Chapter 1

Hilbert space

1 INNER-PRODUCTS AND NORMS

1.1 DEFINITION: An inner-product on a complex vector space ¥ is a Hermi-
tian, complex-valued, positive definite sesquilinear form on #". That is a form
satisfying

o () = (vu)

b. (u,v) is sesquilinear, that is linear in u and skew linear in v:
(u, Av) = Au,v).
. (u,u) >0, with (u,u) = 0 if and only if u = 0.

An inner-product on a real vector space is defined similarly. The values of (v, u)
are real, (v,u) is symmetric and linear in either variable.
An Inner-product space is a vector space endowed with an inner-product

1.2 DEFINITION: The norm of a vector v in an inner-product space is defined

by:

IVl = v/ (vv).
Lemma (Cauchy—Schwarz).
(1.1) [, )] < [l [|v]-

PROOF: If vis a scalar multiple of # we have equality. If v, u are not proportional,
then for A € R,

0 < (u+Av,u+Av) = ||ul* + 2AR (u,v) + 12|]v|.
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2 FUNCTIONAL AND HARMONIC ANALYSIS

A quadratic polynomial with real coefficients and no real roots has negative dis-
criminant, here (R (u,v))? — ||u/|?||v|]%.

For every 7 with |7] = 1 we have |R(tu,v)| < ||ul|||v]|; take T such that
(tu,v) = |{u,v)|. <

The norm has the following properties:
a. Positivity: If v # 0 then ||v|| > 0; ||0]] = 0.
b. Homogeneity: ||av|| = |a|||v|| for scalars a and vectors v.
c. The triangle inequality: ||v+u|| < ||v||+ ||u].
d. The parallelogram law: ||v+u|* +||v — ul|> = 2(||v||> + ||u]]?).
Properties a. and b. are obvious. Property c. is equivalent to
112+ el +29% v, a) < (V1% - [l 21| e

which reduces to (1.1). The parallelogram law is obtain by “opening brackets” in
the inner-products that correspond the the various || ||2.

The first three properties are common to all norms, whether defined by an
inner-product or not. They imply that the norm can be viewed as length, and
d(u,v) = ||u — v|| has the properties of a metric.

The parallelogram law, on the other hand, is specific to, and in fact charac-
terizes, the norms defined by an inner-product.

1.3 DEFINITION: The vectors v,u in an inner-product space are mutually’ or-
thogonal, denoted v L u, if (v,u) = 0.

The vector v is orthogonal to a set A, denoted v L A, if it is orthogonal to
every vector in A. For any set A, the set A* = {v:v L A} is a subspace. Observe
that A+ = (span[A])*.

1.4 DEFINITION: A Hilbert space is an inner-product space which is complete
with respect to the metric defined by the norm. Equivalently, it is a Banach space
whose norm is given by an inner-product.

TObserve that v L u < u L v.
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I. HILBERT SPACE 3

Recall that a Banach space B is uniformly convex if for every 6 > 0 there
exists 7 > 0 such that for x,y € B such that ||x|| = ||y|| = 1 and ||x —y|| > 20, we
have [|(x+)/2]F < 1-17.

The parallelogram law makes it obvious that a Hilbert space ¢ is uniformly
convex: if u,v € 7, ||u|| = ||v|| = 1 and |ju — v|| = 20 then

[(u+v)/2]*=1-8°

Proposition. Let B be a uniformly convex Banach space, and let E C B be closed
and convex. For every x € B there exist a unique y € E such that

=y = dist(x,E) = inf, [ —2].

PROOF: There is no loss of generality in assuming dist(x,E) = inf__.||z|| = 1,
and x = 0.

The uniqueness: If y,, y, € E are such that ||y, || = ||y,|| = 1 then (uniform
convexity) (y, +¥,)/2 € E will have a smaller norm unless y, = y,.

The same argument gives the existence: Let z, € E be such that ||z,|| — 1.
Claim: {z,} is a Cauchy sequence. Otherwise it would contain two subsequences
{Z,}, {2} such that ||z}, — Z//|| > 20 for some & > 0. For the appropriate 1 > 0,
we would have (uniform convexity) lim||(z, +z,/)/2|| < (1 — 1), a contradiction
since (z,+2,)/2 €E.

The (unique) closest point is y = lim z,,. |

The point y given by the proposition is sometimes referred to as the projection
of x on E and denoted 7_x. If E is a closed subspace, 7, is called the orthogonal
projection onto E. This terminology is justified by the following lemma.

1.5 Lemma. If 7€ is a Hilbert space and E C F€ is a closed subspace, then for
every vector x, the projection T, x is the unique vector in E such that x— 7, x L E.

PROOF: Denote y = T x and let z € E. Since for A € R,
(1.2) lx—y— Azl = [lx—y|> = 2AR (z,x — y) + A?||z|>

is minimal at A = 0, R(z,x —y) = 0. Replacing z by —iz we have 3(z,x —y) =
R(—iz,x—y)=0,andx—y L E.

Ify, € Eand x—y, L E, theny, —y is perpendicular to both x —y and x — y,,
hence to their difference y, —y, and y; = y. <
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4 FUNCTIONAL AND HARMONIC ANALYSIS

Corollary. If E is a proper subspace then E*- = {v € 2#:v | E} is nontrivial,
in fact ## = E DE*.

Theorem. If 7 is a Hilbert space and E C S is a closed subspace, E # {0},
then the map _ : x+— 7_x given by proposition 1.4 is a linear operator of norm
1.

PROOF: Letx,,x, € 5, a,,a, € C, and write y;=m, x;. Then
a,y, +ayy, — (ax; +ayx,) =a,(y, —x,) +a,(y, —x,) LE

which, by the lemma, proves that 77 (a,x, +a,x,) = a,y, +a,y,.
The fact that for all x, [|7_x|| < ||x|| follows from the fact that 0 € E and is a
contender for 77, x. Finally, 7, is the identity on the non-trivial E, and ||z || = 1.
<

1.6  Asequence {u;} is orthonormal if the vectors v; are “normalized”, [|v;| =
1, and are pairwise orthogonal, that is if

0 if j#k
(1.3) <uj,uk> = 5j.k = T
’ 1 ifj=«k.
Observe that if {u,,...,u,} is orthonormal and a ; are complex numbers,
j=1,...,m, then'
(1.4) [ au ]l =Yla,l*
1 1

since (LY a;u;, Yi'apuy) = X, a;q,(u;,u) = Z|aj\2. This clearly implies the
following proposition.

Proposition. Let 7 be a Hilbert space and {u j} an orthonormal sequence in it.
Then, ifaj € Cand Z\aj|2 < oo, the series Zajuj converges in norm to a vector

v € ¥ such that ||v||* = Z|aj|2 and a; = (v,u;).

"This is the Pythagorean theorem.

MARCH 28, 2009



I. HILBERT SPACE 5

Observe further that if v € .7 is arbitrary and {u,,...,u,} is orthonormal,

then the vector v—Y 1 (v, uj>uj is orthogonal to span [{uj ]’7’:1] and hence to 7' (v, uj>u ..

It follows that
2 o 2 v 2
(1) Ivi =Hv;<v,u,->ujH + LIl

and, in particular, Y'1'[(v,u ) > <||v||?, with equality if, and only if, v = Y7 (v, ;.
If {u;} is an infinite orthonormal sequence and 7% is the closed linear span of
{u;}, the previous remark applied to any finite subsequence of {u;}, shows that,

forany v € 52,

oo

(1.6) Yl vup > < vl

1

The proposition guarantees that the series Y7 (v, u j>u j converges in norm to a
vector v € /. Since v — 7V is ortogonal to every u j» and hence to % , we have

v=m, V.

Theorem. Let ¢ be a Hilbert space, {u j} an orthonormal sequence in it, and
% = span[{u,}]. For every v € J the series Y.(v,u;)u; converges in norm to
ﬂ% V.

Moreover, v—%/vL U, so that if % = € we have for every v € I, v =
Y (v, uj)uj.

DEFINITION: A sequence {u;} C ¢ is an orthonormal basis for 7 if it is
orthonormal and spans .7#. The last part of the theorem can be stated as:
If {u;} is an orthonormal basis for H then v = Y.(v,u;)u; for every v € .

1.7 AsetA C 2 is independent if every finite subset thereof is independent.

Proposition (Gram-Schmidt). Let {v j}’}l:l, m < oo, be independent. Then there

exists an orthonormal {uj Tzl’ such that for all k € [1,m], (if m = eo, then for all
finite k).

(1.7) span(u,,...,u,] =spanfv,,...,v,].
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6 FUNCTIONAL AND HARMONIC ANALYSIS

PROOF: (By induction). The independence of {v;} implies that v; # 0. Write
u; =v,/|lv,|l. Then u, is normal and (1.7) is satisfied for k = 1.

Assume that {u,...,u,} is orthonormal and that (1.7) is satisfied for k < I.
Since v, ; & span[{v,,...,v,}] the vector

/

Vi1 = Vg — Z <vl+1’”j>uj
j=1

is non-zero and we set u; ; =V, /|, |- <

One immediate corollary is that a separable Hilbert space .77 has an orthonor-
mal basis. All we need is an independent sequence {v j} that spans’ . For that
we can take a sequence {w j} which is dense in % and discard from it every
element that is a linear combination of ones that precede it.

1.8 Proposition (Parseval’s identity). If {u;} is an orthonormal basis for A
then, for all vyw € I,

(1.8) (v,w) = Z(v, ) (w,u;);

in particular,

(1.9) vI? =Y [ vu)

PROOF:

vow) =(Ev,upu;, Yw,u)ug) = Y (viu ) (w,u) ()
:Zj<"a”j><wv”j>

<

Bessel’s inequality states that if {u j} is orthonormal, (but not necessarily a
basis) then for every v € 7, Y| (v, u;) | < ||v||%. This is clearly weaker that (1.9).

TTopologically, that is, such that the finite linear combinations thereof form a dense subspace
of A.
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1. HILBERT SPACE 7

1.9 Polarization. “Polarization” is an expression of a bilinear form on .77 in
terms of the corresponding quadratic form. The underlying assumption is that
A is a complex vector space.

One main example is: In a complex inner-product space, the inner-product is
determined by the norm, in fact, (polarization formula)

1
(1.10) (,v) = 3 (Nt v[1* = = v il iv]* = flu = iv]?).

More generally, if T is a linear operator on a complex inner-product space then,
forz € C,

(1.11) (T (u+zv,u+2v) = (Tu,u) + |z (Tv,v) + (Tu,zv) + (Tzv, u)
Using this with z = 1, and then with z =i gives

(Tu,v) + (Tv,u) =(T (u+v,u+v) — (Tu,u) — (Tv,v)

(1.12)
(Tu,v) — (Tv,u) =i((T(u+ivyu+iv) — (Tu,u) — (Tv,v))

which implies

(Tu,v) :%((T(uva,u—i—v) — (Tu,u) — (Tv,v))
(1.13) ;
+§(<T(u+iv,u+iv> — (Tu,u) — (Tv,v)).

An immediate consequence of (1.13) is the following lemma
Lemma. If S,T € £ and (Tv,v) = (Sv,v) forallv € F, then T = S.

If T € £ and the quadratic form (Tu,u) is real-valued, then the first row
of (1.13) gives the real-part of (Tu,v), and the second row gives the imaginary
part. In particular we have in this case

(1.14) R(Tu,v) = R(Tv,u) and R(Tiu,v) = R(Tv,iu),
that is
(1.15) (Tu,v) = (Tv,u) = (u,Tv).
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8 FUNCTIONAL AND HARMONIC ANALYSIS

EXERCISES FOR SECTION 1.

1.1 — BASIC ORTHOGONALITY. —

a. Let J7 be areal inner-product space. v, u are orthogonal if, and only if, ||v+ u||2 =
[Vl + ]|

b. If 2% is a complex inner-product space, and v, u € #, the condition ||v +u||> =
[|[v]|? + ||u||? is necessary, but not sufficient, for v | u.
Hint: Connect to the condition “< u,v > purely imaginary.

c. If 27 is a complex inner-product space, and v, u € S, the condition: For all
a,b € C, ||av+bul|*> = |a|?||v||> + |b|?||u||? is necessary and sufficient for v | u.

d. Let ¥ and % be subspaces of 7. Prove that ¥ | 7% if, and only if, forv e ¥

andu € %, |v+ul|® = ||v||> + ||ul|%.
e. The set {v},...,v,} is orthonormal if, and only if |[La;v;[|* = ¥la,|* for all
choices of scalars a )= 1,...,m. (Here S is either real or complex.)

1.2 Show that the map 7 , defined in 1.4 is an idempotent linear operator’ and is
independent of the particular basis used in its definition.

1.3 Show that the sequence {u,,...,u,} obtained by the Gram-Schmidt procedure
is essentially unique: each u; is unique up to multiplication by a number of modulus 1.

Hint: If the set {v,,...,v,} is independent, #( = {0}, and #, = span[{v,,...,v,}],

k=1,....m—1,thenu,is cfry/i{1 v;, with lc| = ”ﬂ”}‘fl vj||—1.

1.4 — COMPACT SETS IN HILBERT SPACE. —

a. Prove that a bounded closed subset E C . is compact if, and only if, it can be
approximated in norm by finite dimensional subsets.

b. Let {e,} be an orthonormal basis for #. The (standard) cube defined by a
sequence {c, } of positive numbers is the set

CHen})={ves#:v= Zanen, |an| < cn}

(The set C({%}) is known as “the Hilbert cube”). Prove that C({c,}) is compact if, and
only if, Y c2 < oo,

¢. Let s = 7, be an orthogonal decomposition of .7 into finite dimensional
subspaces %”] and let {c,} be a sequence of positive numbers. The generalized cube
determined by this is the set

C{H} Aent) ={vetv= Zvj withv; € 7 and ||v,[| <c¢;}.
T An operator T is idempotent if T?> =T.

MARCH 28, 2009



I. HILBERT SPACE 9

Prove that the condition ¥ ¢2 < oo is, again, necessary and sufficient for the compactness
of C({.#7},{cn})

d. Prove that any compact E C 5 is contained in a compact generalized cube.

e. Show that there exist compact sets in .7 (assumed infinite dimensional) which
are not contained in any compact (standard) cube.

f. Given a compact E C 7 there exists a compact F C 7 which contains uncount-
ably many disjoint translates of E.
Hint: C({3cy}) contains uncountably many disjoint translates of C({c,}).

1.5 Let {e,} be an orthonormal basis for 5. Let {c,} be positive numbers and
assume Y.c2 = 1.

Prove that if the cube C({c,}) = {v:v =Y anen, |a,| < c¢,} contains an N dimen-
sional ball* of radius r, then Nr2 < 1.

Hint: Consider the model # = L?([0,1],dx), e, = c;lllln, where |I,| = 2, and .¥ =
{I} is a partition of [0, 1]. Check that C({c,}) is the set of all the functions which are

bounded by 1 and are .#-measurable. In the span of {u,} the L* norm is bounded by
r~! times the L? norm.

2 DUALITY AND THE ADJOINT
2.1 JZ asits own dual. The inner-product defined in .#” associates with every

vector u € 7 the linear functional ¢,: vi— (v, u).

Theorem. Let ¢ be a linear functional on a Hilbert space 7. Then there exist
a unique u* € J such that for all v € 7,

(2.1) () =@, (v) = (vu).

PROOF: If ¢ = 0 we can take u* = 0. If @ # 0, then the kernel of @, ker(¢) =
{ve A :p(v) =0} is a closed subspace of codimension 1 in 7. Let u €
ker(@)=, ||u| = 1. Define ¢ = ¢@(u) and set u* = éu. Then the functionals ¢ and
¢, agree both on « (and its multiples) and on ker(¢); it follows that ¢ = ¢,.. <

2.2 The weak topology on 7. Since 7 is its own dual, the weak topology
and the weak* topology on .77 are the same. In particular, the unit ball B(0,1) =
{v:|lv|]| = 1}, is weakly compact.

*That is a ball spanned by some orthonormal set {u, }  B={v:v =YV ayuy, ¥|an|* <r*}.
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10 FUNCTIONAL AND HARMONIC ANALYSIS

2.3 The adjoint of an operator. Once we identify .7# with its dual space, the
adjoint of an operator T € .Z(J¢) is again an operator on 7. Given u € 77, the
map v +— (T'v,u) is a linear functional and therefore equal to v — (v, w) for some
w € J€. We write w = T*u and check that u — w is linear. In other words T* is
a linear operator on ¢, characterized by

(2.2) (Tv,u) = (v,T"u).

Lemma. ForT € £(¢), (T*)*=T.

PROOF: (T*v,u) = (u, T*v) = (Tu,v) = (v, Tu). <
Proposition. ForT € £, range(T)* = ker(T*).

PROOF: (Tx,y) = (x,T*y) sothaty L range(T) if, and only if 7%y L 7, that s,
y € ker(T%). <

The subspace 2(T) = (ker(T))" is called the essential domain of T. Thus,
2(T) =range(T*) and 2(T*) = range(T).

2.4 Proposition. If T € £ and (Tu,u) is real-valued for u € F, then T is
self-adjoint, that is T* =T.

PROOF: See (1.15). |
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Chapter Il

Linear operators

1 TOPOLOGIES AND CONTINUITY

1.1  The topologies used for .7 are the norm topology and the weak topology.
As 2 is self dual, the weak topology is the same as the weak™* topology. In
particular, the unit ball B(0,1) = {v:||v|| < 1} of JZ is weakly compact.

1.2 We denote by .Z .77 the algebra of bounded linear operators on 7. Recall
that a linear operator on .77 is bounded if, and only if it is (norm) continuous.
The three most commonly used topologies on .Z ¢ are:

a. The norm topology (or uniform topology) on .Z .57 is the metric topology

determined by the norm ||T'(| = [|T'|| & ,, = sup, - i<t | Tv].
b. The Strong operator topology defined by the family of seminorms |||, =
TVl . ve 2.

c. The Weak operator topology defined by the family of seminorms ||7'|,,,, =
(Tv,u)|, vyue .

1.3 Lemma. If T € £ 57 then it is continuous in the weak topology of 7.

PROOF: Sets of the form O = ﬂlj‘.zl{y: |(y—Tv,u;)| < €}, given by a finite col-
lection {u ]}’1‘ and some £ > 0, form a basis of neighborhoods of 7T'v in the weak
topology of .7#. Each weak neighborhoods of T'v contains such sets.

The set A = ﬁ’j‘-zl{x: [(x—v,T"u;)| < e} is a weak neighborhood of v, and is
mapped by 7 into O. <

Corollary. If T € £ then TB(0,1) is norm closed.

11



12 FUNCTIONAL AND HARMONIC ANALYSIS

PROOF: TB(0,1) is weakly compact, (a continuous image of the weakly com-
pact B(0,1) in 7). Since it is also convex, it is norm closed (Hahn—Banach).

<
2 SPECTRUM

2.1 DEFINITION: We say that an operator T € £ is bounded below if
inf | | Tx|| > 0.

An operator T € £ ¢ that is injective (1 — 1 into), has dense range, and is
bounded below is invertible. It follows that T fails to be invertible for one of the
following mutually exclusive reasons:

s-1 T is not injective, that is: ker(7) = {x:Tx =0} # {0}.

s-2 T is injective and T.77 is dense in 5, but T is not “bounded below”.
s-3 T is injective but 757 is not dense in J7.

Condition s-2 is equivalent to

s-2* T isinjective and T is a dense proper subspace of 7.

The spectrum of an operator T is, by definition, the set
o(T)={A: AT -2)""}

The point-spectrum & ,(T') is the set of A such that T — A satisfies s-1 above;
in other words, ¢ ,(T') consists of the eigenvalues of 7.

The continuous-spectrum o.(T) is, by definition, the set of A such that 7 — A
satisfies s-2 above. o.(T) is also referred to as the approximate-point-spectrum
and its elements as approximate eigenvalues. The residual-spectrum o,(T) is the
set of A such that 7 — A satisfies s-3 above.

2.2 DEFINITION: The resolvent set of T, denoted p(T'), is the complement of
o(T)inC.

Proposition. The resolvent p(T) is open in C, p(T) D {z:|z| > ||T||}, and the
(operator valued) function F(A) = (T — A)~" is holomorphic in p(T).
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II. LINEAR OPERATORS 13

PROOF: For |A| > ||T||, the series Y’ T"A "' converges in norm and its sum is
—(T—2A)"L If Ay € p(T)and |2 — Ay| < ||[(T — Ay0) 1|1, we can write

(T—=A)=(T—2) — (A —29) = (T = 2) (1 = (A = 2)(T = 4y) ")
so that

(T=2A)" =(T=2) (1= (A= 2)(T = 2) )"

@.1) -
=Y (T—2) "1 (A=2)",
0

This shows that the disk [A — A,| < ||(T — A4, 0)~"|~! is contained in p(T), and
that (T — A)~! is holomorphic in it. <
Corollary (of the proof). Let A € p(T), then

(2.2) (T —2)7"|| > dist(A,0(T)) "

In particular, if A € bdry(o(T)), then T — A is not bounded below, and it follows
that

(2.3) bdry(o(T)) C op(T)Uo(T).
2.3 DEFINITION: The spectral norm of T, denoted ||T||sp, is defined by

24 Ty = Al
4 I}y = mas 12

Proposition. ||T |5, = lim, .|| T"|| ",

PROOF: There are two issues: the existence of the limit and its relation to the
spectral norm.
For the existence of the limit notice that a, = log||T"|| is subadditive: a,,,, <

an + ay. This implies a;, < kay,, or éakn < %an, for all k € N, and in turn, implies

n+m

lim 1a, =liminf la,.

The series ¥, 7"A " converges in norm provided |A| > lim||7"||. This gives
IT|sp < limn_mHT"H%. On the other hand, for all x,y € ¢, the Laurent expan-
sion ((T — AI)~'x,y) = X.(T"x,y)A " converges for |A| > ||T s, and for every
such A,

(T"x,y)A™"=0(1) forallx,y € 7.
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14 FUNCTIONAL AND HARMONIC ANALYSIS

For every x € J#, the linear functionals y — (T"x,y)A~" are bounded for every
y € S and by the uniform boundedness principle we obtain A~"||T"x|| = O(1).
Since this holds for every x € JZ, the uniform boundedness principle applies
again and we have A 7"||T"|| = O(1). <

2.4 Lemma (Spectral mapping theorem). Let T € . and let P(T) =Y} a,T"
with a,, € C, then
o(P(T)) = P(o(T)).

PROOF: For A € C let {4;} be the roots of P(z) — A so that (assuming ay # 0)
P(z)— A =ay[l)(z— A;). Then P(T) — A = ay (T - A;) is invertible unless
one of the factors isn’t, which happens precisely if A i € o(T) for some j, that is,
if A e P(o(T)). <

2.5 Since the adjoint of an invertible operator is invertible, and the adjoint of
T —Ais T*— A, we have

(2.5) o(T*)=0o(T), and p(T*)=p(T).
2.6 Lemma. ForanyT € L, ker(T*T) = ker(T).
PROOF: For any x € 77,

(T*Tx,x) = (Tx,Tx) = || Tx|?,

so that If 7*Tx = 0 then Tx = 0. The other implication is obvious. |

EXERCISES FOR SECTION 2.

2.1 Prove that the spectrum & (T) depends continuously on T: For every € > 0
there exists 0 > 0 such that if |7 — T, || < &, then every point in (7)) lies within & from
o(T).

Hint: Check that, for some constant K, ||(T —A)~!|| < K on the set
A={A:dist(A,0(T)) > €}. Take § < K~!, then

T,—A=(T-A)(1+(T—-A)"(T,-T))
and for A € A both factors are invertible.
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II. LINEAR OPERATORS 15

3 SELF-ADJOINT AND NORMAL OPERATORS
3.1 Self-adjoint operators.

DEFINITION: An operator S € Z ¢ is self-adjoint or Hermitian if S* = S. An
equivalent condition is that the associated bilinear form, (Sx,y), be Hermitian,
i.e., that for all x,y € % we have
(Sx,y) = (Sy,x) = (x,Sy).
DEFINITION:  An operator S € £ is positive if (Sx,x) > 0 for all x € 2.
Notice that a positive operator is self-adjoint.
If T € £ is arbitrary, the operators

AT g TET o rP =TT
2 2i
are self-adjoint, and 7 = RT +i3T. Since (T*Tx,x) = ||Tx
is positive.
Observe that for any T € £ 7, range(T ) = ker(T*), the range of an in-
jective self-adjoint operator S is dense in 7. It follows that if S is self-adjoint,
the residual spectrum of S is void and S is invertible if, and only if, it is bounded

(3.1) RT

2, the operator |T|?

below.
Lemma. If S € L is self-adjoint then 6(S) C R. If S is positive then 6(S) C
[0,00).

PROOF: For a,c € R, ||(S —a+ic)x||? = ||(S — a)x||> 4 c?||x||*, as can be seen
by expanding ((S —a +ic)x, (S —a+ic)x), and S —a + ic is bounded below.
Since (S —a+ic)* = S —a— ic has the same form and is bounded below for the

same reason, the observation above implies that both have dense range and are
therefore invertible. <

Theorem. Let S be self-adjoint on €. Then,

a.  ker(S?) = ker(S).

PROOF: Lemma 2.6.

b [IS*]| = ||S|I*. hence [|S]sp = [IS]I.

PROOF: ||S]|? = supHxH:lKSx, Sx)| = supHxH:1|<52x,x>] < |82
The reverse inequality is universal.

c. The quadratic form (Sx,x) is real-valued.
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16 FUNCTIONAL AND HARMONIC ANALYSIS

PROOF: (Sx,x) = (x,8x) = (Sx,x).

d. |[S|l= SupHxH:1|(Sx,x>\.

PROOF: With no loss of generality assume [|S|| = 1. If ||x|| = 1 and ||Sx|| ~ 1

then
($%x,x) = (Sx,8%) ~ 1

so that §%x ~ x. If x+Sx ~ 0, then (Sx,x) ~ —1; otherwise lety = ||x+Sx|| = (x+
Sx), and observe that (Sy,y) ~ 1.

e. IfSv,=A,v, and Sv, = L v,, 4, # A,, then (v,,v,) =0.

PROOF: A,(v,,v,) = (Sv;,v,) = (v{,8v,) = 4,(v,,v,) which is possible only if
(vy,v,) =0. <

3.2 Normal operators. An operator T € L is normal if T*T =TT*. An
equivalent condition is that RT = % and 3T = % commute; another is that
T is a member of a commutative self-adjoint subalgebra of .Z.77.

Lemma. If T is normal, then ker(T) = ker(T?).

PROOF: By Lemma 2.6, ker(T) = ker(T*T) = ker((T*T)?) = ker(T?). (The
second equality because T*T is self-adjoint, the third because 7T is assumed nor-
mal). |

Notice that this implies ker(7T') = ker(T") for any positive integer n.
Proposition. If T is normal, then

a. Forallve 7,

vl = [Tl
b. [T =T,

c. [|T°T| =T

il

d. [7%|=|T

%, hence |T ||, = ||T||.
PROOF:
a. ||[T*||? = (T, T*V) = (TT*v,v) = (T*Tv,v) = (Tv,Tv) = | Tv|*.

b. Follows immediately from a.
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c. T*T is self-adjoint so that
T T |2 = |(T*T)?|| = | T>(T*)*| < |27 = |72
d. (7] = supy,_,|(Tx.Tx)| = supy_ [{T*Tx.)| = |77 = | 72].
<

The proof of part a. can be used to show the converse: ifforallv e €, |T*v| =
|Tv|| then (TT*v,v) = (T*Tv,v). Polarization (Lemma 1.9) gives TT* = T*T.

3.3 Proposition. Assume T normal. Then if Tv = Av then T*v = Av. Also,
RTv=RAv, and IT-v=8Av.

PROOF: With no loss of generality assume ||v|| = 1. Then (T*v,v) = (v,Tv) =

(v,Av) = A. Since [(T*v,v)| = ||T*v||||v||, T*v is a scalar multiple of v, and since
(T*v,v) = A, the scalar is_/_l.
RT-v = T”TT*V = %v =RAv; similarly for 3T -v. <

3.4  Partial isometries. An operator O € £.5¢ is a partial isometry if for all
vE 2(0) we have ||Ov|| = ||v||. (Z2(0) = ker(0)* is the essential domain of O).

Lemma. Let O be a partial isometry with essential domain 2(0) and range
range(O). Then O* is a partial isometry with essential domain 2(0*) = range(O),
O*O is the orthogonal projection on 2(0) and OO* is the orthogonal projection
on 7(0%).

PROOF: If u,v € Z(0) then
(u,v) = (Ou,0v) = (u,0*0Ov)

which means that v — O*Ov is orthogonal to Z(0). But range(0*) C Z(0) and
hence v — 0*0v € 2(0). This gives 0*0v =v. If v € 2(0)* then Ov = 0 and
O*Ov = 0. If also shows that O* is a partial isometry and 2(0*) = range(O),
Now the roles of O and O* are exchangeable and the beginning of the proof
shows that OO* is the orthogonal projection on Z(0*). <
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18 FUNCTIONAL AND HARMONIC ANALYSIS

4 FUNCTIONAL CALCULUS FOR SELF-ADJOINT OPERATORS.

4.1 Theorem. Let S € £ be self-adjoint. If P(S) = Y a,S" is a polyno-
mial with coefficients a, € C, then (P(S))* = P(S) = Y& @,S", and ||P(S)| =
Sup.. o5 |P(2)|.

PROOF: Clearly (aS/)* = a$/, so that (P(S))* = P(S). By the Spectral Mapping
Theorem, (Theorem 2.4), 6(P(S)) = P(c(S)), and by part b. of Theorem 3.1,

[P(S)]| = sup{|z|:z € G(P(S))} = sup, ;)| P(2)]. <

We extend the map P — P(S) by continuity to an isometry ® of the sup-
normed algebra C(o(S)) into .£¥. ®g is a *-isomorphism’, and introduces the
“functional calculus”: for each F € C(o(S)) we define F(S) = ®((F). Notice
that if F is real-valued then F(S) is self-adjoint.

4.2  Polar decomposition. One useful example: the absolute value |T|, of an
(arbitrary) operator T € £V ,is defined by |T| = +/T*T. We observed in 3.1 that
T*T is a positive operator and, by Lemma 3.1 the spectrum of the positive 7*T is
contained in R, = [0,e0). The (restriction to o(T*T)) of the function F(x) = /x
is continuous and |T| = F(T) is a well defined positive operator whose square

is T*T (which explains the notation introduced in (3.1)). Observe that for every
vector v € 3¢

(4.1) T WI> = (T Pvv) = (T*Tv,v) = (Tv, Tv) = ||Tv||*.

Write %) = ker(|T|) = ker(T), and 7, = #;*. The restrictions of both T and
|T| to #¢] are injective, so that the map O : |T|v— Tvis well defined for v € 77|,
is linear, and by (4.1), is an isometry from range(|T'|) onto range(T) and so can
be extended to a linear isometry from range(|7’|) onto range(T'), the correspond-
ing closures. We extend the definition of O to the entire space by defining it to
be zero on fange(|T'|)* and extend by linearity.

By Lemma3.4 wehave OO =1
This proves the following theorem:

rage(|T))’ the orthogonal pojection on range(|T|).

"The *-operation in C(X)—where X is an arbitrary compact Hausdorff space—is complex
conjugation; in £ it is taking the adjoint.

*Notice that If range(|T|)* and fange(T)" are isomorphic, i.e., have the same dimension, O
can be extended to a unitary operator U on .7 and we would have T = U|T|.
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Theorem. LetT € V. There is a partial isometry O such that 9(0) =range(|T|)
and

(4.2) T=0|T|, and |T|=O0OT.

4.3  Spectral Theorem for self-adjoint operators. Let S € £ 7 be self-adjoint.
For x,y € 7, the map F — (F(S)x,y) is a bounded linear functional on C(c(S)).
Hence there exists a measure /L, on ¢(S) such that

(F($)y) = [ FR)dpy.

For x = y we shorten the notation fi, , to [i.
If f € C(o(S)) is nonnegative, then g = fie C(o(S)), is real-valued (can be
taken nonnegative) and f2 (S) is self-adjoint. It follows that

[ £Q)dm = (S0 = 1£ ()2l = 0,

so that for every x € J¢, L, is a positive measure.
If y=P(S)x and g € C(o(S)) then

(4.3) (8(8)y,y) = ((S)P(S)x, P(S)x) = (g(S)|P*(S)x,x),

so that fi, = |P|? .

Denote by 7 the linear span in J# of {S§"x}y, and by 7 its closure in
. Since  ||P(S)x|? = (P(S)x,P(S)x) = (|P]*(S)x,x) = [|P]*du,, the map
¥, : P(S)x — P from 27 into L>(u,) is an isometry.

Since the image—the set of all polynomials on &(S)—is dense in L*(i,),
and 7 is dense in %, the map can be extended to an isometry, still denoted
W, of #, onto L?(u,).

The isometry conjugates S to the operator of “multiplication by the variable
A” on L?(u,). This is the basic Spectral Theorem for self-adjoint operators.

The inverse of ¥, assigns to every f € L?(u,) a vector in .7, which is denoted
£(8)x.

The multiplication by a function F € L(1,) defines a bounded linear opera-
tor on L (i, ). Conjugation by P, gives a linear operator on ., which we denote
by F(S). If F happens to be continuous on ¢(S) we obtain nothing new, but the
extension to £ (1L, ) typically gives a much richer subalgebra of .Z (7).
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20 FUNCTIONAL AND HARMONIC ANALYSIS

44 Ifye 7, itislimitin norm of a sequence P,(S)x where P, are polynomials
which converge, in the L?(i,) norm, to a function ¢ = W,y. Passing to a limit in
(4.3) we obtain u, = |@|>,. In particular’ g, < p,.

4.5 Lemma. The following statements are equivalent:
a. y .l I,
b. i, 1 It
c. Uy =0.

PROOF: Botha. andc. can be written as: (F(S)x,y) =0 for all F € C(c(S)).
Statement b. is equivalent to: (F(S)x,G(S)y) = (G(S)F(S)x,y) =0forall F,G €
C(o(9)). <
4.6 Lemma. Assume that 7, | . Then U, = U+ L,

PROOF: If f € C(o(S)), then f(S)x L f£(S)y so that

(f(S)(x+y), (x+y)) = (f($)x,x) + (f(S)y)-

4.7 Lemma. Assume [, and [, mutually singular; then 7. 1 ¢, and

(4.4) ., = IO I,

x+y =

PROOF: Let E be Borel measurable such that i, (E) = || || = ||x||* and u,(E) =
0. Then 1(S) is the projection of .7 onto .7 of all vectors z such that u, is

carried by E, an S-invariant subspace. I — 1l (S) is the orthogonal projection on

the orthogonal complement .7, equally S-invariant. x €  andy € A -

4.8 Theorem. Assume F¢ separable, S € L self-adjoint. There exists x € A’
such that for everyy € 7, ly < Uy.

PROOF: Let {x,} be a maximal family such that’ 2% = @ %, . Assume, with
no loss of generality, that ||x,|| = 1 for all , and take x = Y. n" ' x,,. <

Ty < u means: v is absolutely continuous with respect to L.
TOrthogonal direct sum.
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Neither the vector x nor the corresponding u, are unique. The equivalence
class of p, (for mutual absolute continuity) is clearly unique, as is L™ (LL).
Let x € 77 be such that for every y € S, U, < [, and let y € JZ be arbitrary.

Denote h = Z—i’, the Radon-Nikodym derivative, and let E = {1 :h(A4) # 0}. Then

X=y+ (1—1p)x satisfies u; ~ l,, and y € .

We denote by (g an (arbitrary) measure in the equivalence class, and by L
the (common) L™ space corresponding to the class. LY is contained in L2(uy)
for every x € ¢, and contains the first class of Baire, B, (0 (S)), the space of all
bounded functions on ¢(S) which are pointwise limits of functions in C(co(S)).

For F € L and every x € 77, F(S) is well defined linear operator on %;. In
particular, F(S)x is well defined and is is linear and bounded in x, so that F(S) is
a well defined operator in .Z.5#. As opposed to the case of continuous F, where
F(S) is defined as a limit in norm of B,(S), P, polynomials, the definition of F(S)
now uses the strong topology.

If E is ug measurable, and in particular if £ is an interval, then* 1;(S) is well

defined. It is the orthogonal projection 7, onto the subspace 77 = {x: l;(E) =
ltel|} Gee., Wy is carried by E). More generally, for any x € 5

4.5) I, 21 = [ e = pa(E).
An equivalent definition of .77 is
(4.6) Ay =ker(I—m ) =ker(x )

where E' is the complement of E.

Spaces of the form 7 are clearly S-invariant, and (4.6) makes it clear that
they are T invariant for every T € .Z# which commutes with S, see exercise 4.4
below. They are called S-spectral subspaces of 7.

4.9 If Pis a polynomial then 7, P(S) is the operator which agrees with P(S)
on ¢ and vanishes on its orthogdnal complement, 7.

We have ||z, P(S)|| = sup, . |P(4)| and, in particular, if E = [a,b) and A €
E then ||z, (S—A)|| < (b—a).

#The indicator function 1, of E is in the first class of Baire, B, (6(S)).
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Proposition. Let {E; = [a;,a; )} be a partition of an interval carrying o (S),

and assume max|a; | —a;| <& Then ||S—Ya, ES‘E]_ | <e.

a

PROOF: 7 =@ A,
J%
spaces. It follows that [|[S —Y.a; 7, || = max|z, (S—a;)|| <e. <
£

VE .
J SE;

) is an orthogonal decomposition into S-invariant sub-
1

EXERCISES FOR SECTION 4.

In the exercises below S denotes a self-adjoint operator on 7¢. Prove:
4.1 The spectrum of the restriction of S to 77; is the support of .

4.2 If A is an isolated point in &(S), then A is an eigenvalue.

4.3 o(S) is the closed support of L.

4.4 S-spectral subspaces are invariant for any operator 7 which commutes with S.

Hint: T commutes with .-

4.5 Prove that the map f +— f(S) is an isometric algebra isomorphism of L* (1)
into 2.

5 COMMUTING SELF-ADJOINT OPERATORS.

51 Let={S j}]]‘-:1 C £ be commuting self-adjoint operators. Every
S ;-spectral subspace s, of I is invariant under any operator that commutes
with S, and in particular under S, € .. The pairwise commutation of the § ;s
extends to the algebras they span, all the way to their strong topology closures,
and in particular to the orthogonal projections {nsz‘Ez };‘:1, (E, measurable ,uSl).

We denote m(2,€) = [T} 7,

tersection of the S,-spectral spaces 7 (4,¢) = = H
(A, €) is S;-invariant for all /.
DEFINITION:  The joint spectrum, o(S,,...,S,), of {S,} is the set of points
A =(A,...,4,) € R* having the property that for all £ > 0 there exists vectors
x € ¢ suchthat ||x|| = 1,and ||(S,—A)x|| < eforalll =1,...,k. o(S,,...,S,)
is clearly a closed subset of R¥.

e ) the orthogonal projection onto the in-
A A

—ed+e) Notice that

Lemma. A € o(S,,...,S,) if, and only if, ©(A,€) # 0 for all € > 0.
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PROOF: As observed in 4.9, Hﬂ: /1 el+s)( = A)| < e If m(A,€) #0, any

vector of norm 1 in its range satisfies ||(S A)x|| <eforalll=1,... k.
Conversely, if [[x[| =1 and ||(S, — 4))x| < 6, then [(A — /I)zd,ulx < 82,

where 1, . denotes the spectral measure of x under §,. This implies that
(=& +€)>1— 8%,

so that ||x— Ty 4yeise x|| < 8¢~ 1. 1If § is small enough (compared to £) we obtain

w(A,€)x #0. <

Let € > 0 be given and let {4} C R¥ be such that the cubes Q ; of sides
parallel to the axes and length 2¢ centered at A ; form a partition of a cube which
covers (0(Sy,...,S;). Since Y (4 ;, €) = I we have, just as in 4.9, an orthogonal
decomposition 77 = EB%” where ji” = (A ;,€) . The subspaces 7, are
S, invariant for all / and for each  and the appropriate A, ||(S, — )| < e. Taklng
into account the fact that %”Qj is trivial unless Q; intersects the joint spectrum
o(S;,...,S,), and that € can be taken arbitrarily small, we obtain

Proposition. For any polynomial P in k variables with complex coefficients,

(5.1) 1Py Sz = I1Pllos

The picture now evolves just as in the case of a smgle self-adjoint operator
and we obtain

Theorem. Let. = {S j}’j‘-: | C LI be commuting self-adjoint operators.

a. For any F € C(0(S,,...,S,)) define F(S,,---,S,) as the limit (in £
norm) of B,(S,,---,S,), {P.} an arbitrary sequence of polynomials which con-
verges to F uniformly on (6(S,,...,S,). Then the map

W F e F(S), .S,
is an algebra isometric isomorphism of C(6(Sy,...,S,)) into LA .
b. for every x € A, the mapping F +— (F(S,,---,S,)x,x) is a linear func-

tional of norm ||x||* on C(o(S,,...,S,)), positive for all F of the form
that there exists a positive measure [, . such that

(5.2) / Fd, = (F(S), .S)%,%).
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c. There exist vectors x € F such that Koy <My forallye . The
equivalence class of such |y, along with the multiplicity function, see ??, is
called the spectral type of {S,,...,S,}.

EXERCISES FOR SECTION 5.

51 If T € £ is normal, the joint spectrum of RT and ST is {(x,y):x+iy €
o(T)}.

6 THE SPECTRAL THEOREM FOR UNITARY OPERATORS.

Theorem. Let 57 be a separable Hilbert space, and let U be a unitary operator
on . Then there exists a sequence of mutually singular measures p, € M(T)
such that U is isometrically conjugate to the operator of multiplication by e on
the space @ L*(U,,R"). The sequence {equivalence class of W} is a complete
invariant.

The proof will consist of a sequence of simple observations.

6.1 For f € 57, we denote by %ﬁc the closed subspace of .7# spanned by
{U"f},cz- Since the sequence {(f,U"f)} is positive definite, there exists, by
Herglotz” theorem, (see [1] page 41) a positive measure i, € M (T) such that
,L/L\f(n) = (f,U"f). U, is called the spectral measure of f.

(6.1) H.ufHM(T) = /ft}(O) =(f,f)= Hf”z

6.2  The map (for finite sums) Y a,U"f — Y a,e™ is an isometry into Lz(,uf)
and has a unique extension by continuity to an isometry %? — L2(,uf). This
isometry conjugates U | H, with the operator of multiplication by " on L*( )

In particular we have

62) It ) = I ane™ [ -

63 Ifge %? and p ~ My, (each absolutely continuous with respect to the
other,) then J7; = %? Conversely, if J7; = %’} then pg ~ 1.
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PROOF: There is no loss of generality in assuming that 7 = Lz(,uf), f=1
and U the multiplication by e (so that F(U) is the multiplication by F). For
g€ Lz(,uf) we have

Lig(n) = (g,e™'g) = / gge M du;

which means that y, = lg|>u - The assumption that the two measures are equiv-
alent means g # 0 a.e. and we need to show that the functions of the form Fg
where F is a continuous function (or a trigonometric polynomial) are dense in
Lz(uf). This can be done directly or via duality as follows: If y is orthogonal
to {Fg:F € C(T)} then [FgWdp, =0 for all F so that gy = 0 a.e. and since

g#0,y=0. |

6.4  There exist functions f € 2 such that i, < 1, for every g € 7. The
(closed) support of such i, is equal to o(U), the spectrum of U.

PROOF: There exist a (finite or countable) sequence { f,, } such that 5 = @ .7, .
In fact, let {u,} be a dense subset of 7, take f; = u,. Take f, in the orthogonal
complement of ‘%?1 such that u, € %?I ® %’}2, etc.

If @, > 0 are such that Y. a2 || f,||> < o and if we put f = ¥ a,f,, then Kp=
Zaﬁufn, and iy < U, forevery g € A

The spectrum of the operator of multiplication by e on L*(T, %, i) is pre-
cisely the closed support of . |

6.5 Identity (6.2) now reads:
(6.3) |’ZanUnH$(,;/f) = Ssup ‘Z“neim"
teo(U)

6.6 For f,g € 7, the expression (P(U)f, g) is a bounded linear functional on
C(o(U)) hence there exists a (signed) measure it , such that

PW)f.0) = [ Ple)dny,
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Ifg=g, +g,withg, € j‘f} and g, € c%”)}, and we denote by ¢, the image of g,
in L*(p,), then

(PW)f.g) = (PW)f.g)) = [ Pe)Bdn.

Thus 1, = Py and Ky is absolutely continuous with respect to it ,. Reversing
the roles of f and g in the argument shows that Ky, is absolutely continuous with
respect to U,. The argument also shows that Mo = 0 if, and only if c%”f 1 7.

6.7 There exist a (possibly finite) sequence { f,,} C ¢ such that %’}n are mu-
tually orthogonal, ,uf+1 < Uy and J7 = @’%ﬂﬁ'

PROOF: Take an f as described in 6.4 and call it f,. If 77 = %’}1 we are done.
Otherwise, let ##! be the orthogonal complement of L%’}.l in 7. " is U invari-
ant and we can take for f, any vector in ! that plays the role that f, played in
. 1f %’?2 = " we are done, otherwise repeat the step in the orthogonal com-
plement of ff}z in 7!, etc. As in the previous part, use a dense subsequence to
guarantee that the union of %ﬁcj spans 7. |

My - In
other words one can guarantee that 1, 1 is just the restriction of u, to a measur-
n+

n+1

6.8 The condition Ky =My, in 6.7 can be replaced by By = 1

able set £, . This follows from part 6.3. Define the spectral type of U to be
the equivalence class of u = Ky, and the multiplicity function of U to be Y7 1 .

The sets E, as defined in 6.8 above, and E; = o(U) (all defined modulo sets of
[y, measure 0), and the sum may take the value +oo on a set of positive measure.

Remark: One should avoid the temptation to say that since E, comes from the
spectrum of U restricted to .77 one may take it closed. The restriction of Ky, to
G(U\%) may notbe < i .

We need to show that the sets £, and the multiplicity function are canonically
determined, and prove that together they are a complete invariant for U: if U is
unitary on % and U, is unitary on .%/] and they have the same spectral type
and multiplicity function, then there exists an isometry of .7 onto .7 which
conjugates U to U,.
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