Construction of a measure on the group of
(increasing) homeomorphisms of [0,1],
quasi-invariant under ¢ diffeomorphisms
for any a > 3/2.

Y. Katznelson
(letter to Okamoto 1980)

We describe a simple process to choose a random monotone increasing
function on [0,1], that is a mapping from a probability space into the group
G of homeomorphismsof [0,1]. Theimage of the probability measure under
this map is a measure on the group. We shall then show that the measure
thus obtained is quasi-invariant under the action of C* diffeomorphisms on
the (range side of the) group.

Choose f(1/2) with uniform distribution on [0,1]. Next, choose f(1/4)
with uniform distribution on [0, f(1/2)] and, independently, f(3/4) with
uniform distribution on [f(1/2), 1].

After nstepswehavechosenthevaues f(j2=")forj = 1,2,...,2"—1,and
the next step consistsin choosing, independently for the different valuesof j,
thevalueof f((2j—1)27""')intheinterval I, ; = [f(( — 1)27"), f(527™)],with
uniform distribution.

WeWI’iteanﬁj = f(j2_”)—f((j—1)2_"). Clearly Qn,j = Gnt1,2j—1 T Gnt1,25s
and the expectation

E(aiﬂ,zg‘q + a121+1,2j) = (a?z,j /xQ +(1-2)%de = (2/3)ai,j

which implies
EQ) a ;)= (2/3)" (1)
j
It follows from (1) that max; a, ; — 0 as. asn — oo and the function
f can therefore be extended to a continuous, (actually Holder), strictly
increasing mapping of [0,1] onto itself, that is, an element of G. We denote
by 1 the image of the probability measure under this process.
Let F be a ¢? diffeomorphism of [0,1], F(0) = 0,F(1) = 1. F acts
on G by left multiplication (composition), and hence on the measures



on G. We denote v = F(u). v can be described explicitely as follows:
Fof(z) < A& f(z) < F~1()\) hencethe density of distribution of F o f(1/2)
is ®(z)dr where @ = d/dzF~t. Similarly, F o f(1/4) is distributed in
[0, F o f(1/2)] with density proportional to ®(z)dx, etc. Thuswe can obtain v
directly by repeating the procedure that gave us . except that instead of the
uniform density on each interval we put the density proportional to ®dx.

The Radon-Nikodym derivative dv/du is given explicitely as an infinite
product: it'svalue at a” point” fis

dv/dup (f H H @, (f 2] ; 1 (2

n j=1

where®, = &, &,(z) = ¢, ;®(z)on I, ; and the constants ¢, ; are such
that

| @ = 102 = HG =02 0, @)
and we want to show that the product (2) converges a.s.

Conditioned on {f(j2'~")}2_," the product 1‘[3:711 o, (f(2:1)) has the
form szl (1 + yy,;) With y,, ; independent for j = 1,---,2"~! ,and

E(yn;) =0 and |yn, |< Constan_1,; 4

(this last estimate uses the fact that ® € ¢* and is bounded away from zero;
if we assume only F' € C'*" we obtain the estimate | y,, ; |< Consta;,_,
and thingswork for > 1/2 and break for = 1/2 where | believe havean
exampleof v L u). By (4),

B(Q wn)* 1{7G2"¥50) < const 3 iy, )

and by (1) this is bounded by n2(2/3)"~! on all but n=2 of the space of
choices of {f(j2!~")}2_,". Thisgives

D PUY yng 1> n(2/3)") < oo

and (2) converges a.s.



