0) ¡ (y ; z)jj 2

Dpz

)

:

Similarly, the integral over e! is evaluated by extending it to the entire real line and the
result is Z

µje! j· ­ d

de! exp
n

iek
¡

L z
L

¢2
(j(x; 0) ¡ ~y sj ¡ j(x; 0) ¡ (y ; z)j) ¡

ek2D f z
2

o
»

1p
z

exp
½

¡
³

L z
L x

´ 4
jj(x ;0)¡ ~y s j¡j (x ;0)¡ (y ;z)jj 2

2D f z

¾
:
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Finally, we calculate the integral over ex
Z

µjex j· X d (! )
dex exp

½
ik

³
L z
L x

´ 2
ex ¢

¡
r x j(x; 0) ¡ ~y sj ¡ 3

2r x j(x; 0) ¡ (y ; z)j
¢

¡ k
2
D p zjex j2

8

¾
»

1
z exp

½
¡ 2

³
L z
L x

´ 4 jr x j(x ;0)¡ ~y s j¡ 3
2 r x j(x ;0)¡ (y ;z)jj2

D p z

¾
:

Gathering all the results, we have

I CINT (~y s) »
Z

x 2 A
dx

Z

j! ¡ 1j· B
d!
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!

j bf B (! ¡ 1)j2
Z

D
dy dz½2(y ; z)

1
z4+1 =2z2

s

£

exp
½

¡ 3
2

³
L z
L x

´ 4
jr x j(x ;0)¡ (y ;z)jj 2

D p z ¡
³

L z
L x

´ 4
jj (x ;0)¡ ~y s j¡j (x ;0)¡ (y ;z)jj 2

2D f z ¡

2
³

L z
L x

´ 4 jr x j(x ;0)¡ ~y s j¡ 3
2 r x j(x ;0)¡ (y ;z)jj2

D p z

¾
:

(6.13)

Let us rewrite (6.13) in a simpler form that shows explicitly the resolution of the
imaging functional. The parabolic approximation (5.40) gives

j(x; 0) ¡ ~y sj ¡ j(x; 0) ¡ (y ; z)j ¼ zs ¡ z (6.14)

and
µ

L z

L x

¶ 2

r x j(x; 0) ¡ (y ; z)j ¼
x ¡ y

z
;

µ
L z

L x

¶ 2

r x j(x; 0) ¡ ~y sj ¼
x ¡ y s

zs
; (6.15)

so (6.13) becomes

I CINT (~y s) »
Z

x 2 A
dx

Z

j! ¡ 1j· B
d!

C(! )
!

j bf B (! ¡ 1)j2
Z

D
dy dz½2(y ; z)

1
z4+1 =2z2

s

£

exp
½

¡ 3jx ¡ y j2

2ae
2 ¡ (zs ¡ z)2

2r 2
e

¡
2j z

zs
(x ¡ y s )¡ 3

2 (x ¡ y )j2

3ae
2

¾
:

(6.16)

Here re is given by (5.73) and

ae =

r
Dpz3

3
(6.17)

is the e®ective aperture in the random medium for scaleddistancez.

6.1. Summaryof the resolution analysis

As we have seenin Section 5, the range resolution is determined by r e, the distance
traveled at speed c0 over the delay spread. Assuming that r e ¿ 1, we can simplify
(6.16) further and obtain

I CINT (~y s) » 1
z6+1 =2

s

Z

x 2 A
dx

Z

j! ¡ 1j· B
d!

C(! )
!

j bf B (! ¡ 1)j2
Z

D
dy dz½2(y ; z)£

exp
n

¡ 2jy s ¡ y j2

3ae
2 ¡ (zs ¡ z)2

2r 2
e

¡ 5jx ¡ y j2

3ae
2 ¡ 2(y ¡ x )¢(y ¡ y s )

3ae
2

o
:

(6.18)
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This result is similar to the point spreadfunction derived in Section5, in the sensethat
the cross-rangeresolution is given by the e®ective aperture (6.17). Insteadof recovering
the point value of ½at ~y s we get an averaged½over a vicinit y of the search point, of
sizere in the rangeand ae in the cross-range.

The biggest in°uence on the imaging functional comesfrom the array locations
x in an O(ae) vicinit y of y and therefore of y s. The integral over the array takes a
simple form whenys 2 A and the aperture A is larger than ae. In this casethe imaging
functional simpli¯es further

I CINT (~y s) » 1
z6+1 =2

s

Z

j! ¡ 1j· B
d!

C(! )
!

j bf B (! ¡ 1)j2
Z

D
dy dz½2(y ; z)e

¡ 3j y s ¡ y j 2

5ae2 ¡ ( zs ¡ z ) 2

2r 2
e :

We end with the ¯nal note that the blurring kernel in (6.18) is not the sameas
that in (5.74). This comesfrom the forward model (2.10) and the moment formula that
dependson the scaleddi®erenceey of two points in D. More precisely, the di®erencein
the kernel originates from the ey integral in (6.12), which assumesthat the sizeof D is
larger than the time reversalspot sizeX d(! ), for all frequencies! in the bandwidth of
the pulse. In the caseof small, point-lik e sourcesconsideredin Section5, the domain of
the ey integral collapsesto ey = 0, the moment formula (6.4) reducesto (5.53) and the
point spreadfunction is given by (5.74).

7. Summary and conclusions

We have introducedthe coherent interferometric functional (3.21) asan e®ective way to
image in clutter with array data, and we have comparedit to Kirchho®migration and
to matched ¯eld imaging. This functional dependson two parameters,the decoherence
length X d and the decoherencefrequency­ d, that arenot known and must be estimated
from the array data by the imaging processitself.

We have given three di®erent and interrelated interpretations of theseparameters.
First, they are smoothing or regularization parameters for the Kirchho® migration
functional that produces unstable images in clutter. Second, they are decoherence
or decorrelation scales associated with the array data, although they cannot be
readily estimated directly from the data without the imaging process. Third, they
characterizethe rangeand crossrangeresolution limits of the coherent interferometric
imaging functional. The resolution theory is obtained ¯rst in a phenomenological,
model independent, way in Section 3.4 and then, from ¯rst principles, in a particular
asymptotic regime,in Section5.5.

We ¯nd that the range resolution is proportional to c0=­ d, where c0 is the
background propagation speed, and it is worse than the corresponding one in a
homogeneousmedium, c0=B, because­ d is typically much smaller than B. The cross-
range resolution is proportional to L=X d and is typically worse than c0L=(Ba), the
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cross-rangeresolution in a homogeneousmedium,sinceX d < a. The decoherencelength
can also be identi¯ed with the focal spot sizein time reversal, X d = ¸ 0L=ae, whereae

is the e®ective apperture in the clutter. This makesthe cross-rangeresolution of (3.21)
proportional to ae, as obtained in [11] for matched ¯eld functionals.

We have shown with numerical simulations, in Section 4, that the coherent
interferometric functional (3.21) does produce statistically stable but blurred images,
provided that the parametersX d and ­ d are chosenadaptively in an optimal way. The
adaptive estimation of theseparametersand the deblurring of the imagesis presented
in a companionpaper [12].

App endix

App endix A. Kirc hho® migration

We review brie°y the analysis of the Kirchho® migration functional (1.1), [21, 41, 9,
7, 49]. It is very successfulin imaging the support of sourcesor scatterersin smooth
and knownbackgrounds. For brevity, we focusattention on the inversesourceproblem
where we wish to determine the support D of an extendedsource,given the recorded
array data.

The Kirchho®imaging functional for variable backgroundsis

I KM (~y s) =
X

~x r 2 A

P (~x r ; ¿(~x r ; ~y s)) ; (A.1)

whereA denotesthe array and ~y s is a search point to which weback propagate(migrate)
P(~x r ; t) by evaluating it at the travel time

¿(~x r ; ~y s) =
Z

¡( ~x r ;~y s )

ds
c(~x(s))

: (A.2)

This is the integral of the slownessc¡ 1(~x) along the characteristic curve ¡( ~x r ; ~y s),
connecting ~x r to ~y s. The underlying assumption in (A.1) is that the background
medium is smooth and known, so geometrical optics applies and travel times (A.2)
can be calculated. In our setup the background velocity c0 is a constant, and (A.2)
simpli¯es to

¿(~x r ; ~y s) = c¡ 1
0 j~x r ¡ ~y sj: (A.3)

In this case,we can rede¯ne the migration function as

I KM (~y s) =
X

~x r 2 A

1
2¼

Z

j! ¡ ! 0 j· B
d! bP(~x r ; ! )e¡ i! ¿(~x r ;~y s )

»
X

~x r 2 A

Z

j! ¡ ! 0 j· B
d! bP(~x r ; ! ) bG0(~x r ; ~y s; ! );

(A.4)
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where» standsfor approximate equality up to an amplitude factor in the integrandthat
plays essentially no role in imaging, and bG0 is the Green'sfunction in the homogeneous
medium, at frequency! ,

G0(~x r ; ~y s) =
1

4¼j~x r ¡ ~y sj
eik j~x r ¡ ~y s j ; k =

!
c0

: (A.5)

Let us supposefor now that there are no °uctuations in the medium so that the
forward model (2.10) is

P(~x r ; t) =
Z

D
½(~y)e¡ i! 0 t f B (t) ? G0(~x r ; ~y; t)d~y: (A.6)

Assumefurther that the receiversarecloselyspacedon the array, which lieson a surface
SA parameterizedby u 2 R2. Using (A.6) in (A.4) we obtain the following theoretical
form of the Kirchho®imaging functional

I KM (~y s) »
Z

D
½(~y)

Z

SA

du
Z

j! ¡ ! 0 j· B
d! bf B (! ¡ ! 0) bG0(~x(u); ~y; ! ) bG0(~x(u); ~y s; ! );

»
Z

D
½(~y)

Z

SA

du
j~x(u) ¡ ~y jj~x(u) ¡ ~y sj

Z

j! ¡ ! 0 j· B
d! bf B (! ¡ ! 0)eik (j~x (u )¡ ~y j¡j ~x (u )¡ ~y s j) :

(A.7)

We will analyze this functional using the method of stationary phase [6]. It is a
high frequency asymptotic analysis that is justi¯ed physically by a scale separation
assumption [9, 49]. This meansthat the background medium is slowly varying (it is
constant in our case)relative to a typical wavelength, whereas½(~y) is \rough", due to
its discontinuity at @D. The referencewavelength is ¸ 0 = 2¼c0=! 0.

>From the method of stationary phase, the leading order term of the ! and u
integrals in I KM (~y s) comesfrom the vicinit y of the stationary points satisfying

j~x(u) ¡ ~y j ¡ j~x(u) ¡ ~y sj = 0;
r u (j~x(u) ¡ ~y j ¡ j~x(u) ¡ ~y sj) = 0:

Theseequationshold, without any restriction on u, if ~y = ~y s, so only the vicinit y of
the search point ~y s counts. The amplitudes in I KM (~y s) play a negligible role in this
argument, so we can modify I KM (~y s) with amplitude weight factors

gI KM (~y s)=
Z

SA

du M (u; ~y s)
Z

j! ¡ ! 0 j· B

bP(~x(u); ! ) bG0(~x(u); ~y s; ! )

»
Z

D
½(~y)

Z

SA

du
M (u; ~y s)

j~x(u) ¡ ~y jj~x(u) ¡ ~y sj

Z

j! ¡ ! 0 j· B
d! bf B (! ¡ ! 0)eik (j~x (u )¡ ~y j¡j ~x (u )¡ ~y s j) :

(A.8)

The factor M will be de¯ned later to simplify the asymptotic form of the functional.
By the stationary phaseapproximation the phasein (A.8) is given by

k (j~x(u) ¡ ~y j ¡ j~x(u) ¡ ~y sj) ¼ ~³ ¢(~y ¡ ~y s); where~³ = ! r ~y ¿(~x(u); ~y s);
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where ¿ is given by (A.3). We can also let ~y Ã ~y s in the amplitude of (A.8)
and then change variables from (u; ! ) Ã ~³ . The Jacobian of the transformation is
J (u; ~y s; ! ) = r u;!

~³ and

j det J (u; ~y s; ! )j = ! 2J (u; ~y s) 6= 0; (A.9)

which is called the Beylkin determinant [7, 9], specializedto this calculation. If we let

M (u; ~y s) = j~x(u) ¡ ~y sj2J (u; ~y s); (A.10)

we obtain from (A.8)

gI KM (~y s) »
Z

D
½(~y)P KM (~y ¡ ~y s)d~y; (A.11)

wherethe point spreadfunction P KM is

P KM (~y ¡ ~y s) =
Z bf B (! (~³ ) ¡ ! 0)

! 2(~³ )
ei

~³ ¢(~y ¡ ~y s )d~³ (A.12)

with

! (~³ ) =
~³ ¢r ~y ¿(~x(u); ~y s)

jr ~y ¿(~x(u); ~y s)j2
: (A.13)

Appendix A.1. Resolution of Kir chho®migration images

It is clear from (A.12) that the Kirchho®migration point spreadfunction is determined
by the domain of integration in ~³ or, equivalently, by the bandwidth B of the pulse
and the aperture of the array. In the ideal situation, the aperture and B are in¯nite
(i.e. bf B =! 2 = 1 for all ! 2 R) so ~³ spansthe whole R3, the point spread function
is P KM (~y ¡ ~y s) » ±(~y ¡ ~y s) and gI KM (~y s) » ½(~y s): This is never the casein practice,
however, sowedo not havea preciseestimateof ½(~y s) but rather a blurrier version,given
by an averageof ½over a vicinit y of ~y s. The sizeof this vicinit y dependson the aperture
and the bandwidth and it is usually di®erent in the range and cross-rangedirections.
To seethis moreclearly, considera simpler set-up in which the array aperture a is small
comparedto the range of the extendedsource,as in Figure 14, and the search point
is in front of the array. Using the notation ~y = (y; z) that distinguishesbetween the
range and cross-rangecoordinates z and y, respectively, and approximating the array
by a planar, squareone,with ~x(u) = (x(u); 0), we have

~³ ¢(~y ¡ ~y s) = k
³

x (u )¡ y s

j~x (u )¡ ~y s j ;
zs

j~x (u )¡ ~y s j

´
¢(y ¡ y s; z ¡ zs)

¼ k (x (u )¡ y s )
zs ¢(y ¡ y s) + k(z ¡ zs):

(A.14)

Thus, the component of ~³ pointing in the range direction, is essentially k, and its
variation is restricted to the interval

³
k0 ¡ B

c0
; k0 + B

c0

´
. Consequently, the range

resolution of gI KM is proportional to c0
B .
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To estimate the cross-rangeresolution let us suppose that zs = z, so the right
hand-sidein (A.14) reducesto
k
z

(x(u) ¡ y s) ¢(y ¡ y s) =
!

c0zs
(xc ¡ y s) ¢(y ¡ y s) +

!
c0zs

(x(u) ¡ xc) ¢(y ¡ y s); (A.15)

where! 2 (! 0 ¡ B ; ! 0 + B), xc is the center point in the array and x(u) variesover the
array aperture a. Let us also integrate over the array aperture to obtain

P KM (y ¡ y s; 0) »
Z ! 0+ B

! 0 ¡ B
d!

bf (! )
! 2

ei !
c0z (x c ¡ y s )¢(y ¡ y s )£

sin
h

! a
2c0z (y ¡ ys)1

i

(y ¡ ys)1

sin
h

! a
2c0z (y ¡ ys)2

i

(y ¡ ys)2
;

(A.16)

where(y ¡ ys) i , i = 1; 2 denotethe components of y ¡ y s (seeFigure 14).
The expression(A.16) is rather complicated, but we can simplify it by taking

(y ¡ ys)2 = 0 and assumingthat j bf (! )j=! is constant over the bandwidth. Equation
(A.16) becomes

P KM ((y ¡ ys)1; 0; 0) »
sin

n
B

c0 z [(xc ¡ ys )1+ a
2 ](y¡ ys )1

o

[(xc ¡ ys )1+ a
2 ](y¡ ys )2

1
ei k 0

z [(xc ¡ ys )1+ a
2 ](y¡ ys )1 ¡

sin
n

B
c0 z [(xc ¡ ys )1 ¡ a

2 ](y¡ ys )1

o

[(xc ¡ ys )1 ¡ a
2 ](y¡ ys )2

1
ei k 0

z [(xc ¡ ys )1 ¡ a
2 ](y¡ ys )1 ;

(A.17)

and we observe that

P KM ((y ¡ ys)1; 0; 0) = O
µ

1
(y ¡ ys)1

¶
! 1 ; as (y ¡ ys)1 ! 0:

Moreover, the point spread function is large only in an interval of length
O

³
c0z

B (2j(xc ¡ ys )1 j+ a)

´
, centered at (ys)1. Clearly, the sameresult applies to P KM (0; (y ¡

ys)2; 0) so the cross-rangeresolution is c0z
B (2jx c ¡ y s j+ a) . In particular, if jx c ¡ y sj ¿ a, this

becomesc0z
B a .

We summarizeour results with the following statement. Assuming a small array
of aperture a and a target at range z » L z, the resolution of the Kirchho®migration
image in a homogeneousmedium with constant wave speedc0 is given by c0=B in the
rangedirection and by c0L z

B a in cross-rangedirection.

App endix B. Deriv ation of the momen t form ula

We calculatehere the expectation
D

bG(~x1; ~y1; ! 1) bG(~x2; ~y2; ! 2)
E

; (B.1)

for points ~x i = (x i ; 0) in the array and ~y i = (y i ; zi ) in the random medium. We use
the parabolic approximation (5.34) of the Green's function and the scaling de¯ned in
Section5.1. We alsoassumethat

jx1 ¡ x2j = O(µ); jy1 ¡ y2j = O(µ) and j! 1 ¡ ! 2j = O(µ): (B.2)
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When imaging a point sourceat ~y? we take ~y1 = ~y2 = ~y?, as in Section5, whereasfor
the distributed sourcesconsideredin Section6, we let ~y1 and ~y2 be two arbitrary points
in D, the support of the source.Two-frequencymoment calculationslike the onesgiven
here have beendone before [45] in special cases.We present the calculations in detail
for completeness.

Although in the context of Sections5 and 6 we think of ~y j in (B.1) as source
locations,we may usereciprocity and assumethat the Green'sfunction originatesfrom
the array, that is, from ~x j , for j = 1; 2. This makes the notation of this appendix
moreconvenient and it givesfor arbitrary ~x = (x; z) the parabolic approximation of the
Green'sfunction

bG(~x;~»; ! ) = eik 0L z kzÃ(~x;~»; ! ); (B.3)

with amplitude Ã satisfying

2ik Ãz + µ¢ x Ã +
¾±

µ
p

²
k2¹

³ x
±

;
z
²

´
Ã = 0; z > 0;

Ã = ±(x ¡ »); z = 0: (B.4)

Here~» = (»; 0) and it will be set equal to either ~x1 or ~x2 later.
Our derivation of the moment formulas (5.49) and (6.4) is based on the scale

ordering

² ¿ µ ¿ ± ¿ 1; (B.5)

and it involvestwo limits: the white noise limit ² ! 0 and then, the high frequencylimit
µ ! 0. The broad beam limit ± ! 0 is not neededhere, but it plays a key role in the
statistical stabilit y of the imaging functional [40].

Let us change the notation in (B.4) by setting Ã Ã Ã²;µ , to remind us that the
amplitude dependson the two parameters² and µ that tend to zero. In the white noise
limit ² ! 0, Ã²;µ convergesweakly, in law [36, 40], to solution Ãµ of the Ito-SchrÄodinger
equation

dÃµ =
µ

iµ
2k

¢ x Ãµ ¡
k2¾2±2

8µ2
R0(0)Ãµ

¶
dz +

ik ¾±
2µ

ÃµdB
³ x

±
; z

´
; z > 0;

Ãµ = ±(x ¡ »); z = 0: (B.6)

Here B(x; z) is a Brownian motion ¯eld in z that is smooth in the transversevariable
x. The covarianceof the GaussianprocessB is

hB(x1; z1)B (x2; z2)i = z1 ^ z2R0(jx1 ¡ x2j); (B.7)

wherez1^ z2 denotesthe minimum of z1, z2 and R0(x) is a smooth function of x, de¯ned
in terms of the compactly supported covariance(2.9) of the °uctuations as

R0(jx j) =
Z 1

¡1
R(jxj; z)dz: (B.8)
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The expectation of Ãµ follows immediately from (B.6), but we are interestedin
D

Ãµ(~y1; ~x1; ! 1)Ãµ(~y2; ~x2; ! 2)
E

or
D

Ãµ
1Ãµ

2

E
; (B.9)

for points ~x i , ~y i and frequencies! i = ki c0, i = 1; 2, satisfying (B.2).

Appendix B.1. The moment formula for a ¯xed range

First, we derive the moment formula for the samerangez1 = z2 = z. Then, we extend
the result to the generalcase,in SectionAppendix B.2. By Ito's formula [36], we have

d
³

Ãµ
1Ãµ

2

´
= iµ

2k1
¢ x 1 Ãµ

1Ãµ
2dz ¡ iµ

2k2
¢ x 2 Ãµ

1Ãµ
2dz + k1k2¾2±2

4µ2 R0

³
jx 1 ¡ x 2 j

±

´
Ãµ

1Ãµ
2dz¡

(k2
1 + k2

2 )¾2±2

8µ2 R0(0)Ãµ
1Ãµ

2dz + ik 1¾±
2µ Ãµ

1Ãµ
2dB(x1; z) ¡ ik 2¾±

2µ Ãµ
1Ãµ

2dB(x2; z);

(B.10)

with initial condition

Ãµ
1Ãµ

2 = ±(y1 ¡ x1)±(y2 ¡ x2) at z = 0: (B.11)

Equivalently, in terms of new variables

k =
k1 + k2

2
; ek =

k2 ¡ k1

µ
; (B.12)

x =
x1 + x2

2
; ex =

x2 ¡ x1

µ
; (B.13)

y =
y1 + y2

2
; ey =

y2 ¡ y1

µ
; (B.14)

equation (B.10) becomes

d
¡
Ãµ

1Ãµ
2

¢
= iµ

2k¡ µek

¡
1
4¢ x ¡ 1

µr x ¢r ex + 1
µ2 ¢ ex

¢
Ãµ

1Ãµ
2dz ¡ iµ

2k+ µek

¡
1
4¢ x + 1

µr x ¢r ex +

1
µ2 ¢ ex

¢
Ãµ

1Ãµ
2dz +

· ³
k

2
¡ µ2

4
ek2

´
¾2±2

4µ2 R0

³
µjex j

±

´
¡

³
k

2
+ µ2

4
ek2

´
¾2±2

4µ2 R0(0)
¸

Ãµ
1Ãµ

2dz

+ i¾±
2µ

h³
k ¡ µ

2
ek
´

dB
¡

x
± ¡ µex

2± ; z
¢

¡
³

k + µ
2
ek
´

dB
¡

x
± + µex

2± ; z
¢i

:

In this form we canpassto the high frequencylimit µ ! 0. In principle, this means
having µ ¿ 1, but, becausewe seeka simplemoment formula, we ask that µ=±¿ 1 and
we expandR0 and B (which are smooth functions of x) around 0. Note that µ=±¿ 1
means

¸ 0

l
¿

²
±

¿ 1;

sothis is a regimewith very short wavelengths,typical of optical or infrared applications.
The limit amplitude Ã satis¯es

d
¡
Ã1Ã2

¢
= ¡ i

k
r x ¢r ex Ã1Ã2dz + i ek

2k
2 ¢ ex Ã1Ã2dz ¡

³
k

2
D p

2 jexj2 +
ek2D f

2

´
Ã1Ã2dz¡

i ek¾±
2 Ã1Ã2dB

¡
x
± ; z

¢
¡ i k¾

2 Ã1Ã2d
£
ex ¢r x B

¡
x
± ; z

¢¤
;

(B.15)
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where we set r x R0(0) = 0, becauseR0 is an even function of x, and we de¯ne the
random medium parameters

Dp = ¡
¾2R00

0(0)
4

; D f =
¾2±2

4
R0(0): (B.16)

Next, Fourier transform over ex

W =
Z

ei p¢ex Ã1Ã2dex (B.17)

and obtain from (B.15) the Ito-Liouville equation

dW + p
k

¢r x Wdz + i ekjp j2

2k
2 Wdz = k

2
D p

2 ¢ p Wdz ¡
ek2D f

2 Wdz ¡ i ek¾±
2 WdB

¡
x
± ; z

¢

¡ ¾k
2 dr x B

¡
x
± ; z

¢
¢r p W; z > 0;

(B.18)

with initial condition

W =
Z

ei p¢ex ±
µ

x ¡ y ¡
µ
2

(ex ¡ ey)
¶

±
µ

x ¡ y +
µ
2

(ex ¡ ey)
¶

dex

» ei p¢ey ±(x ¡ y) at z = 0;

(B.19)

up to a multiplicativ e constant that we neglect. We take expectations in (B.18) and
Fourier transform with respect to x to get

Z
ei x ¢q < W > dx = e¡

ek 2D f z

2 V: (B.20)

The new dependent variable V satis¯es the partial di®erential equation

@V
@z

¡
ip ¢q

k
V +

iekjp2j

2k
2 V =

k
2
Dp

2
¢ p V; z > 0;

V = ei (p¢ey + q¢y ) ; z = 0: (B.21)

We can solve (B.21) in the form

V = A(z; q; y ; ey)e
F ( z ) j p j 2

2 + C (z;q;ey )¢p ; (B.22)

where,for z > 0,

@ln A
@z

=
k

2
Dp

2
(F + jCj2); (B.23)

@C
@z

=
iq

k
+ k

2
DpF C; (B.24)

@F
@z

= ¡
iek

k
2 + k

2
DpF 2; (B.25)

and, at z = 0. This leadsto the ordinary di®erential equations

A = ei q¢y ; C = i ey; F = 0: (B.26)
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A straightforward integration of (B.23)-(B.26) gives

A(z; q; y ; ey) = cosh¡ 1
2 (z

q
iekDp) exp

½
iq ¢y ¡ k

2
D p jey j2

2
tanh (z

p
i ekD p )p

i ekD p
¡ i kq¢ey

ek
£

·
cosh¡ 1(z

q
iekDp) ¡ 1

¸
+ i jqj2

2ek

·
z ¡ tanh( z

p
i ekD p )p

i ekD p

¸¾
;

(B.27)

C = i ey cosh¡ 1(z
q

iekDp) +
iq

k

tanh(z
q

iekDp)
q

iekDp

(B.28)

and

F (z) = ¡

q
iekDp tanh(z

q
iekDp)

k
2
Dp

: (B.29)

The moment formula follows from the inverseFourier transform
­
Ã1Ã2

®
= e¡

ek 2D f z

2

Z
dp

(2¼)2

Z
dq

(2¼)2
A(z; q; y ; ey)e

F ( z ) j p j 2

2 + C (z;q;ey )¢p¡ i p¢ex ¡ i qx :

We have
­
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2

¡
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2
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6
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2
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3

5
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2
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2
zDpÁ4(z)jey j2

o
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(B.30)

where

Á1(z) = cosh
1
2 (z

q
iekDp)

z
q

iekDp

sinh(z
q

iekDp)
; (B.31)

Á2(z) =
3

iekDpz

0

@

q
iekDp
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q

iekDp)
¡

1
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1

A ; (B.32)
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2

4
3z

q
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¡ 2

3
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Á4(z) =
tanh(z

q
iekDp)

2z
q

iekDp

2
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q
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z
q

iekDp

3
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Equivalently, letting

¡
Ã1Ã2

¢
0

= ¡
k

2

4¼2z2
e¡ i ek

2z jx ¡ y j2 ¡ i k
z (ex ¡ ey )¢(x ¡ y ) (B.35)
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be the right hand sideof (B.30) for Dp = D f = 0, we can rewrite our result as

­
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:

We note that
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(B.36)

so (B.35) is precisely the result in a homogeneousmedium. Therefore, recalling the
parabolic approximation (B.3) and the changeof variables(B.12)-(B.14), we have

D
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¸
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2
zDpÁ3(z)ex ¢ey ¡ k

2
zDpÁ4(z)jey j2

o
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(B.37)

Finally in the asymptotic regimeof small °uctuations ¾¿ ±,

cosh(z
q

iekDp) = 1 + O(ekDpz2) = 1 + O(¾2); (B.38)

Ái (z) = 1 + O(ekDpz2) = 1 + O(¾2); i = 1; 2; (B.39)

Ái (z) = O(ekDpz2) = O(¾2); i = 3; 4 (B.40)

so (B.37) reducesto
D

bG(~y1; ~x1; ! 1) bG(~x2; ~y2; ! 2)
E

¼ bG0(~y1; ~x1; ! 1) bG0(~y2; ~x2; ! 2)£

e¡
ek 2D f z

2 ¡
k 2D p z

6 ( jex j2+ ex ¢ey + jey j2):

(B.41)

Using the reciprocity of the Green'sfunction, we obtain moment formula (5.49) and its
simpli¯cation, given by (B.37) and (B.41), respectively, for ey = 0 and z = z?.
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Appendix B.2. The general moment formula

Let us addressthe generalcasez1 6= z2. To ¯x ideas,supposethat z2 > z1 and return
to the secondmoment (B.9). Using conditional expectations,we have

D
Ãµ(~y1; ~x1; ! 1)Ãµ(~y2; ~x2; ! 2)

E
=

D
Ãµ(~y1; ~x1; ! 1)hÃµ(~y2; ~x2; ! 2)jF z1 i

E
; (B.42)

where~y i = (y i ; zi ), ~x i = (x i ; 0), for i = 1; 2 and f F zgz¸ 0 denotesthe Brownian ¾-¯eld
up to z. For arbitrary points ~x = (x; z), ~» = (»; 0) we seefrom (B.6) and (B.16) that
Ãµ(~x;~»; ! ) satis¯es

dÃµ =
µ

iµ
2k

¢ x Ãµ ¡
k2D f

2µ2
Ãµ

¶
dz +

ik ¾±
2µ

ÃµdB
³ x

±
; z

´
for z > 0: (B.43)

Next, take expectationsand obtain, for z > z1,

@
@z

D
Ãµ((x; z);~»; ! )jF z1

E
=

iµ
2k

¢ x

D
Ãµ((x; z);~»; ! )jF z1

E

¡
k2D f

2µ2

D
Ãµ((x; z);~»; ! )jF z1

E
;

(B.44)

whereasat z = z1,
D

Ãµ((x; z1);~»; ! )jF z1

E
= Ãµ((x; z1);~»; ! ): (B.45)

The conditional expectation can be calculatedby substituting
D

Ãµ((x; z);~»; ! )jF z1

E
= e¡

k 2D f ( z ¡ z1 )

2µ2 Á((x; z);~»; ! ) (B.46)

in (B.44) and Fourier transforming in x. This gives

bÁ = e¡ iµ
2k (z¡ z1 )jp j2

Z
Ã((u; z1);~»; ! ) ei p¢u du (B.47)

and therefore
D
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k 2D f
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Z
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ik j x ¡ u j 2

2µ( z ¡ z1 ) du:

We are interestedin the high frequencyregimeµ ¿ 1, whenthe integrand in (B.47)
is highly oscillatory and we can use a stationary phaseargument [6] to get the main
contribution to (B.47) from u satisfying

r u jx ¡ uj2 = 0 =) x = u:

Then,
D

Ãµ((x; z);~»; ! )jF z1

E
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2¼µ(z¡ z1 ) e
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Z

e
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= e¡
k 2D f ( z ¡ z1 )

2µ2 Ã((x; z1);~»; ! )

(B.48)
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and, setting z = z2, x = y2, ~» = ~x2 and ! = ! 2, we get from (B.42) and (B.48) that

D
Ãµ((y1; z1); ~x1; ! 1)Ãµ((y2; z2); ~x2; ! 2)

E
¼ e¡

k 2
2 D f ( z2 ¡ z1 )

2µ2 £

D
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E
;

for z2 > z1.
Obviously, the sameargument appliesto the casez1 > z2, sowe can write directly

the generalresult
D

Ãµ((y1; z1); ~x1; ! 1)Ãµ((y2; z ¡ 2); ~x2; ! 2)
E

¼ e¡
k 2 D f j z2 ¡ z1 j

2µ2 £

D
Ãµ ((y1; z1 ^ z2); ~x1; ! 1) Ãµ ((y2; z1 ^ z2); ~x2; ! 2)

E
;

(B.49)

wherewe approximated the wavenumber k1 or k2 in the exponential, given by k ¨ µek=2,
by k. Thus, the generalmoment formula is given by the simpler one,at ¯xed range,and
an exponential factor that indicates a rapid lossof coherenceat di®erent ranges. The
¯xed rangemoment formula is given by (B.36) and, in the asymptotic regimeof small
°uctuations, (B.49) simpli¯es to
D

bG ((y1; z1); ~x1; ! 1) bG ((y2; z2); ~x2; ! 2)
E

¼ bG0 ((y1; z1); ~x1; ! 1) bG0 ((y2; z2); ~x2; ! 2)£

exp
½

¡ k
2
D f jz2 ¡ z1 j

2µ2 ¡
ek2D f z1^ z2

2 ¡ k
2
D p z1^ z2

6 (jexj2 + ex ¢ey + jey j2)
¾

;

(B.50)

with the notation (B.12)-(B.14). Finally, using reciprocity of the Green'sfunctions, we
get the moment formula (6.4).
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