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1. FIELD

Let F be a nonempty set. Let + and - be two binary operations on I called addition and multiplication
respectively. Then (F,+,-) is called a field if the following axioms are satisfied.
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additive associativity: (a +b) +c=a+ (b+c) for all a,b, c € T;

additive identity: there exists 0 € F such that a +0=a =0+ a for all a € F;

additive inverse: for each a € F, there exists an element b € F such that a +b=0=05b+ q;
additive commutativity: a +b = b+ a for all a,b € TF;

distributivity: a- (b+c¢)=a-b+a-cand (a+b)-c=a-c+b-cforall a,b,c €F;
multiplicative associativity: (a-b)-c=a- (b-¢) for all a,b,c € F;

multiplicative identity: there exists 1 € F\{0} such that a-1=a =1-a for all a € T;
multiplicative inverse: for each a € F\{0}, there exists b € F\{0} such that a-b=1=b-a;
multiplicative commutativity: a-b=2>-a for all a,b € F.

These axioms are also used in defining the following algebraic structures:

AXIOMS NAME AXIOMS NAME
@ semigroup O-G ring
O-© monoid O-® associative ring
group O-@ associative ring with unity
abelian group O-® division ring
O-©® field

-0
O-®

Remarks:

By binary operation, we mean that closure is automatically satisfied, ie. a+b,a-b € F for all a,b € F.
The additive inverse of a € F in ® is usually denoted —a.

The multiplicative inverse of a € F\{0} in ® is usually denoted a~* or 1/a.

For simplicity, we will often denote the field by F instead of (F,+,-).

In your written work, you may write F1, F2,... F9 for ®, @,...,@.

2. VECTOR SPACE

Let (F,+,) be a field. Let V' be a nonempty set. Then (V,®, ®,F) is a vector space over F if the following
axioms @@ are satisfied.

0 90600

closure under vector addition: u@® v € V for all u,v € V;

closure under scalar multiplication: a ®@u € V for all a € F and u € V;

existence of zero vector: there exists 0 € V such that u®0=u=06u for all u e V;

existence of negative vector: for each u € V, there exists v € V such that udv=0=v @ u;
associative law for vector addition: (u@v)dw=u®d (vew) for all u,v,w e V;

commutative law for vector addition: u@® v =v @ u for all u,v € V;

distributive laws for scalar multiplication over vector and scalar addition: a®(udv) = (aOu)®(a®Vv)
and (a+b)Qu=(a@u)® (boOu) for all a,b € F and u,v € V;

associative law for scalar multiplication: (a-b) @u=a® (bOu) for all a,b € F and u € V;

unity law for scalar multiplication: 1©@u=uforallueV.

Remarks:

Date:

In this context, elements of F are called scalars.
Elements of V' are called vectors.
The operations @, ® are called vector addition and scalar multiplication respectively.
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e We will call 4+ and - the field addition and field multiplication operations respectively to distin-
guish them from vector addition and scalar multiplication.

e For simplicity, we will often denote the vector space by V instead of (V,®,®,F).

e Note that @ says that @ is a binary operation and axioms @, @, @, ® are just axioms O, @, @, @,
so (V,®) is an abelian group.

e In your written work, you may write V1, V2,..., V9 for @, @, ... ©.

In symbolic form,

QuapvelV (VuvelV)

®aoucV (MaeF,VueV);

O udv=vadu (Vuvel),

O (uov)ow=ud(vew) (Vu,v,wel);

® 30V 5 ue0=u=00u NMuel)

O VYueV, IveV S5 uev=0=vdu

Qa0 udv)=(a0u)d(@ov), (@+bou=@oua&dov) (VabeF,Vuvel)

O (a-b))ou=a0(bou) (Va,beF,VuecV);

O 1ou=u (MueVv).



