The action of diffeomorphism of the circle on
the Lebesgue measure

Y. Katznelson

This paper continues, and in some sense completes, the study begun in [2].
We consider diffeomorphismg of T = R/Z with irrational rotation number. A
theorem of Denjoy states thatfifc C?, it is conjugate to a rotation. The conjugat-
ing homeomorphims may be non-absolutely-continuous in which case the unique
f-invariant measure offf is not equivalent to the Lebesgue measureOn the
other hand, it is clear thgt mapsy onto a measure equivalentto it, and it is this
non-singular transformation that we proposie to study here.

The natural classification theory for non-singular transformations on a Lebesgue
space, which parallels the classification of von Neumann factors, is done modulo
orbit-equivalence (also know as Dye-equivalence or weak- equivalence). We list
the main definitions and results concerning orbit- equivalence, which we use, in
section 1. The main contributors to the theory of orbit-equivalence are Hopf, Dye,
Krieger, Connes and Woods, and we refer the reader to their works or to the forth-
coming exposition [3] for the proofs.

In section 2 we give a characterization of those transformationswhich are orbit-
equivalent to smooth diffeomorphisms of the circle. We show that egéry
diffeomorphism with irrational rotation numberd$ product typeand that every
transformation of product type is orbit-equivalent to same-diffeomorphism.

Using the same ideas, one can easily showahginon-singular ergodic sys-
tem is orbit-equivalent to someomeomorphisnef T acting on the Legbesgue
measure. Thus our results show the precise limitations imposed on the ergodic
properties of mapping of by smoothness conditions.

1 Basic facts about orbit-equivalence

A non-singular isomorphism of one Lebesgue measure sfaag ») onto an-
other, (X, B,7) , is an (almost everywhere defined) invertible, bimeasurable map
¥ : X — X which carries: onto a measure equivalent o An isomorphism of
(X, B, 1) onto itself is called a non-singular automorphism or a non-singular trans-
formation. A non-singular system is a quadrugl&t B, .., ) where(X, B, ) is a
Lebesgue measure space analnon-singular automorphism on it.

A non-singular system is ergodic if there exist no non-trigiahvariant mea-
surable sets.



Unless specified otherwisall the systems we deal with are assumed to be
non-singular and ergodiand we shall usually omit these adjectives.

Definition 1.1. The systemsX. B, u, ) and (X, B, i, ) areisomorphicif there
exists an isomorphism of (X, B, ) onto (X, B, i) such that

(1.2) Yor = Gy a.e.

The notion of orbit-equivalence, also referred to as “weak-equivalence" or
“Dye-equivalence" is much coarser:

Definition 1.2. The systemgX, B, u,¢) and (X, B, fi,¢) are orbit-equivalentif

i, ¢
there is an isomorphism of (X, B, 1) onto (X, B, i) such that

(1.2) v({¢'}jez) = {Fva}jen a.e.

Notice that (1.2) is equality of sets and the requirement is that (almost-all)
orbits be mapped by ontoz-orbits without regard to the order of points along an
orbit.

Definition 1.3. A system(X, B, 11, ¢) is of

(a)type ll; if there exists @-invariantprobability measure 00X, B) equivalent
to 4;

(b) type Il if there exists ap-invariant,infinite measure onX, B) equivalent
to ;

(c) type lllifitis not of type Il (thatis: Ik U 1l.).

It is easy to see that these types are preserved under orbit equivalence; types
I, and Il are in fact complete invariants.

Theorem 1.4 (Dye).Any two systems of type lare orbit-equivalent; any two
systems of typeJJ are orbit-equivalent.

Type Il is far from being a complete invariant. It can be further subdivided
into types lll,, 0 < X < 1, by means of the so-called ratio-set, as was done by
Krieger who also showed that far 0, 1l , is again a complete orbit-equivalence
invariant while Ill, is far from it.

Induced systemsLet (X,B,u,¢) be a systme and € B a set of positive
u-measure. We denote by, the algebra of3-measurable subsets df by 14
the restriction ofy to B4 and by, the mapping induced by on A4, that is,
oa(z—pN @) (2) for z € A wheren(z) is the smallest positive integerfor which
©"(z) € A. We refer to(A, B4, 4, p4) as the system induced onby (X, B, 11, ¢) .

Theorem 1.5.1f (X,B,u,¢) is of type Ik or lll, then (A, B4, pa,04) is orbit-
equivalent ta(X, B, i, o) .

Remark. If (X,B,u, ) is of type Il then(A,Ba,pa, p4) is either Il or Il;.



Odometers. Odometers, also know as Adding-machines, serve as proto-
types for orbit-equivalence classes (see Theorem 1.6 below).{d.&t, be
a sequence of positive integers and denotedblyl, }) the (topological) system
(X, B, ) whereX is the compact metrisable spadg ,(0,1,--- ,d, — 1), B is the
Borel algebra on¥ ande is “addition of 1 with carry-over", thatis, if € X,z =
{zr}2, with 0 < 2, < di, for all k, write r(z) = inf{k; z), < di, — 1}, thep(z) = {yx}
wherey,, = 0for k < r(z), Yy = 2y + 1 for k = r(z) andyy, = x; for k > r(z). (Thus,
in particulary({d; — 1}) is the zero sequence.) Lete a continuous measure on
(X, B) which is ergodic and quasi-invariant underWe refer to(X, B, 1,¢) as a
(measured) odometer and denote itthydy}, ).

Theorem 1.6. Every (ergodic, non-singular) system is orbit-equivalent to some
measured odometer.

Let O({dx}) be an odometer and assume thais a probability measure on
(0,1,---,dg — 1) such that the probability of every digit is positive and the product
measure» = Iy, iS non-atomic orO{d,}). It is easy to check thatis automat-
ically ergodic and quasi-invariant under We refer toO({dy },v) asodometer of
product typeand denote it also b§ ({d.}, {vk}).

Definition 1.7. A system is of product typeif it is orbit-equivalent to some

O({dk}, {ve})-

It was shown by Krieger, with further discussion and examples by Connes and
Woods, that there exist systems which ao¢of product type.

Formally different odometers may well be orbit-equivalent; e. g., all measure
preserving odometers. The following fact will be esential to our contruction.

Theorem 1.8.LetO({dx}, {vx}) be an odometer of product type. L¥ét be posi-
tive integers and let; be a probability measure oa = {0,1,--- , Nyd;, — 1}) such
that there exists a partitionl = |J A4; whereAjf* = N andvj(n) = N, 'v(j) for
neA;,j=0,--,dy—1. ThenO({Nydy}, {v;}) is orbit-equivalent t@({d; }, {vi }).

Another way to state Theorem 1.8 isif is the equidistributed probability on

{0, , N, — ].} and if we pUtTrLgkfl = di, mor = Nk, Uok—1 = Vg, ok = Ok, then
O({mui{, {ur}) is orbit-equivalent ta& ({dx }, {vi})-

2 Diffeomorphisms of the circle

We refer to the expository part of [2] for most of the background material on
diffeomorphisms of the cirlce which we use here.
Lef f be an orientation preserving diffeomorphismiof R/Z. We denote by
a = p(f) the rotation number, assume thais irrational, and writéa, as, - - -] for
the continued fraction expansion @{that is

1
1
a2+...

(2.1) o=

ai +



In the case thafa,,} is bounded ang < €3, f is conjugate to the rotation by
« via a diffeomeorphism and the unigyenvariant measure ofl is equivalent
to the Lebesgue measurethus (T, b, u, f) is of type Il;. This is a special case
of Herman'’s theorem [1]. We shall therefore assume from now on{thatis
unbounded. Under this and the assumpiieanC? we shall prove that, Bu, u, f)
is orbit-equivalent to an odometer of product type and that, conversely, any such
odometer is equivalent to sonfie= C*°.

Asusual, we put,, /g, = [a1,- - ,a,], the convergents of. Itis well known (cf.
[2], I. 4) that one can get, andg, directly from the orbit, under the rotatiagy,,
of a point, sayt = 0, onT. In particular, the sequende,} of the denominators
is simply the sequence of “closest return”, that is, those integersch that(k
mod 1) is closer to zero that nafja mod 1) with 0 < ;7 < k. We denote by
d, the distance of,,« mod 1 to zero and recall that, = [d,,_>/d,,—1] andg, =
angn-1 + qn—2. If we take an interval of lengthd,,, say|0,g,«) if n = 2m or
[q + na,0) if n =2m + 1, and consider its image®, (), — < j < ¢.+1, We see that
these are disjoint (no two points {9,},5 = 0,--- ,¢,+1 — 1 are closer tham,,).
Also, their union covers almost the entire circle; oplyintervals of lengthi,,
are left uncovered, each one contained in s@@) with ¢,.1 < j < gut1 + Gn-
Everything except sizes is carried over by conjugation; thus=f [t,, f*(t)),
then{f/(1)}%='~" are disjing and f7 (1)} %= ¥ ~" coversT.

The following observation is due to Finzi and, later, Herman:

Lemma 2.1. DenoteV = var(log Df). Assume,r € [ty, f%(ty)). Then for0 <
J < qn+1

—v _ D)
(2.2) eV < D) <ev.

Here, and laterD f/ denotes the derivative (of th¢h iterate off).

Proof. By the chain ruléog D fi(t) = St log D fo f*(t) and similarly forlog D f7(7),
hence

j—1

(2.3) log Df7(t) —log Df? () =Y (log Df o f*(t) —log Df o f*(r))

k=0
and sincef*(t), f*(r)}i_; are disjoint, we obtain
(2.4) [log Df(t) =log Df’(1)] <V

which is equivalent to (2.1).

Katok used a variant of this lemma to prove thay, & C? andp(f) is irrational,
(T, B, i, ) is ergodic. In fact, ifE c T is f-invariant and of positive Lebesgue
measure, take a density poigtof £ and apply the lemma for large values of
n. The relative measure af\ E in f7([to, f¢(to))) is no more thar" times its
relative measure ifto, 7 (ty)) which is arbitrarily small. This is true far < j <
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gn+1 Which, as we pointed out above, does not quite caveHowever, if we
continue withf ([f(to), f21(t0))),0 < j < ¢,, We obtain that the measute, £
is arbitrarily small andZ = T (mod 0).

We shall use the lemma to show that (when} is unbounded’ induces on
subsets off of measure arbitrarily close to 1 an odometer of product type. Let us
review the cas¢ = R,. For everm: denote

qn+1—1

(2.5) E,= |J RL(0,qn0)).
J=0

We have already mentioned above that the union defifing disjoint and that
T\ E, is the union ofy, intervals of lengthi,, ;. Sinceq,d,_, is the measure of
E,_, itis less than one, angid,,;1 ~ (ani1an12)7Y; it follows that if a, 1 1a,42

is large, the measure @, is close to one. Ifa,} is unbounded, we can take a
sequencegn,;{ of even integers such that, ., - a,,+2 > 2/ andE U321 En; has
positive measure. We claim th&t, induces onkE and odometer. If we denote
by Q; the partition ofZ by the “components” of,,; , it is clear thatV*,,Q; is
the Borel field ofE and, on the other hand,|F is a cyclic permutation of the
elements of);. This means tht we have an odometer as claimed.

Returning tof € C? with p(f) = «, we obtain the odometer there by conjuga-
tion. We could have nothing more to say were we interested in the actiporof
the invariant measure, which is the conjugation imag#.dsince we are studying
the action off on the Lebesgue measure itself, we start again from the beginning.

We need to quote two results:

Lemma 2.2 (Denjoy).If f € C? p(f) = «a,p/q is a reduced rational fraction
satisfyingla — p/q| < 1/¢*> andV = var(log Df), then

(2.6) eV <Df1<eY.
Proof. See [2] theorem 3.4.

Lemma 2.3 (Herman). If f € C?, there exists a sequenée, },h, € C? such
that writing f,, = h,, o f o h,;! we haveV,, = var(log Df,,) — 0.

Proof. See [1]; the sequende,, } is given explicitly byh,, = (1/n) 3725 (f7 — ja)
wheref is the lifting of f to R, andh,, = h,modl.
Corollary 2.4. If f € C?, thenDf — 1 uniformly.

Proof. We use also the fact thgtis conjugate taz, which means that: (t) — ¢
uniformly asn — co. Now take0 < ¢ < 1 andm large enough so that (Lemma 2.3)
var(log Df,,) < ¢/10. By Lemma 2.2

€
[Dfin — 1| < 7
Sincef = h, ! fi . h,, we have

qun(t) = (Dh:nl : fgff : hm(t)) ' (ngle : hm(t)) Dhm(t)
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and for large values of, f4 - h,, ~ h,, SO that the two extreme factors just about
cancel each other while the center factor is withinof one. QD

Lemma 2.5. Letg be a diffeomorphism df. AssuméDg — 1| <eand letB Cc T
be such thay—/(B) are disjoint forj = 0,1,--- , M. Thenu(B) < ¢/(1—(1—¢)M*1).

Proof. u(¢’(B)) > (1 - ¢)/u(B) andyy" u(¢?(B)) < 1.
We are now ready to prove

Theorem 2.6. Assumef € C? anda = p(f) has unbounded continued fraction
coefficients. Therf induces an odometer of product type on subsets of positive
Lebesgue measure @n

REMARK: By Theorem 1.5 this means th@t, B, u, f) is itself of product type.

Proof. Putk, = uj;%l f2([0, fe=(0))) and notice that for ever, 7+ (0) is just “right”
of zero andE, is a disjoint union. We have

F, =T\ E, = Ul f([f+1(0),0))

and since{f7([fe+1(0),0))} is disjoint for0 < j < g,.2, we have{f')(F,)}
disjoint fori < g, 12q, . By Corollary 2.4 and Lemma 2.5 (applied¢e- f» and
B = F,) we haveu(F,) — 0 asn — oo on a subsequence such that,q; ! — .
We can therefore choose a sequefigg of even integers such that

(2.7) Sl < 5o

In fact, we impose oHn,} still another condition. By Lemma 2.3 there exists
a sequence af? diffeomorphisms ofT, ¢ (= h,,, in the notation of Lemma 2.3)
such that writingf, = ¢, - f - ;' we have vaflog Df;) < 2~%. With no loss of
generality we may normalized, by ¢, (0) = 0. As the maximal length of the
components of;,, tends to zero when — oo, we can take€n;,} such that, besides
(2.2), the following is true:

(2.8) max Dy, () /minDepy(t) < 1+27F,

the maximum and the minimum taken foin any (same) component &f,, .

We now takeE = NE,,, write I, = E N [0, f=(0)), Q) denotes the partition
of E an odometer for whickQy} is the sequence of basic partitions, thatjg,
is the partition according to the firgtdigits. For everyk, I, is the “base”, that
is, the set corresponding to the condition that the firgigits all vanish. The
sequence f7(I;)} ocveres the space §s-0,--- ,q,, 11 — 1 and a measureon £
is a product measure on the odometer if for eveando < j < ¢,, +1 the Radon-
Nikodym derivativedf—7v/dv is constant or,,. We shall show now that for the
Lebesgue measugethe derivative condition is almost satisfied and thus will be
able to construct ~ i for which it is true.

Assumel, 7 € 1;,0 < j < gy, +1 @and writef = ¢, ' - f; - 1 we have
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Dfi(t) = Doy (i o u(t)) - Dfi(or(t)) - Doi(t).
Dfi(r) = Dg;, (ff 0 (7)) - Dfi(er(T)) - Depi(7).

We estimate the ratioByy (t)/ Dyx () and Dy, L (£ o @)k(t))/ Doy * (i o i (7))
by (2.3); use Lemma 2.1 to estimatgf] (¢ (t))/Dfl(¢x(r)), noticing that, by
conjugation; (t) andyy () both belong tdo, £, (0)), and we obtain

(2.9) DfI(t)/df? (1) < (1+27%)2e**F =14 ¢

Takek = 1 and consider the measuie which agrees with: on 7; while on
F1), 1 <5 < guyvr,pn = cjfp wheree; = p(f7(1)) /(1) (S0 thatu, (f7(11)) =
w(f7(1))). Itis clear that(df 7u1)/dps = ¢; on I; and by (2.4)u1 = gip with
(I+ea) ' <g) <l+e,

We now defineu,: u, agrees withy on I, while on anyf7(I;) which is con-
tained inN1, s = (u(f7 (1)) /u(I2)) f7 u. ONceu, is defined onf;, we extend it tae
by the rule thag, on f7(I;) is ¢; f7 1y 2, with the same constantsused in the def-
inition of x;. Again by (2.4) we have, = gop onl; with (1+6)"! < g(t) < 1+e
and extending the definition @f to E by g,(t) = g, o f~' on fi(I;), we obtain
pe = gap1 = gag1p- NOw for u, the Radon-Nikodym derivative@f =7 (us))/dps
are constant o, for j < ¢,,4+1 and onl, for j < ¢,,+1. Continuing in the same
manner, we obtain functiong on E such thatl + ¢,) ! < g(t) < 1 + ¢, and writ-
ing uu, = mi_,g;u the condition on the Radon-Nikodym derivatives is satisfied on

I, Ip. Writing v = limy,_.o u, it is clear that is the product measure dn
and

D

We now turn to show that any odometer of product type is orbit-equivalent to
someC* diffeomorphism of the circle. The construcitn we use is that of [2] with
minor refinement; but before we start, let us make it very clear what it is we are
trying to construct. The odometér is given by a sequencgl };° , of positive
integers and a sequengg } whereu,, is a probability measure oo, 1,--- ,d, —1}
such that the probability of every digit is positive ajd ) is a non- atomic mea-
sure. Staying withing the same orbit-equivalence class, we are allowed, by The-
orem 1.8, to replac®({dy}, {vi}) by O({Nidy},{v;}) where{N,} is an arbitrary
sequence of positive integers ands a probability measure ofo, - - - , Nyd; — 1}
obtained fromw;, by divind each point mass ef, into N, equal masses. Becuase
of this and of Theorem 1.5, it is enough, when we want to show that gomme™>
is orbit-equivalent t@({d.}, {vx}), to show thatf induces on some set of positive
measure an odometer isomorphic Nyd }, {vi{).



Theorem 2.7. For every odometer of product tyge = O({dx},{v}) the set of
Cc-diffeomorphisms of which are orbit- equivalent t@ is densgC*) in the
set of allC*°-diffeomorphisms with irrational rotation number @n

Proof. As we mentioned before, the proof is just a minor refinement of that of
theorems 3.2 and 3.3 in [2]. We shall confine ourselves to a description of the
construction and leave the details to the reader who can fill them in just as in 83
of [2].

For a diffeomorphisng with p(g) = o we denote by’,(g) the partition ofT by
{g(0)}, 7=0,1,--- ,q, — 1 (¢, being thenth denominator of. = p(g)). What we
are trying to achieve is : given the datal, }, {vi}) of the odometer, there exists
a sequence of intege{s; } such that fom, < n < n;, each interval of>,, (f) is
divided in P, (f) into essentiall equal intervals, while each intervalPpf_, (f) is
divided inP,, .1 (f) into My 1dx, “good" intervals plus some additional intervals.
The union of the “good" intervals fills up at legst— k') of the measure of the
Py,...—1(f) interval containing them, and can be divided ifit@, groups ofM; 1,
invervals each, such that all the intervals in jiiegroup are essentially equal and
have relative length equal t@ . 1(j),5 = —, -+ ,dxr1 — 1. If we denote by, the
union of all the “good" subintervals a@t,, ., (f) which are contained if;,_,, then
w(Ex) > (1 — k=) u(Eyx_1), and settings = Ny Ey, we obtain thai(E) > 0 and that
f induces on £, 1) and odometer isomorphic O({ Ny.dy}, {v;}) wherenN, = M,
times the number of,, ., _, intervals in eacl®,, interval.

Now to the construction. We start with artye C> such thap(f,) is irrational
and approximate it, arbitrary well, bfy = R. o f, such thatp(f,) is irrational
and has bounded continued fraciton coefficients. By Herman’s theorem (quoted
as theorem 3.1 in [2] for analytic funcitons but valied equallyder) there exists
aC close toR, ), Xxxx which induces an odometer equivalent{a, }), {vy}),
thenh; ' ogohq will be close tof,, hence tof,, and will induce the same odometer.
Thus we can limit a sequngg such thaty, = p(f:) is irrational and its continued
fraction picture described above is valid fr up ton,. Assume that we have
constructedf;, h,, € C* such thatf, = h,;l o R,, o hy IS very close tofy in C*.
Givene = ¢, we how choose — n; 1 — 1 large even integer so that

(@) C-dist(ff, fr) < ex.
(b) Dny, is essentially constant on every interval/f f;),
(c) to be explained later.

We shall choose}(n + 1) very large, and by the given conjugation and (b),
everyP,(fy) interval is divided inP,, (f;) into aj(n + 1) (or one more) essentially
equal intervals.

Letl e P,(f),|I] > ¢, and divide it intod, intervalsiy, - - - ’Id;il separated

by intervalsJjy, -, Jg,,, SO that; lies betweerny; andJ,, such thats;| = (1 —
k=3 opgr (DI and|Jy| = (dypgr +2) k3|1

We now conside > functionsy carried out byl which are constant on each
I; and monoton on each and also have very small> distance from zero. For
a proper choice ofl)k*(n + 1) and suchy we shall putf,,, = f; + ¢. For any
such choice, the orbit of O undéf_; is the same as that undgr as long as it



does not enter so thatP, (fr11) = P.(f;). OnI we haveDf!:, ~ D(f;)% + Dy,
and since the?, ) fx41) intervals inI are mapped onto each other by powers of
fir,, we see that any two such intervals within the saiare essentailly equal
(sinceDy = 0 in I;). However, when we move from to I, ;, the orbit undeg“,‘jj;l
crossey. 1, and if Dy # 0 there, the ratio of the lengths of3 ,, (f.+1) interval in
I1+1 and one inj; will be (1 + (Dy);)™ where(Dy), is some sort of mean value of
dy on J;; andm; is the number of times an orbit undg; , falls in.J;,, between
Iy andI;,. If aj(n+ 1) is very large so that we move by very small steps, we
can obtain by adjustment gf even thoughDy), are very small, any preassigned
ratio betweern?,, (f..1) intervals inf;,; and those in;. We adjust it so that the
ratio isvi1 (I + 1) /vks1(1), SO that eachi; is divided inP, 1 (fr+1) into the same
number, say;, 1, of equal intervals.

We still have some freedom in adjusting the rotation number of f,,. It
is clear thatu,1(j) = aj(j) = ax(j) for j < n. Itis also clear that1(n + 1) is
very learge and that we can change it by one or two via small modificatign of
or by replacingfi+1 by R, o fx+1 without modifying the description af,, 1 (fx+1)
beyond an alloweable error. By continuity of the rotation number we may impose
therefore thati,,1(j) = 100 for j > n + 1.

We still have to describe conditions (c) in the choiceief n;, 1, and we need
it in order to show that each interval &f,, (f,) is divided in P.(fx,1) for any
r>ng41 + 1, asitwould be foR,, ,,. The proof is that of theorem 3.3 in [2], the
key to which is lemma 3.4 there which states that#f n, ., is large enough (and
this is our condition (c)), then

\ldfiry — e <37™ form > ny1.
If I’ is any other interval oF,(f,+1) on I’ from that onI by transporting the
latter by ] | for some|j| < ¢,. The factthaff,,, = h;lORaZOhk-HO and thatp was
chosen arbitrarily small after, was known allows us to assumilgfg+1 ~ d(fr)?

and since by our choicbh, was essentially constant agrand’, we haveDf], ,
essentially constant dgfand the picture ot is similar to that on. This concludes
the proof. QD
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