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THE HODGE COHOMOLOGY
OF A CONFORMALLY COMPACT METRIC

RAFE MAZZEO

Abstract

The Hodge Laplacian acting on differential k-forms is examined for a
class of complete Riemannian manifolds with negative sectional curva-
ture near infinity. These manifolds have C'°° compactifications on which
the metric is conformal to one smooth up to the boundary with confor-
mal factor p~2, p a defining function for the boundary. An example is
the Poincaré ball, which serves as a model throughout. The Schwartz
kernel of a parametrix for the Laplacian is described for all degrees k ex- -
cept those near half the dimension of the manifold. Its asymptotics are
determined in sufficient detail so that we may identify the L? harmonic
spaces with the relative and absolute cohomology of the compactifica-
tion for & < (n—1)/2 and & > (n + 1)/2, respectively. In addition, we
locate the essential spectrum of the Laplacian in each degree. The con-
struction relies on a calculus of pseudodifferential operators well adapted
to the type of degeneracy exhibited by the Laplacian at the boundary
of the compactified manifold.

1. Introduction and geometric preliminaries

A. A complete simply-connected Riemannian manifold of negative curva-
ture is diffeomorphic to Euclidean space. If in addition its metric is of bounded
geometry then we might expect its Hodge Laplacian, which acts on differen-
tial forms, to behave much as the corresponding operator on the constant
curvature model space H". As we shall see, only sometimes is this the case.
The salient properti e hyperbolic Laplacian are well known. Those
which concern us here involve its spectrum on L?(dgg), dgg =hyperbolic
measure, and the existence of bounded harmonic functions or forms with given
“asymptotic” boundary values—including representation theorems in terms of
these boundary values. Thus, if A, denotes the Laplacian on k-forms, then
A has no point spectrum unless & = n/2, in which case it has only an
infinite dimensional eigenspace at zero (Dodziuk [5]). From Donnelly [6] its
continuous spectrum is known to be unitarily equivalent to a finite sum of
multiplication operators a? 4+ z? acting on L2{(R™*, H), H an auxiliary Hilbert
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space. In particular, the range of Ay is closed and the continuous spectruimn
is bounded away from zero except when k& = (n + 1)/2. This behavior for
values of k& near the middle degree results from the conformal equivariance
of the coboundary operator 8, and the conformal invariance of the L? norm,
in the middle degree. As for bounded harmonic functions, these exist in
abundance. - There are classical Poisson representation formulas for them in
terms of their boundary values and, due to the representation theorists, one
may even allow hyperfunction boundary value (although the corresponding
harmonic functions are no longer bounded then). Similar theorems hold in
the setting of differential forms.

Let us now quote some of the relevant variable curvature results. To fix
notation, let M be a simply-connected complete Riemannian manifold of di-
mension n, the sectional curvatures of which satisfy bounds —8%2 < K <
—a? < 0. There is a geometrically natural compactification M = M U So
homeomorphic to the ball B?, first defined in Eberlein.and O'Neill [8]. Points
of S may be thought of as classes of mutually asymptotic geodesics. A priori
M exists only as a topological manifold.

In this generality rather more is known about Ag than other degrees. For
example, it is quite trivial that there are no L2 harmonic functions since such
a function must be constant and the volume of A is infinite. More strongly,
McKean [13] proved that spec Ag lies in [(n — 1)2a2/4,00). The multiplicity
of the continuous spectrum presumably varies in a complicated manner in
[(n—1)%a%/4, (n—1)?b?/4] and there are no other L? eigenfunctions. However
there are many bounded harmonic functions. By the work of Anderson [1] and
Sullivan [18], for each continuous function f on Sy there is a unique harmonic
function » on M which assumes the boundary values f in the topology of
M; Yau’s asymptotic maximum principle shows that u is bounded. Later
Anderson and Schoen {3] gave a representation formula for  in terms of f, in
the process showing that S, has a natural Hélder structure with exponent
o =aqa/b

The situation for other values of & is rather more subtle and less is known.
A strong vanishing theorem, which Donnelly and Xavier [7] were able to prove
by assuming that the curvature is tightly pinched, |a/b—1| < &(n, k), concerns
the L? harmonic space #% = ker A:

0, k#nf2,(nt1)/2,

1.1 di Z”“:{
(- 1m o0, k=nj

They also establish nonzero lower bounds on the spectrum. Dodziuk [5] proved
a vanishing theorem of the form (1.1) for complete manifolds with rotational
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symmetry. {He actually used hypotheses on the growth of the metric, and as-
sumed nothing about the curvature.) Rather surprisingly then, Anderson {2]
produced examples of manifolds with the correct geometry but for which #%*
is infinite dimensional for any one fixed value of k& # 0, n, in the process show-
ing that the pinching constants used by Donnelly and Xavier to obtain (1.1)
are sharp. Finally, very little is known about the solvability of the asymptotic
Dirichlet problem for forms. 1t is closely related to the L? theory above, in the
gsame relation for example as between the homogeneous and inthomogeneous
Dirichlet problem for the Laplacian on a finite smoothly bounded domain.

B. In this paper we describe and study a class of manifolds for which a
finiteness theorem for the Hodge cohomology spaces #* analogous to (1.1)
may be proved. The manifolds in this class are modelled closely after H” in
their metric asymptotics. In particular they possess a smooth, albeit extrin-
sically defined, ideal boundary. _ _

Thus let M be a compact manifold with boundary and p a positive defining
function for dM:

p20, p7H0)=0dM, dplonm #0.
For any smooth metric h on M define
(1.2) g=p " 2h.

This metric g, which we term conformally compact, and its Laplace operator
are the focus of this paper. It is a complete metric since the singular factor
p~2 has the effect of pushing M out to infinity. The relevant geometry is
sumined up in the:

Proposition. (M, g) is a complete manifold. If v is a nontrapped geodesic
then ~(t) tends to o definite point oo € M ast — o0 and +'(t) tends
in direction to the h-unit normal to the boundary v at vo. Furthermore,
the curvature tensor at ~(t) becomes increasingly isotropic for t large, with
sectional curvatures all tending to —(2p/01)% (7oo).

This is verified by straightforward computation. So although the topology
of M and the geometry of ¢ are arbitrary in the interior, their behavior at
infinity is distinctly reminiscent of the hyperbolic model.

The Hodge Laplacian Ay for the metric g, for which we derive the explicit
expression in the next section, is also quite similar to its hyperbolic analogue.
Indeed, in a sense to be made precise later, the hyperbolic Laplacian is an
asymptotic limit of the variable curvature operator. Hence it may be re-
garded as an elliptic operator on the compactification M = M U dM which
degenerates rather thoroughly at @M. Our main result is
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(1.3) Theorem. For the conformally compact metric g of (1.2) there are
‘natural isomorphisms between the (finite dimensional) spaces

HY(M,8M), k< (n—1))2,
{H"{M), k> (n+1)/2

k _

If —a} = sup —(8p/Ov)? is the mazimum limiting curvature at infinity, then

the essential spectrum of Ay is [ad(n — 2k — 1)2/4,00), {0} U [a3/4,00),
[aB(n — 2k + 1)%/4,00) for k < n/2, k = n/2, k > n/2, respectively. In

particular, A = 0 @3 an isolated eigenvalue of infinite multiplicity for TANPS

This result provides a topological interpretation of the harmonic spaces
on certain open manifolds. Notice that, in place of the relative or absclute
boundary cenditions for the Laplacian necessary for the standard Hodge the-
orem for compact manifolds with boundary, the L? condition alone provides
the boundary condition here. (1.3) may be regarded as asserting Fredholm
properties for a certain asymptotic elliptic boundary problem.

The proof is microlocal. §2 contains a description of a space of pseudo-
differential operators large encugh to contain parametrices for the degenerate
operators Ag. These have genuine symbol ellipticity once the definition of
symbol has been suitably reinterpreted. But, as with classical elliptic bound-
ary problems, an additional boundary ellipticity condition is required before
Fredholm properties will hold. Whereas the classical Lopatinski-Schapiro con-
dition is algebraic, the condition here is differential and requires the invert-
ibility of certain model operators. This analysis is the subject of §3. Finally
in §4 we gather the machinery developed and complete the proof.

This approach to certain degenerate elliptic equations originates with
Richard Melrose, to whom the author is indebted for thoughtful supervision
during the writing of the thesis upon which this paper is based. More thor-
ough treatment of many of the results here is to be found in that thesis [11].
These techniques have also been used to prove the existence of a meromorphic
continuation of the resolvent for Apg—as well as of the Eisenstein series for
certain quotients of H®— for those conformally compact metrics with asymp-
totically constant curvature at infinity [12]. Finally, the asympiotic Dirichlet
problem for differential forms may be studied by these methods.

C. We now briefly derive an expression for the Laplacian Ay, corresponding
to the metric (1.2). For reasons to become clear later, it is natural to consider
instead the conjugate

P=pfAp7".
From Ay = dé + é4d it follows that

(1.4) P = (p*dp™* 1) (0" 507F) + (pF6p7F ) (4 dpH).
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~ Thus we first compute p*+t1dp™7 and p?~16p77 for each j. The first of these
is trivial: : .

Ptidp™iw = pdw — jdp A w, we .

As for the second, a duality argument shows that

(1.5) P lpIw = p" I H 607w = phhw + (n — )u{Volw, we,

since §(fw) = féw + ¢(Vf)w. In (1.5) ¢ ) is contraction, Vp is the gradient
with respect to h, and likewise 8 is the coboundary for the metric k.

Insert these identities into the factorization for P. A bit of bookkeeping
then leads to the desired expression

Puw = p?Apw + (2 — k) pdo A Spw — kpby (dp Aw)
(1.6) + (n— k)pLv,w — 2pt(Vp) dw + (n — 2k)dp A L(Vp)w
—k(n—k—1(Vp)(dpw, we Q.

L, is the Lie derivative and A, is the Laplacian for the metric h.

2. Analysis

A, Any differential operator L € Diff(M) is locally the sum of products of
vector fields. Correspondingly, natural subrings of Diff (M) may be defined as
generated in this sense by certain geometrically natural subalgebras of the Lie
algebra I'(TM) of all smooth vector fields. Such a subalgebra 7 which differs
{in its sheaf of germs) from I'(T'M) only at the boundary is called a “boundary
structure.” The associated space of operators is denoted Diff5-(M).

Elements of a subring of Diff (M) defined in this manner all degenerate in
some uniform fashion at the boundary. However, there is still & good notion
of ellipticity in this context, and a class of pseudodifferential operators exists
which contains parametrices with compact remainder for elliptic elements in
Diff-(M). Concrete examples of this theory (work in progress of Melrose-
Mendoza) have been worked out fully in only two cases. The first, by Melrose
[14]—whence the general program originates—and Melrose and Mendoza [15],
involves the algebra 7% of totally characteristic vector flelds—those tangent
to the boundary and otherwise unconstrained in the interior. Totally charac-
teristic operators, the space of which is abbreviated Diff5 (M), arise naturally
in geometric problems on conic spaces. The other example involves the al-
gebra 74 of vector flelds which vanish at M (and are unconstrained in the
interior). The associated space of operators, now abbreviated Diffo(M), also
arise naturally in geometric problems as we shall see. The theory of 77 pseu-
dodifferential operators is developed fully in Mazzeo [11], and less completely
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in Mazzeo and Melrose [12]. Here we outline the main ideas and results, and
refer to these papers for complete details and proofs.

Near a point ¢ € dM choose coordinates 2!, - - , 2” such that 2" vanishes
on 0M. TFor convenience we shall usually write y = (2!,--- ,27 1), z =
2" Now % as defined above is obviously closed under Lie ‘bracket, and is
generated over C°(M) by

o d o)
(21) {Iw, ,Zw,fﬂ%}
Thus, in these coordinates, a typical L € Diffi* (M) has the expression
(2.2) L= 3" aa.(y,5)(28,)*(zd,)".
r+|al<m

Notice that P of (1.6) is of Zg-type; % has many close connections with
hyperbolic geometry.

A global way to regard 7% is as the full set of sections of a certain bundle
°TM-—the 7 tangent bundle. It is canonically isomorphic to 7'M over the
interior of M, and there is a natural map °TM — TM induced by the inclu-
sion 7 — I'(T'M). (2.1) gives a spanning set of sections for °T'M; conversely
they may be used to define it, although invariant definitions are easy to come
by. Dual to °T'M is the 74 cotangent bundle °T*M. A spanning basis of
sections for it, dual to those in (2.1}, is

dl l,:.‘;vn—l d
(2.3) {i Y i}

T r 'z

Any L € Diff' (M) has a symbol which is a smooth function on °7*M and
polynomial (in fact homogeneous) on the fibers. If L is as in (2.2) then

(2.4) O}y 2.mE) = Y aaaly,2)n*Ew.
laj+r=m
Here (y, z,n, £} refers to the point (y,z, Y. n: dy*/z + Edz/z) of °T*M. Now,
L is defined to be elliptic (in the sense of Z3) if
OUM(L)(yvma m, 6) =0= (Tl‘a 6) = U

Finally, each L € Diffg* (M) has an important model at every ¢ € M which
plays a seminal role in the theory. Choose a chart ¢ around g € M mapping
imto M, with ¢(g) =0, ¢.Jo = I. Also let R, denote the dilation by r on M,.
Then define the normal operator to L at g by

(2.5) No(L)u = lim B7¢*L{¢ )" R} u.


















































































