
ELLIPTIC THEORY OF DIFFERENTIAL EDGE OPERATORS IRafe MazzeoStanford UniversityAbstract. Examples of edge operators include Laplacians on asymptotically 
at andasymptotically hyperbolic manifolds. Edge operators also arise in boundary problemsaround higher codimension boundaries. This paper is concerned with the analysis ofgeneral elliptic edge operators with constant indicial roots. We determine when such anoperator has closed range, and also prove that any element of the nullspace of such anoperator has a distributional asymptotic expansion. Conditions are given to guaranteethat the coe�cients of this expansion are smooth. In Part I of this paper we only studythe case when the operator is semi-Fredholm. Part II will examine edge operators within�nite dimensional kernel and cokernel, as well as develop the theory of Poisson edgeoperators. x1. IntroductionThe theory of linear elliptic operators has reached a rather re�ned state, yet manyaspects still remain relatively unexplored. Of these few have attracted as much atten-tion in recent years as elliptic theory on noncompact or singular spaces. Much e�ortin geometry and other �elds has been directed at such spaces also because just as oncompact manifolds elliptic operators can play a very useful role. Unfortunately toomany phenomena occur in these contexts for there ever to be a coherent general theoryencompassing any but the most simple results. However certain types of singular ornoncompact manifolds arise quite frequently, and in this limited context a general the-ory is sometimes possible. This paper develops a method for analyzing elliptic operatorson a certain class of noncompact or singular manifolds which seem quite common. Thegeneral class of spaces is abstracted from and includes manifolds with isolated conic orwedge type singularities, as well as asymptotically 
at and asymptotically hyperbolicmanifolds. We shall devote some time in this introduction to describing some of themain examples of edge operators, as the rest of the paper is somewhat general andanalytic. We have attempted to give a broad treatment of the analysis of edge opera-tors, encompassing all `natural' examples, but have also tried to limit generality in anattempt to make this paper more readable.We �rst state rather sketchily the general de�nition of the class of edge operators.These are degenerate operators on compact manifolds with boundaries. Although thisThe author was partially supported by an NSF Postdoctoral Fellowship and NSF grant #DMS90017021



may seem at odds with our interest in operators on noncompact manifolds or singularspaces, the examples below should make it clear that many types of singular or non-compact spaces can be reduced to manifolds with boundary by a process of compacti-�cation and desingularization. In this process many natural operators are transformedto operators with rather simple degeneracies. Suppose X is a compact manifold withboundary, and also that its boundary @X is the total space of a �bration(1.1) F q ����! @X??y�Y kwith compact �bre F q and base Y k. Now consider the space of smooth vector �eldsVe which are unrestricted in the interior and which lie tangent at the boundary tothe leaves of the �bration. By taking those di�erential operators generated by Ve andC1(X) we obtain the full class of edge operators. In terms of local coordinates (x; y; z),where x is a de�ning function for @X, y restricts to coordinates on @X lifted from Yand z restricts to coordinates on each F , any such operator takes the form(1.2) L = Xj+j�j+j�j�maj;�;�(x; y; z)(x@x)j(x@y)�@�z :L is said to be elliptic if it is an elliptic combination of the vector �elds x@x; x@y� ; @z� .The two extreme cases occur when either y or z is absent, and then we call an edgeoperator totally characteristic or uniformly degenerate, respectively.We now discuss some examples. Consider �rst a Riemannian manifold with isolatedconic singularities. This means that near each singular point the metric takes theform g = dx2 + g0�dx dz� + g��dz� dz� , where (x; z) are polar coordinates aroundthe singularity. The associated Laplacian may be written � = x�2L where L is anelliptic edge (in fact totally characteristic) operator. Closely related is the Laplacianon Euclidean space in polar coordinates around in�nity. By this we mean the Laplacianwritten in coordinates (x; z) where r = x�1 is the usual polar distance and z is thespherical variable. It looks like � = x2L, again with L totally characteristic elliptic.These examples are of edge type only up to a multiplicative factor, which can be tracedback to the metric. If g is a metric with isolated conic singularity as above, then de�nethe family of weighted metrics gs = x2s�2g. These have Laplacians �s = x�2sL withL of edge type. The original conic example corresponds to s = 1 while the Euclideanmetric in polar coordinates around in�nity has weight s = �1. Note that metricswith weight s � 0 are complete, and metrics with the borderline weight s = 0 are`cylindrical'. Usually this weight causes no di�culty in the analysis. Parametrices are�rst constructed for the edge operator L, and the weight factor can then be multipliedin. However this can cause di�culties, for example if an eigenvalue parameter is added.Then �+� = x�2s(L+x2s�) with L of edge type, so unless 2s is a nonnegative integeror � = 0 this falls outside of the edge class. In particular, the resolvent of the Laplacian2



on Euclidean space lies in a more degenerate space of operators. On the other handif s = 1 for example, then we can take the product of a compact manifold Y witha manifold with isolated conic singularities, and the corresponding Laplacian is of theform x�2L with L of `full' edge type, i.e. with all variables present. More generally suchoperators occur as Laplacians for metrics with `wedge' type singularities along wholesubmanifolds. In particular, the Laplacian in polar coordinates around any smoothclosed submanifold of arbitrary codimension is of this type.Another class of examples originates from hyperbolic space. Using upper half-spacecoordinates (x; y) with x = 0 on the boundary, the scalar Laplacian on Hn equals(1.3) �Hn = x2@2x + (2� n)x@x + x2�Rn�1 ;which is uniformly degenerate. Of the same form are the Laplacians (scalar or on thevarious geometric bundles) of any `conformally compact' metric g = x�2h, where h is asmooth nondegenerate metric on the compact manifold with boundary X and as beforex is a de�ning function for the boundary [M1]. We can also take the product of thesewith a compact manifold F to obtain spaces with Laplacians of full edge type. (Observethe di�erent rôles of F and Y here and earlier.) In particular, the eigenvalue problemfor asymptotically hyperbolic manifolds is of edge type [M-M1]. We can also introduceweighted analogues of conformally compact metrics gs = x2s�2h. When s = 1 this issimply a smooth metric on a manifold with boundary, and its Laplacian is an ordinaryuniformly elliptic operator. Similarly if P is uniformly elliptic of order m on a compactmanifold with boundary, then L = xmP is uniformly degenerate, hence of edge type.Analyzing P by making it degenerate might seem misguided, but actually makes fulluse of the natural homogeneities of the problem, which are sometimes overlooked. Italso indicates the scope of any complete analysis of the elliptic theory for edge operatorssince it must encompass the classical theory of elliptic boundary problems.Our basic goals are to understand the mapping and regularity properties of ellipticedge operators. However unlike standard elliptic theory we rarely expect these op-erators to be Fredholm and to obtain smoothness up to the boundary for solutions.Everything is formulated somewhat di�erently. The most natural formulation of map-ping properties involve the use of a scale of weighted Sobolev spaces. The basic theoremis that if an elliptic edge operator satis�es certain hypotheses, the most important ofwhich are (2.22), the constancy of indicial roots, and (5.14), the unique continuationproperty for the model operator, then as a mapping between these spaces it has closedrange for all but a discrete set of values of the weight parameter. (This weight param-eter has, of course, nothing to do with the weight of a metric in the sense describedabove.) Closed range is generally all that can be hoped for: the operator is semi-Fredholm with either in�nite dimensional kernel or cokernel if the weight parameter issu�ciently large negative or positive, and only sometimes Fredholm and then only fora bounded set of weights. Sometimes it is never Fredholm, cf. [M-S]. In some sense themost di�cult case is when the operator has in�nite dimensional kernel and cokernel onthe same space. We formulate a similar result for edge operators as mappings betweensuitable weighted H�older and Lp spaces. The precise statements are given in Theorems(4.20) and (6.2). 3



The regularity properties we prove concern the existence of asymptotic expansionsat the boundary for solutions of a homogeneous equation; this replaces smoothness upto the boundary. Here too results are not as one might wish: unless the base space Yin (1.1) is trivial, there exist elements of the nullspace of an elliptic edge operator (ina weighted space with su�ciently negative weight) which have asymptotic expansionsat the boundary only in a distributional sense. The coe�cients of these expansions arenot smooth, and in fact become progressively worse high up in the expansion. Simpleexamples of this phenomenon will be presented. However, in certain cases, for examplewhen the solution has su�cient decay at the boundary, these coe�cients are smoothand the expansion is `polyhomogeneous'.These results are proved using pseudodi�erential operators which incorporate thedegeneracies of the edge operators. This class of operators is su�ciently broad tocontain parametrices, and in fact the generalized inverses and `harmonic projectors',for elliptic edge operators, when these exist. In particular, the structure of these inversesand projectors is quite explicit and simple, and this leads to very re�ned understandingof the original edge operator. The structure theory of the (in�nite rank) orthogonalprojectors onto the nullspace should be regarded as a real analogue of the theory of theBergman projector in the theory of several complex variables.Laplacians of metrics with nonzero weights are not considered in detail here. Asnoted above, the �rst step of their analysis involves constructing a parametrix for theunderlying edge operator. However, the extra multiplicative factor can radically a�ectvarious mapping properties, cf. [Me2]. We also treat scalar operators for the most part.Generalizations of the results here to edge operators acting between bundles are quitestraightforward.There are de�nite limitations to this theory and to the types of operators it can beused to study. In particular, there are much weaker notions of asymptotically 
at [B],[Mc1] or asymptotically hyperbolic [A] manifolds than those described above. Stan-dard perturbation arguments in combination with the results here imply such thingsas Fredholm properties for the Laplacians on these spaces. However, if more re�nedproperties are required, such as information about the scattering matrix for long rangepotentials, these methods are at present inadequate. Also, we have limited our fo-cus here to operators with constant indicial roots. Although this is justi�ed by thefact that most naturally arising operators seem to have this property, a more com-plete understanding would of course be welcome. The mapping properties probably gothrough with the obvious modi�cations in this more general setting, but the regularityproperties are quite di�erent. Schulze and Rempel [R-S], [S] have developed a paralleltheory of pseudodi�erential operators and in particular have undertaken the analysisof operators with variable indicial roots.Many people have worked on special or general classes of operators related to theones considered here; we mention only those whose work is most directly related. Anearly indication of the value of working on weighted Sobolev spaces is contained inthe work of Nirenberg and Walker [N-W], and later McOwen [Mc1], [Mc2] concerningthe Laplacian and its perturbations on asymptotically 
at manifolds, see also [B] for4



a thorough account of this topic. As is well known, this theory has been used exten-sively in applications, for example in general relativity [B], [A-F] and Yang-Mills theory[Tb]. Ma and McOwen [Ma-Mc] recently treated certain operators in the more generaledge class. Other papers include those of Br�uning and Seeley [B-S1], [B-S2], and thatof Andersson [A]. The work of Rempel and Schulze [R-S], [S] is the most similar tothat here, and in certain respects goes even further. However, it has certain limita-tions; all operators are reduced to Fredholm ones by adding boundary conditions, orrather trace and Poisson operators. Therefore direct analysis of operators with in�niterank kernel and cokernel are not immediately accessible by their methods. In generaloutline and many speci�cs the present methods are due to Richard Melrose, who wasled to consider the structures underlying this theory in his study of propagation ofsingularities for boundary problems. The original account of \totally characteristic"or b-pseudodi�erential operators is contained in [Me1]. He later went on to developthe elliptic theory with Mendoza in [Me-Me]. Following this, a study of the presentclass of operators was initiated in Spring 1983 by Melrose and Mendoza; unfortunatelythat work was never completed, although its aims were very close to those here. Thepurpose of the present work is to complete their undertaking. The need for a generaltreatment became clear to this author in attempts to apply these methods to variousproblems in geometry, cf. [M1], [M-M1], [M2], [M3], [M-P], [M-S], [M4]. During theintervening years, many new ideas have re�ned and simpli�ed these techniques, againmainly due to Melrose, c.f. [Me2]. They have also been used in a variety of problemsinvolving degenerating families of elliptic operators [M-M2], [E-M], [McD], and in realand complex hyperbolic geometry [M-M1], [M-P], [E-M-M], [E-M], [L-M].Due to its length, this paper has been divided into two parts. This �rst part treatselliptic edge operators only on weighted spaces with respect to which they are `semi-Fredholm'. This is more elementary for various reasons, the main one being that semi-Fredholm operators possess considerable stability properties. In addition, many naturaledge operators are semi-Fredholm for every admissible weight [M-S], although not al-ways [B-M]. The present work is arranged as follows. x2 contains a thorough discussionof the class of edge operators, and several of the attendant geometric constructionsused to study them. In an appendix x2A we collect the main facts concerning the the-ory of polyhomogeneous conormal distributions we shall later use. In x3 the spaces ofedge pseudodi�erential operators are introduced, and the main points of their calculus,e.g.composition and mapping properties, are then proved. x4 contains the parametrixconstruction for totally characteristic (conic) operators; this is a simpler case of thelater construction and also the later construction uses these results. In x5 the model`normal operator' of an elliptic edge operator is analyzed, and this is used to completethe parametrix construction in x6 in the special case when the the model operator iseither injective or surjective. x7 contains a complete discussion of the regularity theoryassociated to the edge class.The second part of this paper, to appear later, treats edge operators which are notnecessarily semi-Fredholm. This requires a substantial detour into and development ofthe theory of Calder�on projectors and Poisson operators in this context.5



In conclusion I wish particularly to thank Richard Melrose for countless valuablediscussions, and for sharing his very many ideas. Gerardo Mendoza also providedconsiderable help and encouragement. I also wish to thank Jack Lee, Lars Andersson,and Piotr Chru�sciel for helpful conversations. I enjoyed the hospitality of the Centrefor Mathematical Analysis in Canberra, Australia, during the preparation of a largeportion of this manuscript. x2. Edge StructuresIn this section we introduce the geometric and analytic constructions central to theanalysis of edge operators. Recall from x1 that an edge structure Ve on the smoothcompact manifold X is uniquely associated to a �bration of the boundary � : @X ! Ywith �bre F , as the space of all smooth vector �elds on X tangent to the �bres of� at the boundary. It is closed under the ordinary bracket on vector �elds, hencede�nes a Lie algebra. Ve is also a �nitely generated C1(X)-module. It su�ces tocheck this locally, and we use local coordinates (x; y; z) where x vanishes simply on theboundary, (y1; : : : ; yk) are coordinates on Y lifted to @X and then extended inwards,and (z1; : : : ; zq) restrict to coordinates along each �bre at @X. Then all elements ofthe set(2.1) fx@x; x@y1 ; � � � ; x@yk ; @z1 ; � � � ; @zqgbelong to Ve, are independent, and generate it locally over C1(X).The maximality and independence of the set (2.1) means that there is a bundle eTXnaturally associated to Ve such that Ve = C1(X; eTX) and which is equipped with amap to the ordinary tangent bundle, �e : eTX ! TX, induced by the proper inclusionVe ,! C1(X;TX). �e is an isomorphism over �X because Ve consists of all smoothvector �elds there, but is neither injective nor surjective at the boundary. eTX isde�ned by simply demanding that the vector �elds (2.1) be a spanning set of sections.Namely, any V 2 Ve may be uniquely expressed as ax@x + bix@yi + cj@zj , and thenthe coe�cients a; bi; cj evaluated at p 2 X are linear coordinates in the �bre eTpX.Another more intrinsic de�nition is given in (2.13). The dual to eTX, denoted eT �X,is spanned locally by the 1-forms(2.2) �dxx ; dy1x ; � � � ; dykx ; dz1; � � � ; dzq�which are singular as forms in the usual sense but smooth as sections of eT �X.The universal enveloping algebra of Ve is the ring Di� �e (X) of di�erential operatorsof edge type, and consists of operators which may be expressed locally as �nite sumsof products of elements of Ve. Using (2.1)(2.3) L 2 Di� �e (X)() L = Xj+j�j+j�j�maj;�;�(x; y; z)(x@x)j(x@y)�@�z6



with all coe�cients smooth. Di� �e (X) is �ltered by the subspaces Di�me (X) of operatorsof order less than or equal to m. There is a symbol map on Di� �e (X). For L as in (2.3)set(2.4) e�m(L)(x; y; z; �; �; �) = Xj+j�j+j�j=maj;�;�(x; y; z)�j���� :This is an invariantly de�ned homogeneous polynomial of degree m on the �bres ofeT �X, see (3.6). As usual, L is said to be elliptic if e�m(L)(x; y; z; �; �; �) 6= 0 if(�; �; �) 6= 0.The key examples of edge operators are the Laplacians of metrics in the class(2.5) Ge = fg 2 C1(Sym2(eT �X)) : g � 0 on eTXg:Each g 2 Ge is geodesically complete and of uniformly bounded geometry, that is, thecurvature tensor of g and all its covariant derivatives are bounded and the injectivityradius of g is positive. In fact, all sectional curvatures tend strongly to asymptoticlimits at in�nity. The following is easy to check:(2.6) Proposition. For any g 2 Ge the Laplacian �g is an elliptic element of Di� 2e (X)This is also true for the Hodge Laplacian acting on sections of the exterior powers ofeT �X, i.e. the edge form bundles, and also for the trace Laplacian on any edge tensorbundle. Dirac-type operators corresponding to these metrics are elements of Di� 1e (X)acting between sections of the appropriate bundles.The goal of this paper is the construction of parametrices for elliptic edge opera-tors. Because such an operator is elliptic in the ordinary sense in the interior of Xa parametrix may be constructed there by classical methods. Recall [H�o] that theSchwartz kernel of an interior parametrix of an elliptic operator is a distribution onthe product X � X = X2 with a conormal singularity along the diagonal. However,any suitable parametrix must have extra singularities at the submanifold of the corner(@X)2 where the diagonal hits the boundary. The point of view we adopt is that oneshould regard this Schwartz kernel as the pushforward of a simpler distribution from aslightly more complicated manifold X2e which covers X2, and which we de�ne below.The corner of X2 contains a submanifold S consisting of all �bres of the product�bration �2 : (@X)2 ! Y 2 which intersect the diagonal of (@X)2. The `edge doubleproduct' X2e is the union of X2nS with the interior spherical normal bundle of S in X2,X2e = (X2nS) t (N+(S)=R+), endowed with the unique minimal di�erential structurewith respect to which smooth functions on X2 and polar coordinates on X2 around Sare smooth. This process is called blowing up X2 around the submanifold S, and assuch is also denoted X2e = [X;S]. X2e has three boundary hypersurfaces. Two of them,the `left' and `right' boundaries, correspond to the two hypersurface boundaries of X2.The third corresponds to the interior spherical normal bundle of S and is called thefront face of X2e .We now introduce coordinate systems onX2e and discuss the geometry of the blow-upusing them. First, let (x; y; z) and (~x; ~y; ~z) be identical sets of coordinates as described7



earlier on the left and right (�rst and second) copies of X in X2. Note that the left andright faces @X � X and X � @X of X2 are de�ned by x = 0 and ~x = 0, respectively,and the diagonal � is the set fx = ~x; y = ~y; z = ~zg. � intersects the corner x = ~x = 0at @� = fx = ~x = 0; y = ~y; z = ~zg. Also the `�bre-diagonal' S = fx = ~x = 0; y = ~yg.From the de�nition of the di�erential structure of X2e , polar coordinates around S inX2 lift to a nonsingular coordinate chart (r; �; ~y; z; ~z) on X2e around the front face.Here(2.7) r =px2 + jy � ~yj2 + ~x2; � = (x; y � ~y; ~x)=r = (�0; �0; �k+1):These are smooth and independent on X2 away from S, and when lifted to X2e theybecome smooth and independent everywhere. In particular X2e is locally di�eomorphicnear its front face to R+ � Sk+1++ � Fz � @Xf~y;~zg, where Sk+1++ is the quarter spheref�0; �k+1 � 0g. There is a blow-down map �(2) : X2e ! X2 which is the identity onX2nS and the natural projection from the spherical normal bundle of S to S; it canbe written(2.8) �(2)((r; �; ~y; z; ~z)) = (r�0; ~y + r�0; z; r�k+1; ~y; ~z):Following �(2) by the projection maps from X2 onto either the left or right factors ofX yields two other maps(2.9) �L : X2e ! X; �R : X2e ! X:The boundary faces of X2e will be labelled by a pair of indices ij, i; j 2 f0; 1g asfollows: B10(X2e ) is the left face f�0 = 0g, B01(X2e ) the right f�k+1 = 0g, and B11(X2e )is the front face fr = 0g. The left and right boundaries of X2 will be similarly labelledB10(X2) and B01(X2). The lift of the diagonal to X2e is the set f�0 = �k+1; �0 = 0; z =~zg; we call it �e. Finally, the functions �10, �01, and �11 will often denote de�ningfunctions for B10, B01, and B11, respectively. Of course, we may take these functionsto be �0, �k+1, and r, and in particular, r will usually be preferred over �11.We also introduce two systems of projective coordinates on X2e which are quite usefulfor calculations, but have the drawback that they are not smooth on all of X2e . Theseare the charts (s; u; ~x; ~y; z; ~z) and (x; y; t; v; z; ~z), where(2.10) s = x=~x; u = y � ~y~x t = ~x=x; v = ~y � yx :s and u are smooth away from B01 and t and v are smooth away from B10. Observethat ~x = 0 and x = 0 de�ne the front face in either of these two systems. The liftsof elements of Ve to X2e are rather messy to compute in polar coordinates, but mucheasier in either of these projective coordinate systems. Thus, a brief calculation showsthat the lifts of the vector �elds (2.1) (through the left factor of X) are given by(2.11) x@x = s@s = x@x � t@t � v@vx@y = s@u = x@y � @v:(The coordinates x; y on the left and far right of these equalities are of course di�erent,but since the second set of projective coordinates are rarely used this should cause noconfusion.) From these expressions the following is immediate.8



(2.12) Lemma. Elements of ��L(Ve) are smooth vector �elds on X2e tangent to allboundary faces, hence restrict to vector �elds on the front face B11(X2e ). The kernelof this restriction map consists of lifts of vector �elds which restrict to 0 as sections ofeT@XX.This Lemma implies that the edge tangent bundle eTX is naturally isomorphic tothe normal bundle of the diagonal in X2e , and similarly for the edge cotangent bundle(2.13) eTX = N�e; eT �X = N��e:This could have been used to de�ne eTX in the �rst place. Closely related to (2.12) isanother result which justi�es the introduction of X2e as the correct space on which toconstruct parametrices.(2.14) Lemma. If L 2 Di� �e (X) is elliptic, then its lift to X2e is transversely ellipticto �e uniformly down to the front face.Proof. Suppose L is expressed as in (2.3). We are free to use either of the two projectivecoordinate systems above to calculate the lift, since they are both nonsingular near �e,and from (2.11) it is clearly preferable to use the system (s; u; ~x; ~y; z; ~z). Then(2.15) L = Xj+j�j+j�j�maj;�;�(s~x; ~y + ~xu; z)(s@s)j(s@u)�@�z :The conclusion is now clear because L is an elliptic combination of the vector �eldss@s; s@u; @z and the function s equals 1 on �e (hence is nonvanishing nearby) uniformlydown to ~x = 0.The �rst step of the parametrix construction involves �nding a parametrix with thecorrect singularity along the diagonal. Lemma (2.14) reduces this, as we demonstratelater, to a standard symbolic construction. However, further steps are required toaccount for its additional singularity. These involve the use of two simpler operatorsmodelling L which we now describe. The �rst model is suggested by Lemma (2.13) andappears directly on X2e .(2.16) De�nition. For L 2 Di� �e (X) the normal operator N(L) is de�ned to be therestriction to the front face B11 of the lift of L to X2e .In terms of (2.15)(2.17) N(L) = Xj+j�j+j�j�ma(0; ~y; z)(s@s)j(s@u)�@�z :Notice that the sum is over j + j�j+ j�j � m. Also, implicit in this expression is thefact that (s; u; ~y; z; ~z) are coordinates for B11 away from B01 \ B11. N(L) is alwaysindependent of ~z in these coordinates, and its dependence on y is only parametric.That N(L) appears to be `constant coe�cient' in the vector �elds s@s and s@u is no9



accident. B11(X2e ) has a natural group structure on the interior of the quarter-spherefactors in its �bres, and another de�nition of the normal operator which we omit herede�nes it directly as translation invariant in these directions. Its dilation invariance in(s; u) and translation invariance in u are the keys to its analysis.The other model is simpler than N(L) but carries rather less information. It is mostdirectly de�ned as the operator induced by the action of L on series expansion:(2.18) De�nition. The indicial family I�(L) of L 2 Di� �e (X) is the family of opera-tors given by(2.19) L(x�(logx)pf(x; y; z)) � x�(logx)pI�(L)f(0; y; z) +O(x�(log x)p�1);8f 2 C1(X); � 2 C; p 2 N0:(If p = 0 the error term in (2.19) may be replaced by O(x�+1).) This is a family ofoperators on @X holomorphic in � and in which y enters only as a parameter. HenceI�(L) restricts to an operator on each Fy. There exists a unique dilation invariantoperator I(L) on R+ � F such that I(L)(y; z; s@s; @z)x�f(y; z) = x�I�(L)f(y; z). Thisis called the indicial operator of L. In local coordinates(2.20) I(L) = Xj+j�j�m aj;0;�(0; y; z)(s@s)j@�z :I(L) is conjugated to Ii�(L) by the Mellin transform.The indicial family determines a set of values in the complex plane fundamental tothe analysis of the mapping properties of L.(2.21) De�nition. If L 2 Di� �e (X) is elliptic, the boundary spectrum of L, specb(L),is the set of values � 2 C for which the operator I�(L) fails to be invertible on L2(F )for some y 2 Y .For a �xed y 2 Y the operator I�(L) fails to be invertible only at a discrete set f�ig �C. Furthermore, the inverse I�(L)�1 is meromorphic in C and the singular Laurentcoe�cients at its poles are �nite rank projectors onto spaces of smooth functions inL2(F ). This is a consequence of the analytic Fredholm theorem and is proved in[Me-Me]. However, these values �i may depend on y, so the boundary spectrum ingeneral is the countable union of images of Y under a sequence of smooth complex-valued maps. In this generality the overall analysis of elliptic edge operators is rathermore complicated, cf. [S]. However, the edge operators which arise most frequently ingeometry tend to have y-independent indicial roots, so unless explicitly stated we shallhenceforth always make the(2.22) Hypothesis. The set specb(L) is discrete in C, and furthermore, the inverseI�(L)�1 is jointly smooth in y 2 Y and holomorphic in � =2 specb(L).The inverse is automatically meromorphic in � for �xed y, so part of this hypothesisis made to ensure smoothness of the inverse in y.10



We also de�ne a re�nement of specb(L) which takes into account multiplicities ofthe poles of I�(L)�1. This is the set(2.23) gspecb(L) = f(�; p) 2 C�N0 : 9�(y; z) s.t. I(L)(x�(logx)p�) = 0g:If (�0; p) 2 gspecb(L) then �0 2 specb(L) and p is the order of the pole of I�(L)�1 there.x2A. Appendix: PolyhomogeneityThis appendix contains a brief summary of the de�nitions and main properties ofpolyhomogeneous conormal distributions. These distributions are central to the wholepaper: parametrices for elliptic edge operators (with y-independent indicial roots) turnout to have only polyhomogeneous singularities on X2e and consequently their construc-tion is essentially reduced to formal (Taylor series) computations. This structure forparametrices re
ects the basic regularity statement that \good" solutions of Lu = 0are polyhomogeneous (although, as we shall see in x7, this is not true for arbitrarysolutions), which in turn is a replacement for the usual smoothness up to the boundaryfor solutions of elliptic boundary problems.We work somewhat generally in this appendix in the category of manifolds withcorners. The foundations of analysis in this setting is the subject of [Me2], and acomplete survey (without proofs) is contained in [E-M]. The contents of this appendixare a distillation from these sources. All notations for coordinates, etc., are special tothis appendix and sometimes di�erent from similar notations in the main body of thetext. Let X be any manifold with corners. This means that at each point there existsa nonnegative integer k such that X is modelled di�eomorphically near that pointby a neighbourhood of the origin in the product (R+)k � Rn�k. fMigJi=1 = M(X)is a labelling of the codimension one boundary faces. (It is useful to remember thatin the rest of the paper boundary faces are frequently labelled by pairs or triplets ofintegers.) We assume for simplicity that all boundary faces are embedded. Denoteby Vb the space of smooth vector �elds on X which are tangent to all boundaries.As above, any boundary point p is contained in a corner of maximal codimension k.Choose coordinates x1; : : : ; xk; y near p, where the xi are de�ning functions for theboundary hypersurfaces Mi1 ; : : : ;Mik intersecting the corner at p, and y is a set ofcoordinates along this (codimension k) corner. Then Vb is spanned over C1(X) near pby fx1@x1 ; : : : ; xk@xk ; @y�g. The basic conormal space is(A.1) A0(X) = fu : V1 � � �V`u 2 L1(X); 8Vi 2 Vb; and 8 `g:If s1; : : : ; sJ 2 C and p1; : : : ; pJ 2 N0, N0 = f0; 1; 2; � � � g then (using multi-indexnotation) let As;p(X) = xs(logx)pA0. If all pi = 0 then we denote this space simplyby As(X). A�(X) is the union of these spaces over all s (and p).We are mostly interested in spaces of conormal functions with classical asymptoticexpansions. Suppose for the moment that X has only one codimension one boundary,and let x be a de�ning function for it. Then any function xs(logx)pa(y) is in As;p(X) if11



s is any complex number, p 2 N0 and a(y) is smooth. A�phg(X) consists of all conormaldistributions admitting asymptotic expansions of in�nite sums of terms of this simpleform:(A.2) A�phg(X) 3 u =) u � X<sj!1 pjXp=0 xsj (logx)paj;p(x; y); aj;p 2 C1:By conormality, all coe�cients aj;p(x; y) are smooth functions on X. Finer spaces ofpolyhomogeneous conormal distributions are �xed by prescribing an index set whichindicates which powers of x and logx can arise in the expansion (A.2). An index set isa discrete subset E � C�N0 such that(A.3) (sj ; pj) 2 E; j(sj; pj)j ! 1 =) <(sj)!1:Then AEphg(X) consists of those distributions u 2 A�phg with polyhomogeneous expan-sions of the form (A.2) with (sj; pj) 2 E. Property (A.3) is important to ensure thatthe asymptotic expansions have the usual meaning. There are a few special cases of thisnotation worth pointing out separately. Functions on X smoothly extendible across @Xcorrespond to the space AEphg with E = f(0; 0)g, which will usually be written A0phg.Similarly, the set of smooth functions vanishing to order r along @X belong to thepolyhomogeneous space Arphg, and functions vanishing to all orders onM belong to thepolyhomogeneous space with empty index set, which will be written A;phg. We shallsay that an index set E satis�es <(E) � C, for some C 2 R if <s � C for every s suchthat (s; p) 2 E for some p, and similarly for strict inequality.When X is now allowed to have many possibly intersecting codimension one bound-ary components, then we must specify an index set Ei corresponding to each boundaryface Mi, i = 1; : : : ; J . Let E be the J -tuple of index sets (E1; : : : ; EJ); then AEphgwill denote the set of distributions with expansions (A.2) at the interior of the faceMi with index set Ei, and with product type expansions at the corners. The rigorousde�nition of this space involves proceeding inductively from the highest codimensioncorners, which have no boundaries. In the inductive step, where we assume the de�ni-tion given for boundaries with corners up to codimension `� 1, on a face with cornersup to codimension ` we take the coe�cients aj;p in an expansion (A.2) at a boundaryhypersurface Mi to lie in the space AEiphg, where the collection of index sets E i is thesubset of the collection E corresponding to those boundary facesMj intersectingMi, sothat Mj \Mi 2M(Mi). Since Mi has boundary with corners only up to codimension`� 1, this space is de�ned by the inductive hypothesis and the de�nition is complete.To check that a function u lies in a particular space AEphg(X), it is often simpler toapply the following criterion, which is proved in [Me2]:(A.4) Lemma. Suppose that u 2 A�(X), and that at each Mi 2 M(X) u has anexpansion of the form (A.2) with exponents (sj; p) lying in Ei, but with coe�cients aj;pmerely required to lie in A�(Mi). Then u 2 AEphg(X).For any Mi 2 M(X) choose a di�eomorphism from a collar neighbourhood of Miin X to the inward pointing normal bundle N+(Mi) of Mi in X, the di�erential of12



which induces the identity map on N+(Mi) (using the obvious identi�cations). Forany collection of index sets E as above, set(A.5) E + 1i = fE1; : : :Ei�1; Ei + 1; Ei+1; : : :EJg;where(A.6) Ei + 1 = f(s+ 1; p) : (s; p) 2 Eig:Then consider the quotient space(A.7) AfEgiphg (X) � AEphg(X)=AE+1iphg (X):Brackets around an index set E always denotes the quotient by the space with elementsvanishing one order faster. The subscript f gi denotes the boundary face at which thisquotient is taken. Using the di�eomorphism described above, we may de�ne a symbolmap, �i, which assigns to any polyhomogeneous u its leading singularities at Mi andsuch that the following sequence is exact:(A.8) 0!AE+1iphg (X)! AEphg(X) �i�! AfEgiphg (N+Mi)! 0:In terms of the expansion (A.2), �i corresponds to setting x = 0 in each of the co-e�cients aj;p. There are obvious consistency conditions between these symbols atadjoining faces.Specialize, for this paragraph, to the following situation. Consider the lift of an ellip-tic edge operator L (satisfying (2.22)) through the left factor of X in X2 to X2e . FromLemma (2.12) this lift, which we still denote L, acts tangentially to all boundary faces,hence preserves any space AEphg(X2e ), where the triplet of index sets E = (E10; E01; E11)correspond to the left, right and front boundaries of X2e . We shall be most interestedin its action on functions polyhomogeneous at the left boundary B10. Directly fromthe de�nition (2.18) its induced action on AfEg10phg (N+B10) is given by the indicial op-erator I(L). This action is an isomorphism (in a sense we will not make topologicallyprecise) except when there exists � 2 specb(L) such that the pair (�; p) 2 E10 for somep 2 N0. However, given any index set E10 there exists a new index set E010, obtainedby increasing some of the integers p corresponding to the logarithmic exponents, sothat(A.9) I(L) : AE010phg(N+B10)!AE10phg(N+B10)is surjective. (This is equivalent to the well-known procedure of adding extra logarith-mic factors to solve regular singular equations when the right hand side decays exactlylike an indicial root.)We also need to consider distributions which are conormal along certain interiorsubmanifolds as well. The simplest example of an interior conormal singularity is in13



Rn at the origin. A (compactly supported) distribution in Im(Rn; f0g) is one whoseFourier transform is a symbol of order m� 14n, cf. [H�o]. This space is invariant underlocal di�eomorphisms, hence is de�ned on any manifold around an isolated point. Inkeeping with our point of view here we note that symbols may be viewed as distributionsconormal at in�nity, i.e. at the boundary induced by stereographic projection.Now let Y � X be an embedded p-submanifold. This means that in some neighbour-hood U of any point of Y X can be locally decomposed as a product X \U = X 0�X 00where X 00 has no boundary and so that Y \ U = X 0 � fp00g, p00 2 X 00. Then thespace Im(X;Y ) is de�ned (locally) as the space of smooth functions on X 0 with val-ues in Im+ 14 dimX0(X 00; fp00g). (The normalization is chosen to give pseudodi�erentialoperators their expected orders.) All distributions in this space are restrictions of dis-tributions which are conormal to any smooth extension of Y across the boundaries ofX. We may also consider distributions such as these which are conormal at all bound-ary faces. Choosing index sets for each boundary face of X as usual we de�ne a spaceAEphgIm(X;Y ). Elements of this space are conormal to Y in the interior as usual, andat all boundary faces have expansions as in (A.2) with coe�cients conormal to theintersection of Y with each boundary face. There are various symbol maps for thesespaces which we will not make explicit.Elementary operations on polyhomogeneous conormal distributions, such as additionor multiplication, correspond to elementary operations on their index sets. For example,addition corresponds to set-theoretic union and multiplication corresponds to addition:(A.10) u 2 AEphg; v 2 AFphg =) u+ v 2 AE[Fphg ; u � v 2 AE+Fphgwhere E [ F and E + F have the obvious meanings.There are other operations that one might want to perform on these distributionssuch as pull-back and pushforward under some map f : X1 ! X2 between manifoldswith corners. Of course pushforward is de�ned quite generally for distributions underthe mild assumption that the map f be proper (which is automatic if we assume that theXi are compact), and pull-back is de�ned under standard wave-front set assumptions.However these operations do not preserve conormality or polyhomogeneity in generalunless further restrictions are made concerning the map f .(A.11) De�nition. Let rj and �i be de�ning functions for the boundary hypersurfacesMj of X1 and Ni of X2, respectively. Then f : X1 ! X2 is called a b-map if for everyi there exist nonnegative integers e(i; j) and a smooth nonvanishing function h suchthat f�(�i) = hQ re(i;j)j .This means that the image of the interior of eachMj is either contained in or disjointfrom each Ni, and that the order of vanishing of the di�erential of f is constant alongeachMj . The matrix (e(i; j)) is called the lifting matrix for f . Now, if F is a collectionof index sets for the faces of X2, de�ne f [(F) = E where(A.12) Ej = f(S; P ) : S =Xi e(i; j)si; P = Xe(i;j)6=0 pi; (si; pi) 2 Fig:Then the proof of the following is elementary.14



(A.13) Proposition. Let f : X1 ! X2 be a b-map, and u 2 AFphg(X2). Then f�(u) 2AEphg(X1) where E = f [(F).There is a similar result for the interior conormal spaces described earlier. If Y2 iscontained in the interior of X2 and the map f is transversal to it, then f� transformsIm(X2; Y2) to IM (X1; Y1) where M = m+ 14 (dimX1� dimX2) and Y1 = f�1(Y2). Atboundary points one must also impose the condition of b-transversality (see below),and then the analogue of (A.13) holds.For pushforward by f to preserve polyhomogeneity stronger conditions must beplaced on the map. To phrase these restrictions e�ciently we introduce some nota-tion. Associate to the space of vector �elds Vb on a manifold with corners the totallycharacteristic tangent and cotangent bundles bTX and bT �X. A map f : X1 ! X2induces (by continuous extension from the interior) maps bf� : bTX1 ! bTX2 andbf� : bT �X2 ! bT �X1.(A.14) De�nition. The b-map f : X1 ! X2 is called a b-submersion if the associatedmaps bf� at each p 2 @X1 are surjective (or equivalently, if the maps bf� are injective).f is called a b-�bration if in addition the associated lifting matrix (e(i; j)) has theproperty that for each j there is at most one i such that e(i; j) 6= 0. This means that fdoes not map any boundary hypersurface of X1 to a corner of X2.The b-�bration condition is su�cient to guarantee that pushforward by f preservespolyhomogeneity. (This is reasonable: if f did map a boundary hypersurface to acorner, then distributions polyhomogeneous to that hypersurface would push forward todistributions polyhomogeneous conormal to that corner, hence would not have producttype expansions there.) The exact result may be described as follows. Given a collectionof index sets E corresponding to the boundary faces of X1, de�ne a pushforward indexset F = f[(E) by(A.15) Fi = f(S; P ) :S =Xj sj ; P + 1 =Xj (pj + 1) where 9 (sj; pj) 2 Ejfor those j s.t. e(i; j) 6= 0g:Supposing that just two hypersurfaces, with corresponding index sets E1 and E2 aremapped to a boundary hypersurface in the range, we call the resulting index set Fgiven by (A.15) the extended union and write(A.16) F = E1 [E2:We may of course take the extended union of more than two index sets. Finally, it issimplest to phrase the result for pushforwards of sections of the b-density bundle b
associated to bT �X(A.17) b
 = (Qxi)�1
:Then the precise result is 15



(A.18) Proposition. Let f : X1 ! X2 be a b-�bration. Then for any collection ofindex sets E for X1 such that <(Ej) > 0 for each j such that e(i; j) = 0 for all i (sothat the corresponding face Mj maps to the interior of X2), then pushforward gives acontinuous map f� : AEphg(X1; b
)! Af[(E)phg (X2; b
):A proof is given in [Me2].As before, a version of this is required concerning interior conormal singularities.We refer to [E-M-M] for a precise discussion of the following. If f : X1 ! X2 is ab-submersion and Y 01 ; Y 001 � X1 are p-submanifolds meeting b-transversally at Y1, andf embeds Y1 as a submanifold Y2 of X2 then we consider the operation of multiplyingdistributions conormal at Y 01 and Y 001 and pushing the result forward toX2. By standardwave-front set arguments the multiplication is well-de�ned. The result is that if u 2AEphgIm(X1; Y 01) and v 2 AE0phgIm0(X1; Y 001 ) then f�(u � v) 2 Af[(E+E0)phg Im+m0(X2; Y2).The last topic we wish to discuss here is the Mellin transform and its relationship tothe polyhomogeneity. The simplest form of the Mellin transform is its interpretation asthe Fourier transform written in exponential coordinates. Thus for u 2 C10 (R+) de�ne(A.19) uM (�) = Z 10 u(x)xi��1 dx:Given that u is compactly supported, uM (�) is an entire function of � which decaysrapidly along each line =� = constant. For convenience set� = � + i�:There is a Plancherel relationship which allows us to extend this de�nition to an iso-morphism(A.20) M : L2(R+; dx) ��! L2(f� = �12g; d�);and more generally, taking the domain to be a weighted space, as an isomorphism(A.21) x�L2(R+; dx) ��! L2(� = � � 12 ; d�):Also familiar from the Fourier tranform is the fact that the Mellin transform intertwinesdi�erentiation by x@x and multiplication by �i�:(A.22) (x@xu)M = �i�uM :From this follows immediately our earlier claim that the Mellin transform conjugatesthe indicial operator of L 2 Di� �e (X) to its indicial family.The inverse Mellin transform is given by integrating along a horizontal line:(A.23) M�1(uM (�)) = Z�=C uM (�)x�i�d�;16



provided this integral exists. Of course from (A.21) if u 2 x�L2 and C = � � 12 , thenM�1(uM (�)) = u(x).Suppose � 2 C10 (R) equals 1 near x = 0. Then the Mellin transform of xs(logx)p�(x)is holomorphic in a half-plane f� < <sg, since the function itself lies in x�L2 for any� < <s + 12 . However, an integration by parts shows that it extends to be a mero-morphic function in the whole plane, with its only singularity a pole of order p+ 1 at� = is, and L2 along every line f� = C; C 6= sg. Now, applying this same argumentto functions u 2 AEphg(X) where X is a manifold with boundary @X, if � is a smoothfunction identically equal to 1 near @X, then the function (�u)M (�; y), y 2 @X, extendsto a meromorphic with poles of order p+1 at points � = i(s+ `); ` 2 N, for (s; p) 2 Ewith values in C1(@X). The extension of this result to more intersecting boundarycomponents is clear. This relationship is key in proving various facts concerning poly-homogeneity. For example, the extended union operation (A.16) corresponds exactlyto multiplication of meromorphic functions.x3. The Edge CalculusUsing the constructions and notation of the last section the introduction of theedge calculus is now rather straightforward. This edge calculus consists initially of aring 	�e(X) of pseudodi�erential operators which contains Di� �e (X) as a subring andalso the basic parametrices of elliptic di�erential edge operators. As indicated earlier,the main point in this de�nition is that the distributional Schwartz kernels of edgeoperators on X2 are pushforwards of distributions on X2e with very simple structure.There are two levels of the edge calculus: the small calculus contains those operatorswith kernels vanishing to all order at the side boundary faces B10(X2e ) and B01(X2e )while the large calculus incorporates operators with kernels having polyhomogeneousconormal singularities at these faces. Elements of the small calculus are used in the�rst step of the elliptic parametrix construction and for the crude regularity theory. Ina sense which should become obvious, the estimates obtained using them are equivalentto the scale-invariant interior Schauder estimates found, for example, in [G-T]. The fullparametrices for elliptic edge operators are elements of the large calculus.To motivate the de�nition below consider the lifts of elements of Di� �e (X) to X2e .The simplest such element is the identity operator I (i.e. multiplication by the constantfunction 1). Its Schwartz kernel is the delta function along the diagonal. However, sinceour operators act on half-densities, this kernel must be regarded as a distributionalsection of the 
 12 (X2). In terms of standard coordinates near the boundary choosea canonical nonvanishing half-density � = pdx dy dz d~x d~y d~z. (This is determined upto a smooth nonvanishing function; this factor would cause no di�erence in anythingbelow.) Then the identity operator corresponds to the distributional density(3.1) KI = �(x� ~x) �(y � ~y) �(z � ~z)�:(Strictly speaking we can only identify this object as a nonvanishing delta section ofthe half-density bundle.) Now lift this distributional density to X2e using the polar17



coordinates (2.7). Since the Jacobian determinant of �2 : X2e ! X2 is rk+1, the half-density � lifts to r k+12 � where � is a nonvanishing standard half-density on X2e (forexample, we may take � = pdr d� d~y dz d~z locally). Since the delta function at theorigin in R` is homogeneous of degree �`, (3.1) lifts to(3.2) ��KI = �(�0 � �k+1) �(�0) �(z � ~z) r�k+12 �:We prefer that the identity operator corresponds to a simple delta function with noadditional vanishing or singular factors, so it and the kernels below will be regardedas distributional sections of the singular half-density bundle r� k+12 
 12 (X2e ). The lift ofany L 2 Di� �e (X) to X2e (through the left factor) may be expressed using the projectivecoordinates (2.9). The kernel KL corresponding to L and normalized as above is thenof the form �L r� k+12 � where �L is obtained by applying L to (3.2), hence is a sum ofsmooth multiples of derivatives of the delta function along the diagonal.This calculation motivates the de�nition of the small calculus.(3.3) De�nition. Using notation from x2A	�e(X; 
 12 ) = AEphgI�(X2e ;�e; r� k+12 
 12 )where E = f;; ;; (0; 0)g.Every A 2 	�e corresponds, after factoring out the singular half-density, to a distri-bution �A conormal along the lifted diagonal of X2e , vanishing to in�nite order at theside boundaries and smooth across the front face. As mentioned earlier, 	�e is a ring,i.e. the composition of any two elements C = A � B is de�ned and again an operatorof the same type. It is �ltered by the subspaces 	me consisting of elements A of orderm which have kernels �A 2 AEphgIm(X2e ;�e) for the same E as above.Before discussing how these operators act on half-densities, we note that although thede�nition of Lu is obvious when L 2 Di� �e (X) and u is a function, there is no completelynatural action on half-densities. We must �x a nonvanishing section 
 2 C1(X;
 12 )to give an isomorphism between the spaces of distributions and distributional half-densities. If f 2 C�1(X) then we decree that L 2 Di� �e (X) acts on the half-densityf 
 by L(f 
) � (Lf) 
. Henceforth we always assume that local coordinates are chosenso that 
 = pdx dy dz, but a di�erent choice would only result in conjugating everythingby a nonvanishing smooth function. Notice that such a conjugation does not changethe indicial roots of L, hence in particular does not a�ect their constancy.Edge pseudodi�erential operators already have these half-densities built in, so ifA 2 	�e , when we de�ne its action by(3.4) g 
 = A(u 
) = (�L)�(�A r� k+12 � (�R)�(u 
));where �L : X2e ! X and �R : X2e ! X are blow-down X2e ! X2 followed by projectionX2 ! X onto the left and right factors of X, respectively. To examine (3.4) more18



explicitly, multiply both sides by 
, and on the right side use the notation that 
L =(�L)�
 and 
R = (�R)�
. Theng 
2 = g dx dy dz = (�L)�(�A (�R)�u r� k+12 
L
R �)= (�L)�(�A (�R)�u �2);since 
L 
R = r k+12 �. Using the projective coordinates (s; u; z; ~x; ~y; ~z) this becomes(3.5) g(x; y; z) = Z �A �x~x; y � ~y~x ; z; ~x; ~y; ~z� u(~x; ~y; ~z) r�k�1 d~xd~y d~z:�2 has been rewritten as r�k�1dx dy dz d~x d~y d~z (with r the usual polar distance func-tion) and the common factor dx dy dz has been divided from both sides. (3.5) leads tothe interpretation of edge operators as variable coe�cient convolution operators in thevariables (x; y) on the group H which is the semi-direct product of R+ with Rk.The symbol map (2.4) for edge di�erential operators extends to a principal symbolmap for edge pseudodi�erential operators. For A 2 	me the symbol of the Schwartzkernel of A as a conormal section of the singular half-density bundle is an element ofSfmg(N��e)
 
�bre(N�(�e))
 r� k+12 
 12 :The bracket in the order of the symbol denotes, as in x2A, the quotient by symbolsof one order lower. 
�bre(N��e) is the bundle of translation invariant densities alongeach �bre of N��e, which arises from duality when the invariant Fourier transformtransverse to the diagonal is used to transform a conormal distribution to its symbol.Now the density bundle of X2e restricted to �e splits into the density bundle of �e,which is naturally equivalent to the density bundle 
(X) of X, and the �bre-densitieson N�e, so that r� k+12 
 12 (X2e )����e �= r� k+12 
 12 (X)
 
 12�bre(N�e):r�k�1
(X) is equivalent to the edge-density bundle e
(X) associated to eT �X, andrecalling (2.13) we see that it is also identi�ed with 
�bre(N��e). Putting these naturalisomorphisms together shows that we may regard edge symbols as functions on eT �X.This �nally leads to an exact sequence(3.6) 0! 	m�1e (X) �! 	me (X) e�m�! Sfmg(eT �X)! 0:A pseudodi�erential operator A of order m is said to be elliptic if its symbol a is aninvertible element of Sfmg(eT �X), i.e. if there exists a symbol b 2 Sf�mg(eT �X) suchthat a � b� 1; b � a� 1 � 0. We shall prove later in this section that 	�e is closed undercomposition. From this proof and the results of x2A it follows that(3.7) e�m+m0(AB) = e�m(A) � e�m0(B)The following is proved by the standard iterative inversion scheme using the exactsequence (3.6) and the property (3.7): 19



(3.8) Theorem. If A 2 	me is elliptic then there exists B 2 	�me such that AB� I 2	�1e and BA�I 2 	�1e . This parametrix B is well de�ned up to an element of 	�1e .The two remainder terms R1 = I �AB; R2 = I � BA, although smoothing in theinterior, are not compact operators because their Schwartz kernels are smooth only onX2e and not on X2. We will show later that this construction may be carried further,and eventually leads in favourable circumstances to parametrices for which one or botherror terms are compact, so that A is semi-Fredholm or Fredholm. This is where thelarge calculus comes in. Elements of this large calculus are obtained by adding toelements of the small calculus operators with kernels smooth in the interior of X2e andpolyhomogeneous conormal at all boundary faces. X2e has three boundary faces, so weshall let E = (E10; E01; E11) be a triplet of index sets describing conormal singularitiesat the boundary faces B10; B01; B11.(3.9) De�nition. For any m 2 R and E an ordered triple of index sets, let	m;Ee (X) = fC = A+ B : A 2 	me ; B $ �Br� k+12 �; �B 2 AEphg(X2e )g:We shall also use `very residual operators' having nothing to do with the edge struc-ture which correspond to Schwartz kernels on X2 smooth in the interior and polyho-mogeneous conormal at the two boundaries. If F = fF10; F01g is a pair of index setsfor these two boundary faces, we set(3.10) 	�1;F (X) = AFphg(X2;
 12 (X2)):It will be convenient to use the notation that if E = (E10; E01; E11) is a collectionof index sets for the boundaries of X2e then E 0 = (E10; E01) is a pair of index setscorresponding to the boundaries of X2.The remainder of this section is devoted to the composition and boundedness prop-erties of these operators. The most natural proof of composition for the large calculususes an auxiliary construction analogous to the one in [E-M-M], cf. also [Me2], calledthe edge triple product X3e . As with the edge double product X2e , this is a space ob-tained from the ordinary triple product X3 = X �X �X by a sequence of blow-ups.It is equipped not only with a blow-down map �(3) : X3e ! X3, but also with partialblow-down maps followed by projection �ij : X3e ! X2e � X ! X2e , i; j = L;M;R,where L,M,R stand for the left, middle, and right factors of X3, and the image of themap �ij is the edge double product on the i-j pair of factors of X. The reason for usingthree factors of X at all is that in composing two operators A; B ! A �B, B acts fromfunctions on the third factor to functions on the second, and A acts from functions onthe second to functions on the �rst, so that A � B acts from functions on the third tofunctions on the �rst. The Schwartz kernels we are dealing with live on the space X2erather than X2, so X3e is introduced because it is a natural place for the two Schwartzkernels on di�erent factors, as above, to live.A functorial way to de�ne the kernel of the composition is to lift the kernel of A fromthe �rst two factors of X to X3 and that of B from the second two factors, multiply20



them and push forward o� the middle factor to the �rst and third factors. Symbolically,if �i; i = L; M; R are the projections X3 ! X2 o� the left, middle or right factors ofX, then �A�B = (�M )�(��R�A ��L�B). But of course the extra structure of the kernelsof A and B forces us to consider an analogous formula using the space X3e and the`projections' �ij . Recall that r will always denote the de�ning function (2.7) for theboundary face B11(X2e ). Whenever we need local coordinates, we shall use identicalsets (x; y; z), (x0; y0; z0) and (x00; y00; z00) on the three factors. Taking density factorsinto account, we arrive at the (formal) de�nition:(3.11) �A�B r� k+12 � = (�LR)� ���LM (�A r� k+12 �) ��MR(�B r� k+12 �)� :We now de�ne X3e to make sense of (3.11). Recall the submanifold S in the corner ofX2 that is blown up in the de�nition of X2e . In each of the three pairs of copies of X inX3 there is a copy of S which will be called Sij , i; j = L;M;R. In order that the maps�ij described earlier exist, we will have to blow up the Sij . However, they intersect ata submanifold which we call T in such a way that the order in which we blow themup matters. For X3e to be completely symmetric T must be blown up �rst. So X3e isthe space obtained by �rst blowing up T , which is a codimension 2k + 3 submanifoldde�ned by fx = x0 = x00 = 0; y = y0 = y00g, and in the resulting space blowing up thelifts from X3 of the submanifolds Sij . Figure I should help in picturing this. Recallfrom [Me2], cf. also [E-M], the notation for iterated blow-ups. If Y and Z are twop-submanifolds in X, then [X;Y ;Z] denotes the space obtained by �rst blowing upY in X, lifting Z to this space and then blowing up the resulting submanifold. Thisnotation presupposes that the lift of Z to [X;Y ] is a p-submanifold. In terms of thisnotation(3.12) X3e = [X3;T ;SLM [ SMR [ SLR]:X3e has seven boundary hypersurfaces, and these will be labelled by a scheme gen-eralizing the one introduced earlier for the boundary faces of X2e . Each boundaryhypersurface shall be labelled by an ordered triplet of the integers f0,1g. B111 is thefront face obtained by blowing up T , B110, B101 and B011 correspond to the blow-upsof (the lifts of) SLM , SLR and SLR, respectively, and B100, B010 and B001 correspondto the lifts of the left, middle and right faces @X �X2, X � @X �X and X2 � @X ofX3. By convention B000 corresponds to the interior of X3e . For each triplet ij`, let �ij`be a de�ning function for the corresponding face.The existence of the maps �ij : X3e ! X2e ; i; j = L;M;R must now be veri�ed. Bysymmetry it su�ces to check the case i; j = L;R. �LR will be given as a composition ofblow-down maps followed at the last step by a projection from X2e�X to X2e . Since theblow-downs are performed in a di�erent order than the blow-ups in the de�nition of X3e ,this process is not completely trivial. The �rst step is to blow down the two faces B110and B011. The image is close to the product X2e �X, but has an additional boundaryface corresponding to B111. To proceed further we must appeal to the following result.21



(3.13) Proposition. Let X � Y � Z be a nested sequence of closed manifolds withoutboundaries. Then there is a natural di�eomorphism (obtained as the unique continuousextension from the interior) between the manifolds with corners obtained by �rst blowingup Y and then blowing up the lift of Z or �rst blowing up Z and then blowing up Y :[X;Y ;Z] �= [X;Z;Y ]:The proof is a straightforward veri�cation in local coordinates (w;w0; w00) on X inwhich Y = fw = 0g and Z = fw = w0 = 0g. We need this result when some number ofeach of the collections of coordinates w, w0 or w00 live in half-lines; this is equally easyto prove. A general result of this type is proved in [Me2], see also [E-M-M] and [E-M].Returning to our construction, after the �rst step described above the space is equalto [X3;T ;SLR], which by (3.13) is equivalent to [X3;SLR;T ]. If we now reverse thelast step of this iterated blow-up, i.e. blow down T , we obtain [X3;SLR] = X2e � X,where the edge double product is taken on the �rst and third (left and right) copies ofX. Composing these blow-downs with the projection X2e � X ! X2e yields the map�LR. The two other maps �LM and �MR are de�ned similarly. Figure II is a schematicrepresentation of this process. The following is easy to check from the de�nitions(3.14) Lemma. The maps �ij are b-�brations in the sense of De�nition (A.14).In the interests of brevity we prove the composition formul� for the large and smallcalculi simultaneously. The following notation is helpful. Recall that � and � arenonvanishing smooth half-densities on X2 and X2e , respectively. They are related (upto multiplication by smooth nonvanishing factors, which we always ignore) by ��(2)� =r k+12 �, where as always r is a de�ning function for B11(X2e ). Any distribution or densityadorned with the pair of subscripts ij; i; j = L;M;R, denotes the lift to X3e of somedensity on X2e by the map �ij ; thus �ij = ��ij�, rij = ��ijr, etc. We also let �3 and�3 be nonvanishing smooth half-densities on X3 and X3e , respectively, and recall that�(3) : X3e ! X3 is the blow-down.(3.15) Theorem. Let A 2 	m;Ee and B 2 	m0;Fe . Then provided <(E01) + <(F10) >�1, the composition C = A�B is de�ned. If this is the case, then C 2 	m+m0;Ge , whereG10 = (E11 + F10)[E10; G01 = (E01 + F11)[F01;G11 = (E11 + F11)[ (E10 + F01 + k + 1):Proof. Formula (3.11) will be used extensively. First multiply both sides of (3.11) byr� k+12 � to obtain�C r�k�1 �2 = (�LR)� n(�A)LM (�B)MR (rLM rMR rLR)� k+12 �LM �MR �LRo :A simple computation shows that�LM �MR �LR = (rLM rMR rLR)� k+12 ��(3)(�23):22



Using this we rewrite the last formula as(3.16) �C r�k�1 �2 = (�LR)� n(�A)LM (�B)MR (rLM rMR rLR)�k�1��(3)(�23)o :Now using the usual transformations of densities in polar coordinates we compute��(3)�23 = (�110�101�011)k+1�2k+2111 �23 ;and also note how the de�ning functions rij on X2e relate to the various �ij`:rLM = �011�111; rMR = �110�111; rLR = �101�111:Inserting these into (3.16) implies that�C r� k+12 �2 = (�LR)� �(�A)LM (�B)MR ��k�1111 �23	 :This is almost in the form that we require. However, the pushforward theorem (A.18)requires the quantity to be pushed forward to be a section of the density bundle b
of (A.17). A non-vanishing smooth density �2 on X2e is related to a nonvanishingsmooth section b�2 of b
 by �2 = r10r01r11 b�2 (as always, up to multiplication bya smooth nonvanishing function), and similarly �23 = �100�010�001�110�101�011�111 b�23 .Using these in the formula above we �nally arrive at(3.17) �C b�2 = (�LR)� �(�A)LM (�B)MR �k+1101 �010 b�23	 :In order to interpret the push-forward in (3.17) we must take into account notonly the conormal singularities along all the boundaries of X3e but also the structureof the interior singularities of the distribution to be pushed forward. Recalling thenotation of x2A, �A 2 AEphgIm(X2e ;�e) and �B 2 AFphgIm0(X2e ;�e). (We neglect thedensity factors now since they have already been taken into account.) By (A.13) theirpullbacks via �LM and �MR, respectively, are well-de�ned and conormal to ��1LM (�e)and ��1MR(�e). These partial diagonals meet b-transversally at the triple diagonal ofX3e , and �LR maps this submanifold onto the edge diagonal of X2e on the left and rightpair of factors. Hence by the discussion following (A.18) their product is well-de�nedby the standard wave-front set result, and by Proposition (A.18) their pushforward isan element of AGphgIm+m0(X2e ;�e), where G = (�LR)[((�LM )[(E) + (�MR)[(F) +H);here H is the collection of index sets for the faces of X3e induced by the extra densityfactors in (3.17) and is given by H101 = f(k + 1; 0)g; H010 = f(1; 0)g and all otherHij` = ;. This collection G is exactly the one in the statement of the theorem.Proved in a similar, but simpler, fashion is the fact that the space of `very residual'operators (3.10) is a left and right module over 	�;Ee , provided the index sets arecomposable. We state the result for left multiplication and indicate the proof brie
y.23



(3.18) Theorem. Let A 2 	m;Ee (X) and B 2 	�1;F (X), for collections of index setsE and F . Then provided <(E01) + <(F10) > �1 the composition C = A � B is de�nedand an element of 	�1;G , where G10 = E10 [ (E11 + F10) and G01 = F01.The operator A corresponds to the kernel �A r� k+12 � on X2e and B corresponds to�B � on X2. As in (3.11) we interpret the composition functorially:(3.19) �C � =(�LR)� n(�LM )�(�A r� k+12 �) (�MR)�(�B �)o=(�LR)� n(�A)LM (�B)MR ��k+12011 �LM �MRo :The notation is slightly di�erent than before. The edge triple product is no longerrequired because the kernels of B and C live on the ordinary double product X2.We require a `smaller' space obtained by blowing up X3 and for which there exist b-�brations �LM to X2e and �MR and �LR to X2. A good candidate is simply the productX2e �X = [X3;SLM ]. �LM : X2e � X ! X2e is the obvious projection, and �MR and�LR are obtained by composing the blowdown X2e �X ! X3 with the projection ontothe product X2 of the second and third or �rst and third copies of X. Pullbacks ofdistributions and densities by �ij are once again labelled by the subscripts ij. Multiplyboth sides of (3.19) by � to get�C �2 = (�LR)� n(�A)LM (�B)MR (�011)� k+12 �LM �MR �LRo :Noting the formula �LM �MR �LR = (�011) k+12 �23 ;where �3 is a nonvanishing smooth density on X2e � X, and rewriting everything interms of nonvanishing smooth Vb densities we arrive at�C b�2 = (�LR)� �(�A)LM (�B)MR �010 b�23	 :Proceeding as before, using Proposition (A.18), we deduce the stated conclusion.We conclude this section by proving boundedness of edge pseudodi�erential oper-ators on various spaces. The primary spaces we consider, since this is essentially anL2-based theory, are the weighted Sobolev spaces x�Hse (X; 
 12 ) based on Ve de�nedbelow. We also prove boundedness on weighted degenerate H�older spaces as this re-quires no additional e�ort and is sometimes useful, cf. [M-S], and also indicate how thetheory goes on weighted degenerate Lp spaces. However, since this last topic requiresa substantial change of notation we do not spell out details too carefully. We alsodiscuss the action of edge operators on polyhomogeneous conormal spaces and provecompactness and commutation results.By de�nition, elements of the large calculus may be decomposed into elements of thesmall calculus, and residual elements of the large calculus, i.e. elements of 	�1;Ee , itsu�ces to prove boundedness individually for each of these. We treat the small calculus�rst. 24



(3.20) Proposition. Fix real numbers � and m � 0. Then if A 2 	me (X),A : x�L2(X; 
 12 )! x�L2(X; 
 12 )is bounded.Proof. It su�ces to show that kAuk2 � kuk2 for u 2 _C1(X; 
 12 ), the space of half-densities vanishing to all orders at @X, where k k is the norm on x�L2. First conjugateA by x�. Because of the rapid vanishing of �A on B10 and B01, the kernel correspondingto x�Ax�� also vanishes rapidly there, hence is another element of 	me . Thus it su�cesto prove boundedness of an operator A of order m � 0 on L2. We use H�ormander'ssymbolic method to reduce this to proving boundedness on L2 of a residual operatorR 2 	�1e . First use the symbol calculus to choose an operator B 2 	0e such thatfor some constant c > 0, A�A+ B�B = c I + R (e�0(B) is chosen as a square root ofc� je�m(a)j2 and so on). Apply this to u and integrate by parts (using that u 2 _C1)to obtain kAuk2 � kAuk2 + kBuk2 = ckuk2 + hRu; ui:Thus we only need to show that jhRu; uij � Ckuk2, or equivalently, that jhRu; vij �Ckukkvk. Now if u = u
 and v = v
 where 
 is a smooth nonvanishing half-densityon X, then jhR(u
); v
ij = ����Z �R u v �2���� since r� k+12 
L 
R � = �2� ����Z j�Rj juj2�2���� ����Z j�Rj jvj2�2����� Ckuk kvk:For the last inequality we use the (singular) coordinate systems (x; y; z; �) or (~x; ~y; ~z; �)on X2e to rewrite �2 as(3.21) �2 = ��L(
2) d�=�10 = ��R(
2) d�=�01;(�L; �R : X2e ! X are blow-downs followed by projection onto the left and right copiesof X, and � is the angular coordinate from (2.7)). Then apply Fubini's theorem anduse the rapid vanishing of �R on the side boundary faces to ensure convergence of theintegrals with respect to �. This completes the proof.When ` 2 N0 let(3.22) x�Hè(X; 
 12 ) = fu = x�v;V1 � � �Vjv 2 L2(X; 
 12 ); 8 j � `; Vi 2 Veg:The de�nition when ` is any real number can be obtained by interpolation and duality.There is another argument to prove (3.20) which generalizes easily to prove the fullboundedness results for the spaces (3.22). These spaces all have an approximate dilation25



invariance in directions normal to the �bres of @X. Choose a Whitney decompositionof X into a union of `boxes' Bi each having �xed length in the z directions and diameterin x and y directions comparable to its distance to @X, e.g. to the value x at any pointin that box. For each Bi choose an a�ne map fi (in any local coordinate system) whichcarries a `standard box' B to Bi. Let u 2 x�Hè and ui its restriction to Bi. Then thex�Hè norm of u is comparable toPi x��i kuikBi where xi is the value of x at any point ofBi and k kBi is the Hè norm on each Bi. This norm is chosen so that kvikBi �= kf�i vikB.Note that by the duality and interpolation properties of ordinary L2 Sobolev spaces, thisis true for any real `. The boundedness of A 2 	me for m 2 R is proved by computingthe H`�me norm of Au in this fashion and noting that f�i (Av)i = Ai(f�i vi), where Aiis the pullback of A from Bi to B using fi. By the approximate dilation invarianceof A the Ai are a uniformly bounded family of pseudodi�erential operators of orderm. The standard boundedness properties of ordinary pseudodi�erential operators canthen be applied to estimate each term by the Hè norm of f�i vi on a slightly larger box,or equivalently of vi on a slight enlargement of Bi. Summing these inequalities, usingthe uniformity of the Ai, yields the following:(3.23) Corollary. If A 2 	me thenA : x�Hè(X; 
 12 ) �! x�H`�me (X; 
 12 )is bounded.Conversely we could also de�ne x�Hme as the set of all Au for A 2 	me and u 2 x�L2.The previous argument shows the consistency of this de�nition.These arguments using dilations in such a direct manner were used in [G-L] and [A],and are the simplest approach when proving Lp and H�older boundedness.Before proceeding further we note the following simple consequences of Corollary(3.23) and Theorem (3.8):(3.24) Corollary. Suppose A 2 	me is elliptic, and u 2 x�Hè for some �; `. IfAu = f 2 _C1(X) then u 2 x�H1e = x�T̀Hè.Proof. Use Theorem (3.8) to construct an element B 2 	�me such that BA = I � Rfor some R 2 	�1e . Applying this to u yields u = Ru+ Bf . (3.20) and (3.22) implythat Bf and Ru each lie in x�H1e .Boundedness for elements of the large calculus is slightly more subtle, but we havealready done most of the work.(3.25) Theorem. Let A 2 	�1;Ee for some collection of index sets E. Then A :x�Hse (X; 
 12 ) ! x�0Hè(X; 
 12 ) is bounded for any s; ` 2 R provided <(E10) > �0 � 12 ,<(E01) + � > � 12 , and � + <(E11) � �0.Proof. It su�ces, either by scaling arguments or commuting Ve vector �elds through A,to prove boundedness only when s = ` = 0. Furthermore, by replacing A by x�0A~x��26



we can also reduce to the case � = �0 = 0. Proceeding as in the proof of (3.20), we shalldemonstrate the estimate jhAu; vij � Ckukkvkfor L2 half-densities u = u
, v = v
. Lift the integration in this inequality to anintegration over X2e and combine 
L 
R with the singular density factor �� k+1211 from Ato obtain �2 as before. The left hand side becomes����Z �A uL vR �2���� :Use (3.21) again and apply the Cauchy-Schwarz inequality and Fubini's theorem suc-cessively to getZ j�Aj juLj jvRj �2 � �Z j�Aj juLj2(�10=�01) 12 �2� 12 �Z j�Aj jvRj2(�01=�10) 12 �2� 12� �Z j�Aj juj2(�10�01)� 12 
Ld�� 12 �Z j�Aj jvj2(�10�01)� 12 
Rd�� 12� Ckuk kvk:The last inequality holds because the integral with respect to d� is convergent becauseof the hypotheses on E . This completes the proof.The boundedness on H�older spaces is even simpler. First we de�ne the appropriatespaces.(3.26) De�nition. For ` 2 N0, � 2 (0; 1), and � 2 R, letx��`;�(X; 
 12 ) = fu = x� v 
 : V1 : : : Vjv 2 �0;�; 8 Vi 2 Ve; j � kgwhere �0;�;0(X) is the space of half-densities u = v
 such thatkvk0;�;0 � sup jvj+ sup (x+ ~x)� jv(x; y; z)� v(~x; ~y; ~z)jjx� ~xj� + jy � ~yj� + (x+ ~x)�jz � ~zj� <1:(3.27) Proposition. Let A 2 	m;Ee . Suppose ` � m are integers and the index setssatisfy <(E01) + � > �1 and <(E10) � �; <(E11) � 0, with strict inequality in at leastone of the last two conditions and p = 0 in any term (s; p) in either of the index setsrealizing equality. Then A : x��`;� ! x��`�m;� is bounded.Proof. As before, divide A = B + C, where B 2 	me , C 2 	�1;Ee ; we need only checkthat B and C individually are bounded.The boundedness of B may be checked using the scaling method outlined above,and using that ordinary pseudodi�erential operators are bounded on ordinary H�olderspaces, cf. [M-S]. 27



Since C is residual, Cu should lie in x��s;� for any s. Write u = v
 and Cu = f
.By applying arbitrarily many Ve vector �elds to Cu, all of which land on the kernel ofC and do not change its character nor its index sets we see that it su�ces to prove thatjf j � c2x� assuming that jvj � c1x�. Represent Cu by the usual pushforward formula.After the usual reductions we arrive at the relationshipf b
2 = (�L)�(�C ��Rv �01 b�2);where as usual b
2 and b�2 are nonvanishing smooth b-densities. Take absolute valuesof both sides of this equation, and pass the absolute values into the integration onthe right, changing the equality into an inequality. By assumption we can estimatej��Rvj by c1~x� = c1(�11 �01)�. Furthermore, although j�C j itself may no longer beconormal, it is estimated by a polyhomogeneous conormal kernel K 2 AFphg(X2e ), whereFij = f(s; p) : s = <(�); (�; p) 2 Eijg. Thereforejf j � c(�L)�(K (�11)� (�01)� �01 b�2):Now apply (A.18). The hypothesis <(E01)+� > �1 is necessary in order that the push-forward be de�ned. The right hand side is a polyhomogeneous distribution g 2 AGphg(X)with G = <(E10)[ (<(E11) + �). The hypotheses imply that the leading term in theasymptotic expansion for g is a(y; z)xs(logx)p where s � � and p = 0 if s = �. Thusjgj can be estimated by c3x� as required.We now make a few remarks on the general Lp situation. Clearly the right spaces touse are degenerate weighted Lp spaces, 1 < p < 1, analogous to (3.22) which behavenicely under dilations in the (x; y) directions. We also must use sections of the densitybundle 
 1p (X) rather than half-densities. This in turn forces a di�erent normalizationof the singular density bundle on X2e of which edge pseudodi�erential operators are sec-tions. These modi�cations are of course trivial. With these de�nitions, boundedness ofthe small calculus on weighted Lp spaces is proved using the dilation method sketchedabove, and using the fact that ordinary pseudodi�erential operators are bounded onordinary Lp spaces. Boundedness of the large calculus is proved exactly as in (3.25),the only di�erence being that the Cauchy-Schwarz inequality is applied slightly di�er-ently. We do not develop these ideas further because this extension is straightforwardbut would take more space than seems warranted because of the di�erences in normal-ization.We conclude this section with a few auxiliary results of a general nature.(3.28) Proposition. Suppose u 2 AFphg(X; 
 12 ) and let A 2 	m;Ee . Then provided<(E01) + <(F ) > �1, we have Au 2 AGphg(X; 
 12 ) where G = E10 [F .Proof. Represent Au as a pushforward. Then the product �A (�R)�(u 
) r�k+12 � is anelement of A�phgIm(X2e ;�e; r�k+12 �). By the discussion following (A.18) the pushfor-ward annihilates the interior singularity (if you like since Y 001 is empty here), and the28



result is polyhomogeneous. The induced index sets is computed as (�L)[((�R)[(F )+E),i.e. E10 [F .The following is an application of Theorems (3.20), (3.25) and the Theorem of Arzela-Ascoli.(3.29) Proposition. Suppose A 2 	m;Ee where m < 0, <(E10) > � 12 ; <(E01) > �12 ,and <(E11) > 0. Then A is compact as a mapping on x�Hè and x��`;�.Finally we establish a commutation result. The symbol calculus implies that ifV 2 Ve and A 2 	m;Ee then their commutator [V;A] is in 	m;Ee again, but this is alsotrue when V is only totally characteristic.(3.30) Proposition. For V 2 Vb and A 2 	m;Ee , we have [V;A] 2 	m;Ee .Proof. Let u 2 _C1(X), and compute (V A�AV )u as follows(V A� AV )u = (�L)� n��L(V )(�A r� k+12 �) ��Ru� �A r� k+12 ���R(V u)o= (�L)� n(��L(V ) + ��R(V t)) (�A r� k+12 �) ��Ruo :The last equality is `integration by parts', and V t is the adjoint of V with respect to thegiven measure. Now the result follows by observing that for any V 2 Vb, ��LV + ��RV tis the sum of a vector �eld tangent to all boundaries of X2e and vanishing along �e anda smooth function. It transforms the distributional half-density to �B r� k+12 � where Bhas the same index sets as A. This is obviously true when V 2 Ve by (2.12), and the onlyremaining case is when, in local coordinates, V contains some nonvanishing multiple ofthe @y's. The assertion is easy to check in this case, for examply by computing in polarcoordinates and noting that these polar coordinates are always functions of y � ~y.The point of this Proposition is that @y lifts as a singular vector �eld to X2e : itis tangent to the side boundary faces but blows up to order one on the front face.However, the di�erence in the commutator cancels this singularity. This result can beused in establishing higher tangential regularity of solutions of equations like Lu = fwhen L 2 Di� �e (X) is elliptic and f has some tangential regularity, cf. [M3] where it isused in establishing regularity for a nonlinear equation of edge type.x4. Totally Characteristic OperatorsThe two extremal types of edge structures exist on any manifold with boundary andcorrespond to the cases when either the base space Y or the �bres F of the �bration of@X are points. Then Ve consists of all vector �elds either tangent to @X or vanishing on@X, and is denoted Vb or Vo. These are the space of b- (or totally characteristic) vector�elds or uniformly degenerate vector �elds, respectively. Vb was the �rst `boundary�bration structure' (in the sense of [Me2]) to be systematically explored [Me1], [Me-Me]; Vo was discussed later in [M1]. Of the two, the calculus associated to Vb is themore elementary. 29



Use coordinates (x; z) as in x2 (with y omitted). Then(4.1) x@x; @z1 ; � � � ; @zqgenerate Vb over C1(X). From Vb the rings Di� �b (X) and 	�b(X) of b-di�erential andb-pseudodi�erential operators on X are de�ned, exactly as in x2 and x3. We replaceall e's by b's to indicate objects associated to Vb.In this section we construct parametrices for elliptic elements of Di� �b (X). This arelatively straightforward introduction to the constructions later on, and furthermore,parametrices for b-operators are used in the construction for more general edge opera-tors later on. We also discuss mapping properties of elliptic b-operators, at least whenX is compact.The set specb(L) is de�ned in (2.21). Now it is automatically discrete, so (2.22) isno longer necessary. Thus for each `; � 2 R consider the mapping(4.2) L : x�H`+mb (X;
 12X)! x�Hb̀ (X;
 12X)where L 2 Di�mb (X) is elliptic, and as usual the function u is identi�ed, when necessary,with the half-density updx dz. The Sobolev spaces in (4.2) are de�ned as in (3.22),but with respect to the Vb. Set(4.3) � = f<(�) + 1=2 : � 2 specb(L)g:The main result of this section is(4.4) Theorem. For � =2 � the mapping (4.2) is Fredholm.Theorem (4.4) is proved by constructing parametrices for L which are boundedbetween suitable spaces, and which are inverses up to compact error. Note that incontrast to results below for the general edge case, the kernel and cokernel here are�nite dimensional when the operator has closed range. These spaces can be in�nitedimensional only when L2(Y ) is in�nite dimensional, which is clearly not the case here.To �x notation let(4.5) L = Xj+j�j�m aj;�(x; z)(x@x)j@�zbe the elliptic operator in question. Notice that its normal operator and indicial opera-tor coincide, and both may be expressed as in (2.20), but of course with the parametery absent.The �rst approximation to a good parametrix for L uses the small calculus (3.3),and is the operator obtained in Theorem (3.8). Recall how this operator, which wecall A0, is obtained. The lift of L through the left to X2b is transversally elliptic to thelifted diagonal �b. Thus, factoring out the singular half-densities, we may choose anelement A0 2 	�mb (X) such that(4.6) LA0 � I mod	�1b (X):30



For convenience we can assume that �A0 is supported in a small neighbourhood of �b,i.e. in some set C�1 � s � C. Writing (4.6) more explicitly,(4.7) LA0 = I � R0;where R0 2 	�1b (X). By Corollary (3.23) A0 is bounded between x�H`�mb and x�Hb̀for every ` and �, while R0 is bounded between x�Hb̀ and x�Hsb for every `; s and �.R0 is not a compact operator since it does not vanish on the front face, so we mustproceed further to prove (4.4). In fact we have used nothing about the value of theweight parameter �. Thus we require a second step which does. In this step we obtainan operator A1 2 	�1;�b such that(4.8) L(A0 + A1) = I � R1where R1 2 	�1;Fb for some collection of index sets F with F11 = 1, i.e. so that R1vanishes to �rst order at the front face of X2b . This is accomplished by solving theequation(4.9) (LA1)��B11 � I(L)(A1��B11) = R0��B11 ;recalling that N(L) = I(L). All terms in (4.9) are boundary values of the bundler� 12
 12 (X2b ).(4.9) has many solutions, which arise in the following way. Since I(L) isR+ invariantit is natural to tranform (4.9) via the Mellin transform to(4.10) I�(L)(A1��B11)M = (R0��B11)M :Since R0��B11 is compactly supported, the right side of (4.10) is entire and rapidlydecreasing along each line =(�) = C. Now, it is proved in [Me-Me], and is essentiallyequivalent to standard properties of the resolvent of the elliptic operator I0(L) onthe compact space @X, that I�(L) is invertible whenever j<(�)j � 0 along each line=(�) = C. By analytic Fredholm theory I�(L)�1 exists and is meromorphic on thecomplement of a discrete set, which is simply specb(L). Thus we may apply I�(L)�1 toboth sides of (4.10) to obtain an expression for the Mellin transform of the restrictionof A1 to the front face B11 as a meromorphic function on C. The indeterminacyarises in how we take the inverse Mellin transform. Following the discussion in x2A,this inversion is obtained by integrating x�i�I�(L)�1(R0jB11)M along a line f=� = Cgcontaining no points of specb(L). The value of C determines which points of specb(L)contribute to terms in the expansion of the solution of the equation at s = 0 and whichcontribute to terms in the expansion at s = 1, and by the Cauchy integral formulathe solution obtained is locally constant in C 2 Rn�. All solutions of (4.9) which liein some space x�L2 are obtained in this way by varying the interval of R�� in whichC lies. 31



Now �x � 2 R�� and take inverse Mellin transform along =(�) = �� 12 . Note thatin terms of the identi�cation of R+ � @X with B11, s = 0 corresponds to B10 \ B11and s =1 to B01 \B11. The solution to (4.9) is polyhomogeneous conormal at theseboundaries because I�(L)�1(R0jB11)M is meromorphic in � and depends smoothly onz. The solution has index sets E10 and E01 at these boundaries, where(4.11) E10 = f(�; p) : (�; p) 2 gspecb(L); =� > CgE01 = f(��; p) : (�; p) 2 gspecb(L); =� < Cg:The change in sign in E01 arises because the index set describes polyhomogeneity as1=s! 0 rather than s!1. Now extend this solution smoothly o� the front face. Theresulting operator A1 is an element of 	�1;Eb , where the E10 and E01 are as in (4.11)and E11 = 0. Furthermore, the remainder term R1 in (4.8) is an element of 	�1;E(1)b ,where we introduce the notation that for any triplet of index sets F(4.12) F(k) = (F10; F01; F11 + k)for k 2 N. The 1 in the third slot of the collection E(1) of index sets for R1 is byconstruction, while the other two index sets remain the same because L di�erentiatestangentially to all boundaries on X2b .We have now constructed a right parametrix A1 for L which is bounded and is aright inverse up to an error R1 which vanishes simply on B11. A duality argumentwhich we describe in detail below gives a left parametrix and a similar error term inthe same way. The existence of these, and in particular the compactness by (3.29) ofthese errors implies straight away that (4.2) is indeed Fredholm. The precise regularitytheory for solutions of Lu = 0, i.e. that solutions are polyhomogeneous, may also bededuced quite easily. However, this regularity requires iteration arguments becausethe error term vanishes only to �rst order on the front face, and it is perhaps neaterto carry these arguments out on the parametrix itself. Namely, we �nd parametriceswith error terms vanishing to successively higher orders on the front face, and the �nalparametrix is an asymptotic limit of these approximations. This is accomplished bycomposing with the Neumann series for I � R1. However, in order for this argumentto work, and in particular in order that this series be asymptotically summable, it is�rst necessary to modify A0 + A1 again by adding on a term A2 to make the errorterm R2 = I � L(A0 + A1 + A2) vanish to in�nite order on the left boundary. Thuswe choose A2 so that the polyhomogeneous expansion of LA2 on B10 matches that ofR1. This may be done using the boundary symbol �10 at the face B10, see (A.9), tosolve away all terms in the expansion for R1 at this face. Assume also that the kernelof A2 is supported near B10. Since all coe�cients in the expansion for R1 vanish atB11 those for the kernel for A2 vanish there too. As a result the operator(4.13) A = A0 + A1 +A2solves(4.14) LA = I �R32



where A 2 	�m;Eb and R 2 	�1;;;E01;1b , with E as in (4.11) (though possibly modi�edby increasing some of the logarithmic exponents p because of A2).Now form the Neumann series for (I � R)�1. Theorem (3.15) implies that for eachj, Rj 2 	�1;;;Fj ;jb , with the Fj de�ned inductively by Fj = E01 [ (Fj�1 + 1), F0 = ;,so that by Borel's lemma there exists a P 2 	�1;;;F;1b with F the union of all the Fjand such that I � (I �R)(I + P ) 2 	�1;;;F;;b = A;;Fphg(X2; 
 12 ):(3.15) again implies that A = A(I + P ) 2 	�m;E10;G01;G11bwhere G01 = E01 [ (F [ (E01 + 1)); G11 = 0 [ (1[ (E10 + F + 1)):The exact form of the index sets Gij is of no concern except that G01 � E01 and G11 �0. Using this and the de�nition of E10 and E01 in (4.11) we see that <(E10) > � � 12and <(E01) > �� + 12 > �� � 12 so by Proposition (3.23)(4.15) A : x�Hb̀ ! x�H`+mbR : x�Hb̀ ! _C1(X)are bounded for every ` 2 R. It is also important that the error term is `very residual'as in (3.10). The existence of a parametrix in the large calculus with very residualerror term will imply that the actual generalized inverse for L is in the large calculus,with index sets determined by the equation (hence many of the terms in the index setsabove are extraneous).As noted earlier, the same sort of argument yields by duality a left parametrix as wenow make explicit. Let Lt denote the adjoint of L with respect to the measure dx dzand L� = x2�Ltx�2� the adjoint in x�L2, i.e. with respect to the measure x�2� dx dz;these are also elliptic in Di�mb (X) and have boundary spectra(4.16) specb(Lt) = f�� � 1 : � 2 specb(L)gspecb(L�) = f�� � 2� � 1 : � 2 specb(L)g:The dual of x�L2(dx dz) is x��L2(dx dz), so perform the entire construction above onLt with respect to x��L2. This yields operators B;Q which satisfyLtB = I �Q; B 2 	�m;Hb ; Q 2 	�1;;;H01 ;for some index setsH corresponding to Lt in the same way as those earlier correspondedto L. B and Q are bounded as in (4.15) with � replaced by ��. Thus duality with33



respect to the natural pairing of x�L2 with x��L2 corresponds to the passage from Lto Lt. This means that(4.17) BtL = I �Qtas operators on the spaces x�Hb̀ for any `; here Bt and Qt are those b-operators ob-tained from B and Q using the natural involution ofX2b which is the lift of interchangingfactors on X2. The relationship (4.17) is obtained by duality, so it is only valid forfunctions for which the pairing and integration by parts make sense. Bt enjoys thesame boundedness as A in (4.15) and(4.18) Qt : x�Hb̀ ! AH01phg :An immediate consequence is(4.19) Corollary. If u 2 x�L2 solves Lu 2 A�phg then u 2 A�phg.Once u is known to be polyhomogeneous, the equation Lu = 0 implies by a com-pletely formal argument that u 2 AE10phg with E10 as in (4.11) (except for a possibleincrease in some of the exponents p).All parametrices thus far have been local near @X, but gluing these boundary para-metrices to interior parametrices leads to the main result of this section.(4.20) Theorem. For � =2 � the map (4.2) is Fredholm. Therefore, if P1 and P2are the orthogonal projector in x�L2 onto the kernel and orthogonal complement of therange of L, then there exists a generalized inverse G, bounded between the appropriatespaces, satisfying(4.21) GL = I � P1; LG = I � P2as operators on x�Hb̀ for any ` 2 R. P1 2 	�1;E , P2 2 	�1;F and G 2 	�m;Hb +	�1;H0 , where
(4.22) E10 = f(s; p) : (s; p) 2 gspecb(L); <s > � � 12g;E01 = f(s; p) : (s+ 2�; p) 2 E10g;F10 = f(s; p) : (s� 2�; p) 2 F01g;F01 = f(s; p) : (s; p) 2 gspecb(L�); <s > �� � 12g;E11 = F11 = 0;H10 = E10 [F10; H01 = E01 [F01; H11 = 0and H0 = (H10; H01). Therefore(4.23) G : x�Hb̀ ! x�H`+mb ;Pi : x�Hb̀ ! x�Hsb34



are bounded for every `; s 2 R.Proof. The maps (4.2) are Fredholm because of the existence of the right and leftparametrices A and B and the compactness of the remainder terms on the appropriatespaces. This guarantees on abstract grounds the existence of a generalized inverse Gsatisfying (4.23).What remains is to show that G and the Pi lie in the edge calculus, and satisfy (4.22).Since we know that L is Fredholm, its kernel and cokernel are �nite dimensional, andso both P1 and P2 are �nite rank projectors. Thus they may be written as a �nitesum of products in each factor of basis elements of the kernel of L or L�. Elements ofeither of these nullspaces are polyhomogeneous by (4.19). Thus P1 2 	�1;E and P2 2	�1;F for some index sets E ;F . E10 and F01 correspond to subsets of gspecb(L) andgspecb(L�), respectively, because of the equations LP1 = 0, L�P2 = 0. The relationshipsE01 = E10 � 2�, F10 = F01 + 2� follow from self-adjointness: Pi = P �i . Finally, the theboundedness criterion in (3.25) determines the precise form of E10 and F01.To establish that G is in the edge calculus we use (4.21) in conjunction with theexistence of left and right parametrices, which for simplicity we now write as A1L =I�R1; LA2 = I�R2. Computing the compositions A1LG and GLA2 in two di�erentways results in the equalities(4.24) G = A1 + R1G�A1P2 = A2 +GR2 � P1A2:Inserting the second expression for G in the �rst implies that(4.25) G = A1 + R1GR2 + R1A2 �R1P1A2 � A1P2:Since the Pi are already established to be very residual in the edge calculus, all but the�rst term in this expression are very residual and the �rst is an element of the largecalculus. Note the important role here of the fact (3.18) that the very residual calculusis an ideal in the large calculus, and that R1KR2 is very residual whenever R1 andR2 are very residual and K is any bounded operator. Finally, now that we know G isthe sum of a large b-pseudodi�erential operator and a very residual element, the indexset of the �rst summand at B11(X2b ) must be (0; 0) and the index sets at the otherboundaries and for the very residual summand is determined by the equations (4.21)and Proposition (3.28).Since G and the Pi are bounded on the weighted degenerate H�older spaces (3.26)we also obtain(4.26) Theorem. For L as above, � =2 f<(�) : � 2 specb(L)g, ` 2 N0, ` � m and0 < � < 1, the mapping L : x��`;� �! x��`�m;�is Fredholm.Of course, a similar statement also holds for L as a mapping between weighteddegenerate Lp spaces. 35



x5. The Model ProblemThe key step in constructing a `good' parametrix (e.g. one with compact error) foran elliptic L 2 Di� �e (X) is the detailed analysis of its normal operator N(L). Thisanalysis includes its mapping properties and the structure of its generalized inverseand projectors as in our analysis of totally characteristic operators in the last section.Using the translation and dilation invariance of N(L), these properties are deducedreadily from the analogous properties of an associated family of b-operators with anextra Bessel structure which we de�ne below. This section is devoted to the analysisof N(L). We shall always assume the hypothesis (2.22).Recall that N(L) is de�ned as the restriction to the front face of the lift through theleft of L to X2e . The front face B11(X2e ) �bres naturally over @X, and N(L) restrictsto an elliptic operator on the interior of each leaf of this �bration. These leaves aredi�eomorphic to the product Sk+1++ � F , and can also be identi�ed in a natural wayas a compacti�cation of the inward pointing normal bundle N+F to some �bre Fof @X. To see this recall that the front face is the inward-pointing spherical normalbundle of the submanifold S in (@X)2. Thus the interior of the quarter-sphere factorof the �bre of B11 over some point (~y; ~z) 2 @X is naturally identi�ed stereographicallywith the tangent space at the point � = (0; 0; 1), which in turn is naturally identi�edwith the inward pointing normal bundle of the �bre F~y, which is a half-space Rk+1+ .The projective coordinates (s; u) from (2.10) determine a splitting Rk+1+ = R+ �Rkwhich is, of course, not natural. Note that the boundary of this half-space is identi�edcanonically with the tangent space T~yY .N(L) acts on the product Rk+1+ � F , and is invariant under the linear translationsand dilations on the �rst factor. Using this invariance we can reduce it to to a familyof di�erential b-operators as follows. First conjugate by the Fourier transform in theRk directions. Letting � be the dual variable (i.e. is the linear coordinate in N�~yY ),then starting with the expression (2.17) for N(L) we arrive at(5.1) \N(L) = Xj+j�j+j�j�maj;�;�(s@s)j(is�)�@�z :The aj;�;� depend on ~y and z, as in (2.17). Now exploit the special structure of thisoperator again by rescaling. That is, de�ne a new variable t = sj�j and �̂ = �=j�j 2 S�~yYand substitute it into (5.1) to get(5.2) L0 = Xj+j�j+j�j�maj;�;�(t@t)j(it�̂)�@�zThis is a family of b-operators on R+ � F depending smoothly on the parameters(~y; �̂) 2 S�Y .The operator L0 is more complicated than the indicial operator I(L) because it hasan extra `Bessel structure', and this signi�cantly alters its behaviour near in�nity. Wenow discuss the rami�cations of this additional structure.36



(5.3) De�nition. L0 2 Di�mb (R+�F ) is said to be of Bessel type if it has the formL0 = Xj+`+j�j�m aj;�;�(z)(t@t)j(it)`@�z ;and is called elliptic if the associated symbolXj+`+j�j=m aj;�;�(z)� j�`��is elliptic.The prototypical example on R+ is L0 = (t@t)2 � t2. The elements of the nullspaceof this particular operator either grow or decrease exponentially as t ! 1. This is ageneral phenomenon for elliptic Bessel operators. To prove this, introduce the familyof spaces on R+ � F(5.4) Hr;�;` = fu : �(s)u 2 t�Hr; (1� �(t))u 2 t�`Hrgwhere Hr is the usual L2 Sobolev space based on the vector �elds @t; @z and the measuredt dz, and �(t) 2 C10 (R+) equals 1 near t = 0. Recall the set � from (4.3).(5.5) Lemma. L0 : Hr+2;�;` ! Hr;�;`�m is Fredholm provided � =2 �.Proof. Fix � =2 �. As usual, we prove Fredholm properties by constructing right andleft parametrices for L0, which are bounded on the appropriate spaces, and which areinverses up to compact error. It su�ces to construct only a right parametrix since aleft parametrix is obtained by the duality arguments explained in the last section. Thisparametrix H is obtained by patching together local parametrices for L0 near 0 and1. Near t = 0 only the b-structure of L0 is relevant, and a parametrix in this casewas constructed in x4. It is bounded between t�Hrb and t�Hr+mb locally near t = 0.Near in�nity we proceed as follows. By the ellipticity assumption of (5.3), the partialprincipal symbol~�(L0) = (i)m(am;0;0tm�m + a0;m;0tm) + Xj�j=m a0;0;�@�z(with � dual to t) satis�es h~�(L0)u; ui � Ctm(1 + �m)kuk2 for t � s0. Hence theoperator norm of ~�(L0)�1 is bounded by Ct�m(1 + �)�m. De�ne the parametrix H1near 1 by H1(u) = Z eit� ~�(L0)�1û(�; z) dz:The remarks above show that(1� �(t))H1 : Hr;�;`�m !Hr+m;�;`37



is bounded. Patching H1 to the parametrix near 0 we obtain an operator H whichsatis�es LH = I �K, for some error term K. Now K is a �nite sum of terms, each ofwhich is both smoothing of order at least one, decaying at least like t�1 as t!1 andlike t� for some � > 0 as t! 0. Hence both maps in(5.6) K : Hr;�;` !Hr+1;�+�;`+1 ,!Hr;�;`are bounded. Since the second inclusion is compact, K itself must be compact. This�nishes the proof.We can also deduce the rapid decrease of any temperate solution to L0u = 0.(5.7) Corollary. If u 2 Hr;�;` for some ` and L0u = 0, then u 2 Hr;�;` for every `and r.Proof. By duality from the construction above we can �nd a left parametrix H 0 suchthat H 0L0 = I �K 0, where K 0 has the same boundedness properties as in (5.7). ThenL0u = 0 implies that u = K 0u, and the result follows by iteration.Also, of course, u is polyhomogeneous near t = 0.Fix �. Now that Fredholm properties for L0 have been established we shall onlyconsider the case ` = ��, so that H0;�;�� = s�L2. It now follows as before that thereexists a generalized inverse and projectors onto the kernel and cokernel of L0, G0 andP0i; we choose the P0i to be orthogonal projectors when r = 0. These satisfy(5.8) G0L0 = I � P01L0G0 = I � P02:By de�nition, G0 : Hr;�;`�m !Hr+m;�;`P0i : Hr;�;`�m ! Hr0;�;`0 (5:9)are bounded for any r; r0; `; `0.The proof of (4.20) implies that(5.10) G0 2 	�m;Hb +	�1;H; P01 2 	�1;E ; P02 2 	�1;Fwhere E ; F ; H are the collections of index sets (4.22).This description of these operators is not complete: we must also determine theirbehaviour near 1.(5.11) Lemma. G0(t; z; ~t; ~z) and P0i(t; z; ~t; ~z) are rapidly decreasing in t locally uni-formly in (~z; ~t; ~z) and rapidly decreasing in ~t locally uniformly in (t; z; ~z). Furthermore,the coe�cient functions for the asymptotic expansion of any of these functions as t! 0is rapidly decreasing in ~t, locally uniformly in the other variables, and vice versa.Proof. Since the P0i are �nite sums of products of elements of the nullspace of eitherL0 or L�0, the lemma follows for them from (5.7). Now use (5.8) to obtain the samedecay for G0.Proved similarly is 38



(5.12) Lemma. As � ! 1, G0(�t; z; �~t; ~z) and P0i(�t; z; �~t; ~z) decrease rapidly lo-cally uniformly in (t; z; ~t; ~z); for G0 this is only true provided (t; z) 6= (~t; ~z).This completes the discussion of individual elliptic Bessel operators. We next discusshow these results are a�ected by parameters. First we recall the(5.13) De�nition. An operator A is said to have the unique continuation property(UCP) at a boundary B if any solution of Au = 0 vanishing to in�nite order at Bvanishes identically.The following seems crucial, especially in Part II of this paper.(5.14) Hypothesis. For each value of the parameters ~y and �̂ both L0 and its adjointLt0 have the unique continuation property at ft = 0g.It is possible that this hypothesis always holds; it is known to be true in certain cases,e.g. whenever L is uniformly degenerate so that L0 is an ODE, and also for many secondorder operators [A-L]. The hypotheses (5.14) and (2.22) are the two basic assumptionswe use in obtaining theorems about elliptic edge operators. Because of (5.14) it followsthat for each value of (~y; �̂) 2 S�Y , L0 is surjective on t�L2, and injective on t�0L2,for � su�ciently negative and �0N su�ciently large. Let �(~y; �̂) denote the supremumof all such � for �xed (~y; �̂) and �(~y; �̂) the in�mum of all such �0. These values mustlie in the set � of (4.3). As functions on S�Y they are semi-continuous functions andeverywhere �nite; therefore they reach minimal, respectively maximal, values on S�Y .Fix these values now for once and all and label them � and �. � is not necessarily lessthan �, cf. [M-S], in which case the results of this paper show that L is semi-Fredholmif � =2 �, and is actually Fredholm provided � < � < �, � =2 �. Now suppose � < � and� =2 �. Then L0 is surjective with �nite dimensional nullspace on s�L2 for every (~y; �̂).Since the index of L0 is independent of (~y; �̂), the nullspace of L0 in s�L2 must haveconstant dimension. The analogous discussion applies when � > �, � =2 �. Standardperturbation theory now implies the rest of the proof of(5.15) Proposition. For � as above, the generalized inverse and orthogonal projectorsfor L0 on t�L2, G0 and P0i, vary smoothly in the parameters (~y; �̂) and satisfy (5.10),(5.11) and (5.12) uniformly. P02 = 0 when � < � and P01 = 0 when � > �.A result analogous to Proposition (5.15) for N(L) is now simple to establish. Actu-ally, since it requires no extra e�ort, we assume below that � =2 � is any weight suchthat G0 and P0i vary smoothly in the parameters, but not necessarily chosen so thatone of the projectors vanish. Notice though that we are demanding that the rank ofthe kernel and cokernel of L0 remain constant. We deduce closed range properties forN(L) acting on the space s�Hre (R+ �Rk � F ; ds du dz) de�ned as in (3.22) (but withthe vector �elds Vi there invariant with respect to translations and dilations in (s; u)since we are working globally in these variables) and the existence and structure of thegeneralized inverse and projectors for this mapping. We also examine the nature of theSchwartz kernels of these operators on the stereographic compacti�cation Sk+1++ � F ofR+ �Rk � F . 39



(5.16) Theorem. Let the weight parameter � be as above. Then the mapping N(L) :s�Hr+me ! s�Hre has closed range. In particular there exists a generalized inverseN(G) and projectors N(P1); N(P2) (which are orthogonal when r=0) onto the kerneland cokernel of N(L) such thatN(G) : s�Hre ! s�Hr+meN(Pi) : s�Hre ! s�Hèare bounded for any r; `.The proof of this theorem follows easily from results earlier in this section, althoughthere are several details to be checked. N(G) and the N(Pi) are recovered from G0and P0i in two steps: �rst by rescaling so as to correspond to\N(L) and then by inverseFourier transformation.Since L0 is obtained from\N(L) by the substitution sj�j = t, we only need performthis same substitution in reverse to obtain the generalized inverse and projectors for\N(L).(5.17) Lemma. The operators de�ned by Ĝ(s; ~s; z; ~z; �) = G0(sj�j; ~sj�j; z; ~z; �̂)j�j andP̂i(s; ~s; z; ~z; �) = P0i(sj�j; ~sj�j; z; ~z; �̂)j�j are bounded from s�Ĥre (ds dz) to s�Ĥr+me ands�Hè, respectively, for any r; ` and � 6= 0, with bound independent of �. The spacess�Ĥ le are de�ned as in (3.22) except that di�erentiations with respect to s@u are replacedby multiplications by s�.Proof. First we prove boundedness of these operators on s�L2(ds dz) with bound inde-pendent of �. As always, conjugating by s� allows us to assume that � = 0. Notice thatthis is the same as conjugating by (sj�j)�, and the change of variables below respectsthis reduction. The transformation u(s; z) ! ua(s; z) � a�1=2u(s=a; z) is an isometryof L2. Now, with k k the norm on either L2(ds dz) or L2(dt dz) depending on thecontext we compute by changing variableskĜuk = k(Ĝu)j�jk = kG0(uj�j)k � Ckuj�jk = CkukThe inequality here follows from the boundedness of G0 on L2(dt dz) and C is its(j�j-independent) norm. The boundedness of Ĝ from Hre to Hr+me for r a positiveinteger follows easily by applying the same argument and using that the operatorstmG0, (t@t)i@jzG0, i + j � m, are also bounded on L2(dt dz). When r is a negativeinteger the result follows by duality and �nally for general r one may use interpolation.The arguments for the P̂i are identical.Proof of (5.16). It su�ces to construct the operators N(G) and N(Pi). Clearly theircorrect de�nition is given by(5.18) N(G)(s; ~s; u; ~u; z; ~z) = Z ei(u�~u)�G0(sj�j; ~sj�j; z; ~z; �̂)j�j d�N(Pi)(s; ~s; u; ~u; z; ~z) = Z ei(u�~u)�P0i(sj�j; ~sj�j; z; ~z; �̂)j�j d�:40



That N(G)N(L) = I�N(P1); N(L)N(G) = I�N(P2) is obvious from the de�nitions.Boundedness of these operators follows from Lemma (5.17) and the Plancherel formula.By Lemma (5.12) the Schwartz kernels of these operators are smooth in the interior(excepting of course the singularity of N(G) along the diagonal). The N(Pi) projectonto the full kernel and cokernel of N(L) because P̂i project onto the full kernel andcokernel of N̂(L) for every �.Let � = R+ �Rk � F . It is clear from (5.18) that the functions N(G) and N(Pi)above are homogeneous of degree �k � 1 in the variables (s; u; ~s; ~u) on �2. We havebeen regarding these kernels as corresponding to operators acting on functions ratherthan half-densities. If we now revert to our previous conventions and multiply them bythe standard half-density factors � = pds du dz d~s d~ud~z, we obtain the distributionalsections �N(G)r� k+12 � and �N(Pi)r� k+12 of the singular half-density bundle r� k+12 
 12on �2e where the distributions �N(G) and �N(Pi) are homogeneous of degree 0. Forsimplicity we call these distributions �(G) and �(Pi). Their interior smoothness andhomogeneity imply that they are smooth down to B11(�2e) (only away from the diagonalfor N(G) of course). We now establish that they are polyhomogenous at the sideboundaries so that N(G) and N(Pi) are of edge type.(5.19) Proposition. With collections of index sets H; E and F as in (5.10) and(4.22), we have N(G) 2 	�m;He (�), N(P1) 2 	�1;Ee (�) and N(P2) 2 	�1;Fe (�).Proof. We prove this only for N(G); the proof for the N(Pi) is identical. As notedabove, it su�ces to show that the function �(G) is polyhomogeneous at the boundariesB10 and B01 of �2e away from B11.The polyhomogeneity of G in the interior of either of the side boundary faces, henceat points in the interior of B10 \ B11 or B01 \ B11, follows from the expression (5.18)and Lemma (5.11). For by this lemma, as s ! 0, for example, and ~s; u remain in abounded set, with ~s bounded away from 0 as well, we may replace G0 in (5.18) byany �nite sum of its expansion plus a term vanishing at some high rate. Since thecoe�cients are rapidly decreasing in j�j the integral is smooth in s; u; ~u, and the errorterm is similarly controlled.To show that �(G) is polyhomogeneous at the corners we use Lemma (A.4). ReplaceG0 in (5.18) by its expansion near s = 0, for example; then each of the coe�cients inthe expansion there is of the form(5.20) a(~s; u; ~u; z; ~z) = Z ei(u�~u)� F (~sj�j; z; ~z; �̂)j�j` d�for some ` 2 R. Here F is some function rapidly decreasing in sj�j; ~sj�j, but poly-homogeneous as either of these variables tends to zero, and smooth in the remainingvariables. We already know from above that a is smooth for ~s; u; ~u; z; ~z in a boundedset. Furthermore, we may also restrict to f~s = 1; ~u = 0g. Now we must check that ais of stable regularity with respect to vector �elds on fu 2 Rk; z; ~z 2 Fg which trans-form under stereographic projection to totally characteristic vector �elds on B10\B11.41



Clearly a is smooth in z and ~z, so we may restrict attention to behaviour in u. Thevector �elds uj@uk , when projected stereographically, span Vb(B10 \ B11), so we mustcheck that a is of stable regularity with respect to these. For any multiindices �, �with j�j = j�j(5.21) u�@�ua = Z u�(i�)�eiu��F (j�j; z; ~z; �̂)j�j` d�:Because of the rapid decrease of F the extra factors of � cause no problems, but theextra factors of u do increase growth at in�nity. Fortunately these counterbalance oneanother. To see this, replace u�(i�)�eiu�� by (i�)�(�i@�)�eiu�� = ��@�� eiu��. Sincej�j = j�j, ��@�� is equal to some combination of the vector �elds (�@�) and @�̂, where� = j�j. Now integrate by parts j�j times, throwing all derivates from the exponentialonto F (j�j; z; ~z; �̂)j�j`. Because of the rapid decrease of F as � ! 1, its conormalityas �! 0 and its smoothness in �̂, the integration by parts produces a sum of terms, allof which are integrals as above of some functions Fi which decrease rapidly as �!1,and which have the same order of conormality at � = 0 as the integrand in (5.20).Taken together, these facts imply that a is of stable regularity as u ! 1. It is clearthat the collections of index sets H, E and F are the same as for G0, P01 and P02.x6. Semi-Fredholm TheoryUsing the contents of the last three sections the complete analysis of elliptic edgeoperators in the semi-Fredholm case is now possible. As in x4, the basic idea is to addcorrection terms to the crude parametrix from Theorem (3.8). However only rarelywill it be possible to obtain a two-sided parametrix with compact remainders since thiswould imply that L is Fredholm. When N(L) is either injective or surjective then cor-rection terms may be added in a manner almost identical to the one explained in detailfor totally characteristic operators to produce a one-sided parametrix with compact re-mainder. This implies that L has closed range. However unless L is actually Fredholmthe part of the proof of (4.20) giving the precise structure of the generalized inverseand projectors breaks down. This is because of the di�culty of directly controllingthe parametrix so that its range is essentially equal to the orthogonal complement ofthe nullspace of L. However there is a trick to reduce the semi-Fredholm case to the(self-adjoint) Fredholm case which circumvents this di�culty. This leads to our mainresult:(6.1) Theorem. Suppose L 2 Di� �em(X) is elliptic and satis�es the hypotheses (2.22)and (5.14). Suppose also that a weight parameter � =2 � is chosen so that either� > � or � < �. Then L : x�H`+me (X) ! x�Hè(X) is either essentially injective oressentially surjective, respectively, and in either case has closed range. Therefore it hasa generalized inverse G and orthogonal projectors Pi onto the nullspace and orthogonal42



complement of the range of L which are edge operators:(6.2) G 2 	�m;He (X) + 	�1;H0(X);P1 2 	�1;Ee (X) + 	�1;E0(X);P2 2 	�1;Fe (X) + 	�1;F 0(X):Here E, F and H are the collections of index sets from (5.10) and the prime meansomit the 11 component of the triplet of index sets. P1 is very residual if � < � and P2is very residual if � > �.Proof. By the hypotheses on � we can always reduce to the case when the normaloperator is an isomorphism. For de�niteness assume that � < � so that N(L) issurjective. Form the operator L = LL�. This is an elliptic edge operator of order 2mwhich extends to be self-adjoint. Since N(L) = N(L)N(L)� it is an isomorphism. IfN(L) is already an isomorphism (i.e. � > � as well) then we do not need to resort to thisarti�ce and the proof proceeds in the same way, except that then self-adjointness playsno role. We shall not compute specb(L), since our immediate aim is only to establishthat L has closed range and that G and the Pi are edge operators.We construct right and left parametrices for L following closely the steps of Theorem(4.4), however switching the �rst two steps. Thus �rst choose A0 2 	�m;He (X) to beany extension o� B11(X2e ) of N(G). Then LA0 = I � R0 where R0 vanishes to �rstorder on the front face but still has a conormal singularity along �e, but which alsovanishes on approach to B11. Next choose A1 supported near �e so that LA1 cancelso� this conormal singularity. Now L(A0 + A1) = I � R1 where R1 2 	�1;H(1)e (X),i.e. H11 = 1. (A.9) allows us to choose an operator A2 supported near this boundaryand so that LA2 � R1 = �R2 vanishes to in�nite order along B10, but still only to�rst order along B11. Finally choose an asymptotic sum I + R0 for the Neumannseries corresponding to (I � R2)�1 and postmultiply LA2 = I � R2 by this. The�nal parametrix is A = (A0 + A1 + A2)(I + R0) and it satis�es LA = I � R whereR 2 	�1;;;I(X) for some I. Since L is self-adjoint on x�L2 we can take A� as a leftparametrix with corresponding remainder R�. All operators here are bounded on x�L2.We have been rather brief here because this is exactly as in x4. The only di�erence isthat the analysis of x5 replaces the Mellin transform arguments there. Since R and R�are both compact operators this proves that L is Fredholm.The proof that the generalized inverse G and projector P1 = P2 � P correspondingto L are in the edge calculus is quite similar to the one in the proof of (4.20). Firstnote that any u 2 ker(L) satis�es u = R�u, hence is polyhomogeneous. Since P is a�nite sum of terms in the nullspace of L in x�L2 we see that P 2 	�1;I with I asabove. Next write the analogue of (4.24) and (4.25), replacing A1 and A2 there by Aand A� and R1 and R2 by R and R�. This expresses G as a sum of one term in thelarge edge calculus and other very residual terms. Hence G is of edge type.Now we can return to the operator L. Were L to have closed range and a generalizedinverse G and orthogonal harmonic projectors Pi then clearly we would have to have43



P2 = P and G = L�G. Thus we simply de�ne G and P2 in this way. Automaticallythese operators are in the edge calculus and LG = I � P2. To verify that G is thegeneralized inverse for L on x�L2 we must also check that GL = I�P1 with P1 and P2the orthogonal projectors in x�L2 onto the nullspace and orthogonal complement to therange of L. Clearly the nullspace of L is equal to the nullspace of L� which in turn isequal to the orthogonal complement of the range of L. Thus P2 is the correct projector.On the other hand, de�ne the element Q of the edge calculus by GL = I�Q. We mustcheck that Q is the orthogonal projector onto the nullspace of L. Since GL = L�GLis self-adjoint, so is Q. Furthermore, computing LGL in two di�erent ways showsthat LQ = 0. In particular, Q is residual. Next, apply GL = I � Q to Q and usethat LQ = 0 to get Q2 = Q. Finally, the equation GL = I � Q shows that Q = Ion the nullspace of L in x�L2. These properties uniquely characterize the orthogonalprojector onto the nullspace of L, so Q = P1. Finally, since P1 and P2 are the correctprojectors, G must be the generalized inverse for L on x�L2 which maps x�L2 onto thex�L2-orthogonal complement of the kernel of L in x�Hme . In particular, the existenceof G and its boundedness on all spaces x�Hè implies that L : x�Hè ! x�H`�me hasclosed range for every ` 2 R.We have now established that G and the Pi are each in the edge calculus, andmore particularly, each one of these operators is a sum of an operator in the largecalculus and a very residual operator. The self-adjointness of the Pi and the equationsLP1 = 0, L�P2 = 0 imply that these operators have the form (6.2). Finally theequations GL = I � P1 and LG = I � P2 imply that G has the correct form.Following directly from the boundedness of edge operators on H�older spaces is(6.4) Corollary. For L as in this theorem, ` � m a positive integer and 0 < � <1 the mapping L : x��`;� ! x��`�m;� is semi-Fredholm provided � = � � 12 and� =2 � is as in the previous theorem. Furthermore, supposing for convenience that� < � so that L is essentially surjective, x��`;� topologically splits into the direct sumP1(x�  L`;�)� (I � P1)(x�  L`;�) of the nullspace of L and its topological complement.Our eventual goal is to establish a more general theorem of this type, namely thatelliptic edge operators with in�nite dimensional kernel and cokernel on the same spacehave closed range. Unfortunately this requires a rather di�erent approach involvingPoisson kernels and Calderon projectors. This has been relegated to a separate paperbecause the full development is rather lengthy. The basic problem is that even if weform L in the same way, it is self-adjoint but we do not know that its range is closed.However if we knew this already then we could prove that L also has closed range andthat the generalized inverse and harmonic projector for both L and L are of edge type.This is proved by showing that the resolvent (L � �)�1 is of edge type when � is inthe resolvent set for L. This is proved exactly as above. Then the harmonic projectorP is given by a contour integral of this resolvent around a small loop surrounding theisolated pole at � = 0. Only here do we require that L have closed range so that thispole is isolated. An argument can then be made to show that this contour integralrepresents a pseudodi�erential edge operator. We shall explain this in Part II.44



x7. AsymptoticsWe now prove some general facts about the existence of asymptotics of solutions toLu = 0, or more generally of solutions to Lu = f when f vanishes to a much higherorder than u. As always we shall assume the hypothesis (2.22). The arguments in thissection generalize those in [M2] and similar ideas are to be found in [Me2].Asymptotics for elliptic edge operators are a generalization of classical results con-cerning smoothness to the boundary of solutions of elliptic boundary problems. Weshall prove here that an arbitrary solution of Lu = 0, or more generally Lu 2 _C1(X),admits an asymptotic development(7.1) u � X<(sj)!1 1X̀=0 pjXp=0xsj+`(logx)puj;`;p(y; z):(The sj are the indicial roots of L.) In general this expansion has the curious propertythat the coe�cient functions uj;`;p are smooth in z but progressively worse as functionsof y as j; ` ! 1. Typically uj;`;p 2 Hrj�` for some rj 2 R; rj ! �1 as j ! 1, asa function of y. We shall refer to asymptotic expansions with this property as weakasymptotic expansions later on. We shall present an explicit example toward the endof the section which exhibits this behaviour clearly.To put our goals into context, Corollary (3.24) states that if Lu = 0 for an ellipticL (possibly with varying indicial roots) and u 2 x�L2 for some � then u 2 x�H1e (X);another way to phrase this is to say that u is of stable regularity with respect to Ve. Ifu also has a weak asymptotic expansion, it can then be regarded as a `classical' elementof x�H1e . The drops in regularity in its expansion are associated naturally with Ve. Onthe other hand, if all coe�cients are smooth, then u is a classical element in the spaceof functions of stable regularity with respect to Vb, i.e. u is polyhomogeneous in theusual sense. Polyhomogeneous expansions are to be expected only when the indicialroots of L are constant.The fact that solutions may have weak asymptotic expansions seems to be at variancewith the well known boundary regularity for solutions of elliptic boundary problems,which should be a special case of results here. This is clari�ed by two results we provehere which give conditions for a given solution u in order that all coe�cients in itsexpansion be smooth. The �rst, which is the analogue of boundary regularity for thehomogeneous Dirichlet problem, states that if u lies in a weighted space x�L2, where� > �, where � is as in x5 so that the normal operator N(L) is injective on s�L2,then u is polyhomogeneous. Another way to phrase this is that all coe�cients areC1 provided the coe�cients aj;`;p for which <(sj) + ` � � � 12 all vanish. Regularitytheory for the inhomogeneous Dirichlet problem is contingent upon the regularity ofthe Dirichlet data. The analogous criterion to ensure that u is polyhomogeneous is torequire that all coe�cients aj;`;p for which <(sj) + ` � �0 � 12 are smooth. This willimply smoothness of all higher coe�cients. The former result is obviously a specialcase of this one. 45



The basic tool in proving these facts is the Mellin transform (A.19) acting on func-tions of x with values in some space of distributions in (y; z). We shall use the followingnotation below. The basic spaces are x�L2(dx dy dz); for simplicity we have omittedmention of the domain of the functions in question. The ensuing discussion in thissection is local at the boundary, hence we shall always assume that all functions aresupported in a small neighbourhood of @X where, say, x < 1. Actually, all resultsbelow are local in the neighbourhood of any �bre Fy � @X but global on each �bre.Thus we shall often be a bit sloppy about the domain of dependence in y. Notice thatx�L2(dx dy dz) may be rewritten as x�L2(dx;L2(dy dz)). The Mellin transform carriesit isomorphically to the space consisting of all functions from � < � � 12 with values inL2(dy dz) which are holomorphic in � and such that R juM j2 d(<�) is uniformly boundedindependently of =�. The integrand here is square of the L2 norm of uM in y; z for�xed � and as usual � = � + i�.(7.2) De�nition. For any real number t denote by x�L2(dx dz;Ht(dy)) the space offunctions which are in the space x�L2(dx dz) with values in Ht(dy), for any choice ofcoordinates. Denote the range under the Mellin transform of this space by ML2(�� 12 ; t).It consists of the space of all functions holomorphic in the half-plane � < � � 12 withvalues in L2(dz;Ht(dy)), and such that R�=C kuM (y; z)k2(�) d� is uniformly boundedindependently of C � � � 12 .Recall from the appendix x2A that functions which have expansions in the variablex have Mellin transforms which extend meromorphically to all of C with poles atlocations determined by the exponents in the expansion. Our technique consists inproving that the Mellin transform of a solution u admits a meromorphic continuation.However, this continuation exists in general only if we allow uM to take values in any�xed function space in z and the space of arbitrary distributions in y. More precisely,we shall show that if u solves Lu = 0, where L is an elliptic edge operator, and u 2 x�L2then uM continues meromorphically to the half-plane � < � + N � 12 with values inL2(dz;H�N (dy)).(7.3) Theorem. Suppose u 2 x�L2(dx dy dz) satis�es the equation Lu = f 2 _C1(X)where L 2 Di� �e (X) is elliptic (with constant indicial roots). Then u admits an asymp-totic development of the form (7.1) in which the sj are all in specb(L) and <sj > �� 12 .The coe�cients aj;`;p(y; z) are smooth functions in z and lie in the space H�rj asfunctions of y, rj = <sj + `� � + 12 .Proof. Suppose A 2 	�me is a parametrix for L, so that AL = I � Q, with Q 2 	�1e .Then(7.4) u = Qu+ Af:Since f vanishes to all orders at @X, Af 2 _C1 as well, hence contributes nothing toany (putative) expansion. For the rest of the argument we shall neglect it and simplyassume that f = 0 and u = Qu. In particular, we get that u 2 x�H1e .46



Rewrite the equation Lu = 0 near the boundary as(7.5) I(L)u = Euwhere I(L) is the indicial operator of L (in our �xed choice of coordinates near theboundary) and E contains all `higher order terms' in L, i.e. all terms which have theform bj;�;� x` (x@x)j(x@y)�@�z , where ` � 1 if j 6= 0, with bj;�;� smooth. Now passto the Mellin transform of (7.5). From the discussion above we see that I�(L)uM 2ML2(� � 12 ; 0), since u 2 x�H1e implies that Eu 2 x�L2. Now recall the discussionfollowing (2.21) concerning the invertibility of I�(L). This inverse exists at all but adiscrete set of points, where it has poles. For simplicity we shall assume that there areno poles on =� = � � 12 +N for any positive integer N . The Laurent coe�cients of allsingular terms at these poles are �nite rank projectors onto smooth functions in z andby (2.22) depend only algebraically and smoothly on y. Furthermore there are only a�nite number of these poles in any strip a < � < b. Hence we conclude that(7.6) uM = I�(L)�1(Eu)Mas a meromorphic function in � < �� 12 . Since we already know that uM is holomorphicin this half-plane, the poles of I�(L)�1 must be cancelled by zeroes of (Eu)M . Noticealso that since � appears polynomially in I�(L), I�(L)�1 is bounded along horizontallines in the � plane, hence does not a�ect the L2 estimates along these lines.The �rst terms in the expansion for u are obtained from (7.6) by reinterpretingthe term Eu as an element of x�+1L2(dx dz;H�1(dy)) as follows. Eu is a sum ofterms ax`(x@x)j(x@y)�@�z u, where ` � 1 whenever j > 0. For any such term inwhich � = 0, u 2 x�H1e implies that we may regard this term as an element ofx�+1L2(dx dz;L2(dy)) � x�+1L2(dx dz;H�1(dy)). However, if � 6= 0 then combine thefactor of x from any one x@yi into the weight in front and di�erentiate u with the re-maining y derivative. The remaining factors are treated as before and do not a�ect theregularity. This allows us to raise the weight by one order at the expense of lowering reg-ularity in y by one degree. Now (Eu)M 2ML2(�+ 12 ;�1). From (7.6) we conclude thatuM may be meromorphically continued into � < � + 12 with values in L2(dz;H�1(dy))with at most a �nite number of poles in the strip � � 12 < � < � + 12 . Take the inverseMellin transform of this function by integrating along a contour � = � + 12 � � aboveall poles to conclude that(7.7) u�Xxsj (logx)puj;0;p(y; z) 2 x�+1L2(dx dz;H�1(dy));where the sum is �nite and all � � 12 < sj < � + 12 for all j.A priori we can only conclude that the coe�cients uj;0;p(y; z) are in L2(dz;H�1(dy)).However, �rst of all, since they are the singular Laurent coe�cients at the poles of uM ,they are the images under the singular Laurent coe�cients of I�(L)�1 at these poles.As remarked earlier, these coe�cients project onto �nite dimensional spaces of smooth47



functions in z, hence the uj;0;p(y; z) are smooth as functions of z. We can also improveregularity in y somewhat using Calder�on's method of complex interpolation, for whichthe Mellin transform is ideally suited. More speci�cally, we would like to conclude thatuj;0;p is in H�(<sj��+ 12 ) as a function of y. (Note that by assumption on the sj, theseorders all lie between �1 and 0.) Since I�(L) only depends smoothly and algebraicallyon y, it will su�ce to conclude that, for the holomorphic extension of (Eu)M into� < � + 12 described above, with values in L2(dz;H�1(dy)), (Eu)M(�) actually lies inL2(dz;H�t(dy)) at any point of the horizontal line � = � � 12 + t.The method of complex interpolation, cf. [T], assigns to any pair of Banach spaces Eand F contained in some ambient Banach space V and to any � 2 (0; 1) an intermediatespace [E;F ]� in the following manner. Consider the space of all maps w(z) fromthe strip 0 � <z � 1 to V which are holomorphic in the interior of this strip andcontinuous in its closure. We require also that, writing z = x+ iy, w(iy) takes valuesin E with E-norm bounded independently of y, and w(1+ iy) takes values in F , againwith F -norm bounded independently of y. The space [E;F ]� then is de�ned to bethe set of all possible values of such maps at the point z = �. In our situation weconsider the holomorphic map w(z) = uM (iz + � + i(� � 12 )), � 2 R. For any zin the strip this takes uniformly bounded values in the space L2(d� dz;H�1(dy)), inparticular for <z = 1; furthermore, when <z = 0 it takes uniformly bounded valuesin L2(d� dz;L2(dy)). Therefore, at z = �, or indeed at any point along <z = �, ittakes values in the intermediate space [L2(d� dz;L2(dy)); L2(d� dz;H�1(dy))]t. By thetechniques of Theorem (4.2) of Ch. 1 in [T] this intermediate space is seen to coincidewith L2(d� dz;H�t(dy)). This implies the regularity of the coe�cients as stated.Now it is clear that we may continue in this fashion, extending uM meromorphicallyover each successive strip � � 12 + N � 1 � � < � � 12 + N as a function with valuesin the space L2(dz;H�N (dy)). The poles of this function occur not only at the pointssj lying in the set of indicial roots of L in this strip, but also at points sj + `, for all` 2 N. This is because Eu now contains smooth multiples of (derivatives of) termswhich already arose in the expansion at an earlier stage. The Mellin transform of a terma(x; y; z)xsj(logx)m has poles at all points �j + `, re
ecting the Taylor expansion of ain x. Arguing as before using complex interpolation also implies the precise regularityof the coe�cients. This completes the proof.(7.8) Example: As promised, we now give an example of a solution u to Lu = 0 with anexplicit weak asymptotic expansion. In this example the operator L is the Laplacianon the two-dimensional hyperbolic space H2 = f(x; y) 2 R2 : x > 0g: L = x2(@2x+ @2y),and u is the Poisson kernel with pole at (0; 0): u = x=(x2+y2). It is easy to check thatspecb(L) = f0; 1g. Theorem (7.3) guarantees that u admits an asymptotic developmentof the form (7.1) with sj 2 f0; 1g. Actually, since u is smooth up to x = 0 away fromy = 0, the development contains no logarithmic terms, so that(7.9) u � 1Xj=0 xjuj :48



Because Lu = 0 it is clear that all higher coe�cients u2; u3; � � � are formally determinedin terms of u0 and u1. Thus it su�ces to determine these �rst two coe�cients. Note �rstthat since the uj are distributions, the real meaning of (7.9) is that for any � 2 C1o (R)and for any N � 0 the distributions u0; � � � ; uN satisfy(7.10) h(u� (u0 + � � �+ xNuN )); �i = o(xN )as x ! 0. These coe�cients are obviously uniquely de�ned, provided they exist, soto check that (7.9) holds for a particular choice of coe�cients, it su�ces to check that(7.10) holds for arbitrary �.Now, it is classical that for our choice of u, u0 = ��0, the Dirac delta function in yproperly normalized at y = 0. To determine u1 we must compute the value of(7.11) limx!0 hu� u0x ; �(y)i:For �xed x > 0 let `x denote the functional on the left hand side of (7.11) Using thevalue of u0 above it is clear that(7.12) `x(�) = Z �(y)� �(0)x2 + y2 dy:Expanding �(y) in a Taylor series about y = 0 shows that at least the limit (7.11) isde�ned for each �. Furthermore, if � is supported away from y = 0 then an integrationby parts identi�es limx!0 `x with 1=y2. It only remains to identify the regularizationof this homogeneous distribution at y = 0. We omit the details of this computation,which involve only splitting up the integral into pieces and using the fact that �(y) =�(0)+y�0(0)+y2 (y) for some smooth  near y = 0. The result is that u1 = (log jyj)00,and in particular that u1 has no mass at the origin. Now it is a simple matter to checkthat the further coe�cients determined formally from these two satisfy (7.10). The fullexpansion is(7.13) u �Xx2j (�1)j�@2jy �0(2j)! +Xx2j+1 (�1)2j+1@2j+2y (log jyj)(2j + 1)! :The loss of regularity in higher coe�cients is clearly exhibited here. Also, u 2 x�L2 forany � < 0 and the coe�cient uj of xj is an element of Ht(dy) for any t < �(j + 12 ).For example �0(y) 2 Ht for any t < � 12 . This agrees with the sharp estimate in thestatement of (7.3).The expansion is (7.13) is universal for this operator L because u is the Poissonkernel. If v is any solution of Lv = 0 equal to the Poisson transform of its leadingcoe�cient v0 then all higher coe�cients are obtained as the convolutions of v0 with uj .Another perspective yielding the same result is to observe that u is the inverse Fouriertransform of the function e�xj�j, so the coe�cients uj are the inverse Fourier transformsof the coe�cients (�j�j)j=j! in its Taylor expansion at x = 0. vj is obtained from v0by applying the pseudodi�erential operator with this symbol. The drop in regularityof vj follows because this operator has order j.There is another result closely related to (7.3) which is quite useful.49



(7.14) Theorem. Suppose that L : x�Hme ! x�L2 is surjective, and u 2 x�Hme is theparticular solution of the equation Lu = f given by the right inverse G to L, u = Gf ,where f 2 x�0L2 and �0 > �. Then u admits a partial expansion(7.15) u =Xxsj+`(logx)paj;`;p(y; z) + v;where the sum is only over those sj 2 specb(L) and ` 2 N for which � � 12 +<sj + ` <�0 � 12 , and v 2 x�0Hme . In this expansion the coe�cients aj;`;p(y; z) are smooth in zand elements of H�0� 12�<sj�` as functions of y.Proof. Since G 2 	�m;Ee +	�1;F for some index sets E, F , so that G = G1+G2+G3where G1 2 	�me , G2 2 	�1;Ee and G3 2 	�1;F . Thus we may write u = u1 +u2 + u3, where ui = Gif . Since u1 2 x�0Hme by (3.23) and u3 2 AFphg, hence hasa complete expansion with all coe�cients smooth, it su�ces to prove that u2 has apartial expansion with coe�cients of the stated regularity.For this we �rst assume, without loss of generality by possibly decreasing the originalvalue of �, that � = �0�N , for some positive integer N . First carry through the Mellintransform argument of (7.3) applied to the equation Lu = f . Of course we can now onlymeromorphically extend uM to the strip � < �0 � 12 with values in L2(dz;H�N (dy)).Note that (u1)M is holomorphic in � < �0 � 12 with values in L2(dy dz), and (u3)Mextends meromorphically to the whole plane with singular Laurent terms at all polessmooth in both y and z. Thus it su�ces to prove that the contributions of u2 all havethe correct regularity. Rewrite u2 = G2f as u2 = (G2~xN )(g), where g = x�Nf 2 x�L2.Now observe that for any multi-indices �; �, @�y @�z u2 = (@�y @�zG2~xN )g. Because ofthe factor ~xN G2~xN vanishes to order N on the front face B11, and because any r@ylifts to a vector �eld on X2e which is tangential to all boundary faces and @z liftssmoothly and tangentially, the kernel @�y @�zG2~xN is an element of 	�1;E10;E01;N�j�je .In particular, it is bounded on x�L2 provided j�j � N , and for any �. This meansthat u2 2 x�L2(dx dz;HN(dy)), hence the meromorphic continuation (u2)M (�) actuallytakes in functions smooth in z and in L2(dy) for � � �0� 12 and in HN (dy) for � = �� 12 .The complex interpolation method now implies that the coe�cients aj;`;p have thecorrect regularity.(7.16) Remark: If we assume that the function f in the statement of (7.14) possessesmore tangential regularity, then we can conclude that the given solution u also pos-sesses more tangential regularity. An extreme form of this is Lemma (3.28): if f ispolyhomogeneous, then u = Gf is polyhomogeneous as well. It should also be pointedout that, although a general solution to Lu = f possesses a partial expansion of theform (7.15), the regularity of the coe�cients tends to be much worse than that provedabove. This is because the particular solution u = Gf is in some sense the best oneamongs all possible solutions u+ �, � 2 ker(L).As mentioned earlier, in certain cases it is possible to conclude that all coe�cientsuj;`;p in an expansion are C1, so that u 2 Aphg.50



(7.17) Proposition. Suppose that � =2 � and � > � as in x5 so that the normaloperator N(L) is injective on x�L2. Then if u 2 x�L2 satis�es Lu 2 A�phg we musthave u 2 A�phg.Proof. Rather than working directly with the expansion (7.1) and proving that allcoe�cients are smooth, we shall instead use the result of Theorem (6.1) which statesthat under the given hypothesis L is essentially injective, so that GL = I � P1 whereG is the generalized inverse for L and P2 is the (very residual) orthogonal harmonicprojector. If Lu = f then this equation implies that(7.18) u = Gf + P2u:The result now follows because both terms on the right are polyhomogeneous. Notethat this does not work if P2 is only large residual.(7.19) Corollary. Suppose �0 is a value of the weight parameter which satis�es thehypothesis of Proposition (7.17). Suppose that u 2 x�L2 for an arbitrary value of �,and Lu = 0, so that u has an expansion of the form (7.1). If all uj;0;p are smooth forevery j such that <sj < �0 � 12 then uj;`;p is smooth for every j; `; p and u 2 A�phg.Proof. First reduce to the case where all coe�cients uj;0;p with <sj < �0 � 12 vanish.Let w be the sum of all terms xsj+`(logx)puj;`;p with <sj < �0 � 12 , suitably cut o�near x = 0 and let v = u�w. Then Lv = f 2 x�0L2 \A�phg and since w 2 A�phg as wellit su�ces to show that v is polyhomogeneous. By lowering � or raising �0 we may alsosuppose that � = ��0.Let G be the left inverse for L on x�0L2, so that(7.20) GL = I:(L might actually have a �nite rank nullspace which would contribute a very residualoperator on the right, but since this causes no di�culties we assume that this term isabsent for simplicity.) If we could apply (7.20) to v then the equation v = Gf wouldimply the result. However, recall from x6 that (7.20) is obtained by duality from thedistributional equality LtGt = I where Gt is the right inverse for Lt on x��0L2, henceas it stands can only be applied to functions in x�0L2, which v isn't. Somewhat moregenerally we may apply (7.20) to any function v for which it is valid to perform thepairings and integration by parts in(7.21) 0 = h(LtGt � I)�; vi = h�; (GL� I)vifor any � 2 x��0L2. Actually, by density we need only let � range over x�0L2. Thepairing of v with � then makes sense and we need only justify the equality(7.22) hLtGt�; vi = h�;GLvi = h�; vi:51



Set  = Gt� 2 x��0L2. If we can establish that(7.23) hLt ; vi = h ;Lvithen the transposition of Gt to G follows immediately from Fubini's theorem. Now,Lt = � 2 x�0L2 and Lv = f 2 x�0L2, so both sides of (7.23) make sense in terms ofthe natural pairing of x�0L2 and x��0L2. The only di�culty is establishing the validityof the integration by parts leading from one side to the other. Rewrite the left sideusing the Plancherel formula for the Mellin transform as(7.24) Z�=�0� 12 (Lt )M (�)vM (�i� �) d� dy dzSince Lt = � 2 x�0L2, both �M (�) and vM (�i� �) are in L2 as functions of y along� = �0� 12 , so (7.24) is well-de�ned (which we already knew). However, now we deformthe contour of integration from � = �0� 12 to � = ��0� 12 . By Theorem (7.3), ( )M(�),and indeed (T )M(�) for any T 2 Di��e, is in H�0� 12�� in y along � = � , except fora �nite number of possible poles in the strip under consideration. On the other hand,vM (�i��) is in H�+ 12��0 in y along the same line. Furthermore, vM (�i��) has zeroesat exactly the same values of � at which  M has poles and of the same order too. Thisfollows from the hypothesis of this Theorem. Hence we may integrate each term byparts (recalling that di�erentiations by x@x have become multiplications by �i� now)to obtain that the left side of (7.23) is equal to(7.25) Z�=��0� 12  M (�)(Lv)M(�i� �) d� dy dz:Since Lv = f 2 x�0L2 we may apply the Parseval formula again to obtain the right sideof (7.23). This now establishes that v = GLv = Gf 2 A�phg as desired.References[Al-L] Alinhac, S. and N. Lerner, Unicit�e forte �a partir d'une vari�et�e de dimension quelconque pourdes in�egalit�es di��erentiales elliptiques, Duke Math. Jour. 48 no. 1 (1981), 49-68.[A] Andersson, L., Elliptic systems on manifolds with asymptotically negative curvature, Preprint,1989.[A-F] | and H. Friedrich,, In preparation.[B] Bartnik R., The mass of an asymptotically 
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