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Abstract. ~ We introduce a space-timeinterferometric array imaging functional that

provides statistically stable imagesin cluttered ervironments. We also presert a
resolution theory for this imaging functional that relates the space-time coherence
of the data to the range and cross-rangeresolution of the image. Extensive numerical

simulations illustrate the theory and addresssomeimplementation issues.
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1. Intro duction

Broadbandarray imaging of acousticsourcesn a known, homogeneousr slowly varying

badkground is done exciently with Kirchho®migration
X

L () = POt e0xe ) (1.1)
xr2A

whereP (%, ;t) are time traces of the signalsemanating from the sourcesand recorded
by a passiwe array A with receierslocated at %,. The imaging functional | " (¥°) is
evaluated at a seart point y¥° in the domain of the object to be imaged,and ¢(%;; ¥°)
is the travel time from %, to y¥°. In a homogeneousnedium it is distance over the
propagation speedcy, ¢(%r;¥%°) = j¥r i ¥°j=G. If alocalizedsourcearound y¥ emits a
short pulse then the functional |1 ¥ (y°) will have a sharp peak when the seart point
y* is neary. From the location of this peak we get an estimate of the unknown source
location ¥, which is why | " (y°) is an imaging functional. When the array is active
then the re°ectors to be imagedwill produce ethoesthat are recordedat the array as
time tracesP (s; %, ; t), wherexs denotesthe probing signal sourcelocation in the array
and %, arethe recorderloc)z(itions. Kirchho®migration is now donewith the functional

L (%) = P (xsi %0 a(%s1¥%) + &(%0:¥%); (1.2)
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which will have a peakwhen¥*® is near a re°ector, thereby providing an estimate of its
location.

The Kirchho® migration functionals and their numerousvariants have beenused
successfullyin many applications in seismicimaging [9, 21], in non-destructive testing
[17, 38], in radar [29, 15 39] and elsewhere. Some of the variants that have been
consideredare (a) special array con gurations sud as zero-o®sebr syrnthetic aperture
arrays in which x5 = %, [24, 9], (b) selecti\we scatterer illumination using the singular
value decomposition [32], (c) iterated application of Kirchho® (or full wave) migration
to capture nonlinear e®ectsin the inversion, usually in homogeneousnedia and with
monochromatic data [23], and many others. While many studies considerimaging in
homogeneousnedia, migration appliesalsoto smooth, variable velocity badkgrounds.
In this casea velocity estimation processmust be carried out [21, 19, 48, 47]. The
mathematical analysis of the imaging functionals (1.1) and (1.2), for large arrays and
broadbanddata, is carried out in [9, 8, 49. We review brie°y the resolution theory for
(1.1) in this paper, in Appendix A.

It has beenknown for a long time that if the objects to be imagedare in a richly
scatteringenvironment then Kirchho®migration doesnot work well. This is becausehe
edo from are®ector doesnot appearasa cleanpeakin the signalsrecordedat the array
but hasinstead a lot of delay spread,or coda, that is generatedby the inhomogeneous
medium (as in Figure 6 below). Consequetly, Kirchho® migration leadsto unreliable
imagesthat changeunpredictably with the detailed featuresof the clutter. The purpose
of this paper is to addressthis problem of imagingin inhomogeneousr cluttered media.

1.1. Matcheal eld imaging

One way to deal with the delay spreadthat clutter introducesis to compute the cross
correlationsof the time tracesat the array and to migrate them, instead of migrating the
tracesthemselesasin (1.1) and (1.2). This ideais the basisfor imaging with matched
“eld functionals [18, 1, 35]. There are many variants for this method depending on
what is known or can be estimated about the badground from the data by techniques
similar, for example,to the onesusedfor velocity estimation in Kirchho® migration.
Here, we supposethat we know the smooth part of the badkground velocity, which we
take as constart for simplicity, but we do not know the rapidly °uctuating part (the
clutter). If we knew the rapid °uctuations of the velocity, then we would e®ectiely
know the Green'sfunction of the clutter and we could migrate the data with it, rather
than with travel times in a homogeneousnedium. This is the sameas doing physical
time reversal [30, 31, 25, 32 44, 37], which is known to have focusing properties that
are much better than the onesin homogeneousnedia, and provides, therefore, better
resolution when usedfor imaging in clutter than what Kirchho®migration givesin the
correspnding homogeneousnedium. The catch is, of course,that we do not know
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the Green'sfunction of the cluttered medium, and it doesnot help if we know it only
approximately becausdhe e®ective removal of the delay spreadin the data requiresthat
we reconstructaccurately with migration the multiple scatteringthat producedit. The
essehal point in migrating crosscorrelations of the data is that they tend to reduce
the delay spreadand to enhancethe peaksfrom the re°ectors that we want to image,
without knowing anything about the clutter itself. The underlying assumptionhereis
that what we want to image has someregular structure that is encaled in the array
data while the clutter is irregular sothat the delay spreadin the data looks random. It
is therefore natural that when modeling the data and the imaging process,we usewave
propagationin random mediain order to capture clutter e®ects.

Enhancedspatial focusingin physical time reversalin random media [26, 27, 25]
and the realization that it is statistically stable [10] in broadbandregimesmotivated
usto carry out a theoretical study of the imaging resolution of matched eld functionals
in random media[11]. Statistical stability meansthat the physicaltime reversalprocess
is self-averagingwith respect to the random °uctuations in the medium properties, the
clutter. This is not true in narrowband regimesbecausethe interferencepatterns that
form near the point of focusing, the spedle patterns, do not averageout as they do
in broadband regimes. Enhancedfocusingin time reversal meansthat the crossrange
resolutionis , oL=a, where o is the certral wavelength, L is the rangeand a,(L) is the
e®ective aperture of the array that is typically larger than the physical aperture a
and dependson the random medium as well asthe range[10, 11]. The focal spot size
., oL=ag in time reversalis thereforesmallerin random mediathan in homogeneousnes
whereit is given by the Rayleigh formula , oL=a [16].

Weshowvedin [11] that whenwe do not know the randommedium, sothat we cannot
imagewith time reversaland imageinsteadwith a matched eld functional, which is also
called interferometry, the cross-rangeresolution is equalto ag(L). This is much worse
than in time reversalbut it is the best that can be done when the random medium is
not known. We have thus two imaging functionals with extremecross-rangeesolutions:
time reversalthat usesfull knowledgeof the actual realization of the random medium
and matched eld that usesno knowledgeat all. Both time reversaland matched eld
imaging are statistically stable, which is a key property for successfuimaging, while
Kirchho®migration is not.

1.2. Coheent interferometry

While interferometric or matched eld imaging provides the best statistically stable
cross-rangeresolution that is possiblewith no knowledge of the random medium, it
provides no rangeresolution at all. To get rangeresolutionwith it we must either have
large arrays or se\eral arrays widely separatedfrom ead other, sothat we can usewhat
is essetially geometrictriangulation [11]. The main result of this paper is to introduce
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a more general classof imaging functionals, the coheren interferometric functionals,
and to give a resolution theory for them that is a natural extensionof the onein [11].
The main ideais to computethe crosscorrelationsof the traceslocally in time, and not
over the whole time interval, and to migrate them. By segmeting the tracesinto time
intervals and calculating the correlationslocally in ead interval we get rangeresolution
that is of the order of the time intervals multiplied by the propagation speedcy. The
shorter the time intervals the better the range resolution. In a homogeneousnedium
they can be as short as the width T, of the probing pulse. Depending on the shape
of the pulse and the way its width is de ned, T, is equalto a constart multiplied by
the reciprocal bandwidth Bi !, which we denoteby T, » Bi!. This way we seethat
the range resolution in a homogeneousnedium is ¢;B' . We do not considerherethe
issueof how to chooseoptimally the shape of the pulse beyond xing its bandwidth
appropriately.

How large should the time segmets be when there is delay spread? They should
be of the order of the delay spread Tq. They should not be smaller becausethen
the correlations will not capture the delay spreadand compressit, leading therefore
to unstable images. And they should not be larger becausethen we will lose range
resolution. If the local crosscorrelationsof the tracesare computed correctly, the range
resolutionin coheren interferometricimagingwill becyTy. Weshaw in Section3 that the
reciprocal of T4 is proportional to the decoherencdrequencyof the traces, - 4. Since
T4 > T, we have that - 4 < B, sorange resolution in random media is proportional
to Co- ‘dl and is worse than ¢Bi !, the resolution in homogeneousnedia. We shav
in Section5 that expressioncy- g,l for the range resolution can be derived from rst
principles for a large classof random media.

What about the cross-rangeresolution? By analogy to - 4 we introduce the
decoherencdength X4 which is the distance betweentraces on the array over which
they becomeuncorrelated. We shawv in Section 3 that the cross-rangeresolution in
coheren interferometry is , gL=Xg4. This is worse than the Rayleigh resolution in a
homogeneousnedium | oL=a, becauseXy - a, in general. We will alsoseein Section3
that the decoherencéength X4 is comparableto the focal spot sizein time reversal, so
that X4 = , oL=a.. If we usethis expressiorfor X 4 in the cross-rangeesolution formula
, oL=Xg4 we seethat it equalsae, which is the matched eld cross-rangeesolution that
wasderivedin [11]. We show in Section5 that this cross-rangeesolution can be derived
from rst principles for a large classof random media.

This resolution theory for coheren interferometry in random media is the main
result of this paper.
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1.3. Outline of the paper

In Section2 we state more preciselythe imaging problem for passiwe and active arrays.

All of the analytical resultsin this paper are carried out only for passiwe array imaging.

The active array analysis is in principle very similar but does not follow directly

from the passive one and will be presened elsewhere. In Section 3 we introduce
the coheren interferometric functional, discussits properties and compareit to other

imaging functionals. Our extensive numerical simulations, for both active and passiwe
arrays, are presened in Section4. The resolution analysisis given in Sections5 and
6, and it is followed by a brief Section 7 summarizing the results. In Appendix A we
review brie°y the well known resolution analysisof the Kirchho®migration functional

(1.1) and in Appendix B we give for completenesshe derivation of the two-frequency
momen formula that we usein the resolution analysisof Sections5 and 6.

2. The array imaging problem

In Section 2.1 we introduce the forward model for imaging a point or a distributed
sourcewith a passie array of receiversin a cluttered environment. We also state the
inverseproblem of imaging the sourcelocation or the sourcedensity. In Section2.2 we
give the Born approximation model for imaging with an active array a point re°ector
or reectors with distributed re°ectivity. We also state the inverseproblem of imaging
the re°ector location or the distributed re°ectivity.

We usethe term array imaging throughout becausewve assumethat the transducer
locations x, are closeenough, lessthan half a certral wavelength apart, so that the
radiation eld of the array is essetially that of an aperture whosesizeis determinedby
the number of transducers.

2.1. Imaging in clutter with a passivearray

In the sthematic in Figure 1 a point sourceat ¥, emits a signalthat is recordedby an
array of receierslocatedat x,. The signalis an initially sphericalwave convolved with
the pulse function

f(t)=¢"fg(t); (2.3)

where! g is the carrierzfrequencyand 2B is the bandwidth of
1
Bry= itNfg(tydt= (1 i to): (2.4)
il
The Fourier transform of the basebandpulse ) is assumedto have support in the
interval [ B;B]. We will referto B, rather than to 2B, asthe bandwidth. The wave
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Array of transducers
([

Figure 1. Schematic for the data acquisition by a passiwe array of receivers

propagatesthrough a random medium and its amplitude at %, is given by the time
convolution of the pulsewith the Green'sfunction

P(%;t) = @ " o' g (t) 2G(%,; ¥ 1): (2.5)
In the frequencydomain we have

Bex; 1) = (i 1o)B0x iy ): (2.6)
Here 8 is the outgoing Green'sfunction of the reducedwave equation

¢ Bx;y2!) + K2nZ(x)B(x; 211 ) = (x| y2) 2.7)
in the random medium, wherek = ! =g is the waverumber. The index of refraction
n(x) = co=d%) is assumedto be a statistically homogeneousandom processso that

n2(x) = 1+ % "x : (2.8)

The meanof n?(x) is one and the normalized °uctuation process! is a stationary and
isotropic random eld that is boundedand hasrapidly decging covariance

R(%) = R(jxj) = ht (% + %91 (x9i : (2.9)
Normalizationzhere meansthat R(0) = 1 and

H (%)t (0)i dx = 1
R3

so that | is the correlation length and % the standard deviation of the °uctuations
of n?(x). This is a simple, mono-scalemodel for the random medium °uctuations
that allows for a relatively simple theoretical discussion.Imaging in a random medium
is in°uenced signi cantly by the properties of the °uctuation process,but we will not
considerthis issuehere. We will alsonot considerslonly varying badkgroundsor random
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°uctuations that are statistically inhomogeneous.As we explain in Section 3.4, when
we usethe coheren interferometric functional (3.21) and can determine adaptively the
smoothing or decoherencgarametersX 4 and - 4 in a stable way, then we canimagein
the random medium which producedthe noisy array data even though we do not know
anything about this random medium and how to model it. It is only whenwe want to
have a resolution theory in which the smoothing parametersare determined from rst
principles that a detailed model for the °uctuations is needed.

Equation (2.5) relates the eld amplitude recorded at the array to the source
location ¥,, soit is the forward model equation. The inverseproblem for a point source
isto nd the location ¥, of the point sourcegiven measuremets P (x,;t) at points x,
on the array.

Array of transducers
[ J

Figure 2. Schematic for passiwe array data from a distributed sourcein D.

For a cortinuousdistribution of sourcesn D (see gure 2) that emit the samesignal
simultaneously the recorgeddata at the array are modeled by

P(x:t) = Yy)e " otfg(t) 2G (%, y;t)dy: (2.10)

where Ay) is the sourcedensity in D. The inverseproblem for the distributed source
isto nd Y“y), and its support D in particular, from the data P (x,;t) at the array.

2.2. Imaging with an active array

In Figure 3 we show a schematic for imaging with an active array, distributed re°ectors
of re°ectivity Ay), occupying a region D. The array is active becauset emits pulses
(2.3) from transducersat xs 2 A and recordsthe edoes with receiers at x, 2 A.
We model the recorded eld amplitudes using the Born approximation for scattering



Interferometric array imaging in clutter 8

Array of transducers
[

Figure 3. Schematic for imaging with an active array distributed re°ectors in D.

betweenreectors, but allow for full multiple scattering by the random medium. In the
frequencydomain the model amplitudes arze given by

Blxsix;! ) = KM i 1o)  dyWy)B(y;xs ) B0y ): (2.11)
D

The forward model for the array data is thus a random linear transformation of the
re°ectivity “Ay). It israndom becausdhe Green'sfunctions are the onesfor the random
medium (2.7). The inverseproblemis to estimate the re°ectivity “£y), and its support
D in particular, from data recordedat the array.

In the numerical simulations that we shav in Section4 we useonly oneilluminating
transducer for computational simplicity.

It is important to explain why whenimaging in a cluttered ernvironmert the Born
appraximation model (2.11) is quite suxcient. This is becausewhen the random
inhomogeneitieshave a strong enoughe®ect,the information from multiple scattering
betweenre°ectorsis completelylost in the delay spreadin the data. This is very clearly
seenin Figure 6. The top right plot shavsthe recordedtraces,with certral illumination,
from three small re°ectors. In addition to the three prominert hyperbolasthat come
from the direct re°ections, there are se\eral fainter hyperbolasthat comefrom multiple
scattering betweenthe three re°ectors. The bottom right plot in Figure 6 shavs what
happens when there is clutter. The delay spreadin the data obliterates the fainter
hyperbolas. Whatever imagewe do get will comeonly from the direct re°ections, which
is what the model (2.11) contains.

3. Statistically stable imaging in clutter

The reasonthat the Kirchho®migration functionals (1.1),(1.2) do not imagewell when
there is clutter, which we model with a random medium, is becausewe badck propagate
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the recordeddata in a deterministic, homogeneou®r slovly varying medium. Ideally,
we would like to badk propagatein the real medium, asin time reversal. Howewer, we do
not know the randomly °uctuating badkground. We may know its statistical properties,
but we do not know its actual realization, which is what is neededif we are to badk
propagatein it.

For a point sourcelocated at ¥, the signal received by the array at x, is modeled
in the frequencydomain by

Ble;1) = (i 1o)B0x ¥t ) (3.12)
where8(x;y;! ) is the Green'sfunction in the random medium, that is, the solution of
the random Helmholtz equation (2.7). The Kirchho®migration functional (1.1), which

we write again with the full deterministic Green'sfunction for the badk propagation,
hasthe form 7

| () = di Bex ;1) B0y 1) (3.13)
% 2A iYi'ojr B
When we substitute the exprezssion(s.lZ) for Fb(xr; ') in (3.13) we get
X -
1 (y°) = d (i 1 o)B0x ! )Bolx iyl ) (3.14)
% 2A i*i'ojr B

The main di®erenceébetweenthis expressionand Kirchho®migration in a homogeneous
medium (A.7), asreviewed in Appendix A, is that the phasecancellationthat occursin
the deterministic casewhenys is closeto the unknown sourcelocation ¥, doesnot occur
in (3.14). The random phaseof @(xr;y?;! ) cannot be canceledwith the deterministic
phaseof @0(76r ;¥°;1 ) soasto producea peakin the Kirchho®migration functional from
which the sourcelocation ¥y, can be estimated. This is seenclearly in the numerical
simulations described in Section4 and in Figure 8 in particular. What is also seenin
that gure is that for di®eren realizations of the samerandom medium the Kirchho®
migration functional producesvery di®eren imageswhen the random °uctuations are
signi cant. This is the phenomenonof statistical instabilit y that comesfrom the
random phase of @(xr;y?;! ) in (3.14). The Kirchho® migration functional (3.14) is
therefore unsuitable for imagingin clutter.

Can we nd an imaging functional that can, when there is clutter, produce
an estimate of the unknown sourcelocation y, from the array data fP(x,;t)g in a
statistically stable way? The imagewill, of course,be blurred by the clutter. Howewer,
we want this blurred imageto be statistically stable, that is, the sough after imaging
functional must be self-averaging with respect to the realizations of the random
medium. The image that is formed by a self averaging imaging functional can then
be processedurther by deblurring methods, aswe showv in a companionpaper [12]. In
the next sections,we considerthree di®eren typesof self-avzeraging functionals. They
are: time reversal functionals, incoherent interferometric or matched eld functionals,
and coheren interferometric functionals.
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3.1. Imaging and time reversalin random madia

If we know the random medium betweenthe array and the vicinity of the unknown
source,that is, if we know the random Green'sfunctions @(xr;y;! ) for %, 2 A andy
neary-,, then we can imagewzith the time reversal functional

I ™ (y°) = X d! lb(Xr;! )@(xr;ysil ): (3.15)
% 2A i"i'lojr B

It is called the time reversal functional becauseit also represemts the eld near the
sourcey,, whenthe array time-reversesthe signalsreceived and re-emitsthem into the
(random) medium from which they came. This is physical time reversal [30, 31, 32.
It becomesan imaging functional if we know the random Green'sfunctions, because
then (3.15) can be computed numerically from the array data. The time reversal
functional | ™ (y°) is usually self-averaging, especially in broadband regimes[1(], and
hasbetter focusingpropertiesin random mediathan in homogeneousnedia. Note that
| ™ in homogeneousnediais idertical to the Kirchho®migration functional | . The
enhancedocusingof time reversalin randommediais calledsuper resolution[26,27, 25,
and it has beenanalyzedin detail in [10. The super resolution phenomenonis due
to scattering that enhancesthe angular diversity of the badk propagatedwaves near
the source,making the focal spot tighter than in a homogeneousnedium. Statistical
stability is the result of good phasecancellation when the random Green'sfunction is
usedfor bak propagation, as can be seenfrom the theoretical expressionof the time

reversal functional 7

= dr (i o) B0k ya 1 )B0x vt ): (3.16)
%, 2A 1'ilol B

In both deterministic and random mediathe rangeresolutionof I ™ is ¢;=B, which
is the width of the pulse times the homogeneougpropagation speed. The cross-range
resolution in deterministic mediais L=(koa) in narroband casesasis well known [16],
and ¢oL=(Ba) (seeAppendix A.1) in broadbandregimes. In random media it can be
much better becausdhe e®ective aperture a of the array, a quartity that dependson
the random medium, can be much larger than the physical aperture a [25. The cross-
rangeresolutionfor I ™ in random mediais L=(kqae) in relatively narrowband regimes,
[10]. The dependenceof the cross-rangeresolution on the bandwidth is discussedin
[17].

The problem with | ™ asan imaging functional is, of course,that we do not know
the clutter. It is becausewe do not know it that we model it asa random medium. We
emphasizethat knowing the random medium meansknowing its particular realization
that generatedthe data recordedby the array. Knowing this realization roughly, or
knowing only its statistical properties, does not help and using sud information for
imaging can have a negative e®ecton statistical stability and on imageresolution.
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3.2. The matchal eld functional and incoheient interferometry

Even though we cannot usetime reversal for imaging in clutter we would still like to
exploit the remarkable properties of | ™, its statistical stability and super-resolution
in order to image. One way to exploit statistical stability is with the matched eld or
incoheren interferometric functional which we now introduce.

We want to avoid the random phaseproblemsin Kirchho® migration imaging so
we mimic physical time reversal by computing cross-correlationsof data traces, the

interferograms
Z 1

P(%r; @ o P(%0;i¢)(t) = P(%r;S)P(%/0;sj t)ds: (3.17)
il
We bad propagatethe interferogramsin the homogeneousnedium and then, we sum

over the array
X

™ (y°) = P @ o P(%0s i€ )joox, oys)i (%, 0yS) - (3.18)
X %0
Interferometric methods for imaging are consideredin the recen work of Schuster et al
[46], which cortains many referencego the seismicimaging literature, aswell asin [42).
Interferometric functionals for imaging in clutter are usedin [2(].

The interferograms are self-averaging and in (3.18) we are doing what amourts
to di®ererial Kirchho® migration on the lag of the interferograms,which is the badk
propagation of correlations of traces. In the frequencydomain, | ™ hasthe form

Z 2
I (yS) = d B(x,;1)e ! iy (3.19)

I|>|<|

Xr
This is the form of a matched eld functional [18 1, 35, 28], especially when the
exponertial of the travel time is replacedby the deterministic Green'sfunction

Z 3 2
LN (y%) = dl 2 Bk )Gk ys; ! ) (3.20)

Xr
Sincewe take absolutevaluesin (3.20) we can achieve somerandom phasecancellation
for P, and becausewe integrate over the bandwidth we can expect statistical stability.
We discussthis further in the next section.

The imaging propertiesof the interferometric functional | ™ wereanalyzedin detalil
in [11] along with the presertation of the results of numerical simulations. The main
shortcomingof | ™ is that it provides essetially no rangeresolution at all, exceptby
geometrictriangulation if the array is large enoughor whenmorethan onearray is used.
The lossof rangeinformation canbe seenclearly from (3.18) becausehe correlationsare
taken over all time sothat information about absolutearrival times is lost. It canalso
be seenfrom (3.19) wherean overall phaseis lost, which accours for the lossof range
information. Crosscorrelations of traces are done over the whole array in (3.18), even
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though they may be negligiblewhenthere is clutter unlessthe distancebetweenx, and
xro0 IS small. The way to avoid this dixcult y is to considerinterferometric functionals
in which the time-trace correlations are constructed over speci ¢ time segmets that
correspnd to information arriving from speci ¢ ranges. This is an intuitiv ely appealing
ideabut it is not easyto implemert becausehe time segmetation of the data must be
doneproperly or elsethe resultswill not be much better than when no segmetation is
used. Thereis a delicatetrade o®betweensegmetations with relatively short segmets,
which provide good range resolution, while they are alsolong enoughso that the local
correlations are statistically stable. We considerthis basicissuein the next section.

There is another way to recover range resolution from broadband, active array
data whenthe targets to be imagedare in a cluttered ervironment but suzciently well
separated.This is donewith the singular value decompsition, matched eld functionals
and an arrival times analysis. It is descriked in detail in [13, 14].

3.3. The coherent interferometric functional

We seefrom the frequencydomainform of | ™ in (3.19)that data at only onefrequency
are usedin constructing the functional, beforedoing the integration over the bandwidth.
If there are correlations between Fb(xr;! 1) and |b(Xro;! ») for two di®eren frequencies
I, and! ,, they are not usedin | ™" . This is another way of saying that correlations
are taken over all time in (3.18), rather than over time segmets, as we will seelater
in this Section. We will rst considerthe imaging functionals in the frequencydomain
becausethis is the form we usein the analysisand numerical simulations. Then, we
shall rewrite them in the time domain as stacked, migrated trace correlations.

The key idea in constructing good imaging functionals in random media is to
realizethat there are two intrinsic, and characteristic, parametersin the data Ib(xr;! )
that determinein a decisiwe way the quality of the image that is formed. One is the
decoherence frequency - 4, and the other is the decoherence length Xg4. They
can be estimated in principle from the data B(x,;!). The decoherencedrequencyis
the di®erencein frequencies! ; and ! , over which B(x,:! ;) and B(x,;! ;) become
uncorrelated. The decoherencdength is the di®erencen transducer locations %, and
%0 over which Ib(xr;! ) and Ib(x,o;! ) becomeuncorrelated. While the estimation of - 4
and X4 is possible,it is by no meansa simpletask and it is bestdoneadaptively, asthe
imageis formed. We will not discussadaptive estimation techniqueshere, asthis is the
subject of a forthcoming paper [12]. We will discusshowever the e®ectof - 4 and X4 on
image formation and resolution.

The decoherenceength X4 can be related simply to the cross-rangefocusing
resolutionin time reversal, which as noted above is given by L=(koae). This is because
of the reciprocity of the random Green's functions which allow us to idertify cross
correlations of the data Ib(xr;! ) and |b(Xro;! ) with focusingin time reversal, as in
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(3.16). We may, in fact, set X4 = L=(koae). This is an interesting expressionbecause
it relatestwo important length scales,X4 and a, that can be estimated, in principle,
from di®eren data sets.

We now intro duceih% coheren interferometric functional
X X .
SN (3% - 4; Xq) = diqdl, B, )P (%01 5)

Taila -4 Jxei xeol: Xq

g it 16(%¢r3%5)i 1 2é(%,0%°)) (3.21)

This functional dependson the parameters- 4 and X 4, which are not determinedat rst.
| “NT is equalto the squareof the Kircho®migration functional | * (3.13)when- 4= B
and X4 = a, that is, whenthere is no smoothing to accour for the reducedcoherence
in the data. In a deterministic medium this is appropriate becauserequencycoherence
of the tracespersistsover the bandwidth, asdoesspatial coherenceof the tracesacross
the array. On the other hand, if the decoherencdrequencyis very short, - 4 ¥ 0, then
the coheren interferometric functional (3.21) reducesessenally to the incoherernt one
(3.19), the matched eld functional. We see,therefore, that (3.21) is a smaothed or
regularizedversionof the Kircho®migration functional (3.13), in which the smaothing
or (statistical) regularization parametersare related to the intrinsic coherenceof the
data. The interpretation of (3.21) as the bad propagation of local trace correlations
will becomeclear from its time domain version.

Let us introduce a notation that we also usein Section5. If range is measured
from a xed point on the array, sudh asits certer, then we write %, = (x,;0). With this
notation, we alsointroducethe midpoint (sum) and o®set(di®erence)variables:

Xr = Xi %22, Xp0= X + x=2 (3.22)
aswell asthe sum or certer frequencyand the di®erencedrequencyvariables
L= b k=2, 1,2 L+ =2 (3.23)

Here, the midpoint variable X runs over all the recorderlocationsin the array A and
the o®setvariable runs over points for which x, and x,o remainin the array. The certer
frequencyvariable * runs over the bandwidth and the di®erencevariable  is sud that
I 1 and !, areinside the bandwidth.

Using the notation (3.22) and (3.23), we rewrite the coheren interferometric
functional (3.21) in the form

4
X X x ~ % -~
N (y®;- 4 Xq) = dr Ib(j( ARN B _)#9(5( + 24 D)
ji*iloj B x2A  IH a0 i xg 2 2 2 2
gt letr Ziy®)i elxi §;y5)]ei§[¢(s<i Lyt e(k+ iy (3.24)

where we do not shaw, for simplicity, edgerestrictions in the range of the di®erence
variablesx and +. Let us assumethat the di®erencevariablesare small. We can then
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simplify the exponerts in (3.24) to get
x x

ok + E;ys)i X E;ys) Var g (X, y°) 6x (3.25)
and

1 x x

Slekin i)+ e+ 5oy Ya el y°): (3.26)
If we now de ne the time-frequencyand space-vaverumber, smoothed Wigner function
of the data

Z X «

~ [
Wo (% p; b - 4 Xq) = d- ki Zivi )P+ ik + )P (3.27)
oo 2 2 2 2
ixj- Xq
we can write the coheren interferometric functional (3.21) in the simpli ed form
X
LN (355 - 03 Xa) = db o Wo (X5 Froge(koy®)s e(kiy%); Fi- o Xa)  (3.28)
j*iloj- B %

It is important to note here that the smoothed Wigner function of the data (3.27) is
not statistically stable. Summing over the array and especially over the bandwidth is
what makesthe coheren interferometric functional (3.28) statistically stable.

It is interestingto write the analogof the coheren interferometric functional (3.28)
in the time domain. This is easily done by inverting the Fourier transforms and then
doing the smoothing or regularization in the time d%main. The resultis

TCINT S.T . _ X X
I (y 1Td1Xd) - df dt_
X2A jxj- Xgq iti Gy Ta jtr xe(kGyS) % Tp
x t % t
Pi Siti P+ Sit+ 5 3.29
(% i it 2) ( > 2) (3.29)

where Ty = Y& 4 is the decoherencedime and T, = ¥#B is the pulsewidth. Note that
| TNTis not the exacttransformation of (3.28), but rather its time domain analog. This
is becausecuto®sin frequencybecomesinc kernelsin the time domain. We have used
cuto®sin the time domain to underscorethe parallel form that | " and | ™" have.
In the analysisand in the numerical computations of Section4, we usethe frequency
domain versionof the coheren interferometric functional.

We can now comparethe coheren interferometric functional (3.29) to the matched
“eld functional (3.18). First, in (3.17), we have to integrate the variable t over all
time, asin (3.29). Then, (in 3.18), we have to evaluate the variable t-at r 4¢(X%;¥°) ¢x,
omitting the integration. This evaluation of t correspndsto the di®ererial migration
in (3.18), that is, the evaluation of the crosscorrelation at the di®erenceof the travel
times. The integration over t'in (3.29) has no analogin (3.18). Finally in (3.18), we
have to integrate over all x, without restricting its length to be lessthan X4, asis done
in (3.29). Howeer, the main feature of the coheren interferometric functional (3.29) is
that trace correlations are computed locally in time. This a®ectsthe range resolution
in an essetial way aswe discussnext.



Interferometric array imaging in clutter 15
3.4. Model independentresolution limits for coheent interferometry

The time domain version(3.29) of the coheren interferometric functional is particularly
well structured for doing a rough but basic resolution estimation. If the seart point
y* is closeto the sourcey, then the uncertainty in rangewill comefrom the width of
the time interval usedfor calculating the correlations, jt i ¢(X;¥%)j - Tg. This means

a rough estimate of the rangeresolution ¥§ in a random medium is
Yi
Y = Ty = % (3.30)
where we have usedthe relation Tq = ¥&= 4 that relatesthe decoherencdime to the
decoherencdrequencyand the fact that travel time is range over propagation speed.
In the deterministic case,- 4 = B, the full bandwidth, sothe rangeresolution is given
by % = Yig=B. This agreeswith the results of the Kirchho® migration functional in
Appendix A.1.
We can get a rough estimate of the direction of arrival resolution %8, from the
range of integration of the time lag t'in (3.29). Sincex is boundedin length by X, the

direction of arrival cjr «¢(X;%°)) is boundedby ¥gy=(B X 4) sothat

Yo
Hoa BXd (3 3 )
The cross-rangeesolution 38y is then given by L¥E 5,
Yol
YR - 3.32
tR BXd ( )

When there is no randomnessand X4 = a, the full array size, then the cross-range
resolutionis the sameasthe onewe obtain from the analysisof the Kirchho®migration
functional in Appendix A, 3B, = &=,

In Section 5 we will analyze in detail, and from rst principles, the coheren
interferometric functional (3.28) for a particular class of random media and in a
particular scaling regime. The result of this analysisis that the rough range and
cross-rangeresolution estimates(3.30) and (3.32) are, in fact, correct. We also show
in Section5 how the decoherencdrequencyand length, - 4 and X4, respectively, are
related to the statistical properties of the °uctuations in the random medium. What,
howewer, is especially interesting for imaging is that the rough range and cross-range
resolution estimates(3.30) and (3.32) are univ ersal in the classof array data for which
the decoherencerequency and length - 4 and X4 are well de ned. The resolution
estimatesdo not depend on any particular model or scalingregimefor the random wave
propagation. They do depend, howewer, on being able to estimate from the data, in a
robust way, the coherenceparameters- 4 and X4. We have, therefore, a self consister
way to assessvhenthe resolution estimates(3.30) and (3.32) are expectedto hold. This
new insight into the relationship between image resolution and array data coherence
plays an important role in the designof adaptive algorithms for stable imageformation

[12.
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4. Numerical simulations

We presett in this section the results of numerical simulations for imaging with the
coheren interferometric functional (3.21), for both the passive and the active array
con gurations (cf. Sections2.1and 2.2).

4.1. The setupfor the numerical simulations

The setup for the numerical experimerts is shovn in Figure 4 where the dimensions
of the problem are given in terms of the certral wavelength , 5. We use an array of
185 transducersat a distanceh = | =2 from ead other. The object to be imaged
is at rangeL = 90, o and at zero cross-range,measuredwith respect to the certer
of the array. In the passiwe array simulations the object is a con guration of three
point sourcesemitting the samepulse f (t) simultaneously and the distance between
thesepoints isd = 6, o. In the active array simulations the three sourcesare replaced
by three disks of radius , ; whosecerters are located at the samepoints. The disks
are non penetrablescatterersmodeledwith homogeneou®irichlet boundary conditions
(acoustic soft scatterers). A probing pulseis emitted by the certral array elemen. The
pulsef (t) is the time derivative of a Gaussianwith certral frequency! (=(2%) = 1kHz
and bandwidth 0:6; 1:3kHz (measuredat 6dB). With a propagation speed of 3km/s
the certral wavelengthis then , o = 3m.

absorbing medium 80l

cross-range

"B Source |
a = M —1 100 30|~
© _ - 0 ;
- L=90/, i
20
- 10 55
" d:6lo 10‘ 20 » 30" A(]., 50 .eo 70' 0 %
- range

Figure 5. A typical realization
of the random sound speed c(x).
The location of the objects to be
imaged is showvn as three black
dots. The horizontal axis is range
(in wavelengtis) and the vertical is
cross-range(in wavelenghs).

<— 100/, —

Figure 4. The computational
setup. The dimensions of the
problem are given in terms of the
certral wavelength | o.

To simulate imaging in a cluttered medium, the objects to be imaged (sources
or scatterers)are embeddedin a heterogeneoudadkground medium with an index of
refraction n(%) = cy=d*) given by (2.8). The °uctuations in the sound speed c(x*)
are modeled using a random Fourier serieswith meancy = 3:0km/s and a Gaussian
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correlation function. The correlation length is | = 1:5m and the standard deviation is
s = 3%. A typical realization of the random medium is shavn in Figure 5 where the
units in the horizortal and vertical axesare given in terms of the certral wavelength
and the scaleof the color bar is in km/s.

To generatethe array data we solve the acousticwave equation, formulated asa rst
order in time velocity-pressuresystem,using a mixed nite elemen method [4, 5]. The
propagation medium is consideredto be in nite in all directions and in the numerical
computations a perfectly matched absorbinglayer (PML) surroundsthe domain.

In Figure 6 we shov numerically generateddata recordedat the array. We shaw
time tracesin a homogeneousnedium aswell asin a random medium. It is clear from
Figure 6 that in the active array casethe e®ectof the random medium s a lot stronger
as the wavestravel twice the distance from the array to the scatterers. The coheren
interferometry imagesobtained for thesedata, with the functional (3.21), are preserted
in the next section,wherethey are alsocomparedwith imagesobtained using Kirchho®
migration.

Passiwe array Activ e array

Figure 6. Time traces recorded on the array Top: homogeneousmedium. Bottom:
random medium with standard deviation s = 3%. The horizontal axis is time (in msec)
and the vertical is array transducer location (in m).

4.2. Imaging with cohetent interferometry and with Kir chho®migration

Weshaw rst in Figure 7 the imagesobtainedwith Kirchho®migration in ahomogeneous
medium. We note that coherert interferometry (3.21) with no smoothing, sothat X4 = a
and - 4 = B, is the sameasthe squareof the Kirchho®migration functional (1.1,1.2).
For this reason,in the following, instead of showving the Kirchho®migration images,we
show their square.

The searth domain, which is also the domain over which we shav the image, is a
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Passi\e array Activ e array

Figure 7. Kircho® migration imagesin a homogeneousmedium. The vertical axis
is cross-rangeand the horizontal axis is range. The correct location of the objects is
indicated with a star.

squareof size20, o £ 20, o, asin Figure 7. The vertical axisis the cross-rangewhile the
horizontal axis is range. The pixel sizein the imageis , (=2. In all the imagesthat we
shaw, the searth domain, the domain of ¥°, is xed and equalto this one.

As expected,imageswith Kirchho®migration are very good in homogeneousnedia
and, more generally in smooth deterministic media. When the badkground medium is
randomly inhomogeneoushowewer, Kirchho® migration imagesare no longer reliable
becausethey are noisy and statistically unstable. That is, the imageschange from
one realization of the random medium to another. This is clearly seenin Figure 8,
especially in the active array case. The randomnessin the imagesis inherited from
the data recordedon the array and remainsin them becausehere is no random phase
cancellationin | ™,

To obtain statistically stableimageswe usethe coheren interferometric functional
(3.21). This correspnds to migrating cross-correlationsof the array data over the
decoherencdength X4 and frequency- 4. The imagesobtained for di®eren values of
X4 and - 4 are shavn in Figures9-11.

The true decoherenceparametersXy and - 4 are not known and depend on the
random medium which is also assumedunknown. In principle, we can estimate these
parametersdirectly from the data. Howeer, this estimation can be rather delicate in
practice, especially in inhomogeneousandom mediawhereX 4 and - 4 are not constart.
Instead of estimating X 4 and - 4 directly from the data, we have introducedan algorithm
that nds the decoherenceparametersby looking at the image itself, asit is formed
with (3.21). The essetial ideais to minimize the spatial roughnessof the image, as it
is being formed, while cortrolling the smoothing. The main advantage of this approat
is that the image that emergesis statistically stable while the data are not, and so
the smaothing parametersX 4 and - 4 are easierto estimate from the imageitself. The
detailed description of the algorithm is preserted in [12]. Here we demonstrate with
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Figure 8. Kirchho® migration imagesfor three realizations of a random medium with
standard deviation s = 3%.
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Figure 9. Coherert Interferometry imagesin random media with s = 3%.
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numerical simulations that optimal smaothing (decoherenceparametersX J; - 7 exist,
by displaying in Figure 9 the imagesfor Xg4;- 4 smaller, equal and larger than X J; -
respectively. When the X4 and - 4 usedin (3.21) are smaller than the optimal ones,
the estimatedimageis over-smadthed, that is, blurrier than the optimal image. In the
opposite direction, when X4 and - 4 in | T are over-estimated,then the imageis noisy
and statistically unstable. Note in particular that the decoherencdrequency plays a
crucial role in the statistical stability (seeFigure 11).

— — ? — ? — ? ? — ?
Xd—a,-d—-d Xd—Xd,'d—'d Xd<Xd"d_'d

Figure 10. Coherert Interferometry: The e®ectof X4 on image resolution. The value
of - 4 is xed and X4 decreasedrom left to right with the optimal in the middle.

Xq= X2, -4=B Xg=XZ, -4=-7 Xg=Xg -a<-3

Figure 11. Coheren Interferometry: The e®ectof - 4 on image resolution. The value
of X4 is xed and - 4 decreasedrom left to right with the optimal in the middle.

As we know from the analysisof time reversalin random media [22 10, 40, 2, 3,
43, 33] another parameter that plays an important role in the statistical stability is
the bandwidth. In coheren interferometric imaging the bandwidth erters through the
summationover 1" in (3.28). To illustrate how the averageover frequency(sum over 1)
a®ectsthe stability of | ™" | we show in Figure 12 imagesobtained with and without
averagingover frequency

The imagesshowvn in Figures 10-12 are for the active array case,with certral
illumination. They clearly illustrate the role of X4 and - 4 in the resolution and the
stability of the images.We note in particular that whenimagingin clutter the resolution
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Figure 12. Coherert Interferometry: The e®ectof bandwidth on the stability of the
images. The values of X4 and - 4 are the optimal ones. Top: with averaging over
frequency Bottom: without averaging over frequency Left to right: three di®erert
realizations of the random medium.

of the imageis no longer determined by the array aperture and the bandwidth of the
pulse, as is the casein deterministic media (compare Figure 11-middle with Figure
7-right). Instead, imaging resolution in random media depends on the decoherence
length X4 and frequency- 4. In the following section, we presen a theoretical analysis
of coheren interferometry which gives resolution estimates,in the passiw array case.
As noted in Section 3.4, even though the analysisis done with a particular model in
a particular asymptotic regime, the numerical results presentied in this sectionare in
gualitative agreemeh with the theoretical results. The numerical simulations are done
in a realistic physical setting without any approximations like the onesusedin the
theoretical analysis.

5. Analysis of the coherent interferometric functional

In this section,we give a quartitativ e resolution analysisof the coheren interferometric
imaging method introduced in Section 3, in a parabolic (forward scattering) high
frequencyasymptotic regime.

We assumethat the sizeof the array is small in comparisonwith the range of the
sourceand introduce a system of coordinates certered in the middle of the array, as
shown in Figure 13. The array is taken, for simplicity, to be a squareof aperture a in
the plane orthogonal to the z axis, which connectsthe sourcewith the origin. In this
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X
! 2

2
< 3

Figure 13. The array, assumedplanar and with aperture a, is certered at the origin of
the system of coordinates, at distance z, from the source.

systemof coordinates we introducethe notation

¥2=(y2=0;22); % = (Xr;0); (5.33)
wherez, and y-, are the rangeand the cross-rangeof the source,respectively. The later
is, by the choice of the coordinate system,the zerovector in R?. Similarly, x, denotes

the location of the r-th transducerin the planar array.
We will usethe parabolic approximation of the Green'sfunction and we write 8 as
B0x;y0; 1) = 7 ZIRx;y,;1);  for an arbitrary x = (x;z) 2 R%(5.34)
wherethe amplitude A satis esthe parabolic equation
- ~ X Z =
2ikA, + ¢ A+ k®¥ T A=0 z<z;

A =Hxiys) z=12; (5.35)
and ¢, is the two-dimensional Laplace operator, with respect to the transverse
coordinates x. This appraximation is valid whenkjA,j A jA,,j or, equivalertly, when
bad scatteringis negligible. This is usually the casewith weakrandominhomogeneities
in remote sensingregimes,with z, much larger than L, a transverselength scalegiven,
for example,by the aperture a of the array. Even though the random inhomogeneities
are weak,we do not usea single scattering approximation. Sincethe wavestravel over
long distancesfrom the sourceto the array, multiple scatteringin the forward direction
is signi cant and takeninto accour by the random parabolic equation (5.34).

When the °uctuations are zero, ¥, = 0, the solution of (5.35) is

ik jxi y2i?
Bo(xiyail ) » — e H5 (5.36)
' 12§ Z9)
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where the subscript O indicates that the medium is homogeneousand » is used,
throughout the paper, to denote equality up to a multiplicativ e constart. Thus, for
izi i A jxi yai;

u 1

I .2
1 ik jzj zoj+ JY

1 gkixi yoi 4 221 27] : (5.37)

RIS jzi 2]
which is the parabolic approximation of the Green's function in the homogeneous
medium, as expected. Naturally, when the random °uctuations are presen, 8 and
A are random functions.

Bo(x;¥1)

5.1. Saling

We scale variables with a horizontal scaleL, » 2z, along the main direction of
propagation of the waves, a transversallength L, the carrier wavenumber kg = ! o=¢
and the carrier frequency! o, respectively,

x=L,x% z=1,2% k=kk® 1 =1,2% B=1,BC (5.38)

The scaledrange of the sourceis
0 Z')

25 L, ( )
and, for a point %, = (X,;0) in the array, the scaleddistanceto the sourceis
" #1
. . (VRN [P 2 VO [P 0 0:2
0o X Yol Lx " 0. 02 L " “IX7i yal”.
i yai%= rT = (B)?+ L_z XPi ye© vazg+ L—z rZT'(SAO)

In the remainder of this Section, all variables are scaledand we simplify the notation
by dropping the primesin (5.38)-(5.40).

Substituting (5.38) in (5.35) and neglectingthe multiplicativ e constart in the initial
condition, the scaledparabolic equationis

3 ,
- ~ Y& L, X Z _
2ikA, + p¢ (A + ﬁp—ikl Tz A=0 z< z;
A = HX| Yo); Z= 25 (5.41)
with the dimensionlesgarameters
_ | ) _ | _ Yot
2= L—Z, = E and 3/4— 23—:2 (542)
depending on the random medium, and with the Fresnelnumber given by
L,
= : 5.43
M= oLz (5.43)

Sincewe are interestedin a remote sensingregime, with the sourcebeing a long
distance away from the receiwers, as comparedwith the aperture of the array and the
correlation length, we order the length scalesas

B, A L,A I; orequialertly, 2¢ +¢ 1. (5.44)
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The particular choice¥, = ¥232=+0f the strength of the °uctuations is madesothat, in
conjunction with ordering (5.44) of the length scaleswe can take the white noise limit
21 0in (5.41). This asymptotic regimeis usedin Appendix B, together with the high
freqguencyu ¢, 1 approximation, to obtain simple expressiondor the secondmomerts
of A. We discussthe momert formula in Section5.2. We then useit in Section5.4 to
analyzethe imaging functional for locating the source,given measuremets (2.5) at the
array.

5.2. The moment formula

To nd the sourcelocation ¥» we usea coherent interferometric functional (3.21) of the
tracesP (%, ;t) and P (x,0; i t), at receiverszr andr® In the random medium, the traces
decorrelaterapidly, so we take receiver locations and frequencies,that are within a p
neighborhood of ead other.

We analyzethe imaging functional (3.21) in Section5.4. This involvesthe random
functions

PO P! 9= (11 DI DBt 21 )B0xeo; ¥ 9: (5.45)
When the functional (3.21) is self-averaging we can analyzeit using the expectation
of (5.45). The self-areraging property comesprimarily from the smoothing with the
decoherencdrequency- 4. We do not examinethis property in detail hereand referto
[40] for a systematicanalysisof self-averagingissuesfor the random parabolic equation
(5.41).
We rst changevariablesby de ning

B 5.46
- 2 ) - u ) ( )
T = Xr+Xro; R = Xyoj Xr; (5.47)

2 H
where we omit subscripts on the midpoint and o®setvariables X and r, respectively.

We also note that becauseof (5.38) the scaledwaverumbers satisfy
k=1; R=E: (5.48)
In Appendix B[\)Ne derive the momernt forlgnula

Bt ;¥ ) B0y 19 Ya Bl %;1 ) Bo(%r0;%2;! 9

_ - 5.49
Al(z?)e‘ RZsz 2, Az(Z?)ikszezs?m : ( )
where
q___
, L 9—  ; ieD,
Ai(z) = coste(z iRDp) g ; (5.50)
sinh(z iRDp)

z Here we usethe prime to distinguish betweendi®erert receiver locations or frequencies. The prime
doesnot refer to the scalingasall our variables are now dimensionless.
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0 q — 1
: 3 iRDp 1
Al2) = @ q i A (5.51)
IRKDpZ  tanh(z iRD,)

and D,, D¢ aregivenin terms of the covariance (2.9) of the °uctuations by

y
¥z Y3+ . o
Dp =i 4 R3t0); Di = —=Ro(0); for Ro(jx) = R(jxj; z)dz: (5.52)

il

When R = 0 this formula is well known [34]. It is alsoknown in somespecial caseswith
R6 0, [49.
While onecando calculationswith formula (5.49), we shall usethe simpli ed version

R%Df 27 k%D pzojej2

D E R
B¢ y7 1 )Bxroi 7! ) ¥aBo(xeiyo;! ) Bo(xro;y7;! 9 21 5 (5.53)

obtained from (5.49) by appraximating Ai(z,) and Ax(z,) by one. This is a good
approximation in the weak °uctuation regime with % ¢ + where simple series

expansionsof (5.50)-(5.51)give
H %‘H

A(z) = 1+ O(%) and (A(2)i 1)D,= O - Dré¢ Dit (5.54)

5.3. Smce and frequencydecoherene

>Hom the momernt formula (5.53) we can get a theoretical estimate of the spaceand
frequency decoherenceparametersof the array data. We can set them equal to the
varianceof the Gaussiansin R and in & in (5.53)

Y cg= pe— (5.55)
DfZ’_)
and
S
. . M 3 Hz,
i o - Xg(h) = = = 556
IXr i Xroj a(™) K Dy Ka (5.56)
Here .
3
a = D;Z’-’ (5.57)

is the e®etive aperture in the random medium [40], scaledby L,. When we use (5.43)
in (5.56) and rearrangeterms we get
L.z,

KokLy@e
which is, in dimensionlessvariables and scales,the equality of the decoherencdength
X4 to the time reversalspot size[10, 40]. We also usethe notation X 4(1") to indicate
that the decoherencéength dependson the certral frequency

LxXa(T) = (5.58)
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5.4. The imaging functional

Let ustake a seardnzpoint yS :Z(ys; zs) and de ne the imaging function

X X .
| ONT (y9) = d o g g d?® Bx, ;1 )P0 ! OF
x;2A 1'il-B ii1g. -, X0 2 A
X i Xeo -+ Xg(T) (5.59)

BoCxr; ¥ 1) Boxro; ;1 9
where A denotesthe array. Here,we do a ctitious badk propagationto y*°, by means
of the homogeneoumedium Green'sfunction (5. 37) that in scaling(5.38) becomes
@O(er ) » = glkolz kzs+|_klxgll1 ysi® 4 |( ) LE +kJX5;I1z);SJ : (5.60)
Zs Zs
Of course, |l “N (y°) depends on the random Green's functions, so badk propagating
with Go cannotadieve perfectphasecancellationin (5.59), at ¥° = y,, asdesired. This
leadsto blurring of the image,aswe now show.
We recall from Section 5.2 that | " (y3) is essetially deterministic (self-
averaging), so we can replacethe random part in (5.59) by its expectation using the
momert formula (5.53). Let us assumesmall spacingsbetweenthe receiwers, sothat we

can appraximate the sumsin (5.60) by integrals

X X
» dx de; (5.61)

X2A HiRj: Xda(T)
Xr2A X002 A

IXri Xrg - Xg(F)
wherediscretelocations X, and g, have beenreplacedby the cortinuum varying X and

R, respectively. Equation (5.59) becomesup to multiplicativ e constarts,
Z Z Z Z T —u il

VI
| oNT (yS) » dx  di de defy 1 1 % fy 1 1+§

X2A Ui 12B  pej- Xq(T)  WEJ -4

i ¢ i ¢ R?D 22 k2D pzojej2 5.62
Bo' (i 205yt %8y (Xt Oyt e (5.62)

. ¢ . ¢
By (Xi 2;0)ysTi B8y (X+ 20y
Usmg expression(5.60) of @o, we have

rid

8 ' (X i 20 yati @o (X+ H:0) 91 + llz—bw»

— ’ ¢ C — iXi y2i %E] iXiyo+ %E] (563)
1 |(L—Z) Ki “— Zj k+“— z ¢ el Ki “; #i i k+”—‘g 'zT
For u¢ 1we canwrite
iXi y-i Le X + bgj?
Xi Y21 5 Rj? J i Y2 J JX| yoj? (5.64)

22'_7 22'_) V4)
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and
iXi yoi 5®j® . jXiyo+ bRj® . I xjXi yoj°
2z T 7RG 27>
u ] 1, (5.65)
Vai = RO g(X;0)i ¥ai;
Lx
with the last approximation in (5.65) coming from (5.40).
Gathering the results (5.63)-(5. 65)and recalllng oncemore (5. 40) we get
@o (X 2,0),Y?,- @o (x+ 0), o T+ l% » _£
(5.66)
o 1(E2) [Ritx:0)1 yoi+ Keri(x:0)i 2]
and, similarly,
i ¢ i ¢
Qo Xi Z;0)y5T 0 G (X+ 205y T+ 2 » LE
(5.67)
a(cr 2)*[Ri(x:0)i yj+KROr £j(¥:0)i y *D]-
Equation (5.62) becomesafter appraximating the amplitude 1=(z,25)? Ya 1=27,
Z Z - :22 Z
o (y%) » L dX ar R 1) de de
© ox2A jriij2B biej- - o viRj Xa(1) (5.68)
o K0pzojei? K7Dy 27 o (E2) [RUG01 i (R:0)i yoi)+Kedr xi(X:0)i yojir xi(X:0)i y2i)].
wherewe set q
fp 1§% v, fy (Ui 1); (5.69)

assumingthat - 4 is much smallerthan the bandwidth B of the pulse. This is precisely
the setup in which coheren interferometry is expected to work well, since achieving

a stable imaging function requires averaging over I spanning many decoherence
frequencies.

Recallingfrom Section5.2 that the domainsof integration over B and g are chosen
asthe essetial supportx of the Gaussiansin (5.68), we can approximate the integrals
over B and B by extendingthem to the ertire real axis and R? plane, respectively. The
result is

Z H Lo S Loy . 2
I Tt Y
3 Z7

i 112 B T X2 A

(5.70)

L \A G0 ySiil (50)1 y20)?
I (7) 2D¢ z?

x While the Gaussianshave in nite support, they are very small outside the essetial support de ned
asthree standard deviations.
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wherethe extra factors of z, in the amplitude are due to the integration.

We can write (5.70) in a simpler form that makesthe resolution of the coherert
interferometric point spreadfunction | ““" (y¥°) more transparert. Using the parabolic
appraoximation (5.40) we have

“Lz.”2 o S: o . Xi Vs Xi VYo
™ (r xi(X;0)i ¥%5i r<j(X;0)i ¥oj) ¥a i (5.71)
X ZS Z’)
and
M M0, . . |
. o . L X i 2 X yaj?
((K:0)i ¥51 J(0)i yol) Yazei 22+ > J 'ZZij i 'Zzy'j YaZsi 2o
Z S S

Using also (5.55) and (5.57) we can write the appraximation to | “™" (y°) in the form

) .2
i Jyei %ng%i 1) e 20)2

Z

1 ifS (T 1)j2

| CINT (yS) » —p— ar m—L)J dx e 2a3 ag (5_72)
Z5 Z jri 128 T X2 A
where
1
L,re= (5.73)
Ko- d

is de ned as the range resolution. It is given in terms of scalesand dimensionless
variables and it is the distance traveled at speed c, over the delay spread 1=(! - ),

as discussedin Section 3.4. Thus, in dimensional variables the range resolution is

determined by co= 4, and the larger the delay spreadthe poorer estimate of z; is.

Moreover, assumingthat ro ¢ 1, we cansimplify | 7 further to obtain

Z z
1 . i 1)j° iy2iysi?. (221 zs)?
| CNT (ys) » 5|9 — dr W—L)J dx eI T2 1 az : (574)
23 Zr jriips ! <2A

and note that the cross-rangeresolution is determined by the e®ectiw aperture ae.

5.5. Summary of the resolution analysis

In order to relate the results we have obtained above, with the discussionof Section3.4
we write (5.74) in dimensionalvariables. By the convertion of Section5.1, all variables
in (5.74) should carry a prime becausethey are scaled. Restoring the scalesgives

Z . . :2 P 2 . 2
| SNT () » dr w U & Himar stz (5.75)
iTi 1 oj2B T X2 A
As already noted above, the rangeresolutionis
L,re= &; (5.76)

- d
where - 4 has beendimensionalizedby multiplying (5.55) with ! 5. Since- 4 is usually
much smaller than the bandwidth B, the range resolution in random media can be
considerably worse than in a homogeneousmedium, where it is given by c,=B (see
Appendix A.1).
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The cross-rangeesolutionis givenby L, a, or, in dimensionalvariables,by a.. This
agreeswith the result obtainedin [11] for the cross-rangeesolution of the matched eld
functional (3.18). Using (5.58) we also have that

Gol, .
oXa(! o)
whereX 4 hasbeendimensionalizedby multiplying (5.56)with L. Note that the product
I Xq(!) is independert of the frequency as seenfrom (5.58), so we usedthe carrier
frequency! ¢ in (5.77).

The broadband cross-rangeresolution of Kirchho® migration is given by %, as
reviewed in Appendix A.1. Thus, we seefrom (5.77) that Ba is replacedby ! ¢X4(! o)
in coheren interferometry. Since X4 is usually smaller than Ba=!, the cross-range
resolution in random mediais worsethan it is in a homogeneou®ne. The imagesthat
are obtained with the coheren interferometric functional are stable but blurred.

Lyae = (5.77)

6. Interferometric imaging of extended sources

Figure 14. Sourcesdistributed cortinuously in D emit simultaneously a pulse which
propagates through the medium and is partially captured at an array of transducers
shown in the Figure.

In this sectionwe extend the resolution analysisof Section5 for a point source,to
a distributed source. The setup is descriked in Section 2.1 and the forward model is
given by (2.10). We usethe assumptionsand notation of Section5.

To x ideaswe supposethat the support D of the sourceis much larger than y,
in all directions. If the diameter of D is - O(), then for all practical purposesthe
sourceis like a point and the analysis of Section5 applies. Of course,we can have a
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thin domain D aswell, but the analysispresened hereextendseasilyto sud particular
cases.
We image D with the coheren interferometric function (5.59), for arbitrary seart

points y°. Using tge forwarzd model (2.10) and the self-averagingof | “"" | we have
X -

T ()= Al o g g d!° (i DR DE
x;2A 1'il-B P10 1. - ;02 A
Xr i %o - Xg(T) (6.1)
Z Z D E
Ddy Ddyol/éy)l/éy() Gxr; %1 )G(%r0; %519 Gol(xr; ¥ ! )Go(%r0; %! 9):

We proceedas in Section 5.4 by changing variables as in (5.46) and (5.47) and by
replacing the sumsover the array with integrals over the aperture. This leadsto the
replacemen of the discretelocation X, and g, in (6.1) with the cortinuously varying X
and B, respectively. We alsode ne for two arbitrary points y¥ = (y;z) and y°= (y%z9
in D, new variables

o y+yY o z+ 20
y=121 2= 225 (6.2)
yoiy 2% z
= . p= : 6.3
¢ m m (6.3)
Then, momert formula
D _E I P
By )BEO YS9 YiBolx;y:! )Bo(xy! 9 expli KT fge
4
n RZDf zn 70 EZD A 70 . i ) 0 (6 )
exp j > i s (Rj“+ R Cg+ jgj7) ;
derived in Appendix B, and the appraximation (5.69) give
ppz B L pp ( 29 . .
| ONT (yS) »  dX dr it (i 1)j%de de dzdy dedgf
X2A jUi 1 B pgj Xq(1) Wej -4 D
3 g 3 4 3
By Bizi 8 %y+E,z2+ 82 G (Xi B,0:(Vi Fizi Bt B £
(6.5)

3
H ¢
Go (X+ ;0)(Y+ 22+ &), r+ & Gy (xj &;0)ys;ti BE

H ¢ . ?ZijP.j. ?ZDfZ"ZO. k2D pzr 20, . -
Go (X + B O)yS; T+ Mg a1z i (ETEesi),

where

z” 2°= minfz; z%: (6.6)
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Further, we recall (5.60) and write

3 ’ 3
Go (Xi Zi0N(Vi ZiZ+ 2hTi 7 Go (X+ Z0N(y+3iz+ )+ »
Y
2 _exp i ikol K=y ipkol Rz + ik M)FYHEE
(Zi BE)(Z+ HE) 2 2u(zi &)
(K + HR)XiT ““‘%)12%
2) oz
and _ . ¢
Go (Xi %;05y51 i B Gy (X+ H;0)y%t+ i » Lg
0 (6.7)
exp iukoLoRz: i i(Ki H)XIGEEE + i(k+ MK

The rst exponertial in (6.5) indicates a rapid lossof coherencdor 2> O(l) ¢ 1
and, becauseof our assumptionson %2 we cansete = 0in all the factors of the integrand
in (6.5) exceptthe exponertial

k“Dg¢ jrj . =
g —a i kolz ke=p.

whoseintegral over 2 is
z

k2D jej 1 k2D jsi

deei 20 i ikO'—ZRE:Fl 1/4u dSeI —5 i ikOLzRS - — 4|"lDf
i1 k'D2 + 4k3L2
Next, we note that momert formula (6.4) restricts the magnitude of pg to the
decoherencéngth X 4(! ), that coincideswith the time reversalspot size. SinceX 4(! ) =
O(W in our scaling, the assumptionson %2allow usto write Y2 y § 2,z % %(y;z) and
obtain

= C(M): (6.8)

z z z 72 2 z
oM (y%) » dx  drC(Oifb (i 2 dydz 22 de dp
X2A  jri 1 B D 2725 ej Xq()  Hig Xa(D)
z ( _2 )
_ R°Diz K DyzZi. . .
N de exp ikouL,R(zsi 2)i 2f i 6" B>+ RCp + jpj°2 £
WiEj - g , y (6.9)
2 _ R\ iXi Vi H(Rj 9)12 — R\ Xi Y+ H(Rj ¢)j2 ¢
exp i(ki )71 i(k+ F)=——F7 £
n - RYIXi Ysi 'F12 | e 4 pRyIXi Vst 172
exp iki )=t F ikt B) 5



Interferometric array imaging in clutter

32
Now, in the scaling(5.38), we have
| koL RZ +(K | BRIV G (g BT By,
P KR ) er UG REIE L ,RZ Vs (6.10)
3 ’ 2 h_ . . . .i
i = k(®ig)erjX0i V:2ii Ri(X0)i (V:2)]
and, similarly,
ukOI—ZRZS l (RI )JXI ysl 2] + (R_'_ LR iXi yzsu;“—] Y,
Kie Gr EYSE 4 RIEEYSE 4 ol Rz, Ve (6.11)
3 Loh [
t2 keOr j(X;0)i ¥+ Ri(X;0)i ¥ :
Using thesee>§oresszionsequation (6.9) becomes
: : Y5(y
9y s dx drCOiR (T P dy )
X2A  jri 1j- B D FAAS
z Cou T R2D 7)
deexp iR == (i(x:0)i ¥5i i(X:0)i (V;2)i —5
higj: - g L 2
deexp ik —= RO (000 ¥Ji r«(X0)i ;)i —g —
Wej Xq(1)
z C LTz K'Dpz | ?
dgexp ik 5 o j(X0)i (V;2)ji —5— ipi’+poe
wej- Xq(M)
Becausethe domain of integration in g is chosenas the essetial support of the
Gaussianin (6.12) we can extend the integral over the whole R? and obtain
Z ( V1 ﬂz —2 .
— L, o pZi. o ¢
dgexp ik = (X0 (V:2)ii jgj°+glr >
Wgi- Xa(h)
( TR P T
1 K'Dyzjrj” ik L, 37L, ' xi(%0)i (7;2)ii°
Eex T2 3 T B O j(X;0)i (V;2)i 2 L, D,z
Similarly, the integral over k is evaluated by extendingit to the ertire real line and the
result is 7 " e o
de exp iR L “(i(x;0)i ¥5i i(X:0)i (V:2i)i —=— »
HEj- -4
% 3 Ya
exp § Lr | USON Y (KO (720
¥4

Lx 2Dz
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Finally, we calculatethe integral over g
g y %} 9

Y
—  K2D.ziri?
de exp ik =z E¢rxJ(X0)|37‘J| %fo(XO)I(yZ)J i o
HiRj- Xg(T)
Yo 3 - » , !
1 ) L, Jr <I(K50)i ¥ 51 xi(X50)i (V;2)])
% eXp | 2 U sz7
Gathering all the res%lts we have 2
+— C 1
| CINT (yS) » dY ( ) jﬂ (1_ | 1)J dy dz%(y Z) TZZ£
X2 A iTi 1- B D Zg
Y3 - A 3
. , . )T. %:0)i (V:Z L2 . 0 0
exp i 2 t_x jr (% D)puz(y 2)jj t_x * o) v JgD(fo )i (7:2)ii” (6.13)
3 L 74
o Ly K0 yoli 3t d(Xi0)i (7:2)i]
L x Dpz

Let us rewrite (6.13) in a simpler form that shows explicitly the resolution of the
imaging functional. The parabolic approximation (5.40) gives

J(X;0)i ¥ i(X:0)i (V:2)jYazsi Z (6.14)
and
[P o= (VRN | P
oo v Y oy yin s (eas)
X y4 LX S
s0(6.13) becomes
z C( ™) z 1
| N (y°) » dx it (i 12 dydzA(Y:2) it
X2 A it 1 B D Zg
” N % (6.16)
iXi v 122 . 2JEXiys)i 3(Xi Y
exp i 3J>2<;_e)£j i (ZszlrgZ) ; | 75 (X y35)1—922(x 2]
Herer. is given by (5.73) and
r
D,Z3
B= — 6.17
’ (6.17)

is the e®ectie aperture in the random medium for scaleddistancez.

6.1. Summary of the resolution analysis

As we have seenin Section 5, the range resolution is determined by r, the distance
traveled at speed ¢, over the delay spread. Assumingthat r. ¢ 1, we can simplify

(6.16) further and obtain
Z Z

C
1T (y%) » b, dx it o ayaviyioe
Zs X2 A i1 B D (6.18)
n
R Ly S
exp i ZJV%ZVJ . (ZszlrgZ) i 51>3<;_6ng . 2Yi él:fyu Ys)
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This result is similar to the point spreadfunction derivedin Section5, in the sensethat
the cross-rangeesolutionis given by the e®ectie aperture (6.17). Instead of recovering
the point value of Y2at y° we get an averaged’zover a vicinity of the seart point, of
sizer, in the rangeand &g in the cross-range.
The biggestin®uence on the imaging functional comesfrom the array locations
X in an O(ag) vicinity of y and therefore of ys. The integral over the array takesa
simple form whenys 2 A and the aperture A is largerthan a@. In this casethe imaging
functional simpli es further
Z Z
ONT (yS) » 1 ar O i (T 12 dydzA(y;2)e . (z#)z
% jiri 1j- B r D
We end with the nal note that the blurring kernel in (6.18) is not the sameas
that in (5.74). This comesfrom the forward model (2.10) and the momen formula that
dependson the scaleddi®erenceg of two points in D. More precisely the di®erencdn
the kernel originates from the ¢ integral in (6.12), which assumeghat the sizeof D is
larger than the time reversal spot size X 4(T), for all frequencied™ in the bandwidth of
the pulse. In the caseof small, point-lik e sourcesconsideredn Section5, the domain of
the ¢ integral collapsesto ¢ = 0, the momern formula (6.4) reducesto (5.53) and the
point spreadfunction is given by (5.74).

7. Summary and conclusions

We have introducedthe coheren interferometric functional (3.21) asan e®ectie way to
imagein clutter with array data, and we have comparedit to Kirchho®migration and
to matched eld imaging. This functional dependson two parameters,the decoherence
length X 4 and the decoherencérequency- 4, that are not known and must be estimated
from the array data by the imaging processitself.

We have given three di®erent and interrelated interpretations of theseparameters.
First, they are smaothing or regularization parameters for the Kirchho® migration
functional that producesunstable imagesin clutter. Second,they are decoherence
or decorrelation scales asseiated with the array data, although they cannot be
readily estimated directly from the data without the imaging process. Third, they
characterizethe range and crossrange resolution limits of the coheren interferometric
imaging functional. The resolution theory is obtained rst in a phenomenological,
model independen, way in Section 3.4 and then, from rst principles, in a particular
asymptotic regime,in Section5.5.

We nd that the range resolution is proportional to cy= 4, where ¢, is the
badkground propagation speed, and it is worse than the correspnding one in a
homogeneousnedium, ¢,=B, because- 4 is typically much smallerthan B. The cross-
range resolution is proportional to L=X4 and is typically worse than c,L=(Ba), the
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cross-rangeesolutionin a homogeneousnedium, sinceX 4 < a. The decoherencéength
can alsobe identi ed with the focal spot sizein time reversal, X4 = , gL=a,, where a,
is the e®ectie apperture in the clutter. This makesthe cross-rangeesolution of (3.21)
proportional to a., asobtained in [11] for matched eld functionals.

We have shovn with numerical simulations, in Section 4, that the coherert
interferometric functional (3.21) does produce statistically stable but blurred images,
provided that the parametersX 4 and - 4 are chosenadaptively in an optimal way. The
adaptive estimation of these parametersand the deblurring of the imagesis preserted
in a companionpaper [12].

App endix

App endix A. Kirc hho® migration

We review brie°y the analysis of the Kirchho® migration functional (1.1), [21, 41, 9,
7, 49. It is very successfuin imaging the support of sourcesor scatterersin smaoth
and known badgrounds. For brevity, we focus attention on the inversesourceproblem
where we wish to determine the support D of an extendedsource,given the recorded

array data.
The Kirchho®imaging functional for variable badkgroundsis
X
L (y°) = P (% c(x:¥°) ; (A.1)
*r2A

whereA denotesthe array and y* is a seart point to which we badk propagate(migrate)
P (%,;t) by ewaluating it at the travel time
z ds
i(%r5yS) C(X(S)) .
This is the integral of the slovnessc (%) along the characteristic curve j( %,;¥°),
connecting %, to y¥°. The underlying assumptionin (A.1l) is that the badkground
medium is smooth and known, so geometrical optics applies and travel times (A.2)
can be calculated. In our setup the badkground velocity ¢, is a constart, and (A.2)
simpli es to

(A.2)

(% ¥°) =

xeiy) = ik i ¥ (A3)
In this case,we canrede ne the mi%ration function as
X ' S
| KM (yS) = i d! #S(Xr;! )ei it e(%ryS)
2]/4 J‘] ] J B
*r2A i-o
Z (A.4)
X _—
» di B(xe; ) Bo(xeiy5;!);
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where» standsfor appraximate equality up to an amplitude factor in the integrandthat
plays essetially no role in imaging, and &, is the Green'sfunction in the homogeneous
medium, at frequency! ,

1 !
Go(%r;¥°) =

A A5
Hxe i ¥ Co (A-3)

Let us supposefor now that there are no °uctuations in the medium so that the
forward model (2.10) is

P(%;t) = ) Ygy)e " o g (t) 2 Go(x,; y; t)dy: (A.6)

Assumefurther that the receiersare closelyspacedon the array, which lies on a surface
S parameterizedby u 2 R2. Using (A.6) in (A.4) we obtain the following theoretical
form of the KZirc hho®Zimagian functional

| (y%) »  Yy) du dt (1 i 1 o)Bo(x(u); ;! )Bo(x(u); ;! );

D S J'ilol B
z z i z (A7)
» Y : - Cd (1 )@k UxWi i x(W)i v
) s ¥(U) i Yiix(u)i ¥ j!iioj.é i to)

We will analyze this functional using the method of stationary phase[6]. It is a
high frequency asymptotic analysis that is justi ed physically by a scale separation
assumption[9, 49. This meansthat the badkground medium is slownly varying (it is
constart in our case)relative to a typical wavelength, whereas'4y) is \rough", dueto
its discortinuity at @. The referencewavelengthis , o = 2¥&=! .

>Hom the method of stationary phase,the leading order term of the ! and u
integralsin | ™ (y°) comesfrom the vicinity of the stationary points satisfying

ix(u)i yii ix(u)i ¥ =0
ro(x)i yii jx(u)i y%) =0:
These equationshold, without any restriction on u, if ¥ = ¥°, soonly the vicinity of

the seart point y¥° courts. The amplitudes in | ¥ (y¥°) play a negligible role in this
argumert, Zc,owe can modif% [ “™ (y°) with amplitude weight factors

O ()= _duM(uiy) - Bee())alx(wiy®i!)
A itiltoj
z Z M (U ) z (A.8)
Y s y* : K (Ui il *(u)i yo).
5 AY) . qu(U) i yiix(u)i ¥ i !:j-%(l i 'o)

The factor M will be de ned later to simplify the asymptotic form of the functional.
By the stationary phaseappraximation the phasein (A.8) is given by

KGx(u)i i jx(u)i ¥%) % ¢y i ¥°); where® = 1r y¢(%(u);¥°);
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where ¢ is given by (A.3). We can also let ¥ A ¥ in the amplitude of (A.8)
and then change variables from (u;!) A 3. The Jacobian of the transformation is
J(u;yst)=r ;¥ and

jdetd(u;¥%1)j =121 (u;¥%) 6 O; (A.9)
which is called the Beylkin determinart [7, 9], specializedto this calculation. If we let

M (u;¥®) = jx(u) i ¥5i%0 (u;y°); (A.10)
we obtain from (A.8)

G (y°) » ) Yy)P (v i ¥°)dy; (A.11)

wherethe point spreadfunction P is
Z
ﬂ(l (3-) i ! O)eigtf(yi ys)d3-

P“(yi y°) = o)

(A.12)

with
FOr yo(x(u);y®).

| (3) = :
) it ye(x(u); y9)i®

(A.13)

Appendix A.1. Resolution of Kir chho®migration images

It is clearfrom (A.12) that the Kirchho®migration point spreadfunction is determined
by the domain of integration in ¥ or, equivalertly, by the bandwidth B of the pulse
and the aperture of the array. In the ideal situation, the aperture and B are in nite

(.e. =12 = 1forall! 2 R) so? spansthe whole R®, the point spread function
iSP™(yi ¥ » Hyi y°) and B™ (y°) » YyS): This is newver the casein practice,
however, sowe do not have a preciseestimateof “£y°) but rather a blurrier version,given
by an averageof Yzover a vicinity of y°. The sizeof this vicinity dependson the aperture
and the bandwidth and it is usually di®eren in the range and cross-rangedirections.
To seethis more clearly, considera simpler set-upin which the array aperture a is small
comparedto the range of the extendedsource,as in Figure 14, and the seart point
is in front of the array. Using the notation ¥ = (y;z) that distinguishesbetweenthe
range and cross-rangecoordinates z and y, respectively, and appraximating the array
by a planar, squareone, with x(g) = (x(u);0), we have

Teyi y) =k meaints Sy ySsizi )

(A.14)
Vak B ¢y y®) + k(z 2°):
Thus, the componert of ¥ pointing in the range direction, is essehally k, and its

variation is restricted to the interval Ko j CB—O;k0+ % . Consequetly, the range

resolution of B is proportional to £.
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To estimate the cross-rangeresolution let us supposethat z° = z, so the right
hand-sidein (A.14) reducesto

k
SOy ey i y?) = o Yeyiy ¢y i y°): (A.15)

where! 2 (i B;! o+ B), X¢ isthe certer point in the array and x(u) variesover the
array aperture a. Let us alsointegrate over the array aperture to obtain

Z | B
ot Tb( ) sz (Xel YIYi ¥) o

P (yi y50) » —rdw
1o0i B
h i h i (A.16)
sin 52 (Yi Y1 sin 55 (Yi ¥9)2
(Vi Y91 (Vi ¥9)2 '

where(yj Yy®)i, i = 1;2 denotethe componerts of y j y* (seeFigure 14).

The expression(A.16) is rather complicated, but we can simplify it by taking
(yi ¥y®)2 = 0 and assumingthat jib(! )j=! is constant over the bandwidth. Equation
(A.16) becomes

n o
sin: 2o[(xci Y91+ 2](Vi ¥9)1 Kok vS). 4 al(y: vS
PR (1 ¥ 00) > Tt e gl o o
C E 1

. o (A.17)
sin_goz [(xei y9)1i 5]vi v g 2 [xei y*)ai 3]vi v)u-
[(xci yo)1i 2](yi y9); '
and we obsene that u . q
P™({yi ¥)1;000=0 ——— ! 1; as(yj y ! O
(yi ¥ ) Vi v Yi ¥
Mereover, the point spread function is large only in an interval of length
O m , certered at (y®);. Clearly, the sameresult appliesto P** (O; (y i
y%)2; 0) sothe cross-rangeesolutionis —22——. In particular, if jx.i y%j ¢ a, this

B (2jxci ySj+a)
becomes%.

We summarizeour results with the following statemert. Assuminga small array
of aperture a and a target at rangez » L., the resolution of the Kirchho® migration
imagein a homogeneousnedium with constant wave speedc, is given by ¢,=B in the
rangedirection and by <3 C°LZ in cross-rangdirection.

App endix B. Deriv ation of the moment form ula

We calculate ft?rethe expectation £

BC1iyi! )80z y2! 2) (B.1)
for points %; = (X;;0) in the array and ¥ = (Yi;z) in the random medium. We use
the parabolic appraximation (5.34) of the Green'sfunction and the scaling de ned in
Section5.1. We also assumethat

iX1i X2j = O(W); jy1i Y21=O() and jlij o= O(W: (B.2)




Interferometric array imaging in clutter 39

When imaging a point sourceat y, we take y¥; = ¥, = ¥,, asin Section5, whereasfor
the distributed sourcesconsideredn Section6, we let y; and ¥, be two arbitrary points
in D, the support of the source. Two-frequencymomert calculationslike the onesgiven
here have beendone before [45 in special cases.We presern the calculationsin detalil
for completeness.

Although in the cortext of Sections5 and 6 we think of ¥; in (B.1) as source
locations, we may usereciprocity and assumethat the Green'sfunction originatesfrom
the array, that is, from x;, for j = 1;2. This makes the notation of this appendix
more cornveniert and it givesfor arbitrary x = (x;z) the parabolic appraoximation of the
Green'sfunction

B0x; ;1) = gfolkz Ak ;1 ); (B.3)
with amplitude A satisfying )
L ~ Y& X Z =~
2k A, + pe A+ ﬁ%kzl Tz A=0 z>0
A = Hxi »); z=0 (B.4)

Here> = (»;0) and it will be setequalto either %, or %, later.

Our derivation of the momert formulas (5.49) and (6.4) is basedon the scale

ordering

2¢ Me e L (B.5)
and it involvestwo limits: the white noiselimit 2! 0 and then, the high frequencylimit
p! 0. The broad beam limit £! 0 is not neededhere, but it plays a key role in the
statistical stability of the imaging functional [40].

Let us changethe notation in (B.4) by setting A A A**, to remind us that the
amplitude dependson the two parameters? and p that tend to zero. In the white noise
limit 21 0, A*" corvergesweakly, in law [36, 40], to solution A* of the Ito-Schrédinger
equation

. ) )l . 3
- in o~ k23 . ik ¥t X
ne M A n " AT :
dAH = 2k¢XA i 82 Ro(0)A* dz+ 2 A"dB i,z 2> 0;
AY = Hxi »); z=0 (B.6)

Here B (x;z) is a Brownian motion eld in z that is smaooth in the transversevariable
X. The covariance of the GaussianprocessB is

B (X1;21)B(X2;22)1 = 1™ ZoRo(jX1 i X2)); (B.7)

wherez; * z, denotesthe minimum of z;, z, and Ry(x) is a smooth function of x, de ned
in terms of the compactlﬁ/ supported covariance (2.9) of the °uctuations as
1

Ro(ix]) = R(jxj; z)dz: (B.8)

il
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The expeBtation of A* follows immedigtely fro[r)n (B.6E), but we are interestedin
AR(y1%1 ! ARy %21 ,) or  ARAM (B.9)
for points x%;, ;i and frequencied ; = kicy, i = 1; 2, satisfying (B.2).

Appendix B.1. The momentformula for a xed range

First, we derive the momert formula for the samerangez; = z, = z. Then, we extend
the3 result to the generalcase,in SectionAppendix B.2. B;/ Ito's formula [36], we have

d AvAy

~

= g0, ARz e ARz + MIFER, el ARRdz

2ky 2ko 42
(B.10)
i+ R (0)APRRdZ + i AVRRAB (x1;2) | k2% AVARdB (x5; 2);
812 o(O)ATAbdz + T2 EATANAB(x1;2) | S5 -ALALdB(X2; 2);
with initial condition
AURE = Hy1i X1)Hy2i X2) at 2= 0. (B.11)
Equivalently, in terms of new variables
— ki + ks Koi ki
k = ; R= ; B.12
2 1 H ? ( )
- _ X1t X2 X210 X1
= ; = ; B.1
X 5 B o (B.13)
o _Yityo Y2i Y1
- . - - B.14
y 2 7 ? IJ ’ ( )

equation (B.10) becomes

i ¢ o ¢ .
MAM = b "1l . 1. 1 HAHdZz: 0 " l¢ 4 1,0
¢ " 2. 42 3 ’ ¢ 2 .2 ’
I Ko MER2 3242 o Ko+ B2R2 3242 R

1 4 B . 4

u_2¢g A:LL1 gdZ"' TRO % I TRO(O) A:LLlAgdZ
h3 . . ¢ 3 . . ¢i

+ et R LR dBIY. YR . . R+ER dB|7+}£. .

2u I 2 o2 2 T ol

In this form we can passto the high frequencylimit p! 0. In principle, this means
having u¢, 1, but, becausewve seeka simple momert formula, we askthat p=t¢ 1 and
we expand Ry and B (which are smaoth functions of x) around 0. Note that p=x¢ 1
means

0 2
R

sothis is aregimewith very short wavelengths,typical of optical or infrared applications.
The limit amplitude A satis es

-C . I . A - ’ I
d AR, =i brctr QARpdz+ Be ARydzi K D2jej? + BDr RyRgdz

2

X . .
Elz )

. ~ — iy ¢ iK% K £
|R§/¢A1A2dB : XE;Z i ”(T/4A1A2d R Cr YB
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where we setr 4Ro(0) = 0, becauseR is an even function of x, and we de ne the
random medium parameters

%RYO). [ _ %L
4 ' "7 g
Next, Fourier trzansform over g

Dp=i Ro(0): (B.16)

W= €PRAAde (B.17)

and obtain from (B.15) the Ito-Liouville equation

o =2 . i. ¢
dw + 2 er yWdz+ B wdz= Do Wdzi FPrwdzi ®Ewds 'Kz
(B.18)
i %dr <B I%,z ¢er W, z>0;
with initial condition
Z M T u l
W = €%t xivyi g(ﬁi $) + Xjy+ g(ﬁi 2) de
(B.19)

» éP®x(Xj y) at z=0;
up to a multiplicativ e constart that we neglect. We take expectationsin (B.18) and
Fourier transf%rm with respect to X to get

Rsz z

i< W>dx=¢e "z V: (B.20)

The new dependert variable V satis esthe partial di®erenial equation
. . - 2. _2
@ |p_<l:qv+ |Rj_p Iy = k'Dy

@ _ : > 0O

@' & = > ¢V, z>0;

\Y; = dP®* 9. 7= 0: (B.21)
We can solwe (B.21) in the form

V=A(Zqy;ge 2 tC@ane, (B.22)
where,for z > 0,

—2
@nA _ kD, o
= + : .
@ 2 (F +JCj%); (B.23)
% = 2+ KD,FC; (B.24)
g - 'R_'§+ K’DF?; (B.25)

and, at z = 0. This leadsto the ordinary di®eretial equations

A=¢€d%; C=ig; F=0 (B.26)
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A straightforward integration of (B.23)1-/(B.26) gives
q 2

A(z:qiy:g) = cosh b(z iRDy)exp iqoy; Kog#’emgz 0u; ikawg

iRD,
| ] | o % (8.27)
cosh *(z iRDy) | 1+ ”géz Zi %%ﬂ ;
IRDp
q___ q —
tanh(z iRD
C = igcosh '(z iRD,)+ 9 ( ?) (B.28)
k
|RD
and
q — q —
iRDytanh(z iRD,)
F(2) = i b > (B.29)
K°D,
The momert formulazfollows from the inverseFourier transform
-, . ® R0 F(2)ip)2 SRV
AR, =¢ = (;ZZ (ZOE)ZA(Z;Q;Y' p)e 2t Czap)®iipei iax.
We have ® n
AR, =i dzA@exp i Eixi vizi Eri g)exi y)i o
2 3
—2
k'Dpz . . B¢ iej?
i ——Ao(z) 4jRj% + P+ 27 5 (B.30)
coshg iRD,) cosH(z iRD,)
—2 . —2 < .. 0
+KzDpAg(2)R Cg i Kk zDpAu(2)jgi” ;
here
w q__
) , 49—z iRD,
Ai(z) = coshe(z iRDy) g ; (B.31)
sinh(z iRDp)
0 q —
. 3 iRD
h(2)= —— @ g 3A (B.32)
IRDpZ  tanh(z iRD,) 2
2 q 3
i 1 3z |RD
As(2) = — 24 g i & i 29; (B.33)
2IRDpz” ginh(z iRD,) cosh¢ iRD,)
p p
q— 2 q—3
) tanh(z iRD,) tanh(z iRD,)
A2) = —G——"%1 —4q =5 (B.34)
2z iRD, z iRD,
Equivalertly, letting
KA ¢ K i Rixi vizi E(ei p)axi ) B.35
172 07 41/¢’z2e i ’ (B.35)
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be the right hand side of (B.30) for D, = D; = 0, we can rewrite our result as
%

- e ® i~ — ¢ . RZD ) " 5
AR, = AR, A@)exp | B2 KD2A ) jm2+ — 3B+ % +
12 1720 l( ) P 2| 2( ) J J cosh(zrl iRDp) coshz(zr‘ iRDp)

(0]
K°zZDpAs(2)R 08 | K ZD,Au(2)jg)2

We note that -

i, ¢ . Ki %R R+%ﬁ ) i IJ-_ “ﬂ: Zz
AA; o =i Hpﬁo 1ig? Xp 5 Ki éﬁ Xiyi 5(®ig)-
3 - —j
i K+UR X y+i(Rip)°
2zp 2 2
H 1 (B.36)
—imAL (v: Pero)(x: Me- H
L'!mvo (Vi 2?,2),(X| 2’3‘,0), [ 29 £

q
T

Y | S | GO
Ab (Y + 29,2),(x+ 21&,0),. + zb

(A)o(A2)o

so (B.35) is preciselythe result in a homogeneousnedium. Therefore, recalling the
parab%ic approximation (B.3) a?Ed the changeof variables(B.12)-(B.14), we have

B(yix1! )82 ¥ 2) = Bo(yarxa;! 1)Bo(%2: %2 ! 2)A(2)E

Yo

. R2D;z , K DpZ + qrj + jr'-z b
ex A2) je 2 '
P i 2 | 2( ) J J cosh(z iRDyp) cosh’(z  iRDp) ( )

(0]
+K°zDpAs(2)R 08 | K ZDpAl(2)jg)2

Finally in the asymptotic regime of small °uctuations %¢, =,

coshg iRD,) = 1+ O(RD,z%) = 1+ O(34); (B.38)
A(2) = 1+ O(RD,z%) = 1+ O(3%); i=1,2 (B.39)
A(2) = O(RD,z%) = O(%); i=34 (B.40)

so (B.37) reducesto
D E

B(yix1;! )8 ¥, 2)  YaBo(ya; %1, ! 1)Bo(ya; %2, ! 2)E

(B.41)

R2D; z 2D
o 2 i e (IBi+rE+jgi?).

Using the reciprocity of the Green'sfunction, we obtain momen formula (5.49) and its
simpli cation, given by (B.37) and (B.41), respectively, for ¢ = 0 and z = z,.
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Appendix B.2. The geneal momentformula

Let us addressthe generalcasez; 6 z,. To x ideas,supposethat z, > z; and return
to theDsecondmomert (B.9). UsinEq coBditionaI expectations, we have

ARy %1, L 1)AR(Y2i %031 2) = AM(yrsxas! 1) DAR(Y o %0, ! 2)jF 50 (B.42)
wherey; = (yi;z), xi = (x;;0), fori = ;2 and fF.g, , denotesthe Brownian Y« eld

up to z. For arbitrary points x = (x;z), » = (»;0) we seefrom (B.6) and (B.16) that
AV¥(x:3;1) satis es

u. | 5.
R it o kDt %, +|k//;‘t~u X, > O
dA* = 2k¢ A o AY dz —2“ AYdB i,z forz> 0: (B.43)
Next, take expectations and obtain, for z > z;,
D E m D E
2 A((x;2);%0)jF 4 = O x AX(x;2);5;1 )iF 5,
E (B.44)
ksz " | _
i 2H2 A ((X Z)!»! : )JFZ )
whereasat z = z;,
D_ E
AR((X;z1); 3 1))JF 2, = AR((X;21);350): (B.45)
The conditional expectation can be calculated by substituting
D~ E k2D (z, z1) ,
AY(x;2);%1)F =€ 27 A(xi2)i%!) (B.46)
in (B.44) and Fourier transformzing in X. This gives
R= @ #ci 20l A((u;zy);;1) €P¥du (B.47)

and therefore

D E 2 zZ Z | | N
AH((x; 2); B)jF 4, dp  due PO Wi Ze(@i 20PEA((u: z0); ;1)

k D¢ (zi z1)

i Ik R((117.) 5 kjxi uj”
€ @ A((u;za); 3! et andu:

We are interestedin the high frequencyregimep ¢, 1, whenthe integrandin (B.47)
is highly oscillatory and we can use a stationary phaseargumert [6] to get the main
cortribution to (B.47) from u satisfying

ryjxi ujf=0=) x=u:

Then,
D,.. . E X k Df(z, z1) Z ik jxi UJ
RG2S BOF 0 Yl ggarp® 27 AllGz)i3it) - entard

(B.48)

k2 D¢ (zi z7)
=€ a2 A((x;z1);%;!)
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and, settingz = z,, X = y,, 3= %, and! =1 ,, we getfrom (B.42) and (B.48) that
D E 2

5D (z2i z1)

AM((y1;22); %15 L )AN((Y2; 22) %21 o) Ya€ T a2 £

D i} E
AM((y1;22); %05 L D)AM(Y2;21) i %251 2)

for z, > z;.
Obviously, the sameargumert appliesto the casez; > z,, sowe canwrite directly

the generalresult
D~ E . FZDfI'Zzi 73]
Ay 2% DRK(y2 2T 2)i%ails) Ya€  me £

5 = (B49)

A (Y1207 2o); %05 1) AR (Y2, 21 ™ 22)i %2 2)

wherewe approximated the waverumber k; or k; in the exponertial, givenby k™ pR=2,
by k. Thus, the generalmomert formula is given by the simpler one,at xed range,and
an exponertial factor that indicates a rapid lossof coherenceat di®eren ranges. The
‘xed range momert formula is given by (B.36) and, in the asymptotic regime of small
°uctuations, (B.49) simpli es to

D E
B((yiz)i%1:! 1) B((Y2:22); %21 2) Ya®Bo((Y1;2)i %15 1) Bo((Y2: 22) %25 2)E
1, 3, (B.50)

—2 . . —2
. k"D¢jz2i z1j . R2D; 21222 . k°Dpz1" 22 4: 2 ] .
exp i —gr i % i — % (B°+ RO+ ) |

with the notation (B.12)-(B.14). Finally, using reciprocity of the Green'sfunctions, we
get the momen formula (6.4).
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