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1. Introduction. When a friend saw the title to my talk he asked if what I had
in mind was the well-known fact that number theory has an annoying habit: the
field produces, without effort, innumerable problems which have a sweet, innocent
air about them, tempting flowers; and yet...the quests for the solutions of these
problems have been known to lead to the creation (from nothing) of theories which
spread their light on all of mathematics', have been known to goad mathematicians
on to achieve major unifications of their science?, have been known to entail
painful exertion in other branches of mathematics to make those branches
serviceable®>. Number theory swarms with bugs, waiting to bite the tempted
flower-lovers who, once bitten, are inspired to excesses of effort!

Well, perhaps that summarizes the general aim of my talk—but, to put it more
gently, I want to spend a few minutes considering one example (a conjecture, in
fact) which shows how Number Theory can sometimes contrive to be a helpful, and
possibly inspirational, goad to the rest of the Mathematical Sciences.

The most celebrated of all deceptively simple (and still unsolved!) problems in
Number Theory is surely Fermat’s Last Theorem®. Its curious history (whose
statement first occurs as a marginal commentary on the equation arising from the
Pythagorean theorem) is so well known, it needn’t be rehearsed here. Professional
mathematicians, after Fermat, have approached Fermat’s Last Theorem with

le.g., Kummer’s theory of ideals
2e.g., Grothendieck’s theory of schemes
3e.g., The theory of group representations, and in particular, the “Langlands program”

“For a detailed account of the recent work on this see Oesterlé’s Bourbaki report [O] listed in the
References for §4.
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mixed feelings. Kummer, for example, called it “more of a joke than a pinnacle of
science,” and he came as close as anyone has come to proving it! Gauss wouldn’t
work on it, even when urged by his friends to do so in order to get the cash reward
which had been offered for its solution.

But Fermat’s Last Theorem has always been the darling of the amateur
mathematicians, and as things have progressed, it seems that they are right to be
enamored of it: Despite the fact that it resists solution, it has inspired a prodigious
amount of first-rate mathematics. Despite the fact that its truth hasn’t a single
direct application (even within number theory!) it has, nevertheless, an interesting
oblique contribution to make to number theory: its truth would follow from some
of the most vital and central conjectures in the field. Although others are to be
found, Fermat’s Last Theorem presents an unusually interesting “test” for these
conjectures.

My aim is to describe, in some detail, one of these grand conjectures (due to
Shimura, Taniyama and Weil®) which, even though still unproved, plays a struc-
tural and deeply influential role in much of our thinking and our expectations in
Arithmetic. Thanks to recent work of Frey, Serre, and Ribet®, it has a large
number of applications, Fermat’s Last Theorem among them. As I shall not have
time to make clear, but hope, at least, to make believable, the conjecture of
Shimura-Taniyama-Weil is a profoundly unifying conjecture—its very statement
hints that we may have to look to diverse mathematical fields for insights or tools
that might lead to its resolution’.

As we shall see, the conjecture of Shimura-Taniyama-Weil would imply a
strange and important connection between the elliptic curves that arise in Arith-
metic (we’ll get to that shortly!) and the Hyperbolic Plane.

I mentioned above that the conjecture of Shimura-Taniyama-Weil has as one of
its consequences, Fermat’s Last Theorem. As everyone knows, Fermat’s Last
Theorem is an assertion about the family of (Diophantine®) equations

XN 4+ yN=2zN

5The fact that this conjecture has also been referred to as the Weil conjecture, the Taniyama-Weil
conjecture, and the Taniyama conjecture points to the difficulty in assigning to it a clear attribution. It
was originally formulated as a problem by Taniyama in a conference in 1955 and was published in
Japanese, in Stigaku 7 (1956) p. 269. A more precise formulation corresponding to the modern form of
the conjecture—involving important information concerning the conductor—was implicitly suggested
by subsequent work of Weil which had the effect of bringing the problem to the attention of a large
audience. The most precise version of this conjecture to date, which brings in the crucial issue of fields
of definition, incorporates work of Shimura, Eichler, and others (see footnote 15 below, and the
technical appendix at the end). For a moving evocation of the life and times of Taniyama (as well as an
English translation of the original statement of Taniyama’s problems) see the article “Yutaka Taniyama
and his time, very personal recollections,” Goro Shimura, Bull. London Math. Soc. 21 (1989) 186-196.

See [S], [Fr 1, Fr 2], and [R] listed in the references at the end of §4.

"It does not seem unnatural to look to differential geometry for progress with this conjecture, or to
partial differential equations and the study of the eigenvalue problem for elliptic operators, or to the
representation theory of reductive groups... . It would be no surprise if ideas from the classical theory
of one complex variable and the Mellin transform were relevant, or of Algebraic Geometry... . But
perhaps one should also look in the direction of Kac-Moody algebras, loop groups, or Z-modules,
perhaps to ideas that have been, or will be, imported from Physics... .

8The adjective “Diophantine” is in honor of the Alexandrian mathematician Diophantos (perhaps
A.D. 250) and signals vaguely a type of equation not dissimilar from those Diophantos considered.
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for N =3,4,5,..., or with little loss of generality, for odd prime exponents N.
But despite the elegance, and evident symmetries of the above family of equations,
there is no denying that, after all, it is merely one family of Diophantine equations.
What is so excellent about these particular equations?

Now, the urge to put any single instance in an appropriate general context
before dealing with it mathematically is strong. Consider, for example, the way
Frangois Viete, the modern inventor of algebra, expressed that urge at the end of
his treatise (c. 1591) by saying that algebra appropriated for itself “the proud
problem of problems: which is to leave no problem unsolved.” More to the point,
consider the most celebrated of recent Diophantine results, valid in a truly general
context: the theorem of Faltings (conjectured originally by Mordell) which asserts
that any algebraic equation in two variables, and of genus’ greater than or equal to
2, has only a finite number of rational solutions.

But what is an appropriate general context in which to place the Fermat family
of Diophantine equations, and what is the appropriate Diophantine question to
ask? Despite the fact that the Fermat problem has been with us for three centuries
I don’t believe that we have any thoroughly comfortable answer, even to this
modest question. One may always take recourse (in cases where it is not clear how
to “correctly” generalize a problem) in the reliable method of kicking the problem
a bit, to get a “nearby” one ... . A relatively conservative move in this direction, in
the case of Fermat’s equation, is to allow general coefficients in the equation, say
one coefficient for starters—for example, fix a nonzero integer A4, and consider
the family

A-XN 4+ YN =7V

and then ask: Is there an exponent N, such that for exponents N (or for prime
exponents N) greater than N, there is no triple of integers (X, Y, Z), none zero,
solving the above equation? In this slight perturbation of Fermat’s original prob-
lem a few minutes of reflection will convince one to be circumspect in framing
precise conjectures... (e.g., consider A = 2). Nevertheless the conjecture of
Shimura-Taniyama-Weil has an impressive power of prediction concerning the

About Diophantos’ personal history little is known, save what can be gleaned from the following
problem which occurs in a collection, the Palatine Anthology, compiled, scholars believe, no more than
a century after his death:

Here you see the tomb containing the remains of Diophantos, it is remarkable: artfully it tells
the measures of his life. The sixth part of his life God granted him for his youth. After a twelfth
more his cheeks were bearded. After an additional seventh he kindled the light of marriage, and
in the fifth year he accepted a son. Elas, a dear but unfortunate child, half of his father he was
and this was also the span a cruel fate granted it. He consoled his grief in the remaining four
years of his life. By this devise of numbers, tell us the extent of his life.

“The genus g of an algebraic curve is a nonnegative integer which was originally introduced by
Riemann and defined by “topological means.” It also has an “algebraic” definition, and as such is an
intrinsic invariant of the field of algebraic functions on the curve. If the curve is given as the locus of
zeroes of a homogeneous form of degree d in three variables in the projective plane then g < (d —
1(d — 2)/2 with equality holding if and only if the curve has no singularities. In contrast to the genus,
however, the degree is not given by the field of functions of the curve alone: it is defined in terms of the
representation of the curve in projective space. For this reason it is more natural to look to the genus
rather than to the degree as an invariant which determines “Diophantine behavior.”
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nature of nontrivial integer solutions for these families. For example,'® using work
of Frey, Serre, and Ribet, the Shimura-Taniyama-Weil conjecture would imply that
the above equation has no such solutions for prime exponents N > 7 if A is any
power of 3, or of 5, or of 7 (or of 11, 13, 17, 19, 23, 29, 53 or 59, for that matter!,
provided that N doesn’t divide A), and it would guarantee the existence of an N,
such that for prime exponents N > N, there are no such solutions if A4 is any
power of any odd prime not of the form 2” + 1 (i.e., if A is neither a power of a
Mersenne nor of a Fermat prime).

In summary, the conjecture of Shimura-Taniyama-Weil seems to be getting into
the thorny thicket of these Diophantine issues—seems to be giving reasons why
some (but not all!) of these equations cannot have solutions—seems to be
beginning to put such Diophantine problems in a “context.”

It also relates them to the extraordinary geometric questions to which we shall
now turn.

2. Euclidean and non-Euclidean covering mappings. One of the mysteries of
the Shimura-Taniyama-Weil conjecture, and its constellation of equivalent para-
phrases, is that although it is undeniably a conjecture “about arithmetic,” it can be
phrased variously, so that: in one of its guises, one thinks of it as being also deeply
“about” integral transforms in the theory of one complex variable; in another as
being also “about” geometry'2.

The more striking of these two formulations is the geometric one. To explain it
we need to review a few basics of geometry: symmetries, orbits, orbit spaces,
covering mappings, and the interesting concept of “uniformization” ... . We'll build
things up slowly by first considering these notions in a relatively simple context (on
the Real Line), and then in the two contexts (Euclidean and Non-Euclidean)
necessary for the actual “geometric” statement of the conjecture.

T, =“shift to right > by A units”
(Real Line) ___ o ° ° ° ° ° °
-3A —2A —-A 0 +A +2A +3A

Fic. 1. The “lattice” A = {0, + A, + 2A,...} is the orbit of 0 under the translation 7).

(I). On the real line.

Let A be a positive real number and let 7, denote the operation on the real line
R consisting of “shifting all points in R to the right” by A (synonymously:
translation by A; in equations: 7,(x) = x + A). We view T, as a symmetry of R.
The iterated translates of 0 by 7, and by its inverse 7_, give us a discrete evenly
spaced “lattice” A in R consisting of all integral multiples of A.

9gee thme. 2 and subsequent remarks. in section 4.3 of J.-P. Serre’s [S] listed in the references at
the end of §4.

"And with more work, one could surely produce more such consequences of Shimura-Taniyama-
Weil.

The equivalence of these two formulations is due to Weil, following upon work of Hecke.



