MATH 106 HOMEWORK 3 SOLUTIONS

1. Using the Cauchy-Riemann equations, show that if f and f are both holomorphic then f is a con-
stant.

Solution: Let f = u-+iv,so0 f = u—iv. Since they are holomorphic, we can use the Cauchy-Riemann
equations:

Uy =0y and uz =—vy =>u, =vy, =0
Uy = —V; and Uy =vy, => Uy =v, =0

Therefore u, = u, = 0so uis constant, and similarly v, = v, = 0so v is constant. Hence f is constant
as well.

2. Determine the holomorphic functions f and g such that
Ref = 2% —y* — 2y, Img=2xy+y.
Solution: Let f = u + iv. Then,
u:xQ—y2—2y:>um=2mzvy$v:2xy+¢(x) =
—vy =2y — ¢ (z) =uy =-2y—2=P(z) =2+ c=
f=a?—y? -2y +i(2zy + 22 + ¢)

where c is a real constant.
Let g = u + iv. We have:

v:2xy—|—y:>vy=2x+1:ux:>u:m2+x+¢(y)=>
uy=¢'(y) = —va = -2y = d(y) = —y* +C =
g=2"—y’+z+c+il2zy+y)

where as before c is a real constant.

3. Determine the domains where the following functions are holomorphic
() f(z) = ﬁ

(i) f(z) = m

Solution: -
(i) 23 = 8i = 8e31H2hmi = » = 20T+ L = 0,1, 2. The domain is

C\{VB+i,i—v3,-2i}.
(ii) 22 + 2iz+ 1= (z +14)? 4+ 2= (2 +1)> = =2 = 2z + i = +iv/2 so the domain is C\ {—i +iv2}.



4. Let f : C — C be a holomorphic function such that |f| is the constant function c. Check that f
is holomorphic.

Solution: If c = 0 = |f| = f = f = 0, hence f is holomorphic. Suppose |f| = ¢ # 0 = f(z) #

C

0 Vz e C. Since f is holomorphic, we have 72 is holomorphic. Now, ff = |f|? = ¢? therefore

f= ?, which we showed is holomorphic. So by Problem 1, f is a constant.

5. Consider the two functions
f(z)=eYsinz —ie Ycosx, and g(z)=eYcosz+ieYsinx
Using the Cauchy-Riemann equations, prove that f is entire, but g is nowhere holomorphic.
Solution: f is defined everywhere on C and has continuous partial derivatives. To show it’s holo-
morphic we need only to check the Cauchy-Riemann equations. We have
Uy =e€ Ycosr =v, and wuy =—e Ysinz = —u,

For g on the other hand we have

Uy, = —eYsinz and v, = e¥sinz.
Similarly
uy = €Y cosx and v, = e¥ cosx.
Hence u, = v, implies sinz = 0, while u,, = —v, implies cos = 0. These cannot be satisfied for the

same values of . Hence g is nowhere holomorphic.

6. Show that the function  is harmonic and determine its harmonic conjugate when
(i) u(z,y) = 22(1 - y)
(ii) u(w,y) = e~ 2% sin(2y)
Solution: (i) We have u(z,y) = 2z — 2xy, so
Ugy = Uyy = 0 = Ugg + Uyy = 0.
We find the harmonic conjugate:
up =2(1 —y) = vy = v =2y -y’ + ¢(x)
—vy = —¢'(7) =uy, = —2r=d(z) =2> +c=
v=2a% -y’ +2y+c
(ii)) We have
Uy = —2e 727 8in(2y) = Upe = de 2" sin(2y)
Uy = 2727 cos(2y) = Uy, = —4€* sin(2y) = Uyy + Uyy =0
We can now determine the harmonic conjugate:
Uy = —2e " sin(2y) = v, = v = e~ 2" cos(2y) + ¢(z)
— vy = 2% cos(2y) — ¢/ (z) = uy = 2" cos(2y) = d(z) = c =

v = e %" cos(2y) + c.



7. (i) Show that if v is a harmonic conjugate of u and if u is a harmonic conjugate of v then both
u and v are constant.
(ii) Show that if v is a harmonic conjugate of v, then —u is a haramonic conjugate of v.

Solution:
(¢) By definition, the following four equations are satisfied:

Uy = vy and uy = —v,
Uy = Uy and vy = —u,.

Together, they imply u, = uy = v, = vy, = 0. Therefore u and v are constant functions.

(i) By definition, u, = v, and u, = —v,. Hence, v, = —u, and v, = —(—u,) showing that —u
is a harmonic conjugate of v.



