NOTES FOR MATH 155: WINTER 2010

KANNAN SOUNDARARAJAN

1. EQUIVALENCE OF PNT WITH SUMS OF THE MOBIUS FUNCTION

Recall that pu(n) = 0 unless n is square-free, and then pu(n) =
(—1)“™ where w(n) is the number of prime factors of n. Let

M(z) =3 uln).

n<x

We shall now show that the prime number theorem is equivalent to the
estimate M (x) = o(x).

1.1. M(z) =o0(z) = PNT. Suppose first that M (z) = o(z) and we
now want to deduce that ¢ (z) ~ z. Recall that the hypothesis means
that for any e > 0, if = is sufficiently large then |M(z)| < ex.

We shall make use of the following asymptotics from class:

Zlogn = zlogz — z 4+ O(log ),

n<z

Zd(n) =zlogz+ (2y — 1)z + O(V/2).

n<z

Set b(n) = logn — d(n) + 2. From the above estimates we have that

(1) Y b(n) = O0(v/2).

n<z
Also by the triangle inequality we see easily that
(2) Z |b(n) < zlog .

n<z

Next note that (u*b)(n) = (uxlog)(n) — (u*xd)(n)+2y(u*1)(n) =
A(n) — 14 2v6(n) where 6(n) =1 if n =1 and 0 otherwise. Thus we
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find that
Y(x) = [a] +2y = D (An) —1+2y5(n))

n<x

= S (uxb)n)

n<zx

N GLO]

rs<z

We now estimate the RHS of the sum above by using the hyperbola
method; we would like to show that this is o(x) which would establish
PNT. Suppose RS = x and then there are two cases s < S, and
r<z/s;and r < Rand S < s < x/r. We shall take S = 1/e and we
suppose that z is so large that x/S is also large, and for all z > z/S
we have |M(z)| < ez. Now let us examine the first case: we have

>0 D )| < e D [b(s)) /s
s<S8 r<z/s s<S8
Now by (2) and partial summation we see that > __|b(n)|/n < (log 2)?
(check!), and therefore the above is
< Ce(log S)*z < Vex

where C' is some constant, and the last inequality follows if € is small
enough.

Now consider the second case in the hyperbola method. These terms
give, by using (1)

S oul) > )| = 0( Do kIVar) = OVRVE) = O(vew),

S<s<z/r r<R

n<z

since R =x/S = ex.
Thus we have shown that

Y(z) — x4+ O(1) < Vex.
Since € was an arbitrary positive number, it follows that ¢(z) ~ x.

1.2. PNT = M(x) = o(z). Now let us consider the reverse impli-
cation, assuming that ¢ (z) = z + o(z). We look at

M(zx)logzx = Z p(n)logn + Z w(n)logx/n.

nlx n<lx
Note that (prove!)

Zlogw/n = O(x),

n<x
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and so
x)logz = Z,u(n) logn + O(x).

n<x

Next observe that (again check this!)

p(n)logn == p(a)A(D).

Therefore o
M(x)logz = —Z,u(a) Z A(b) +O(z
a<lz b<z/a
= —Zu )(v(@/a) — 2/a) - Zu (x/a) + O(x).

Consider the second term in the RHS above. Since (u*1)(n) = d(n)
we have

1 = Zé(n)zz,u*l Zu )[x/a)

= Y@ (Z+ 0(1)) - xz,u(a)/a +0(x),

Thus the second term is O(z), and in passing we have also established

that
a<lx

Summarizing our work so far, we have

M(@)|logz < 3 |i(w/a) - v/a

a<x

+ O(x).

Now we use the PNT in the form ¢(x) ~ . This means that for any
€ > 0, if z is sufficiently large (say z > Z) then [1(z) — z| < ez. We use
this in the sum above when a < z/Z (so that x/a > Z), and use the
Chebyhev bound 9(z) = O(z) for larger values of a. In this manner
we see that

Z‘Qb(a:/a)—x/a‘ < Zex/a—f—O( Z x/a)
a<a a<z/Z v/Z<a<w

< exlogx 4+ O(zlog Z) < 2exlogx,

provided z is sufficiently large (so that xzlog Z is small compared to
xlogz). Thus we conclude that |M(z)|logz < 2exlogz + O(z), and
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since € is an arbitrary positive number we conclude that M (x) = o(x)
as needed.



