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Abstract. In this paper we consider the problem of estimating the singular support
of the Green’s function of the wave equation in a bounded region by cross correlating
noisy signals. A collection of sources with unknown spatial distribution emit stationary
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the singular component of the Green’s function, which provides an estimate of the
travel time between the two observation points. As in the recent work of Y. Colin de
Verdiére [math-ph/0610043], we use semiclassical arguments to approximate the wave
dynamics by classical dynamics. We also use the ergodicity of the ray dynamics to
obtain estimates of the travel times even when the noisy sources have limited spatial
support in the region. We show furthermore that this approach is statistically stable
when the averaging time is long enough, and that the accuracy of the travel time
estimation is directly related to the regularity of the spatial correlation function of the
sources.
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1. Introduction

The analysis of imaging techniques in complex media is motivated by many applications
6], in geophysics in particular [22]. In this paper, we consider the problem of estimating
the Green’s function by cross correlating noisy signals. We assume that spatially
distributed sources with an unknown density emit stationary random signals into the
medium, which are recorded at two observation points. We analyze the cross correlation
function of these signals and show that, under certain assumptions which we discuss in
detail, it is possible to retrieve the high-frequency component of the Green’s function
between the two observation points. This in turn provides an estimate of the travel time
between these two observation points.

The idea of using the cross correlation of noisy signals to retrieve information about
travel times was first proposed in helioseismology and seismology [15, 25]. Physical
derivations are discussed in [23, 9, 24, 29]. To summarize, these results are based on (1)
the equipartition of mode energy, which means in particular that all spatial modes of the
system, in a bounded domain, have uncorrelated energies, and (2) on ensemble averages
with respect to modal fluctuations. In a homogeneous space without boundaries and
with space-time white-noise sources, the Green’s function can also be obtained from cross
correlations, as is shown in [27]. An interesting application of this way of estimating
Green’s functions, and hence travel times, is for carrying out surface wave velocity
estimation in seismology, as is done in [19] and in the references cited there.

In this paper we consider a bounded region for which the classical flow associated
with the wave equation is ergodic. We show that the high-frequency part of the Green’s
function can be retrieved from the cross-correlation of the noisy signals even when the
spatial support of the noise sources is very small. The main ingredients for the derivation
of these results are the following ones. First, the full wave dynamics is approximated by
classical dynamics, and second, the ergodicity of the classical trajectories (rays) is used
to prove convergence of the derivative of the cross correlation of the noisy signals to
the Green’s function. Semiclassical analysis was first used by Colin de Verdiere to show
how the cross correlation is related to the Green’s function [11]. We follow here the
same main steps, and carry out in detail the application of the ergodic theorem. This
is combined with a precise estimate of convergence to the semiclassical approximation
using Egorov theorem [16, 20].

Semiclassical analysis was introduced in order to prove the correspondence principle,
which states that the quantum evolution of an observable can be approximated by its
classical counterpart in the limit where Planck’s constant A is small. The mathematical
formulation of this result is the Egorov theorem [16], whose proof for bounded time
intervals is well established [20]. However, here we need a quantitative estimate of
the long-time behavior of the semiclassical approximation. The time of validity of the
semiclassical approximation is called the Ehrenfest time. It is of the order of |log fi| [31].
This qualitative estimate is analyzed mathematically in [13, 1, 7], where the semiclassical
approximation is bounded by a term of the form Cegohexp(t/T5g,) for times comparable
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to the Ehrenfest time. The exponential in time growth of the error (with a rate given by
the Egorov time Ti,,) is also an important issue in quantum chaos [33]. This is because
it is necessary to compare the long-time dynamical properties of the quantization of the
classical flow with those of the quantum flow.

Semiclassical analysis can also be applied to high-frequency wave propagation to
replace full wave dynamics by classical dynamics (geometrical optics). In this setting,
the small parameter is the ratio of the carrier wavelength to the typical propagation
distance, or the diameter of the domain. The geometrical optics approximation is not
valid beyond the Ehrenfest time. The Egorov time controls the exponential growth of
the error between wave dynamics and geometrical optics. Semiclassical analysis is used,
for example, in the study of time reversal for waves in ergodic cavities in [4]. It is well-
known that time reversal is a physical way to calculate cross correlation [17, 30, 26, 18],
which explains its connection to this work. We do not use time-reversal ideas here. The
purpose of our work is to show in detail that it is possible to apply the ergodic theorem
to the classical flow while controlling the error in the semiclassical approximation.

We have pointed out that the approximation of full wave dynamics by geometrical
optics is dominated by a term that grows exponentially with time. This indicates that
the application of the ergodic theorem to the ray dynamics does not give immediately
the desired result, unless rates of convergence are known. However, it is not possible
to obtain uniform estimate of the rate of convergence in the ergodic theorem, that is,
an estimate that depends only on some LP-norm of the averaged function (even the
L*>-norm, see [21]). In this paper we apply carefully the ergodic theorem and show that
a rate of convergence is needed only for the spatial power spectral density of the noise
sources. This allows us to obtain an explicit expression of the cross correlation, which
gives, in addition, resolution limits for travel time estimation.

This paper is self-contained and requires no detailed knowledge of semiclassical
analysis. It is organized as follows. We formulate the problem in Section 2, where we
present the ergodic hypothesis, the semiclassical Egorov theorem, and the observable
operator that is an estimator of the Green’s function. In Section 3 we show that the
averaged operator is indeed close to the Green’s function, considered as an operator, up
to a remainder that is small when high-frequency test functions are used. In Section 4
we prove that the operator is self-averaging, in the sense that its fluctuations go to zero
as the averaging time goes to infinity.

2. Cross-Correlation of Recorded Signals

2.1. Green’s Function Identification

We consider the solution u of the wave equation with attenuation,

(Tia+at>2u—au:n(t,x), (1)
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in a bounded open set Q C R%. For simplicity, the Dirichlet boundary condition u = 0
on 0f) is assumed. Here the operator A is defined by

A=V ((2)V), (2)

which in a homogeneous medium c(x) = ¢y is equal to ¢ times the usual Laplace
operator. The local propagation velocity ¢(x) is assumed to be bounded from below
and above by two positive constants.

The term n(t,z) models a random distribution of noisy sources. It is a zero-mean
stationary (in time) Gaussian process with autocorrelation function

<n(87 l‘)ﬂ(t, y)> = 6(t - S)F(:L‘, y) ) (3)
where () stands for the statistical average. The spatial distribution of the random
sources is characterized by the autocovariance function I', which is a symmetric function
compactly supported in the domain €. It is the kernel of a symmetric nonnegative
definite operator. We write it in the form

r+y
where the function = — 6(z,0) models the spatial distribution of the sources, assumed

to be nonnegative, smooth, and compactly supported in €2. The function z — 6(z, 2)
is the local spatial autocorrelation function of the sources. Its Fourier transform with
respect to the variable z can be considered as a local power spectral density é(a:,f),
even though it is not necessarily nonnegative. It is assumed to be smooth, bounded,
and integrable.

We have assumed that the source distribution is delta-correlated in time, which
simplifies some of the computations. However this assumption can be relaxed and all
calculations can be extended to the case in which the sources have finite bandwidth.

The question addressed in this paper is the identification of the time-dependent
Green’s function G(t,z,y), that is, the fundamental solution of the wave equation in
the absence of attenuation

02G — AG = 6(t)d(x — ), (5)

starting from G(0,z) = 0;G(0,z) = 0, where A is the operator defined by (2). In the
case of an infinite homogeneous medium, ¢(z) = ¢, 2 = R, d = 3, the Green’s function
is given by

G(t,z,y) = ! 5<|x—y|_t)‘

4|z — g Co
Clearly G(t,z,y) = 0 for ¢t < 7, where 7, = | — y|/co is the travel time from z to y.
The support of the singular part of this Green’s function, which is that of the Green’s
function itself in this case, allows us to identify the travel time 7,,. This property of

the singular part of the Green’s function holds also in smoothly varying media and in
bounded domains [20, Ch 24].
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In a bounded inhomogeneous medium, which is the case we consider here, the
Green’s function can be written in terms of the eigenvalues w? and orthonormal
eigenfunctions ¢,, of —A, namely,

~A¢, =wl¢, in Q, ¢, =0o0n00N.

The Green’s function is the distribution

. sin(wpt) ,
; w—n¢n(x)¢n(y> itt>0 ) (6)

0 if+<0,

G(t,z,y) =

which, for ¢ > 0, is the kernel of the operator
sin v/ —At (1)
VB

Note that —A is self-adjoint, so that G(¢,z,y) = G(t,y,x). This reciprocity property

G(t) =

plays a key role in the following. The Green’s function contains information about the
minimum travel time 7., from x to y, since it is zero for ¢ < 7,,. This remark follows
from the hyperbolicity of the wave equation (5). The minimum travel time is defined
by Fermat’s principle

ol [l o
ry=int{ [ secuo 00 —a o=y} @

The curve(s) minimizing the travel time (8) are called ray and satisfy the Euler-Lagrange
equations [14]. Of particular interest is here the fact that the high-frequency (singular)
part of G also contains the relevant information about the travel times. A rather direct
way to see this is by noting that the WKB (Wentzel-Kramers-Brillouin) approximation
of the Green’s function in the frequency domain has, at high frequency, the form

(4)
w:cy Ea (z,y)e™™v .

Here the sum is over travel times corresponding to rays that make the functional (8)
stationary. Therefore, if we want to estimate the velocity c(z) of the medium, then
it makes sense to look for only the high-frequency part of the Green’s function, which
identifies the travel time. If the travel time between enough points in the region is
known, then the propagation velocity can be estimated by least squares methods [5].
This is the motivation for this paper. We shall show that the singular component of
the Green’s function can be estimated from the cross correlation function of the signals
recorded at different points.

The integral representation of the solution of the wave equation with attenuation

(1) is
¢
u(t,z) = // n(s,z")G(t — s, x, 2" )e T " dsda’ . (9)
QJ—oc0
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The cross correlation of the recorded signals at x and y is defined by
1 /7
Cr(rag) =7 [ ultault+ )it (10)
0

In the limiting case of space-time white noise sources, that is, the case in which
O(z,y) = 0(y), the relation between the cross correlation function and the Green’s
function is a direct one.

Proposition 2.1 If0(x,y) = d(y), then the average of Cr is an even function in T that
does not depend on T. Its T-derivative is given by

- {Cr(r,,9) = ~Zsan(r) G|, y)e (1)

The 7-derivative of the average of Cr(7,x,y) is a symmetrized version of the Green’s
function G(7,z,y), up to the damping factor exp(—|7|/7,). Note that (C7) is an even
function in 7, and therefore its T-derivative is an odd function.

Proof. The proof is an adaptation of the derivations given in the physics literature
[23] and the mathematical one given in [11]. First, the source n(s,z’) is a stationary
process in time, that is, (n(s,z))serreq and (n(t + $,2'))secrareq have the same
statistical distribution. Therefore, the recorded signal

u(t,z) = /Q/O n(t —s,2")G(s,x, 2" e Ta dsda’ (12)

is also stationary in time, which implies in particular that, for any ¢,

(ult, v)u(t +7,y)) = (u(0,x)u(1,y)) ,

and the average of the cross correlation function is independent of T" and given by

(Crtriag)) = 5 [ t.autt +7.9)) dt = (u(0.2)u(r.n)

Using (12) we get the following integral representation for the average of the cross
correlation function

Crtrea) = [ 7] st =)

x G(s,x,2)G(s',y,y)e Ta Tada'dy'ds'ds .

The process n is delta-correlated in time and space, so that
(Cr(r.2.y)) :/ /G(S7I7x/)G<T+57y7I/)62Tsadx/d86Tfa‘
—min(0,7) JQ

We introduce 7, = max(7,0) and 7 = min(7,0) and we make the change of variable
S U=T_+S

Crlrel) = / / Glu— 72,2 )Glu+ 7y, 2')e T da'dudte ™
0 Q
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Here we have used the relations 7y +7_ = 7 and 7, — 7_ = |7|. We next substitute the

expansion (6) of the Green’s function in terms of the eigenvalues and eigenfunctions of
—A:

(Cr(r 2, )) Z / sin(wy (u ))Sm(wn,(ujLu))e_ZT%du

W
n,n’'=1 n

< [ on@n@)on()on)ds'e
From the orthonormality property of the eigenfunctions
/ ¢n(xl>¢n’<x/)dx, = 57m’ ’
Q

and a direct computation we have
/°° sin(wy, (v — 7)) sin(wy, (u + 74)) 2 T? w,T, cos(w,T) + T, sin(w,|T|)
(& a QU = .
0

Wn Wp 4wn 1 —+ w%TaQ
As a result,
T? w,T, cos(w,T) + sin(w,|7|) Irl
Cr( " Ta |
(Cr(r..0) ;4% e e, e

which shows that (Cr) is an even function in 7. Taking the derivative with respect to

T gives
Ta = sin(wy|7]) _lzl
87' <CT(T7 Z, y)> = _ngn(T) Zl w—n¢n<x)¢n<y)€ Ta,
which can be identified as (11) by (6). O

This proposition shows that the interesting quantity for estimating travel times is

the kernel K defined by
T
u(t, )0 u(t +7,y)dt . (13)

4
KT(T7‘T7y> - _jTaTCT(TVI?y) = _T T

We will show that, up to the damping factor exp(—7/7,), this kernel is close to the
Green’s function G(7,z,y). This is so even when the sources are correlated and have
small spatial support, provided that the ergodic theorem for the classical flow can
be applied to the function é(x,f). The first key ingredient for the derivation of this
result is the ergodicity of the classical Hamiltonian flow. The second ingredient is the
semiclassical Egorov theorem [16, 20], which allows us to control the difference between
the classical dynamics of the rays and the waves dynamics, in the high-frequency regime.
We present these two parts of the analysis in the next two subsections.

2.2. Ergodicity of the Hamiltonian Flow

The classical Hamiltonian associated with the operator A defined by (2) has the form

Wz, &) = V((x)€,§) = c(x)[¢] -
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The ray equations are solutions of Hamilton’s equations

I IR GO
5

dt = —VC(:L‘t)|£t|, 50(1‘,5) :fa

which define the classical Hamiltonian flow

("L‘7£) = eth(xag) = (ZEt(l',f),ft(lL‘,f)) :

This flow is well-defined as long as the rays remain in 2. It can be extended to a global
flow by reflecting the rays on the boundary 0f2, assumed to be smooth, according to
Snell’s law, that is, the angle of reflection is equal to the angle of incidence. The flow
takes values in the cotangent space 7%, with the metric defined by the symbol ¢(x)[&].
For ¢ > 0, the hypersurface

5,(Q) = {(,8) € T"Q, c(2)[¢] = q}

is the energy surface with energy ¢ > 0. These hypersurfaces are invariant with respect

to the Hamiltonian flow:
e’ SI(Q) — SHQ).

In fact, because of the homogeneity of the Hamiltonian in &, the Hamiltonian flow
depends only on the direction of ¢ and is therefore determined by its restriction on
the unit cotangent spherical bundle S*(2) = S}(€2), which is the phase space. More
explicitly, if (x,€) € S;(Q), then (z,£/q) € S*(Q2) and

$t(x>€) :xt(xvf/Q)a ft(l‘ag) :qgt(xvf/Q)) (14)

The Liouville measure dy, on S;(€2) is characterized by the relation

)dxd d )d
[ oac= [T [ g e,

and is invariant with respect to the flow. By homogeneity we have du,(z,§) =
q* 'du(z,&/q) and

fm®M@=/dw“/(ﬁm¢mw@. (15)
T* *
More explicitly, the Liouville measure du(m) on S*(£2) is

/S*(Q) /CMj /Sd . U@) f(z, e(x)7'E), (16)

where do(€) is the uniform measure on the (Euclidean) unit sphere S?~!. In particular

H(S* () = / o =157 / ()
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Definition 2.1 The Hamiltonian flow e acting on the phase space S*(Q) is said to be
(classically) ergodic if for any f € L®(S*(Q)) and for each m = (x,§) in a subset of
S*(2) of full measure,
t

tlir?o%/o f(e'm)ds = f, (17)
where the mean of f is relative to the invariant Liouville measure

- 1
F= @y o, o). (18)
Among the few classical flows with reflections in homogeneous closed regions that have
been shown to be ergodic are the Sinai billiard [28], the Bunimovich stadium and
flowerlike regions [8]. In this paper we assume that the classical Hamiltonian flow e'® is
ergodic on S*(2). The main result of the next section is a quantitative estimate of the
difference between the averaged operator (K7) and the Green’s function. It depends on
the convergence rate in L2(S*(Q)) for (17) only for the function 6(z, ). It is well-known
that it is not possible to obtain a uniform in f estimate for the rate of convergence in
any LP-norm [21].

Remark. 1t is known that ergodicity for the classical Hamiltonian flow implies
quantum ergodicity [10, 32, 33, 34], that is, ergodicity for operators of the form
¢tV=APe=itV=A where P is a zero-order pseudodifferential operator. However, these
results are not strong enough for what is needed here, and the error term cannot be
estimated quantitatively. One of the points of this paper is to obtain such a quantitative
result.

2.3. Semiclassical Egorov Theorem

The function 6 is determined by the two-point statistics (4) of the source distribution
and it defines the covariance operator © : L*(Q2) — L?(2)

r+y
0v(w) = [ Tapuwdy = [o(*5 e~ y)viwdy. (19)
It is a zero-order pseudodifferential operator with symbol é(x, £)

© = Op(f(z,¢)),

where the Fourier transform 6(z, €) of the function z — 6(z, 2) is

(x,€) = /Q(x,z)eig'zdz,
and we have used the Weyl quantization Op defined by

Op(B(r, €))io(x) = (2—71T)d [ (5 €) e ug)dude. (20)

The semiclassical Egorov theorem [16] (valid also for a domain © with a boundary
[20]) states that the difference of the operators

eV=AQe VA _ Op [é(eth(:c, 5))]
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is continuous from H () to L?(2) with a norm which grows in ¢ with an exponential
rate. This exponential growth is an important problem in quantum chaos because it
compares the long-time dynamical properties of the quantization of the classical flow
et with that of the quantum flow V=2 in the Heisenberg representation. In [16] as
well as in [20] the proximity of the quantum evolution operator and the classical one
is stated in the framework of microlocal analysis. We present here a more quantitative
form of this result.

Lemma 2.1 There exist Cego, Tego > 0 such that for any 1 € Hfl(Q) t>0,
“eiitm®e$itm¢_op[ (et (z, €) ] < Clgo ego||Q/,||H o) (21)

Moreover, we have the following estimates for Cego and Tego.
1
Tego

Cego S Cl||C||W[d/2]+2,oo(Q) 3 S CQ||C||W[d/2]+3,oo(Q) 5 (22)

where

lellwmeei@) = sup  [Dic(z)], (23)

z€Q,[a|<m
with Dg = 03 - - (9;?; for o = (a;)iz1..a € N, and la] = Z?:l QG-

In (22) the constant C; depends on the WI#/2+2(T*Q)-norm of the function 6
while 'y does not depend on 6. The proof of Lemma 2.1 is given in the Appendix. We
will see that the estimates (21) and (22) are direct consequences of explicit expressions
for the remainder in the WKB expansion given in [20].

This lemma shows that the difference between the wave evolution and the classical
one as operators applied to a test function ¢ with unit norm in L?*(Q) is small if the
H~'-norm of 1) is small, that is, if the function v is oscillatory. The estimate (21) is an
efficient way to characterize the semiclassical approximation and it was used previously
in [2, 3]. Note from (21) that for fixed 1, the error deteriorates exponentially with the
characteristic time scale T¢y, Whose reciprocal is bounded by (22) and depends only on
the operator A.

3. The Averaged Operator

We consider in this section the averaged operator (Kp (7)), where Kp(7) is given by
(13). The averaging is with respect to the statistics of the distribution of the sources.
Using the form (3) of the autocorrelation function of the random process n, we have for
any 7 > 0

(Kr(T,2,9)) :——/QQ/ {6——G(s+7’yy)}G(s,x,x’)
(a:+y

x —y)e 72 (29 dsda' dy

which is independent of T". This is an integral representation of the field cross correlation
in terms of the autocorrelation of the noise sources. By the reciprocity property
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G(s,y,y") = G(s,v,y) and the fact that the Green’s function is the kernel of the operator
(7), we have that (Kr(7,x,y)) is the kernel of the operator

(Kr(r)) = %/000 7a (742) Sm(\/\/g )GCOS(M(S +17))ds

4 [ L (r42s) sm(\/_As) 51D(M(8+7))
72 J, VA V-A

where O is the covariance operator defined by (19).

ds,

3.1. Statement of the Main Results

In Proposition 2.1 we considered the case of space-time white-noise sources. We restate
this proposition in the operator framework of this section.

Proposition 3.1 If (x,y) = 6(y), then (Ky(7,z,y)) is the kernel of the operator
e Tag —— (24)

for any T > 0.

As noted in Proposition 2.1, this shows that if the noise sources are uniformly distributed
in the domain 2 and delta-correlated in both space and time, then the averaged
operator (Kr(7)) is equal to the symmetrized in time Green’s function operator, up
to multiplication by a damping factor. As noted below (11), the kernel of the averaged
autocorrelation operator is even in 7, and therefore its 7 derivative is odd. In (24) we
show the operator only for 7 > 0. Propositions 2.1 and 3.1 do not require any ergodic
properties of the Hamiltonian flow.

The more interesting and realistic case is the one in which the spatial distribution
of the sources is neither stationary in space nor delta-correlated. The main result of
this paper is that when the noise source distribution is characterized by the covariance
function € in (3), then the statement of the previous proposition is still true in the
ergodic case, up to a smoothing operator that depends on 6 and up to a remainder that
is small for high frequencies.

Theorem 3.1 Ifd =2 or 3, c € WH*(Q), 6 is smooth, bounded, and integrable, then
(Kp(7,2,y)) is the kernel of the operator

_ T sin v —AT

eagm

for any T > 0, where Ky is a 0-dependent smoothing operator
I — Op |ko(c(@)lg])] (26)

Jo oo (2, <51l ) el=) d
Jo e(z)dz ’
ool €)= 5y [ 0l (n). (23)

+ R(7) (25)

ko(c(2)I€)) =

(27)
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The remainder R(T) is small in the sense that there exists a constant Cr that depends
only on 0 and ||c||waee(q) such that for any ¢ € L*(),

ego

. 2T,
HwHH—l(Q))mm(L To )

IR(T) [l ) < Cre™ T | reg(Ta) + Cr, 1, ( [ll2, (29)

9]l
where reg(t) goes to 0 ast — oo and
Tego -
= if To < 2Tego
CTmTego - { QTZ%;OT“ Ta—2Tego _2Tego . ) (30)
e 9T T 2T f T, > 2y

In the next two subsections we discuss the form of the smoothing operator Ky and that
of the remainder R in this theorem. The proof of the theorem is given in Subsection
3.4.

3.2. The Smoothing Operator

The symbol of the smoothing operator Ky is l%g(c(x)f ) so that by the Weyl quantization
we have
Koi(o) = g [ R (5 IEl) ety (31)
The form of the symbol of Ky is not surprising. It is obtained by averaging the symbol
é(x, €) of © over the Liouville measure on sheets of constant energy. This makes sense
intuitively since, in the semiclassical limit, we can expect the symbol of Ky to be close
to the one of © transported by the classical Hamiltonian flow, and this converges to
(27) by the ergodic theorem.
Note that the symbol of Ky depends on ¢ through its modulus only, which means
that the smoothing operator Kg is isotropic. The function éiso defined in (28) is an
1sotroplzed transformation of 0. If 9( ,€) depends on & only through |£], the modulus
of &, then fiso is equal to 0.
Let us examine two particular cases.
1. In the limit case, not covered by the theorem, in which the sources are spatially
uncorrelated, 0(z,y) = 05(x)d(y), the operator Kj is a multiplication operator

[ 05(2)c(2)"4dz
fQ c(z)*ddz

This means that the Green’s function can be recovered exactly, up to a multiplicative

Kop(z) = x ().

constant. If in addition #;, = 1, then we get

Koy(z) = ¢(x),

which is in agreement with Proposition 3.1. Note, however, that the delta-correlated
case O(x,y) = 05(x)o(y) is not addressed by Theorem 3.1, where the power spectral
density 0(x,§) is required to be integrable.
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2. When c is a constant, then the smoothing operator Ky is a convolution operator,
that is, multiplication in the Fourier domain by

7 d—lé /7 d d/
fog) = o Lse T2 Eldo0)z

If in addition é(z, €) is independent of z and depends on £ through its modulus only, i.e.
0(z, &) = 0,(/€]), then kg(|€]) = 0.(]€]). In this special case there are sources everywhere
in the domain €2, but they are spatially correlated. For example, if éc(|§ |) = exp(—12|¢]?),
then [. can be identified as the correlation radius of the sources and the smoothing
operator Ky is simply a Gaussian convolution kernel with the effective radius I..

To summarize, the support of the smoothing operator Ky has an effective radius that
is of the order of the correlation radius of the sources. This effective radius determines
the accuracy of the cross correlation method for estimating the singular support of the
Green’s function, as we show in the next subsection.

3.3. The Remainder Operator

The remainder R(7) is small if the two terms inside the square brackets on the right
side of (29) are small. The function re,(t) is determined by the rate of convergence of
the ergodic theorem for the function 6 of the classical Hamiltonian flow. The second
term in (29) is determined by the error in the semiclassical approximation. As a result,
the remainder R(7) is small if the following two conditions are fulfilled:
(1) Terg < Ty, which means that convergence to the ergodic regime for the smooth
function 6 of the classical flow occurs for times smaller than the attenuation time T, "
Here we have denoted by T, a characteristic decay time of the function t — e (%).
(2) the test function ¢ is oscillatory, in the sense that it contains mainly high frequencies.
Under these conditions, the high-frequency wave dynamics is controlled by the ergodic
classical flow.

If we restrict the set of test functions to the high-frequency set

Bs ={v € L* (), [¥ll2 = 1, ¥l g1y < 0}, (32)
where § < 1, then we have the estimate
: siny —AT
Kr(7)) — Kpe~ To ———
| (ot — s 22T
where now the right-hand side is small. This shows that the high-frequency component

of the averaged operator (K7(7)) is close to exp(—7/T,)KoG(T).
To summarize, if T,y < T,, then detecting the first peak of 7 +— (Kr(7,2,y)) gives

2Tego

< ORG_TLG [Terg(Ta)+C’Ta7Tego§min(l’ Ta )] ,(33)

HY(Q)

an estimate of the travel time from x to y. The accuracy of this estimate depends on the
resolution of the smoothing operator, which, in turn, depends on the correlation radius
of the sources.
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3.4. Proof of Theorem 3.1

The kernel of the operator (Kr(,z,y)) is
(Kr(1)) = K1+ K,

K, = — —/ ~ 7 (T+29) Sm(ms)@cos(\/j s+ 7))ds,

X _ o (r425) sin(v/— As)e)sm(\/ —A(s+ T))ds.
Ta2 0 V=A vV=A
We first study K; and write it in the form
- sin —AT e Ta
K, =e TuK, Ri+Ro+ R3+ R
1 € 6 \/I \/j ( 1 2 3 4)
with
NTa . ‘
= —/ Op(B(e*(x,€))) — K9:| ¢ Tadse VA
NT, . .
— —/ Op(@(e’Sh(x,f))) — Kg] e*Tiadse”\/j,
NTa . '
Ra=g [ [0S — Oplie (o, €))] ¢ Fodse VS

e—zsx/—A@ezsx/—Ae T dse itV —A
To InT,
. oo
] o/ e A —2s i —
ezs\/ A@e 18/ Ae Tadse'm‘v A

Ta NTg,

N oo
R, = —/ e VTRAQe IV AT Ty dge TV A

Ry =

Y

. 9)
7 o X _2s =
v / ezsx/ A@ezsx/ Ae T dsezm/ A )

14

(34)

NT,
_ 7__‘/ eisﬂ@e—ism . Op(é(BSh($,5))):| e_TsteiTm,
0
i )

The proof of Theorem 3.1 consists in studying the four operators Ry, Rs, R3, and Ry.

The term R; can be estimated by using the ergodicity of the classical Hamiltonian flow

(see Step 1). The term Ry can be estimated by the Egorov theorem (see Step 2). The

term R3 can be made arbitrarily small for choosing N large enough. The term R, can be

bounded by using the fact that it is an off-resonant term (see Step 4). An optimization

with respect to N gives final the result.

Step 1. The main idea is to apply the ergodic theorem to the symbol of the operator

R;. Let us define
Ry, = —/ Op(B(e*(x,€))) — K9:| e Tads.

The explicit form of this operator is

Rutle) = oy [ @ 4Q(E L) wlwdyde — Kool

1
(2m)
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= [ QG gves - dudg - SKavla). (39)
where NT
Q@ﬁ)z%;A B(e (2, ) o ds.

The expression (35) for the operator Ry involves an integral over 7*(2. We will rewrite
it as an integral over energy surfaces and over the hypersurface S*(€2) using the identity
(15), which states that the integral over 7% of a function F' can be written as

[ e oiic= [ at | oy P 6)

Next we need to express Q(z, ¢§) as a function of (z,&). If (x,¢§) € S*(€2), then we have

1 NTe A 2s
Q(z,q§) = T/o O(xs(x,q€), E(, g€))e Tads

1 NT, R 9e
- /O Bas(a, €), 4Es(, €))e o ds
1 NT, R o o
~ [ het o Fas,

where we have used (14) and we have defined

Oq(,€) = 0(x,q€) .

Therefore
1 fe's) 1 NT, . 2
Rllw(m):ﬁ/o dqqd_l /*(Q) |:Ta/0 eq(es}b('z»g))e_ﬁds ¢q,x(2’€)du(2’€)
~ S Kb(a), (30)

where we have defined
Yaa(z,€) = P22 — )

We want now to identify Kyt (x) as the "average” of the first term of the right-hand
side of (36). If we define

_ 1 A
0, = L5 /5*(9) Oy (m)dp(m),

then we have by (15)
1 OO - ) 1 ) i(T—2)-
— | dgg™? / Otbaa(z E)dp(z,€) = — / Ocioyp (22 — w)e? ™ dzdg . (37)
™ 0 5%(9) s

We first compute the integral in £. The computation uses the formula (16) for the

Liouville measure over S *(Q)

/ o0 = sy / g / 2IEIENdu(!, e
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— iy [ 46 [ [ o€ el et

|Sd 1| / Z) n—d 2i(z—z)-&
/&/w% ;7¢Wu>e

/ / C(Z) N — i(x—2z)
~ o ] [ (2 S ety e

/ 2)l€)eeedg,

with kg defined by (27). Substituting into (37) we get

i = d—1 i2(x—2)-€ .
i dqq /*( o Oy g(2,E)du(z,€) = /df/dzkg 2)|€])e V(22 — x)

= o [ ¢ [ dwbo (eIl et u)
- Kol(r).

Substituting into (36) we obtain
1 oo
Ruite) = o [Tt { [ QoG 0vu om0 ) @
with -
Q=7 [ [ o) -] e Eas,

Note that 6, is the average of the function éq(z, €) over S*(2), so that the term in the
curly brackets of (38) is of the form (A.5) in Lemma Appendix A.2. Therefore, applying

the third item of Lemma Appendix A.2, we have for any ¢ € (0,00) and uniformly in
N > 1:

() Qq,N(za f)wq,x(za f)du(z, 5)' S Orerg(Taa éq) Hd}q,x”LQ(S*(Q))
where 7e, is defined by (A.4). Since the L?(S*(Q))-norm of 1,.(z,€) is bounded by
C|[¥] L2(y uniformly in (z,q), we get

|‘R11¢‘|L2(Q) < C?erg(Ta)HwHLQ(Q) ) (39)
with -
Forg(Ta) = / 04" g (T )

0

By the second item of Lemma Appendix A.2, we know that the function 7e.g(t, éq) goes
to 0 as t — oo for any ¢. This function is also bounded by sup(, ¢)cs+(0) |é(x, q€)|, which
decays fast enough in ¢ to ensure the convergence of the integral in q. The dominated
convergence theorem then shows that the function 7.4 (t) goes to 0 as ¢t — oo.

The same estimate as (39) holds for

1 NTa N 2s
Rio== [ [Op(B(e"(@,))) = Ko| e Tods,
a JO
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and consequently for Ry = iRj1e V2" — {Ri2e V=27 since e*V 27 is bounded in
L3(9).
Step 2. By Lemma 2.1 there exists Cego, Tego such that, for any ¢ € H~(Q),

Cogo [N t 2
< 8o < e
1Fetllizey < 7, /o TP\, I

Togo if T, < 2T g0 ,

< Cego||¢||H’l(Q) X { Teg: @NTa;ngocgo if T, > 27T.
a ego *

Yt 10

Step 3. Let us define

- (o]

7 e /A Co /N 28
Ry = — e IVTAQEV AT T s .

Ta NTg

The operators eV~ and e~**V~2 preserve the L?-norm and the operator © is bounded
in L?, so we have for any ¢ € L*(Q)

_G

Ce o _2s _
| R3191 720y < T e Tads||t)]|720) = 5 € M2 -
a JNT,

The same estimate holds for

. o0
Ry = — eV TRQe VR Tu s
Ta NT,

and consequently for Rs = Rg1e™V ™2 — R3¢V~ This establishes the existence of a
constant Cy that depends only on 6 such that for any ¢ € L*(),

| R3¢ || 220y < Coe N ||¢| 12(q) -

Step 4. Let us define
Ry = TL/ e~ iV=BQe V=R 1 s
aJo

We use the eigenvalues w? and orthonormal eigenfunctions ¢, € L?(Q2) of the operator
—A with the Dirichlet boundary condition. For any v, € L*(Q),

(DRt = 3 (56,)(6:06,) (6y0) - /0 eistontion) o~ g

n,p

e (000)(0096,) (90)
! Z 2+ i(wn + wp) Ty

?

n?p

and therefore )
(9.00))
4+ (wp + wp) 212

IRa||72(0) < SHPZ [
p n

By the second item of Lemma Appendix A.1 in the Appendix, if d = 2 or 3, then there
exists a constant Cy that depends only on @ such that, for any ) € L2,

Cyllellio

Q
O y2a - (40)

||R41w‘|%2(9) < T2
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The same estimate as (40) holds for
Ry = L/ e VTAQel _Ae_%ds,
T. Jo
and consequently for Ry = Raye V™2 — Rype’™V 2. This establishes the existence of a

constant Cy that depends only on @ such that for any ¢ € L*(Q),

C o
T

R4t || z2() <
By collecting the estimates for i, Ry, R3 and R4, we obtain that, if T, < 2T%,,

Tego ||¢||H71(Q)
2Tego — Ta Y120

IRy + R+ Ry + R0l < Cr [rergm) L 4 } ol

and if T, > 2T,

N Ta—2Tego
Tegoe Tego ”q/)HH*l(Q)

T, — 2Teo  ||¥]l22(0)

||(R1+R2+R3+R4)¢HL2(Q) S CR |:Terg(Ta)+€_2N+ :| ||77Z)||L2(Q) ,

with
Cy

7 .

The function 7,4 (t) depends only on 6 and the ergodic Hamiltonian flow, and goes to 0

Terg (1) = Terg (1) +

as t — oo. By optimizing with respect to N, we obtain

ego )

. 2T,
||1/J||H71(Q) ) min(1, T

[(Ri+Ro+R3+ Ry 12(0) < Cr |Terg(Tu) + Cr, e <—
1]l L2

19|20 »

where Cr, 1., is given by (30). The expression (34) of K; and the fact that (—A)~1/2
is a bounded operator from L?(2) to H'(2) then gives

ego )

. 2T
||'€Z)”H71(Q) ) min(1, T

tnakim 9] 22 -
9] 22 () @

1K1 a1y £ Cr | Teg(Th) + Cry e (

Finally, the analysis of the operator K, goes along the same lines as the one in step 3,
and we find that its norm, as an operator from L*(Q) to H'(f2), is bounded by Cy/T,,.

4. Statistical Stability

4.1. Statement of the Main Result

Theorem 3.1 shows that the operator K7 is close to the Green’s function after averaging
with respect to the distribution of the stationary noisy signals emitted by the sources.
Moreover, the averaged operator (K7p) is independent of the averaging time 7. In
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this section we show that the operator K is statistically stable. This means that the
fluctuations of the operator K; about its average are small when the averaging time
T is large. We carry out a detailed analysis of the second moment of the operator K
and we show that the norm of the fluctuations of the operator K7 has small standard
deviation compared to the norm of the averaged operator when 7' > T,.

Proposition 4.1 As an operator from L*(Q)) on HY(Q), the operator Kr is self-
averaging. More precisely, there exists Cy > 0 such that, for any T > 0 and for any

b e L}(Q),
(N (r) = (Kr ) 6l ey ) < Cont 13- (41)

From this proposition and the Chebychev inequality we have that for any M > 0,

Y e L*(Q),
JP’(HKT() — (Kr(r >>w!!H1<Q)>M[!\w|!L2 ) ek (42)

If we restrict the set of test functions to the high-frequency set Bj defined by (32),

that is, Bs = {w e L*(Q), [Yll2 = 1, |19l a-10) < 5}, then we have for any M > 0,
Y € By,
r siny/—AT
Kr(m)) — Kpe™ Ta ———x—1)
(H V-=A HY(Q)

1T, s 2Tego C,
> M T + CR€ Ta [Terg(Ta> -+ OTa,Tego ’ Tf )]> < e (43)

This shows that K7 is the kernel of the smoothed Green’s function if the test functions
contain mainly high frequencies and if

T > Ty > Ty,

where T, is the characteristic decay time of the ergodic function rate reg.

As we will see in the proof below, the fluctuations of K7 do not decay to zero as
7 — 00. There is a term in the variance of the fluctuations that does not depend on 7.
As a consequence, it is possible to reconstruct the Green’s function G(7,z,y) only for
7 < T., Where

Te ~ T, In(T/T,) .

4.2. Proof of Proposition 4.1

The key ingredient for the computation of the second moment of the operator Kr is the
well-known result that high-order moments of Gaussian processes can be expressed in
terms of sums and products of second-order moments. Let z,y, 2,y € (). Then,

(Kp(r,z,y)Kr(r, & T2T2/ dt/ dt! /d:z: /da: /dy /dg’
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/ ds/ ds/ du/ du'e T @reststutu) G(s 2 o)

{(a —T>G(s + 7,9, y)} Glu, ,y') {(8 —i)G(u + 7.9, y)}

a

x (n(t — s, 2 \n(t —u,y')n(t’ — s, )t — ., 7)) .

The forth-order moment of the Gaussian random process n is

(n(s, 2" )n(u,y")n(s", 2)n(’, 7))
)

=0(s—8)o(u—u) , T ’)6’(
+0(s—u)d(s" —u')b (x +7 - ~’>
)o

( ~)o
(s’—u)9< )e(x Y ).

/

Qﬁ

+ (s —u

Consequently, we have

Tz/ / (t—u;y) ~(/ — ', @")n (tl—u:/”))dtdt
:5(5—3')5(u—u/>9($ R o ) ( ;y V-7

T — . / / ~/ ~/
+( |;€2 S|)+§(u—u/+s’—s)9($ ;y’x/_y/>9(x ;‘y ,:Z”—Q’)

T — / / ~/ ~/ /
+ ( |;2 S |>+5(u—u'+s—s’)6<x ;’y ,(I}’—@j/>9<$ ;—y ,:E’—y’) )
and the second moment of K7 can be decomposed into the sum of three contributions:
- <KT(7-7 €, y)KT(Ta j? g)>1 + <KT(T’ X, y>KT(T7 iia g)>11

+ (Kr(m,2,9) Ko (7, Z, §) )11

with
(Kp(7,2,y)Kp(T,2,9)); /dx/dx/dy/dy/ ds/ ds’

X / du/ du/ e T CTs TRt 5 (6 Sy — o)
0 -7

<KT(TJ z, y)KT(TJ j? ?j)>

x@(x/;—j,,x’—:i")G(s,x,x’) {( %)Gs +71,y,T )}
x0<y/;g/,y’—§’)G(u,§:,y’) {( %)Gu—l—Tyy)} ,

(Kr(r,2,y)Kr(T,2,7)) /dx /d /dy’/dzj’/ ds/ ds'
Q Q 0 _r

% du/ du'e” T (27+s+s’ +u+u’)( — |u B S’)+(5(u—u’+s’ _ S)
0 -7

T2

G(u,z,y)

/ /
X H(I —2Fy ,x/—y/>G(s,x,x/

)
X 0(5”' ’; U y> {(aT . Tia)G(s’ n T,y,gz’)] {((97 - T%)G(u/ + r,ﬂ,@’ﬂ ,
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(K (r, 7, 9) Kon(7, %, §)) 1y = /dx /dm /dy /dy/ ds/ s’

n (T —
/ du/T du'e” T (27+s+s' +u+u)( |T D 5(u—u'—|—s—s')

X G(s,x,x')ﬁ( —;—y cx — g’) [(@ — T%)G(u' +T,?]a@/)}

X [(& - %)G(S/—Fﬂy,i’/)} H(j/;y/,i" —y’)G(u,i,y’).

Estimate of (Kr(7,z,y)Kr(1,%,vy));. It is easy to check that
<KT<7_7x7y)KT(7_7‘%7g)>I = <KT(7_7 ZB,y)) <KT(Tv f?ﬂ)) : (44)

Estimate of (Kp(1,x,y)Kr(7,Z,y't));. After integration in v’ and change of variable
s"=5+7,

(Kr(r 2, y) Kr(r, & /dx /dx /dy /dy/ ds”/ du/

X o~ Ta (8" H) (- |T2 |) G(S,x,a:’w(x —;—y ,x — y')G(u,y’,i)
X [(asu — T%)G(s”, y,i’)] e(f/ ; Vw5 [(asn — Ti> Glu+s" — 5,7, g)] ,

)
which is independent of 7. If 1,9 € L?(£2), then <(¢KT17Z)2> is a combination of terms
I

of the form

<(¢KT¢ >H / ds" / du / " dse- T<s"+u>(T—|;2—sl>+

ziﬁu zims ( ¢6iiﬂs”@eiiM(u+S'/—5)w>
VR 9= |

Therefore we have

((ored)) < g [T [T [ s B B

< T||¢||H—1(Q)||¢||L2(Q)' (45)

Estimate of (Kr(7,z,y)Kp(T,2',y' ). After integration in «/,

u+s+7—
(Kp(1,2,y)Kp (7,2, 79) HI—/dQ:/dx/dy/dy/ ds/ du/

2 (s (L= |u =)y
T2

/ x/_l_g/ / ~/ 1 / ~

XG(s,x,xW( 5 T —y) (aT—T>G(U+S—S +7,9,9)

X e
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X G(u,i,i’)@(f;—y/,i' - y') {(85// - TL)G(S’ + 7, y’,y)] .

If 1,9 € L*(R), then <(¢KT1’B>2>HI is a sum of terms of the form

N2 o8] o8] u+s+7 5 T — !
<<1/1KT1P) >HI = /0 ds/o du/ ds’eiTT(T“Jr“)( |;2 1)+

« ieiiMSGGiimU,& (weiiM(u+s_s/+T)@eiiM(SI—H—)l/J) )
J A A

Therefore we have

-\ 2 T, 27\ _z20, ~
((omed)") <& (14 30) E I @l (46)
11T T Ta

Summary. Collecting the results on the three contributions of the second moment of
K7, we find that, for any ¢ € L*(Q), v € H1(Q),
2
+ <(wKT¢) >
111

(o505 - (w020 )" = { (o))

T, ~
< K2 161019110 (47)

which gives the desired result.

5. Conclusion

We have introduced conditions under which the cross correlation function of the noisy
signals recorded at two observation points contains enough information to identify the
singular component of the the Green’s function between these points. These conditions
are as follows.

(1) The sources are assumed to emit stationary random signals that are Gaussian
white-noise in time. Their spatial distribution is assumed to have a smooth covariance
that is, in general, localized.

(2) The classical Hamiltonian flow is assumed to be ergodic. Quantitative estimates
involve the convergence time Ty, for the ergodic theorem applied to the Fourier
transform 6 of the covariance of the sources evaluated along the flow.

(3) The averaging time T, the attenuation time T, and the ergodic time Ty, are
assumed to satisfy T' > T, > T.,,. These relations among the various time scales come
from the application of the ergodic theorem (Definition 2.1) and the assumed Gaussian
statistics of the noise sources. No special hypotheses are required on the Egorov time
Ttgo defined in Lemma 2.1.

The analysis in this paper justifies the use of the cross correlation approach for
travel time estimation in a bounded domain with spatially limited, noisy sources. It
also quantifies the statistical stability of this estimation method as well as its accuracy,
which is shown to depend on the spatial correlation of the sources. Extensions of these
results to vector waves and to surface waves are now under consideration [11].
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Appendix A. Technical Lemmas

In this appendix we establish the technical lemmas that are used in the proofs of
Theorem 3.1 and Proposition 4.1.

The next lemma gives estimates for the eigenvalues and eigenfunctions of the
operator —A that are used in the proof of Theorem 3.1 to control the norm of the
remainder.

Lemma Appendix A.1 1. There exists a constant C' that depends only on 0 such that

(6,06, < el

max(wy,, wp)

2. If d =2 or d = 3, then there exists a constant Cy that depends only on 6 such that

S (@06,
p>17— (Wp + wy)?

Proof. We have —A¢,, = w?¢, so that

W2(6,00,) = — (6,000,) = / e - W)V, b (y)dyde

(A.1)

< Cgllel o) - (A.2)

B / 6(2)V,D(2,y) - c(y)V,bu(y)dyde

where we have used the fact that I' is compactly supported in 2. Therefore, using the
Cauchy-Schwarz inequality,

6,00 < [ [ aorewm oot | [ 9P ]

On the one hand, since [|¢, ;2@ = 1 and —A¢, = w2y,

1/2

| el Vyon vt = = [ 6,09, - (cl)Vy000)) o = .

On the other hand,

J:

which gives the result of the first item.

2
VyL(a,y)| ely)dydz < fell=@l|V,Lll e
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The proof of the second item is based on (A.1) and on the Weyl law on counting
eigenvalues w, ~ wn'/? [20, Ch. 24]. The parameter 0~ is proportional to the volume
of S*(2). By (A.l) we have

O, ($,90,)° O¢,)?
EE: 0000 _ 5~ (6000, 5% (000
n=1 wp T Wn n=1 (wp + w”> n=p+1 (wp + w”)
< O|el? {Zp:;_F i ;}
= L>(Q) gt wg(wp +wn>2 et w%(wp+wn)2
~ pte /1 1 dx + pt=¥/4 /OO ! dx
o (2214 1)2 L a2
which is finite and uniformly bounded in p if d < 3. O

The next lemma uses the ergodicity of the classical flow to get the convergence of
a special class of integrals used in the proof of Theorem 3.1.

Lemma Appendix A.2 Assume that the Hamiltonian flow is ergodic in the sense of
(17). Let f € L>(S*()).
1. For any n > 1, there exists A, C S*(Q) such that |AS| < n=2|S*(Q)| and

I -
lim H—/ fle™ds — f
t—o0 t 0

2. The function

~0. (A.3)

n [r
?/ [f(eSh) — ﬂ ds } (A.4)
0 L®(Ap)
goes to zero as t — 0.

3. If we denote C' = 3|S*(Q)|'/2, then for any ¢ € L*(S*(Q)) we have

1 NTa 2s
/*(Q) T/o [f(e"m) — f] eTadSw(m)du(m)‘ < Crerg(To, Y ll2(52 () - (AD)

uniformly with respect to N > 1.

Lo (Ayn)

) 3
Terg(t, f) = }fg {EH}CHLN(S*(Q)) +

The function 7e (¢, f) is determined by the ergodicity of the classical Hamiltonian flow
for averaging times of order t. It gives the convergence rate of the time average of the
function f to its mean value f.

Proof. The first item of the lemma is a direct application of the classical Egorov
theorem in real analysis (which is not to be confused with the semiclassical Egorov
theorem [16]).

The second item consists in showing that ree(t, f) — 0 as t — co. Let n > 1 be
fixed. By the first item, we have

%AZUW%—ﬂﬁ

lim

t—o0

=0.

L>o(An)
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As a consequence,

. 3
lim sup re(t, f) < EHf”LC"’(S*(Q))

t—o00
Since this holds for any n > 1, we have the desired result.
We now turn our attention to the third item. We denote F(s,m) = f(e*"m) — f.
For any n > 1, we have

Nn—1 Nn—1

NTa k+ T 2 2k % 2
/ F(s,m)e “fads = E / (s,m)e Tads = g e n x/ Fi(s,m)e Tads,
0 0
k=0

where Fi(s,m) = F(s + £T,,m) = F(s, enTehm). We decompose the terms in the
right-hand side as

T Tq Tq

/n Fk(s,m)e_%zds:/n Fk(s,m)d8+/n Fk(s,m)(e_% —1)ds
0

0 0

and we integrate with respect to the test function :

/. /NT” (s, m)e” F dsy(m)diu(m)

" /S(Q)T / Pl mdsptmdutn )'

1
< — e Ta
n
i /S*(Q) T% /0” Fi(s,m) (e % - 1)d3¢(m)du(m)u .

k=0
Let us define A,, as in the first item. We have on the one hand
Ta
n n
[ oa] Fk<s,m>dsw<m>du<m>]
*(Q)

/* / (s, m)dstb(e™E T m)dp(m )‘

(s,m)dsy(e” nTah )du(m)’

n 0 —ET.h
+\/m [ e

_k
||77D||L1(S*(Q)) + 2||f||L°°(S*(Q))H1A$L'¢}(€ nTah)‘

L1(5*(2))

-)ds 19| 25 1S (M2 + 2| £ || oo (5 [ AL 2 190 225+ ()

L (An)
where we have used the Cauchy-Schwarz inequality in the last step. On the other hand,

%/
T

n
a

since [e™® — 1| < 2y for any y € (0,1), we have

/S*(ﬂ) ,-ZTa/o Fe(s,m)(e™ - 1>d8¢(m)du(m)|
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IN

Ty
n [ 2s
Fa/o jTadS “fHLOO(S*(Q)) [l (s

1 %
< st 112 @S (2.

Finally, we have, for any n, N > 1,

1 s 11 y 1
. e n < - 7 < oy )
n 0 nl—en y€(0,1) 1 —e 4 1—e

which yields, uniformly in /V,
1 [N .
[ [ et = e Hassmaum)
S*(Q) La JO

Tq

313 n n
<! {;ufum*m ta [ e - as

where we have used the fact that |AS| < n™2|S*(Q)|. Since this inequality true for any

} S D219l 25+ @)

L (An)

n > 1, we can take the infimum over such n in the right-hand side, and this establishes
the desired result. O

Finally we prove the estimate (21) and Lemma 2.1, that allow us to control the
error in the Egorov theorem.

Proof. In this proof we use arguments taken from [20]. The symbol h(z,£) =
c(x)|€] is homogenous of order one. We introduce the transported zero-order symbol
p(z, &, t) = é(eth(x, €)) solution of the Liouville equation

Op +{h,p} =0, p(x,§0)=0(z,8). (A.6)

We only consider symbols p with support near rays which are transverse to the boundary.
The interaction with rays tangent to the boundary or issuing from singular points of a
piecewise C*° boundary can be handled following the method of [34] and we focus on
the main points of the proof. Taking derivatives and using Gronwall lemma we deduce
from (A.6) the estimate

sup | DEZp(e,€0)| < Co sup (D20, E)|exp (€t sup [Dge(@))]) . (A7)
lal+|Bl<m lal+|Bl<m la|<m+1
Next we use results given by Hormander to obtain an estimate for the remainder
R,(t) = i[Op(p(z,&,t)), Op(h(x,&))] — Op({p, h}). We first compute with the formula
(18.1.15) of [20, Vol. III] the symbols of the operators Op(p(z,&,t))Op(h(x,§)) and
Op(h(z,£))Op(p(z,&,t)) up to the order 1. Second we use the estimate (7.6.10) of [20,
Vol. I} which yields

12y (Ol -1 (@22 < € sup  ([Dge()], [DZp(, &, 1), |Dgp(e, €, 1)) - (A.8)
|| <[d/2]+2

Next we derive an estimate for Ry(t) = [vV—A — Op(h(x,§)), Op(p(x,&,t))]. We start
with the relation:

V=4 = \/Op(c(«)*¢[?) = Op(e(x)[¢]) + Op(R) .
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with Ry a zero-order symbol with coefficients computed in term of ¢(x)|¢| and its first-

order derivatives. Then Ry(t) = [Op(Ry), Op(p(z, £, )] is an operator of degree —1 and

its norm is estimated as above (with (18.1.15) and (7.6.10) of [20]) leading to

IIRa) @2 <€ sup ([Die(@)], [Dip(e, & )], [Dep(a, &, 1)]) - (A.9)
lal<ld/2)+2

Substituting (A.7) into (A.8) and (A.9) eventually gives:

|Reo (-1 0r20) € sup  (|D2e(a)], |D320(z,€)))
] +[BI<[d/2]+2

X exp <C’t sup |D§‘c(m)|> : (A.10)

e <[d/2]+3
where Ryt (t) = R,(t) + Ra(t). We now consider
E(t) = e7 V=202 — Op(p(x,&,1)). (A11)
We proceed by linear superposition and Gronwall estimate. The operator Ej(t) =

e~V =2Qe?V A ig solution of the equation:

dE,(t)

S ilV=A By(D)] = 0.

The operator Ey(t) = Op(p(t,x,&)) is by construction solution of the equation

L) | 0p(h(z,©), Ealt)] = Byft).
d%t(t) iV, Ba(t)] = Ri(t) -

Therefore for the “error” E(t) = Es(t) — Ei(t) we have the equation —dﬁit) +

i[V—A,E(t)] = Ri(t). We obtain by the Duhamel formula:
t
E(t) = e ™ 2E(0)e™ 2 + / e VAR (t — s)e Y Ads
0

Since E(0) = 0, this implies that the operator E(t) is linear continuous from H () to
L*(Q)) with a norm bounded by

t
”E(t)HH*l(Q)»—»LQ(Q) S C/ ||Rtot(8)”Hfl(Q),_)LZ(Q)dS (A]_Q)
0

Substituting (A.10) in this estimate establishes the desired result. O
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