MATH 110: LINEAR ALGEBRA
SPRING 2007/08
PROBLEM SET 9 SOLUTIONS

1. A matrix S € R™ " is called skew symmetric if ST = —8S.

(a)

Date:

For any matrix A € R™*™ for which I + A is nonsingular, show that

(I - AT +A) =T+ AT - A). (1.1)
We will write
I-A
I+A
for the matrix in (1.1). [Note: In general, AB~! # B~1A and so
A
B

is ambiguous since it could mean either AB~! or B~1A.]
SOLUTION. Note that

(I—AI+A)P=T+A)1I -4
iff
(I+A)I—-A)IT+A) "= (- A
iff
I+A)I-A)=IT-A)I+A)
and this last equation is evidently true since both sides equal I — A?.
Let Q € R™ "™ be an orthorgonal matrix such that I 4+ @ is nonsingular. Show that

I-Q
T+Q

is a skew symmetric matrix.

SoLuTION. Let S := (I + Q)"'(I — Q). Since (A™")T = (AT)~! for any nonsingular

matrix A, and since QTQ =1 =QQ", we get

S'=-Q'UI+7"

=(I-QHu+Q"H™!
=(QQ" -QHe" +@H™
=l@-nel@+ne'
= (
= (

Q-NQNQNH)MQ+IN)!
Q-DQ+I1)"
-S.

So S is skew symmetric.

Let S € R™" be a skew symmetric matrix. Show that
I-S

I+S
is an orthogonal matrix.
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(d)

SOLUTION. Let Q := (I+S)~1(I—S). Since (A™)T = (AT)~! for any nonsingular matrix
A, and since ST = —8, we get,

QT =I-9T[T+95""
=I-8SNH(I+8")!
=([I+8)I-857"!
=[(I=S(U+95""
=Q L

Why is it unnecessary to require that I +.S be nonsingular in (¢)? [Hint: Problem 3 below.]
SOLUTION. By Problem 3(d),

x (I+8)x=xIx

for all x € R”. Since x' Ix = x'x = ||x|| > 0 for all x # 0, I (and thus I + S) is positive
definite. Hence I + S is always nonsingular by Problem 3(a).

2. Let A, B € R™", Let A\, € R be an eigenvalue of A and A\, € R be an eigenvalue of B.

(a)

Is it always true that A,)\p is an eigenvalue of AB? Is it always true that A, + Ay is an
eigenvalue of A + B?

SoLUTION. No. A, = A\, = —1 is an eigenvalue of both A = [§ %] and B = ['?].
However, 1 = A )\ is not an eigenvalue of —I = AB; also, —2 = A\, + )y is not an
eigenvalue of O = A+ B.

Show that A € R is an eigenvalue of AB iff A € R is an eigenvalue of BA. [Hint: Homework
8, Problem 1(a).]

SOLUTION. Suppose A # 0. Then by Homework 8, Problem 1(a), A\ — AB = \[I —
(A\"LA)B] is injective iff A\ — BA = A[I — B(A~!A)] is injective. So by Theorem 4.12, we
get ker(A] — AB) # {0} iff ker(A\] — BA) # {0}. That is, there exists x # 0 such that
(M — AB)x = 0 iff there exists y # 0 such that (A/ — BA)y = 0. That is, there exists
x # 0 such that ABx = Ax iff there exists y # 0 such that BAy = Ay. That is, A is an
eigenvalue of AB iff A is an eigenvalue of BA.

Suppose A = 0. Let x # 0 be a 0-eigenvector of AB, ie. ABx = 0x = 0. If Bx # 0, then we
get BA(Bx) = B(ABx) = B0 = 0 = 0(Bx) and so Bx is a 0-eigenvector of BA. If Bx =0
and A is nonsingular, then BA(A™!x) = Bx = 0 = 0(A7!x); note that A~'x # 0 and so
A~!x is a 0-eigenvector of BA. If A is singular, let y be a nonzero vector in nullsp(4), then
BAy = B0 =0 =0y and so y is a 0-eigenvector of BA. In all cases, 0 is an eigenvalue of
BA.

Let g, a1, 9, ...,aq € R. Show that

ozo—l—a1)\a—|—oz2/\2+'~+ad)\g eR
is an eigenvalue of the matrix
aol + a1 A+ asA? + - - + agA? € RV,
SOLUTION. Let 0 # x € R" be a A\s-eigenvalue of A. Then Ax = A\ x. So
A?x = A(Ax) = A(M\gX) = Mg Ax = A2x,
Ax = A(A%x) = A(\2x) = N2 Ax = Alx,

Adx = A(A %) = AMEx) = AT Ax = Mk



(d)

Hence
(o] + a1 A+ aA? + - + agADx = apx + 0 AX + pA%x + - + g A%
= X + a1 X + agz\zx + -4 ad)\gx
= (g + a1 \q + ag)\g 4+ ad)\;l)x.

Show that if A is nonsingular, then A, # 0 and 1/, is an eigenvalue of A~!.

SOLUTION. If 0 is an eigenvalue of A, then there exists x # 0 such that Ax = 0x =0
and so nullsp(A) # {0} and so A is not nonsingular by Theorem 4.12. Hence A\, # 0.
Multiplying both sides of Ax = \,x by A~! and dividing by A, then yields

A lx =A%

3. A matrix M € R™" is called positive semidefinite if

x' Mx >0

for all x € R™. M is called positive definite if (i) M is positive semidefinite; and (ii) x " Mx = 0
only if x = 0.

(a)

(b)

Show that every positive definite matrix is nonsingular (ie. invertible).

SOLUTION. Let x € nullsp(M). So Mx =0 and so x' Mx = x"0 = 0 and so x = 0 since
M is positive definite. Hence nullsp(M) = {0} and M is nonsingular by Theorem 4.12.
Show that if M is positive semidefinite and A € R is an eigenvalue of M, then A > 0.
SOLUTION. Let x € R” be the eigenvector of M corresponding to A, ie. Mx = Ax. So

x| Mx = x"x = \||x|)3.
Since x # 0 (eigenvectors are non-zero), so ||x||2 > 0, and we get
x| Mx

[

since M is positive semidefinite.
Show that if M is positive definite and A € R is an eigenvalue of M, then A > 0.
SOLUTION. Identical argument as above except that we have

x| Mx
[N
since M is positive definite.
Let M be positive definite and let
1
2
Show that S, is a symmetric positive definite matrix and that

x Mx=x'S;x

Sy = %(M+MT) and S_:=_(M—-M").

for all x € R™. Show that S_ is a skew-symmetric matrix, and that
x'S_x=0

for all x € R".
SOLUTION. It is easy to check that
1 1
Si= §(M+MT)T = §(MT +M) =5,
and that

ST = %(M -MNHT = %(MT - M)=-5_,



and so Sy is symmetric and S_ is skew-symmetric. Since any scalar (ie. 1 x 1 matrix) is
equal to its own transpose,

xS x=x"Sx)"=x"8"x=-x"5 x,

implying that x" S_x = 0 for any x € R”. Observe that,

1 1
M = 5(z\4+1\ﬂ)+§(1\44\ﬂ) =S, +5_.
Since x' S_x = 0, we have
X' Mx=x"(S; +S_)x=x"S;x+x S_x=x'5,x
for all x € R™. Since M is positive definite,
x'Six=x Mx>0

for all non-zero x € R™. So S, is symmetric positive definite.
Show that if M is symmetric positive definite, then (-, -} : R” x R” — R,

(x,y) =x' My,

is an inner product on R".

SOLUTION.  Positive definitness: (x,x) =x' Mx > 0forallx # 0and (x,x) =x' Mx =0
implies that x = 0. Symmetry: since M is symmetric, (x,y) = x' My = x' My =
(x"MTy)" = y"Mx = (y,x). Bilinearity: {(c1x; + asXa,y) = (a1X1 + aoxs) My =
a1x{ My + aoxg My = (a1x1,y) + (aaxX2,y).

4. Let A € R™*™,

(a)

(c)

Show that AT A and AAT are symmetric positive semidefinite matrices. Hence deduce that
singular values are always nonnegative.
SOLUTION. This just follows from the observation that

x! AT Ax = (Ax) T (4Ax) = || Ax|3 >0
for all x € R™ and that
y AATy = (ATy) (ATy)=[|ATy[3 >0

for all y € R™.

Show that if A is full rank, ie. rank(A) = min{m,n}, then either ATA or AAT must be
positive definite.

SOLUTION. If A is full-rank, then rank(A) = min{m,n}. If m > n, then rank(A) = n. By
the rank-nullity theorem,

nullity(A) = n — rank(A) = 0.

If x"AT Ax = 0, then ||Ax||3 = 0; so Ax = 0; so x € nullity(A); so x = 0. Hence AT A is
positive definite. On the other hand, if m < n, then rank(A4) = m; so rank(A") = m. By
the rank-nullity theorem,

nullity(A") = m — rank(4") = 0.

IfyTAATy =0, then ||[ATy||2 =0;50 ATy = 0; so y € nullity(A"); soy = 0. Hence AAT
is positive definite.
Let A € R be an eigenvalue and x € R™™" be a corresponding eigenvector of the matrix

|;4OT é:| c R(m—i—n)x(m—i—n)’



(written in block matrix form where O denotes a zero matrix of the appropriate size). Show
that o = |A| is a singular value of A and if u € R™ and v € R™ are such that

X:m,

then u is a left singular vector and v is a right singular vector of A corresponding to the
singular value o.
SOLUTION. Since x is a A-eigenvalue of the matrix,

O Al lu| _ NE
AT ol vl T |v|”
Using block matrix multiplication, we obtain
Av =X u, ATu=)\v.

Suppose A # 0. Substituting the first equation into the second gives AT (A™1Av) = Av and
SO

AT Av = N2v.
In other words, v is a right singular vector of A corresponding to the singular value || =
VA2, Substituting the second equation into the first gives A(A"'ATu) = Au and so
AATu = N
In other words, u is a left singular vector of A corresponding to the singular value |A\| = Vv A2.
Let m = n, ie. A is a square matrix. Show that

%XT(A +AT)x < (x"TAT Ax)2

for all x € R™ with ||x|]2 = 1.
SOLUTION. Note that x " Ax = (x' Ax)T =x" ATx and so

%XT(A +AN)x = %(XTAX +x"ATx)
= x' Ax
= (x, Ax)
< [lxll2[lAx]l2,

and since ||x||2 = 1, we get

%XT(A +AT)x < | Ax]ls = (x AT Ax)3.



