MATH 110: LINEAR ALGEBRA
SPRING 2007/08
PROBLEM SET 1 SOLUTIONS

1. Prove that the following are vector spaces over R:
(a) polynomials of degree not more than d,

Py = {ao + a1z + - + aqgz? | a; € R for all 7},

(b) m-by-n matrices
R™™ = {[ag]i ;2 | aij € R for all 4, j}.
The addition and scalar multiplication operations for polynomials and matrices are as defined
in the lectures.
SOLUTION. Routine.

2. Let V be a vector space over R with addition and scalar multiplication denoted by + and -
respectively. Let W =V x V = {(v,va) | vi,ve € V}. Prove that W is a vector space over C
with addition defined by

(ur,uz) B (vi,v2) = (ur + vi,uz + va)
for all (uy,us), (vi,ve) € W and scalar multiplication defined by
(a+bi)ED (v, ve) =(a-vi—b-va,b-vi+a-vy)

for all a + bi € C and (v, ve) € W. Here i = y/—1 and a,b € R.
SOLUTION. Routine.

3. Which of the following are subspaces of R?? Justify your answers.
(a) Us = {(z,y) € R*|2? +y* =0, z,y € R},
(b) Ub—{( y) €R* [ 2% —y? =0, 2,y € R},
() {( )€R2’$2—y:0,x7y€R},
()Ud_{( )€R2‘l’—y:0,$,y€R},
(e) Ue={(z,y) eR® |z —y =1, 2,y €R}.
If we replace R by C and R? by C? above, will any of your answers change?
SOLUTION. Note that U, = {(0,0)} and so is a subspace. Let o, 3 € R. Uy is a subspace by
Theorem 1.8: if 1 — y1 = 0 and 29 — y2 = 0, then (a1 + Bx2) — (ay1 + By2) = alz1 —y1) +
B(xa —y2) = 0. (0,0) ¢ U, and so it is not a subspace. Note that (1,1),(—1,1) € Uy (resp. Ue)
but (1,1) + (—1,1) = (0,2) ¢ Ub (resp. U.) and so Uy (resp. U.) is not a subspace. Over C, U,
is not a subspace since (z 1),(—i,1) € Uy but (i,1) 4+ (—i,1) = (0,2) ¢ U,.

4. Which of the following are subspaces of P37 Justify your answer. Here P3 denotes the vector
space of polynomials of degree not more than 3, ie.

Ps = {p(z) = a + bz + ca® + dx> | a,b,c,d € R}.

(a) Vo, = {p(x) € P3| degree of p(x) is 2},

(b) Vi = {p(x) € Bs | p(0) = p(1)}.

(©) Vo = {plx) € Py | p(0) = 1),

(d) Vi = {p(x) € B3 | p(1) = 0},

(e) Ve ={p(z) € P3| p(z) > 0 for all z with —1 <z <1},
(f) Vi = {p(z) € P3| p(-2) = —p(x) for all x}.
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SOLUTION. The zero polynomial is not in V, and V. and so these are not subspaces. V, is not
a subspace since the polynomial p(z) = = does not have an additive inverse (—p(z) = —x ¢
Ve). Let a,8 € R. Vj is a subspace by Theorem 1.8: if p(0) = p(1) and ¢(0) = ¢(1), then
(ap + B4q)(0) = ap(0) + Bq(0) = ap(1) + Bq(1) = (ap + Bq)(1). Vg is a subspace by Theorem
1.8: if p(1) = 0 and ¢(1) = 0, then (ap + Bg)(1) = ap(1) + Bq(1) = a-0+F-0 = 0. V;
is a subspace by Theorem 1.8: if p(—z) = —p(x) and g(—z) = —q(x), then (ap + Bq)(—z) =
ap(—z) + Ba(—z) = —ap(z) — Ba(x) = —(ap + Ba)(z).

5. Which of the following are subspaces of R?*2? Justify your answer. Here R?*? denotes the
vector space of 2 x 2 matrices, ie.

2x2 _ _|a b
re={a= 2 g

(a) W, = {A € R?*?2| A% = A},
SOLUTION. Not a subspace. I = [} 9] € W, but 21 = [29] ¢ W,.

(b) W, = {A € R?*2 | AB = BA} where B € R?*? is a fixed matrix,
SOLUTION. Clearly I € Wy and so W;, # @. Let A;,As € W and A, u € R. Since
A1B = BA; and A3 B = BAs, we have

()\Al + 'LLAQ)B = A1B+ ,LLAQB
= \BA; + ,U,BAQ
= B<)\A1 + /"LAQ)J

and so AA; + pAs € Wy. Hence Wy, is a subspace by Theorem 1.8.
(c) We = {A € R?*? | det(A) = a} where a € R is a fixed scalar,
SOLUTION. For av # 0, let A € W.. Observe that det(24) = 4det(A4) = 4a # «, and so
2A ¢ W,.. So W, is not a subspace for a # 0. For v = 0, consider 4; = [} J] and A5 = [§9].
Since A; + Ay = I and det(I) =1 # 0, Ay + A2 ¢ W.. So W, is not a subspace for & = 0
either.
(d) Wy ={A € R**? | tr(A) = a} where a € R is a fixed scalar,
SOLUTION. For av # 0, let A € Wy;. Observe that tr(24) = 2tr(A) = 2a # «, and so
2A ¢ Wy. So Wy is not a subspace for o # 0. For a = 0, let Ay, Ay € Wy and A\, pu € R.
Since tr(A;) = 0 = tr(Asz), we have
tr(AA; + pAz) = Atr(Ar1) + ptr(4Az) =A-04+p-0=0,
and so AA; + pAs € Wy. Hence Wy is a subspace by Theorem 1.8.
(e) W = {A € R?*? | Ax = b} where x,b € R? are two fixed vectors,
SOLUTION. For b # 0, let A € W,. Observe that 2Ax = 2b # b, and so 24 ¢ W,.
So W, is not a subspace for b # 0. For b = 0, let A, A2 € W, and A\, € R. Since
Ai1x = 0 = Asx, we have
(M1 + pA)x = MA1x + pAsx = A0 + 0 = 0,
and so AA; + pAs € We. Hence W, is a subspace by Theorem 1.8.
(f) Wy = {4 € R?*? | Ax = Xx for some )\ € R} where x € R? is a fixed vector.
SOLUTION. Let Ay, A2 € Wy and ag,a2 € R. Then there exists A; and Ap such that
Ai1x = A\ix and Asx = \9x. So
(141 + a2 Ag)x = a1 A1x + axAsx
= 1 A\1X + agA9x
= (041)\1 + Oég)\Q)X

a,b,c,deR}.

and so a1 Ay + agAy € Wy. Hence Wy is a subspace by Theorem 1.8.

6. Let V be a vector space over a field F and W be a subspace of V.



(a)

Let Oy be the additive identity of V and Oy be the additive identity of W. Prove that
Oy = Oy
SOLUTION. By definition, Oy + v =v = v+ 0y for all v € V. Since W C V, we have
that
Oy +w=w=w+ 0y

for all w € W. In other words, Oy is an additive identity of W. By the uniqueness of
additive identity (Theorem 1.1) applied to the vector space W, it follows that 0y = Oy
Let w € W. So w € V in particular. Let v € V be the additive inverse of w as an element
of V. Let v/ € W be the additive inverse of w as an element of W. Prove that v = v’.
SOLUTION. By our choice of v and v/, v+ w = 0y and v/ + w = Oy,. Since Oy = Oy,
we have that

v+w=v +w.
Adding v to both sides of the equation and using additive associativity yields

v+ (wW+v)=v +(W+v),

SO

v+ 0y =V + 0y,

and so
v=v,

as required.



