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INTRODUCTION

I am broadly interested in interactions of probability and statistical physics
with topology, geometry, and combinatorics. These interactions arise natu-
rally in a variety of settings.

The field of topological statistics has been very active in recent years [9].
It is hoped that applying topological methodology to point cloud data should
be helpful in understanding its qualitative structure. My recent article [18]
gives detailed results about the expected topological properties of simplicial
complexes built on Poisson point processes in Euclidean space, including
central limit theorems and concentration of measure results for homology.
This work helps establish a solid probabilistic foundation for the field of
topological statistics.

Phase transitions are well-studied in probability, and some of my research
is concerned with phase transitions for topological and geometric properties
of various types of random spaces. A classical result in this area is the
theorem of Erdős and Rényi characterizing the threshold for connectivity of
the random graph [13]. Part of my Ph.D. thesis generalizes the Erdős-Rényi
theorem to higher dimensions and to non-monotone settings [19].

Hard discs in a box is a well-studied model in statistical physics, where
a phase transition from “liquid” to “solid” is observed empirically once the
discs take up a certain fraction of the area of the box, but where little is
known mathematically. Persi Diaconis pointed out that the set Config(n; r)
of all configurations of n nonoverlapping discs of radius r in the unit square
can be viewed as a topological space as well as a probability space, and
that little seems know about the topology of these spaces [12]. I recently
found thresholds for ergodicity of the Metropolis Markov chain, and also
gave examples to show that even simple topological properties like path-
connectivity are not necessarily monotone in the radius of the discs [17].

A general motivation for this kind of work comes from the probabilis-
tic method, which has provided existence proofs in combinatorics when
constructive methods are difficult or impossible to come by [1]. Random
finitely presented groups have also provided important examples, and in
some cases conjectural counterexamples, in geometric group theory [15,
23]. Random cell complexes will likely provide interesting and extremal
examples of topological spaces [20].
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1. RANDOM SIMPLICIAL COMPLEXES

In several articles I have studied topological properties of random simpli-
cial complexes, developing several different techniques for doing so. There
are various motivations for this, discussed in the context of each article.

1.1. Random geometric complexes. In some of my recent work, I stud-
ied simplicial complexes built on random geometric graphs [18], a prob-
lem suggested by Persi Diaconis [11]. Random geometric graphs have ver-
tices on n points sampled i.i.d. in Rd from a probability distribution with a
bounded measurable density function. Then edges connect pairs of points
if they are within distance r. Usually r = r(n) and one considers properties
asymptotically as n → ∞. In this article I studied Vietoris-Rips and Čech
complexes built on these random geometric graphs.

This work generalizes some of Mathew Penrose’s earlier work on com-
ponent counts in random geometric graphs [24] to higher dimensions and
introduces new ideas to geometric probability. The main results are as fol-
lows.

(1) In the sparse range, r = o(n−1/d), I compute the expectations and
variances of the Betti numbers, establish Central Limit Theorems,
and use martingales to prove a concentration of measure result. The
central limit theorem for Betti numbers states that

βk − E[βk]

Var[βk]
→ N (0, 1)

in distribution as n → ∞, where N (0, 1) is the standard normal
distribution.
The concentration of measure result gives that

Pr(βk − E[βk]) ≥ a) ≤ 2 exp(−ca2/n),

where c is a constant depending on k and the underlying density.

(2) In the critical range, r = θ(n−1/d), and here I showed that E[βk]
and Var[βk] grow linearly with n.

(3) In the dense range, r = ω(n−1/d), I introduce Morse-theoretic ar-
guments to bound the expectation of the Betti numbers. From these
estimates it follows that the expectations of the Betti numbers grow
sub-linearly in the dense range, and that the threshold for contractibil-
ity of the Čech and Rips complexes is approximately the same as for
connectivity of the random geometric graph.
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This main motivation for this work is that it helps provide a probabilistic
“null model” for topological statistics. It is also perhaps interesting as a
flexible model of random simplicial complex; indeed, one may choose the
underlying density function on Rd, so the parameter space is essentially
infinite-dimensional.

1.2. The fundamental group of random 2-complexes. Nati Linial and
Roy Meshulam [21] defined the random 2-complex Y (n, p) to be the com-
plete graph with each of the

(
n
3

)
possible triangular 2-cells included with

probability p independently. They found the sharp threshold for vanishing
of the cohomology H1(Y (n, p), Z/2) to be p = 2 log n/n [21], a cohomo-
logical analogue of the Erdős-Rényi Theorem characterizing the threshold
for connectivity of the random graph [13].

In joint work with Eric Babson and Chris Hoffman [3], we found the
threshold for vanishing of π1(Y (n, p)) to be quite different, approximately
p = n−1/2. The argument is somewhat delicate, combining methods of
geometric group theory and combinatorial homotopy theory. The main idea
was to show that in the nonvanishing range, π1 is a hyperbolic group [14],
and this required the use of Gromov’s local-to-global method, that one only
need check hyperbolicity on balls of bounded radius [23].

This work seems to be interesting for bringing together several different
areas of math and also for providing a new model of random groups in
geometric group theory.

1.3. The random clique complex. The random clique complex X(n, p) is
the clique complex of the random graph G(n, p), or the Erdős-Rényi graph
with all possible simplicial faces of dimension ≥ 2 added. Clique com-
plexes are also sometimes called flag complexes in the literature. As part of
my thesis, I studied the topology of X(n, p) when p = O(n−ε) [19], where
these complexes are a.a.s. d-dimensional for some constant d depending on
ε. The main results can be summed up as follows.

(1) A d-dimensional random clique complex a.a.s. has nontrivial ho-
mology in dimension k = bd/2c. I computed the expected dimen-
sion of homology E[βk] and the variance. More recently I proved a
central limit theorem for βk when k = bd/2c (preprint in prepara-
tion).

(2) Homology is a.a.s. vanishing below dimension bd/4c and above di-
mension bd/2c. This gives a d-dimensional generalization of the
Erdős-Rényi theorem, but in a non-monotone setting. The results
suggest strongly that X(n, p) a.a.s. has only one nontrivial reduced
homology group Hk(X(n, p), Z/2), at k = bd/2c. This would be
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quite interesting, for a variety of reasons. In particular it would im-
ply that a kind of Poincare duality holds for almost all d-dimensional
flag complexes.

(3) I used discrete Morse theory to show that E[βk] is small when k 6=
bd/2c, supporting the conjecture that there is only one nontrivial
homology group. This method was further refined in the article on
random geometric complexes, where Morse theory is used to show
that certain homology groups vanish altogether.

A common type of theorem in topological combinatorics is that a certain
poset or simplicial complex is homotopy equivalent to a wedge of spheres
of the same dimension [5]. My work on random clique complexes suggests
that this kind of behavior may actually be generic in a measure theoretic
sense. Figure 1 illustrates several of the theorems from the paper, and seem-
ingly supports the conjecture that almost all d-dimensional flag complexes
have only one nontrivial homology group.

2. PROBABILITY AND GRAPH MAPS

Graph homomorphisms have been studied in recent years through inter-
actions with both algebraic topology [22, 4] and statistical physics [8]. In
both settings, lower bounds on chromatic number χ(H) (i.e. obstructions
of maps from H to the right) are found by probing H with graph homo-
morphisms from the left. Some of my work tests the strength of each of
these types of bounds for various kinds of random graphs. This helps il-
lustrate qualitatively which types of graphs will be most amenable to these
kinds of bounds, and also leads to new quantitative conjectures relating the
topological and statistical physics points of view.

2.1. The neighborhood complex of a random graph. In 1978, Lovász
used algebraic topology to put lower bounds on the chromatic number of
graphs [22]. In particular he showed that the connectivity of the neighbor-
hood complex is a lower bound on chromatic number, conn[N (G)] ≤ χ(G).
Lovász’s bound was tight for Kneser graphs, settling a long standing con-
jecture. In the article [16], I computed the connectivity of the neighborhood
complex (within a constant factor) of an Erdős-Rényi graph G(n, p), and
compared it with known values for expected chromatic number. In both
sparse and dense regimes, conn[N (G)] is much smaller than χ(G) for a
random graph G.

To prove this meant understanding of which homology groups of the
neighborhood complex are vanishing and non-vanishing. For example, the
expected dimension of the random neighborhood complex N [G(n, 1/2)] is
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FIGURE 1. A random clique complex on n = 100 vertices
and with 0–3000 edges. The number of random edges is the
horizontal axis, and the Betti numbers β0–β5 are graphed as
six different curves superimposed. Image courtesy of Afra
Zomorodian.

approximately n/2, and I showed that homology Hk(N , Z) a.a.s. vanishes
for k < log2 n and k > 4 log2 n, and is non-vanishing when (4/3) log2 n <
k < 2 log2 n.

The results also suggest which types of graphs are likely to be most
amenable to topological lower bounds on chromatic numbers. In partic-
ular, Erdős-Rényi graphs do not have enough complete bipartite subgraphs
to keep the neighborhood complex from collapsing to a complex of small
dimension, so we might consider graphs with many bipartite subgraphs or
large odd girth. This is the part of the motivation for studying random
graphs on spheres, discussed in the next subsection.

2.2. The chromatic number of random graphs on spheres. (Preprint in
preparation.) We define a random graph geometrically on the d-dimensional
unit sphere Sd by taking n points uniformly and independently for vertices,
and connecting two vertices by an edge if the distance between them is at
least 2− ε where ε = ε(n) tends to zero as n →∞. If ε goes to zero slowly
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enough, i.e. if ε = Ω(log n/n), then a Morse-theoretic argument gives that
the neighborhood complex is a.a.s. (d− 1)-connected.

One can check that these graphs are (d + 2)-colorable, so by Lovász’s
bound, the chromatic number of these graphs a.a.s. = d + 2. This gives
new infinite families of graphs for which topological bounds on chromatic
number are tight.

2.3. Warmth and mobility of random graphs. (Preprint in preparation.)
In combinatorial statistical physics a graph G can be thought of as a space,
and another graph H as physical laws or constraints. Then a graph homo-
morphism σ : G → H can be interpreted as one possible state of the space.
Motivated by this point of view, Brightwell and Winkler introduced new
graph parameters [8]. The warmth w(G) is slightly technical to define, but
it essentially measures the amount of freedom in mapping regular trees into
G. One of Brightwell and Winkler’s results is to show that w(G) ≤ χ(G)
for every graph G.

In joint work with Sukhada Fadnavis, a graduate student at Stanford, we
investigated warmth for Erdős-Rényi random graphs G(n, p), and found
that warmth, although not a monotone graph property is nevertheless statis-
tically monotone with p and for most values of p = O(n−ε) is concentrated
on a single value. This allows us to establish a conjecture of Lovász that
m(G) ≤ χ(G), for almost all graphs.

These results also lead to a new conjecture relating the statistical physics
and topological parameters in graph homomorphisms. In particular, is it
true that w(G) ≤ conn[N (G)], where conn[N (G)] denotes the connectivity
of the neighborhood complex?

3. CONFIGURATION SPACES OF HARD DISCS

Hard discs in a box is a well-studied model for matter in statistical physics.
Phase transitions have been observed empirically through computer simula-
tions, but so far there does not seem to be a good mathematical explanation
of this. Persi Diaconis recently pointed out [12] that Config(n; r) = the
configuration space of all possible positions of n nonoverlapping discs of
radius r in a unit square is naturally endowed with a topology as well as
probability measure, and that “very, very little is known about the topology
of these spaces.” Besides their interest from statistical physics, these spaces
provide a generalization of classical configuration spaces, interesting to un-
derstand topologically for their own sake.

3.1. Thresholds for ergodicity and classical homotopy type. A well stud-
ied Markov chain on these configuration spaces is the Metropolis algorithm.
Using a disc packing construction, I showed that this Markov chain is not
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ergodic in the range of parameters commonly studied, as is apparently com-
monly believed [17]. I showed that if r = Ω(1/n) then the configuration
space has many Markov disconnected states. This result is also best possi-
ble, up to a constant: a result of Diaconis, Mechel, and Lebeau gives that if
r = O(1/n), the Metropolis Markov chain is ergodic.

More recently, in joint work with Yuliy Barishnikov and Peter Bubenik,
we showed that for some r = O(1/n), not only is the configuration space
path connected, but that it is homotopy equivalent to the classical configura-
tion space of n labeled points in the plane, well studied in algebraic topol-
ogy. In ongoing work, we have upper and lower bounds on the topologi-
cal complexity of Config(n; r) as measured by the Lusternik–Schnirelmann
category.

3.2. A computational approach. (Preprint in preparation.) With Gunnar
Carlsson and Jackson Gorham, an undergraduate researcher at Stanford, we
studied these configuration spaces computationally. In particular, combin-
ing a Morse theoretic approach with more traditional Monte Carlo methods
and the "nudged elastic band" method to find low energy paths, we were
able to recover the complete dendrogram for persistent path components
of Config(n; r) (with respect to r) when when the number n of discs is
5. Even here the story is complicated, and we were surprised to find out
that the number of path components is not monotone in the radius, nor is
path-connectedness a monotone property.

This work contributes to computational topology by giving an example
of how Morse theory can in principle handle hierarchical clustering, even in
a non-monotone setting where agglomerative and divisive clustering meth-
ods can not tell the whole story. Non-monotonicity of the number of path
components arises quite naturally in this setting.

4. FUTURE DIRECTIONS

The following are a few more open problems and continuing projects.

(1) Persistent homology on random point processes. Although the work
on random geometric complexes [18] gives detailed information
about the homology of complexes on random point processes, for
applications to topological data analysis one would like information
about persistent homology. In ongoing work with Dmitriy Morozov,
we have bounds on the expected persistent homology of random
geometric complexes by using stability of persistent homology, to-
gether with geometric probability [10].
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(2) Giant components and structure theorems in random homology. In
the Erdős-Rényi G(n, p) setting, much more is know than the thresh-
old for connectivity and the distribution on the number of compo-
nents. In particular, percolation on the random graph is extremely
well studied in the range near p = 1/n [6], and there are many
things known about the size of the components and the structure
of the giant and other components as it emerges. There should
be higher dimensional analogues of these statements as well, using
normed cohomology to measure the size of d-dimensional homol-
ogy classes, as in earlier work of Babson and Benjamani [2].

Bollobás and Riordan recently posted a preprint on clique per-
colation where they exhibit higher dimensional analogues of perco-
lation for the random clique complex described earlier [7]. Anal-
ogous statements are likely to be true for other kinds of random
complexes, and one might be able to frame a fairly general theory
of higher-dimensional percolation in topological terms.

(3) Torsion in random homology. After several papers on various kinds
of random simplicial complexes have been written, none of them
have addressed the torsion in Z-homology when it is non-vanishing.
It would seem that more subtle techniques are needed. The ques-
tion of the threshold for Z-homology in the Linial-Meshulam 2-
complexes is of particular interest for geometric group theoretic rea-
sons.

(4) Statistical physics, topology, and graph maps. The papers on prob-
ability and graph maps have started to shed light on the possible
connections between the statistical physics and topological points
of view on graph homomorphisms, and have led to new conjec-
tures. In ongoing work, I am investigating whether the warmth of
G (in the sense of Brightwell–Winkler [8]) and the connectivity of
the neighborhood complex (as defined by Lovász [22]) are related
by the inequality

w(G) ≤ conn[N (G)].

(5) Combinatorial rigidity and long-range action. One can consider a
point chosen uniformly in Config(n; r) together with a connectivity
threshold radius r′ > r to be a kind of random geometric graph. The
fact that the underlying point process is not Poisson makes proper-
ties such as subgraph counts much more subtle to analyze than for
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Poisson random geometric graphs. An ongoing project is to under-
stand very basic local features of these graphs, such as expectation
of vertex degree. Even a coarse understanding of the combinatorial
structure of these graphs, combined with the right rigidity theory,
might give a heuristic explanation for long-range action.
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