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I¢(§,Y)_¢(X,Y)I§N,§_XL
[¢(x,1)= d(xy)|=N[n-y|,

whenever (x,y)EE, (¢ y)ER, (x,7)E R. Suppose [a,b]X[a, B] is the smallest rectangle in R
containing E, then

”ab [¢(x,ﬂ)"¢(x,a)]dx—ffE g—yd-)dxdy =5N.m(R - E)
”j [¢(b,y)—¢(a,y)]dy—”E % juay| <5Nm(R - E),

where m denotes (planar) Lebesgue measure.

In order to state the second lemma we need the notion of the derivative of a set function. Suppose
A is a (complex) Borel measure on an open set K in R? that z € K and ¢ is a complex number. If for
every sequence of Borel sets (B,) that ‘shrink nicely’ to z (cf. [33, 163]),

A(B.)/m(B,)—>c as n—x,

A is said to be differentiable (with respect to m ) at z. ¢ is called the derivative of A at z and is denoted
by (dA1dm)(z).

Lemma 2. Let A be a complex Borel measure on the open set K CR>. Then
(i) dA/dm exists a.e. in K and belongs to L'(K).
If further A is absolutely continuous with respect to m then

(i) A(B)= f %(z)dm (z) for every Borel set B, and

B
(iii) dA /dm coincides a.e. with the Radon-Nikodym derivative of A with respect to m.
We are now ready to present the

Proof. (Of Looman-Menchoff). By way of contradiction suppose that the (closed) set E CD of
points at which f fails to be analytic is non-empty. For each natural number n put

E.={z€D:|f(z+h)-f()|/|h|=n and |f(z+ih)=f(z)/|h|=n,
for real h with 0<|h|=1/n}.

As f is continuous, each E,, is closed and as both first-order partial derivatives of f exist throughout D,
the (E, ) cover D. By the Baire category theorem [33, 103], applied to the complete metric space E,
there are a natural number N and an open rectangle K whose closure lies in D, such that
@#ENK CEx.

For each (closed) rectangle R in K define the (complex-valued) set function A by the contour
integral

/\(R)=f f(z)dz.
4R
If R, R’ are rectangles in K put

AR UR,)=J:9(RUR’) f(z)dz,

and if R is a rectangle in K put
A(K=R)=A(K)=-A(R).



254 J.D. GRAY AND S. A. MORRIS [April

A so defined is an additive set function on the Boolean algebra & generated by the rectangles in K. By
the Hahn extension theorem [9, 136, Corollary 9], A has a (unique) extension to a measure (also
denoted by A) on the o-algebra generated by R. It is clear that this o-algebra is precisely the
collection of all Borel sets of K and hence A is a (complex) Borel measure on K.

Our aim now is to show that A is identically zero, as once this is established A(R) =0 for each
rectangle R in K, whence, by Morera’s theorem f is analytic throughout K. As this conclusion
contradicts the assumed non-emptiness of E (in K) the proof will then be complete. To show that A is
the zero measure it suffices to show that (a) A is absolutely continuous with respect to m, and (b) the
derivative dA /dm vanishes almost everywhere in K (cf. Lemma 2 (ii)).

The basic tool neeeded to prove both (a) and (b) is the estimate (*) below. To establish it let R be
any rectangle in K meeting E and with side lengths =1/N. If J denotes the smallest rectangle
containing R N E it follows from the definition of Ey, and Lemma 1 when used in conjunction with
the Cauchy-Riemann equations, that |A(J)| =20N.m (R — E). But by the Cauchy-Goursat theorem,
A vanishes on any rectangle not meeting E, so that this inequality may be written as

™ [A(R)|=20N.m(R - E).

Armed with (*) we can verify (a) above. Toward this end let F be a subset of K of (planar)
Lebesgue measure zero. As such, given any ¢ >0 there is a sequence (R, ) of rectangles in K which
cover F and which are such that 2,m(R,)<e¢/[20N. By subdividing if necessary we may assume
further that the side-lengths of all R, are =1/N and that all R, meet E. Then it follows that
[A(F)|=2.|A(R.)|=20N.2.m (R, — E)=20N.2.m(R,) < ¢ so that A(F) = 0 and (a) is established.

Asfor (b), if z € K - E, by taking sufficiently small rectangles in the definition of the derivative of
A and invoking Cauchy-Goursat again, we see that (dA /dm)(z) = 0. As for points in E note first that
for any z € K, if R CK is a rectangle containing z, meeting E, and of side length =1/N, by (*),

” [AR)| _, o m(R=E)_. - m(CENR)
™) C @ TN a® TN T ®)

CE being the complement of E in K. Denote by mcg the restriction of m to CE so that for any Borel
set B,

mCE(B) = m(CE n B)= IB XcE(Z)dXdy,

Xce being the characteristic function of CE. By Lemma 2 (jii) we have, for almost all z € K

Pee(2) = xee(2)

so that, for almost all z € E, (dmcge /dm )(z) = 0. Thus if (R,.) is any sequence of rectangles as above
that ‘shrink nicely’ to z € E, for almost all such z

dmcs(z) im mCE!R ! lim m!CEﬂR,‘[
m(R,) == m(R.)

so that by (**) A(R.)/m(R,)—0. Hence, dA /dm(z)=0 for a.a. z € E, as was required.
As Lemma 1 holds if the partial derivatives are assumed to exist only on the complement of a
countable set [34, 198], the above proof actually proves the slightly stronger Theorem 11.
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It is easy to be too busy to pay attention to what anyone else is doing, but not good. All of us should know, and
want to know, what has been discovered since our formal education ended, but new words, and relations between
them, are growing too fast to keep up. It is possible for a person to learn of the title of a recent work and of the key
words used in it and still not have the faintest idea of what the subject is.

Progress Reports is to be an almost periodic column intended to increase everyone’s mathematical information
about what others have been up to. Each column will report one step forward in the mathematics of our time. The
purposé is to inform, more than to instruct: what is the name of the subject, what are some of the words it uses,
what is a typical question, what is the answer, who found it. The emphasis will be on concrete questions and
answers (theorems), and not on general contexts and techniques (theories). References will be kept minimal:
usually they will include only one of the earliest papers in which the answer appears and a more recent exposition
of the discovery, whenever one is easily available.

Everyone is invited to nominate subjects to be reported on and authors to prepare the reports. The ground
rules are that the principal theorem should be old enough to have been published in the usual sense of that word
(and not just circulated by word of mouth or in preprints); it should be of interest to more than just a few
specialists; and it should be new enough to have an effect on the mathematical life of the present and near future.
In practice most reports will probably be on progress achieved somewhere between 5 and 15 years ago.

SCHAUDER BASES
P. R. HALMOS

Euclidean spaces have three basic properties: they are (1) vector spaces, with (2) a concept of
length, and (3) a concept of angle. Banach spaces, whose intensive study began in the 1930’s,
constitute a generalization that retains requirements (1) and (2) but does not insist on (3). (Precisely: a
Banach space is a real or complex vector space endowed with a norm, with respect to which, as a
metric space, it is complete.)

Generalizations can turn out to be too general (as wise hindsight sometimes shows); they can lead






