
The action of diffeomorphism of the circle on
the Lebesgue measure

Y. Katznelson

This paper continues, and in some sense completes, the study begun in [2].
We consider diffeomorphismsf of T = R/Z with irrational rotation number. A
theorem of Denjoy states that iff ∈ C2, it is conjugate to a rotation. The conjugat-
ing homeomorphims may be non-absolutely-continuous in which case the unique
f-invariant measure onT is not equivalent to the Lebesgue measureµ. On the
other hand, it is clear thatf mapsµ onto a measure equivalentto it, and it is this
non-singular transformation that we proposie to study here.

The natural classification theory for non-singular transformations on a Lebesgue
space, which parallels the classification of von Neumann factors, is done modulo
orbit-equivalence (also know as Dye-equivalence or weak- equivalence). We list
the main definitions and results concerning orbit- equivalence, which we use, in
section 1. The main contributors to the theory of orbit-equivalence are Hopf, Dye,
Krieger, Connes and Woods, and we refer the reader to their works or to the forth-
coming exposition [3] for the proofs.

In section 2 we give a characterization of those transformationswhich are orbit-
equivalent to smooth diffeomorphisms of the circle. We show that everyC2-
diffeomorphism with irrational rotation number isof product type, and that every
transformation of product type is orbit-equivalent to someC∞-diffeomorphism.

Using the same ideas, one can easily show thatanynon-singular ergodic sys-
tem is orbit-equivalent to somehomeomorphismof T acting on the Legbesgue
measure. Thus our results show the precise limitations imposed on the ergodic
properties of mapping onT by smoothness conditions.

1 Basic facts about orbit-equivalence
A non-singular isomorphism of one Lebesgue measure space

(

X,B, µ
)

onto an-
other,

(

X̃, B̃, µ̃
)

, is an (almost everywhere defined) invertible, bimeasurable map
ψ : X 7→ X̃ which carriesµ onto a measure equivalent toµ̃. An isomorphism of
(

X,B, µ
)

onto itself is called a non-singular automorphism or a non-singular trans-
formation. A non-singular system is a quadruplet

(

X,B, µ, ϕ
)

where
(

X,B, µ
)

is a
Lebesgue measure space andϕ a non-singular automorphism on it.

A non-singular system is ergodic if there exist no non-trivialϕ-invariant mea-
surable sets.
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Unless specified otherwiseall the systems we deal with are assumed to be
non-singular and ergodicand we shall usually omit these adjectives.

Definition 1.1. The systems
(

X,B, µ, ϕ
)

and
(

X̃, B̃, µ̃, ϕ̃
)

are isomorphicif there
exists an isomorphismψ of

(

X,B, µ
)

onto
(

X̃, B̃, µ̃
)

such that

(1.1) ψϕx = ϕ̃ψx a.e.

The notion of orbit-equivalence, also referred to as “weak-equivalence" or
“Dye-equivalence" is much coarser:

Definition 1.2. The systems
(

X,B, µ, ϕ
)

and
(

X̃, B̃, µ̃, ϕ̃
)

areorbit-equivalentif
there is an isomorphismψ of

(

X,B, µ
)

onto
(

X̃, B̃, µ̃
)

such that

(1.2) ψ({ϕj}j∈Z) = {ϕ̃jψx}j∈Z a.e.

Notice that (1.2) is equality of sets and the requirement is that (almost all)ϕ-
orbits be mapped byψ ontoϕ̃-orbits without regard to the order of points along an
orbit.

Definition 1.3. A system
(

X,B, µ, ϕ
)

is of
(a)type II1 if there exists aϕ-invariantprobabilitymeasure on(X,B) equivalent

to µ;
(b) type II∞ if there exists aϕ-invariant,infinite measure on(X,B) equivalent

to µ;
(c) type III if it is not of type II (that is: II1 ∪ II∞).

It is easy to see that these types are preserved under orbit equivalence; types
II 1 and II∞ are in fact complete invariants.

Theorem 1.4 (Dye).Any two systems of type II1 are orbit-equivalent; any two
systems of type II∞ are orbit-equivalent.

Type III is far from being a complete invariant. It can be further subdivided
into types IIIλ, 0 ≤ λ ≤ 1, by means of the so-called ratio-set, as was done by
Krieger who also showed that forλ 6= 0, III λ is again a complete orbit-equivalence
invariant while III0 is far from it.

Induced systems.Let
(

X,B, µ, ϕ
)

be a systme andA ∈ B a set of positive
µ-measure. We denote byBA the algebra ofB-measurable subsets ofA; by µA
the restriction ofµ to BA and byϕA the mapping induced byϕ on A, that is,
ϕA(x=ϕ

N(x)(x) for x ∈ A wheren(x) is the smallest positive integern for which
ϕn(x) ∈ A. We refer to(A,BA, µA, ϕA) as the system induced onA by

(

X,B, µ, ϕ
)

.

Theorem 1.5. If
(

X,B, µ, ϕ
)

is of type II1 or III, then
(

A,BA, µA, ϕA
)

is orbit-
equivalent to

(

X,B, µ, ϕ
)

.

Remark. If
(

X,B, µ, ϕ
)

is of type II∞ then
(

A,BA, µA, ϕA
)

is either II∞ or II1.
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Odometers. Odometers, also know as Adding-machines, serve as proto-
types for orbit-equivalence classes (see Theorem 1.6 below). Let{dk}∞k=1 be
a sequence of positive integers and denote byO({dk}) the (topological) system
(X,B,ϕ) whereX is the compact metrisable spaceΠ∞k=1(0, 1, · · · , dk − 1), B is the
Borel algebra onX andϕ is “addition of 1 with carry-over", that is, ifx ∈ X,x =
{xk}∞k=1 with 0 ≤ xk < dk for all k, write r(x) = inf{k;xk < dk− 1}, theϕ(x) = {yk}
whereyk = 0 for k < r(x), Yk = xk + 1 for k = r(x) andyk = xk for k > r(x). (Thus,
in particularϕ({dk − 1}) is the zero sequence.) Letµ be a continuous measure on
(X,B) which is ergodic and quasi-invariant underϕ. We refer to

(

X,B, µ, ϕ
)

as a
(measured) odometer and denote it byO({dk}, µ).

Theorem 1.6. Every (ergodic, non-singular) system is orbit-equivalent to some
measured odometer.

Let O({dk}) be an odometer and assume thatvk is a probability measure on
(0, 1, · · · , dk − 1) such that the probability of every digit is positive and the product
measurev = Πvk is non-atomic onO{dk}). It is easy to check thatv is automat-
ically ergodic and quasi-invariant underϕ. We refer toO({dk}, v) asodometer of
product typeand denote it also byO({dk}, {vk}).

Definition 1.7. A system is of product typeif it is orbit-equivalent to some
O({dk}, {vk}).

It was shown by Krieger, with further discussion and examples by Connes and
Woods, that there exist systems which arenotof product type.

Formally different odometers may well be orbit-equivalent; e. g., all measure
preserving odometers. The following fact will be esential to our contruction.

Theorem 1.8.LetO({dk}, {vk}) be an odometer of product type. LetNk be posi-
tive integers and letv∗k be a probability measure onA = {0, 1, · · · , Nkdk − 1}) such
that there exists a partitionA =

⋃

Aj whereA#
j = Nk and v∗k(n) = N−1

k v(j) for
n ∈ Aj, j = 0, · · · , dk−1. ThenO({Nkdk}, {v∗k}) is orbit-equivalent toO({dk}, {vk}).

Another way to state Theorem 1.8 is: ifσk is the equidistributed probability on
{0, · · · , Nk − 1} and if we putm2k−1 = dk, m2k = Nk, µ2k−1 = vk, µ2k = σk, then
O({mk{, {µk}) is orbit-equivalent toO({dk}, {vk}).

2 Diffeomorphisms of the circle
We refer to the expository part of [2] for most of the background material on
diffeomorphisms of the cirlce which we use here.

Lef f be an orientation preserving diffeomorphism ofT = R/Z. We denote by
α = ρ(f) the rotation number, assume thatα is irrational, and write[a1, a2, · · · ] for
the continued fraction expansion ofα (that is

(2.1) α =
1

a1 +
1

a2 + · · ·
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In the case that{an} is bounded andf ∈ C3, f is conjugate to the rotation by
α via a diffeomeorphism and the uniquef-invariant measure onT is equivalent
to the Lebesgue measureµ; thus(T, b, µ, f) is of type II1. This is a special case
of Herman’s theorem [1]. We shall therefore assume from now on that{an} is
unbounded. Under this and the assumptionf ∈ C2 we shall prove thatT, Bu, µ, f)
is orbit-equivalent to an odometer of product type and that, conversely, any such
odometer is equivalent to somef ∈ C∞.

As usual, we putpn/qn = [a1, · · · , an], the convergents ofα. It is well known (cf.
[2], I. 4) that one can getpn andqn directly from the orbit, under the rotationRα,
of a point, sayt = 0, onT. In particular, the sequence{qn} of the denominators
is simply the sequence of “closest return", that is, those integersk such that(k
mod 1) is closer to zero that nay(jα mod 1) with 0 < j < k. We denote by
dn the distance ofqnα mod 1 to zero and recall thatan = [dn−2/dn−1] andqn =
anqn−1 + qn−2. If we take an intervalI of lengthdn, say [0, qnα) if n = 2m or
[q + nα, 0) if n = 2m+ 1, and consider its imagesRjα(I),− ≤ j < qn+1, we see that
these are disjoint (no two points in{jα}, j = 0, · · · , qn+1 − 1 are closer thandn).
Also, their union covers almost the entire circle; onlyqn intervals of lengthdn+1

are left uncovered, each one contained in someRjα(I) with qn+1 ≤ j < qn+1 + qn.
Everything except sizes is carried over by conjugation; thus ifI = [to, fan(t0)),
then{f j(I)}qn+1−1

j=0 are disjing and{f j(I)}qn+1+qn−1
j=0 coversT.

The following observation is due to Finzi and, later, Herman:

Lemma 2.1. DenoteV = var(logDf). Assumet, τ ∈ [t0, fqn(t0)). Then for0 ≤
j < qn+1

(2.2) e−V ≤ Df j(t)
Df j(τ)

≤ eV .

Here, and later,Df j denotes the derivative (of thejth iterate off).

Proof. By the chain rulelogDf j(t) =
∑j−1
k=0 logDf◦fk(t) and similarly forlogDf j(τ),

hence

(2.3) logDf j(t)− logDf j(τ) =
j−1
∑

k=0

(logDf ◦ fk(t)− logDf ◦ fk(τ))

and since{fk(t), fk(τ)}j−1
k=0 are disjoint, we obtain

(2.4) | logDf j(t)− logDf j(τ)| ≤ V

which is equivalent to (2.1).
Katok used a variant of this lemma to prove that, iff ∈ C2 andρ(f) is irrational,

(T, B, µ, f) is ergodic. In fact, ifE ⊂ T is f-invariant and of positive Lebesgue
measure, take a density pointt0 of E and apply the lemma for large values of
n. The relative measure ofT \ E in f j([t0, fqn(t0))) is no more thaneV times its
relative measure in[t0, fqn(t0)) which is arbitrarily small. This is true for0 ≤ j <
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qn+1 which, as we pointed out above, does not quite coverT. However, if we
continue withf j

(

[fqn(t0), f2qn(t0))
)

, 0 ≤ j < qn, we obtain that the measureT \ E
is arbitrarily small andE = T (mod 0).

We shall use the lemma to show that (when{an} is unboundedf induces on
subsets ofT of measure arbitrarily close to 1 an odometer of product type. Let us
review the casef = Rα. For evenn denote

(2.5) En =
qn+1−1
⋃

J=0

Rjα([0, qnα)).

We have already mentioned above that the union definingEn is disjoint and that
T \ En is the union ofqn intervals of lengthdn+1. Sinceqndn−1 is the measure of
En−1, it is less than one, andqndn+1 ∼ (an+1an+2)−1; it follows that if an+1an+2

is large, the measure ofEn is close to one. If{an} is unbounded, we can take a
sequence{nj{ of even integers such thatanj+1 · anj+2 > 2j andE ∪∞j=10 Enj has
positive measure. We claim thatRα induces onE and odometer. If we denote
by Qj the partition ofE by the “components" ofEnj , it is clear thatV∞j=10Qj is
the Borel field ofE and, on the other hand,Rα|E is a cyclic permutation of the
elements ofQj. This means tht we have an odometer as claimed.

Returning tof ∈ C2 with ρ(f) = α, we obtain the odometer there by conjuga-
tion. We could have nothing more to say were we interested in the action off on
the invariant measure, which is the conjugation image ofdt. Since we are studying
the action off on the Lebesgue measure itself, we start again from the beginning.

We need to quote two results:

Lemma 2.2 (Denjoy). If f ∈ C2, ρ(f) = α, p/q is a reduced rational fraction
satisfying|α− p/q| < 1/q2 andV = var(logDf), then

(2.6) e−V ≤ Dfq ≤ eV .

Proof. See [2] theorem 3.4.

Lemma 2.3 (Herman). If f ∈ C2, there exists a sequence{hn}, hn ∈ C2 such
that writing fn = hn ◦ f ◦ h−1

n we haveVn = var(logDfn)→ 0.

Proof. See [1]; the sequence{hn} is given explicitly byh̃n = (1/n)
∑n−1
j=0 (f̃ j − jα)

wheref̃ is the lifting of f to R, andhn = h̃nmod1.

Corollary 2.4. If f ∈ C2, thenDfqn → 1 uniformly.

Proof. We use also the fact thatf is conjugate toRα which means thatfqn(t)→ t
uniformly asn→∞. Now take0 < ε < 1 andm large enough so that (Lemma 2.3)
var(logDfm) < ε/10. By Lemma 2.2

|Dfqnm − 1| < ε

2
.

Sincefqn = h−1
m · fqnm · hm we have

Dfqn(t) = (Dh−1
m · fqnm · hm(t)) · (Dfqnm · hm(t)) ·Dhm(t)
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and for large values ofn, fqnm · hm ∼ hm so that the two extreme factors just about
cancel each other while the center factor is withinε/2 of one. QED

Lemma 2.5. Let g be a diffeomorphism ofT. Assume|Dg − 1| < ε and letB ⊂ T
be such thatg−j(B) are disjoint forj = 0, 1, · · · ,M . Thenµ(B) < ε/(1−(1−ε)M+1).

Proof. µ(gj(B)) ≥ (1− ε)jµ(B) and
∑M

0 µ(gj(B)) ≤ 1.
We are now ready to prove

Theorem 2.6. Assumef ∈ C2 andα = ρ(f) has unbounded continued fraction
coefficients. Thenf induces an odometer of product type on subsets of positive
Lebesgue measure onT.

REMARK : By Theorem 1.5 this means that(X,B, µ, f) is itself of product type.

Proof. PutẼn = ∪q
−1
n+1
j=0 f

j([0, fan(0))) and notice that for evern, fqn(0) is just “right”
of zero andẼn is a disjoint union. We have

F̃n = T \ Ẽn = ∪qn−1
j=0 f j([fqn+1(0), 0))

and since{f j([fqn+1(0), 0))} is disjoint for 0 ≤ j < qn+2, we have{f lqn)(F̃n)}
disjoint for l < qn+2q

−1
n . By Corollary 2.4 and Lemma 2.5 (applied tog = fqn and

B = Fn) we haveµ(F̃n) → 0 asn → ∞ on a subsequence such thatqn+2q
−1
n → ∞.

We can therefore choose a sequence{nk} of even integers such that

(2.7)
∑

µ(F̃nk <
1
10
.

In fact, we impose on{nk} still another condition. By Lemma 2.3 there exists
a sequence ofC2 diffeomorphisms ofT, ϕk(= hmk in the notation of Lemma 2.3)
such that writingfk = ϕk · f · ϕ−1

k we have var(logDfk) < 2−k. With no loss of
generality we may normalizedϕk by ϕk(0) = 0. As the maximal length of the
components of̃En tends to zero whenn→∞, we can take{nk} such that, besides
(2.2), the following is true:

(2.8) maxDϕk(t)/minDϕk(t) < 1 + 2−k,

the maximum and the minimum taken fort in any (same) component of̃Enk .
We now takeẼ = ∩Enk , write Ik = Ẽ ∩ [0, fqnk (0)), Q̃k denotes the partition

of Ẽ an odometer for which{Qk} is the sequence of basic partitions, that is,Qk,
is the partition according to the firstk digits. For everyk, Ik is the “base", that
is, the set corresponding to the condition that the firstk digits all vanish. The
sequence{f j(Ik)} ocveres the space asj = 0, · · · , qnk+1 − 1 and a measurev on Ẽ
is a product measure on the odometer if for everyk and0 ≤ j < qnk+1 the Radon-
Nikodym derivativedf−jv/dv is constant onIk. We shall show now that for the
Lebesgue measureµ the derivative condition is almost satisfied and thus will be
able to constructv ∼ µ for which it is true.

Assumet, τ ∈ Ii, 0 ≤ j < qnk+1 and writef = ϕ−1
k · fk · ϕ: we have
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Df j(t) = Dϕ−1
k (f jk ◦ ϕk(t)) ·Df jk(ϕk(t)) ·Dϕk(t).

Df j(τ) = Dϕ−1
k (f jk ◦ ϕk(τ)) ·Df jk(ϕk(τ)) ·Dϕk(τ).

We estimate the ratiosDϕk(t)/Dϕk(τ) andDϕ−1
k (f jk ◦ ϕ)k(t))/Dϕ−1

k (f jk ◦ ϕk(τ))
by (2.3); use Lemma 2.1 to estimateDf jk(ϕk(t))/Df jk(ϕk(τ)), noticing that, by
conjugation,ϕk(t) andϕk(τ) both belong to[0, f

qnk
k (0)), and we obtain

(2.9) Df j(t)/df j(τ) ≤ (1 + 2−k)2e2−k = 1 + εk.

Takek = 1 and consider the measureµ1 which agrees withµ on I1 while on
f j(I1), 1 ≤ j < qn1+1, µ1 = cjf

jµ wherecj = µ(f j(I1))/µ(I1) (so thatµ1(f j(I1)) =
µ(f j(I1))). It is clear that(df−jµ1)/dµ1 = cj on I1 and by (2.4)µ1 = g1µ with
(1 + ε1)−1 ≤ g1(t) ≤ 1 + ε1.

We now defineµ2: µ2 agrees withµ on I2 while on anyf j(I2) which is con-
tained inI)1, µ2 = (µ(f j(I2))/µ(I2))f jµ. Onceµ2 is defined onI1, we extend it toẼ
by the rule thatµ2 on f j(I1) is cjf jµ)2, with the same constantscj used in the def-
inition of µ1. Again by (2.4) we haveµ2 = g2µ on I1 with (1 + ε2)−1 ≤ g(t) ≤ 1 + ε2
and extending the definition ofg2 to Ẽ by g2(t) = g2 ◦ f−1 on f j(I1), we obtain
µ2 = g2µ1 = g2g1µ. Now for µ2 the Radon-Nikodym derivatives(df−j(µ2))/dµ2

are constant onI1 for j < qnl+1 and onI2 for j < qn2+1. Continuing in the same
manner, we obtain functionsgk on Ẽ such that(1 + εk)−1 ≤ g(t) ≤ 1 + εk and writ-
ing µk = πkj=1gjµ the condition on the Radon-Nikodym derivatives is satisfied on
I1, · · · , Ik. Writing v = limk→∞ µk, it is clear thatv is the product measure oñE
and

∞
∏

(1 + εk)−1 ≤ dv

dµ
≤
∞
∏

(1 + εk).

QED

We now turn to show that any odometer of product type is orbit-equivalent to
someC∞ diffeomorphism of the circle. The construcitn we use is that of [2] with
minor refinement; but before we start, let us make it very clear what it is we are
trying to construct. The odometerO is given by a sequence{dk}∞k=1 of positive
integers and a sequence{vk} wherevk is a probability measure on{0, 1, · · · , dk−1}
such that the probability of every digit is positive and

∏

v)k is a non- atomic mea-
sure. Staying withing the same orbit-equivalence class, we are allowed, by The-
orem 1.8, to replaceO({dk}, {vk}) by O({Nkdk}, {v∗k}) where{Nk} is an arbitrary
sequence of positive integers andv∗k is a probability measure on{0, · · · , Nkdk − 1}
obtained fromvk by divind each point mass ofvk into Nk equal masses. Becuase
of this and of Theorem 1.5, it is enough, when we want to show that somef ∈ C∞
is orbit-equivalent toO({dk}, {vk}), to show thatf induces on some set of positive
measure an odometer isomorphic toO({Nkdk}, {v∗k{).
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Theorem 2.7. For every odometer of product typeO = O({dk}, {vk}) the set of
C∞-diffeomorphisms ofT which are orbit- equivalent toO is dense(C∞) in the
set of allC∞-diffeomorphisms with irrational rotation number onT.

Proof. As we mentioned before, the proof is just a minor refinement of that of
theorems 3.2 and 3.3 in [2]. We shall confine ourselves to a description of the
construction and leave the details to the reader who can fill them in just as in §3
of [2].

For a diffeomorphismg with ρ(g) = α we denote byPn(g) the partition ofT by
{gj(0)}, j = 0, 1, · · · , qn − 1 (qn being thenth denominator ofα = ρ(g)). What we
are trying to achieve is : given the data({dk}, {vk}) of the odometer, there exists
a sequence of integers{nk} such that fornk < n < nk+1 each interval ofPnk(f) is
divided inPn(f) into essentiall equal intervals, while each interval ofP−1

nk−1(f) is
divided inPnk+1(f) intoMk+1dk+1 “good" intervals plus some additional intervals.
The union of the “good" intervals fills up at least(1 − k−1) of the measure of the
Pnk+1−1(f) interval containing them, and can be divided intodk+1 groups ofMk+1

invervals each, such that all the intervals in thejth group are essentially equal and
have relative length equal tovk+1(j), j = −, · · · , dk+1 − 1. If we denote byEk the
union of all the “good" subintervals ofPnk+1(f) which are contained inEk−1, then
µ(Ek) > (1− k−2)µ(Ek−1), and settingE = ∩kEk, we obtain thatµ(E) > 0 and that
f induces on(E, µ) and odometer isomorphic toO({Nkdk}, {v∗k}) whereNk = Mk

times the number ofPnk+1−1 intervals in eachPnk interval.
Now to the construction. We start with anyf0 ∈ C∞ such thatρ(f0) is irrational

and approximate it, arbitrary well, bȳf0 = Rε ◦ f0 such thatρ(f̄0) is irrational
and has bounded continued fraciton coefficients. By Herman’s theorem (quoted
as theorem 3.1 in [2] for analytic funcitons but valied equally forC∞) there exists
aC∞ close toRρ(f̄0), xxxx which induces an odometer equivalent to({dk}), {vk}),
thenh−1

0 ◦g◦h0 will be close tof̄0, hence tof0, and will induce the same odometer.
Thus we can limit a sequncefk such thatαk = ρ(fk) is irrational and its continued
fraction picture described above is valid forfk up to nk. Assume that we have
constructedfk, hk ∈ C∞ such thatfk = h−1

k ◦ Rαk ◦ hk is very close tofk in C∞.
Givenε = εk, we now choosen− nk+1 − 1 large even integer so that

(a)C∞-dist(f∗k , fk) < εk,
(b)Dhk is essentially constant on every interval ofPn(f∗k ),
(c) to be explained later.

We shall choosea∗k(n + 1) very large, and by the given conjugation and (b),
everyPn(f∗k ) interval is divided inPn1(f∗k ) into a∗k(n+ 1) (or one more) essentially
equal intervals.

Let I ∈ Pn(f∗k ), |I| > q−1
n and divide it intodk+1 intervalsI0, · · · , Id−1

k+1
separated

by intervalsJ0, · · · , Jdk+1 , so thatIl lies betweenJl andJl+1, such that|Il| = (1 −
k−3)vk+1(l)|I| and|Jl| = (dk+1 + 2)−1k−3|I|.

We now considerC∞ functionsϕ carried out byI which are constant on each
Il and monoton on eachJl and also have very smallC∞ distance from zero. For
a proper choice ofA)k∗(n + 1) and suchϕ we shall putfk+1 = f∗k + ϕ. For any
such choice, the orbit of 0 underfk+1 is the same as that underf∗k as long as it
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does not enterI so thatPn(fk+1) = Pn(f∗n). On I we haveDfqnk+1 ' D(f∗k )qn +Dϕ,
and since thePn+1)fk+1) intervals inI are mapped onto each other by powers of
fqnk+1, we see that any two such intervals within the sameIl are essentailly equal
(sinceDϕ = 0 in Il). However, when we move fromIl to Il+1, the orbit underfqnk+1

crossesJl+1, and ifDϕ 6= 0 there, the ratio of the lengths of aPn+1(fk+1) interval in
Il+1 and one inIl will be (1 + (Dϕ)l)ml where ¯(Dϕ)l is some sort of mean value of
dϕ onJl+1 andml is the number of times an orbit underfqnk+1 falls in Jl+1 between
Il and Il+1. If a∗k(n + 1) is very large so that we move by very small steps, we
can obtain by adjustment ofϕ, even though ¯(Dϕ)l are very small, any preassigned
ratio betweenPn1(fk+1) intervals inIl+1 and those inIl. We adjust it so that the
ratio is vk+1(l + 1)/vk+1(l), so that eachIl is divided inPn+1(fk+1) into the same
number, sayMk+1, of equal intervals.

We still have some freedom in adjusting the rotation numberαk+1 of fk+1. It
is clear thatak+1(j) = a∗k(j) = ak(j) for j ≤ n. It is also clear thatak+1(n + 1) is
very learge and that we can change it by one or two via small modification ofϕ
or by replacingfk+1 byRη ◦ fk+1 without modifying the description ofPn+1(fk+1)
beyond an alloweable error. By continuity of the rotation number we may impose
therefore thatak+1(j) = 100 for j > n+ 1.

We still have to describe conditions (c) in the choice ofn = nk+1, and we need
it in order to show that each interval ofPn1(fk1) is divided inPr(fk+1) for any
r > nk+1 + 1 , as it would be forRαk+1 . The proof is that of theorem 3.3 in [2], the
key to which is lemma 3.4 there which states that ifn = nk+1 is large enough (and
this is our condition (c)), then

||dfqmk+1 − 1||C ≤ 3−m for m > nk+1.

If I ′ is any other interval ofPn(fk+1) on I ′ from that onI by transporting the
latter byf jk+1 for some|j| < qn. The fact thatfk+1 = h−1

k ◦Rα∗k◦hk+ϕ and thatϕwas
chosen arbitrarily small afterqn was known allows us to assumeDf jk+1 ≈ d(f∗k )j

and since by our choiceDhk was essentially constant onI andI ′, we haveDf jk+1

essentially constant ofI and the picture onI ′ is similar to that onI. This concludes
the proof. QED
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