Math 113 Final Exam Solutions

Jon Lee
jlee@math

December 13, 2005

1. Given T € L(V), there exists a subspace W C V such that we have the isomorphism:
Tlw : W 2imT.

(This can be shown using a basis argument, which would amount to what most of you wrote anyway.)
Thus, given S € £(V) such that imS C im T, we can define R = (T'|y)~ 1S, from which it follows
TR=S.

Conversely, if S = TR, then since linear operators preserve inclusion and R(V) C V, we have S(V) =
(TR)(V) C T(V); that is, im S C im T

2. Let T be a linear operator on V with distinct eigenvalues A1,..., A, and corresponding eigenvectors
V1,...,U,. For each 1 < ¢ < n, define the normalized Lagrange interpolating polynomial:

Py(z) = H f__i\] so that  Pp(X\j) =6r; and Pr(T)v; = 0k;v; .
g#i Y

(Note that this definition of Py differs from the unnormalized version used in class; this is to ease
notation a bit.) Then if w = ajv; + -+ + a,v, for some scalars ai,...,a, € C, we have that
Py (T)Yw = aguy for all k. Hence, if w = 0, then apvr = Pp(T)w = 0 for all k; thus, the vy are linearly
independent.

a) Let e a linear operator on V' commuting wit . For eac < k < n, take scalars a1, ..., ak,
Let S be ali |4 i ith T'. F hl1<k ki 1
such that
S(vk) = agp1v1 + -+ - + Ak Un -
Then,
(ST)(vk) = (Akagr)vr+ -+ (AgQin)v, whereas
(TS)(vi) = (Mak)vr+ -+ (AnQrn)on -

Since S, T commute, these expressions are the same; comparing coefficients, we deduce that for
Jj #k, ax; =0. It follows that for each k,

S(vk) = vk = (@1 Pr(T) + -+ 4 ann Po(T)) 0 ;

by linearity, this means
S = a11P1(T) —+ -4 annPn(T) .

(b) Consider the vector v = ajv1 + - - - + a, vy, for scalars a; € C.



Suppose that a; # 0 for all j. Then in particular, each a; is invertible, so given any vector
w = byvy + - - - + byv,, we have that

w = bvy+---+byu,
(b1/ar)aivr + - + (bn/an)anv,

= (Bn@ et R

ay n

that is, v is a cyclic vector for T'.

Conversely, suppose there exists some j such that a; = 0. Then, v is contained in the proper
subspace W spanned by the Ai-eigenspaces for k # j; since the eigenspaces are T-invariant, so is
W. Thus, the span of v and T is contained in W, so v is not a cyclic vector for T

3. Let A be an n x n complex matrix — we first show that A is similar to an upper triangular matrix.
Write T for the linear operator on the inner product space C™ that is represented by the matrix A in
the standard basis; we will construct an increasing chain of T-invariant subspaces

{0} =WocWyC---CcW,=C"

where dim¢ W; = i for all 3.

Indeed, define the subspace Wy = {0} of C™ — note that this is T-invariant. In general, for each 4 in
order from 1 to n, W;_; is T-invariant, so we may consider the linear operator 1.y, ,. Since C is
algebraically closed, Tcn /w,_, has an eigenvector, say 3; € C"/W;_;. Let o; be a representative of 3;
in C™ — then defining W; = span[W;_1, a;], we have that W; is a T-invariant subspace of dimension 4.
Thus, {a,...,a,} forms a basis of C"; since T'(c;) € W;, the matrix of T with respect to this basis
is upper triangular.

We have thus shown A is similar to an upper triangular matrix; that is, there exists an invertible
matrix P such that P~'AP is upper triangular. (Note that the columns of P are the «; represented
in the standard basis.) Applying Gram-Schmidt orthogonalization to the columns of the matrix P,
we obtain an upper triangular matrix @ such that P(Q is orthonormal. By definition, A is unitarily
equivalent to (PQ)~'A(PQ); on the other hand, since P~*AP and @ are upper triangular, so is
QP 1AP)Q = (PQ) TA(PQ).

4. Given a matrix A = [a;;j]1<;,j<n, We can define tr A to be

n
§ (427}
i=1

or (—1)"~! times the coefficient of 2"~ ! in x4, the characteristic polynomial of A.

(a) If A,B € M(n) are similar, then by the similarity invariance of characteristic polynomials, we
have that x4 = xp. In particular, the coefficients of (—x)"_1 in x4 and xp are the same, so

trA =tr B.
Alternate proof: if A = P~'BP, then by the general result that tr My My = tr My M;, we have
that

trA=trP"'BP =tr BPP~' = trB.

(b) Given matrices A = [a;5]1<i j<n and B = [b;j]i<i j<n, & simple computation gives

tI'(A + B) = tI‘[CLij —+ bijhgi,jfn = Zaii + b” = Zaii —+ Zb” =trA + tr B.

=1 i=1 i=1



5. (a) Note that V(ay,...,an,x) is a polynomial of degree n in z. Since det is an alternating function,
we may assume the a; are distinct; otherwise, we are done. By the same reasoning,

V(at,...,an,a;) =0

for j =1,...,n; thus, a; is a root of V(a,...,a,,z) for each j. It follows that
n
Viai,...,an,z) =« H(x —a;)
j=1

for some scalar «; evaluating at x = 0 shows that
a=V(a,...,an).

(b) By the previous part,

Via,...,an,an41) = Viay,...,an) H (@nt1 — aj)
1<j<n
= I @=-a)- I (@ns1—ay)
1<i<j<n 1<j<n
= H (aj — (Zi) .
1<i<j<n+1

6. Let T, S be commuting self-adjoint operators on a finite-dimensional unitary space H.
(a) Given a T-invariant subspace W C H,
<VV7 TWL> = <TVV7 WL> by self-adjointness of T'

<VV7 WJ‘> by T-invariance of W
{0} by definition,

N

so W+ is T-invariant.

(b) Take W as above. By Gram-Schmidt orthogonalization, H = W @ W+=; since the above shows
that W+ is T-invariant, W reduces T

(c) If Twv = \v for non-zero v, then note that (v,v) = ||[v||? € R\ {0}, so that

L (o)
(v,v)
T
- {v, T'v) by self-adjointness of T'
(v,v)
T
_ << Y, 7;> by anti-symmetry of the inner product
v,V
= A

is real.

(d) Given non-zero vy, ve such that Tv; = A\jv; and Tve = Agvg, then

(M — X)) (v1,v2) = (Twy,ve) — (v1,Tve) by conjugate linearity
= (Tw,v2) — (Tv1,v2) by self-adjointness of T

thus, A\; — A2 # 0 implies (vy,v2) = 0.



(e) If (Twy, we) = (w1, Twa) holds for all wy,ws € H, then it does for all wy,wy € W since W C H.

(f) If A1,..., A denote the distinct eigenvalues of T', then the Spectral Mapping Theorem for self-
adjoint operators applied to H in terms of T yields the decomposition:

V=Pker(T - ))).
j=1
For each j, that ST commute imply that
(T'— Xj)Sker(T — A;) = S(T — Xj) ker(T — A;) = S{0} = {0};

that is, ker(T'—\;) is S-invariant. If v1, ..., ¥, denote the eigenvalues of S (so that the eigenvalues
of Sker(r— A;) are contained in this set), then applying the Spectral Mapping Theorem to each
ker(T' — A;) in terms of S then yields the decomposition

v

P ker(T - )
j=1

m’

@ @ ker(Syer(r—x,;) — V&)

j=1 \ k=1

(ker(T — ;) Nker(S —vx)) .
k

s

By Gram-Schmidt orthogonalization, each ker(T"— A;) N ker(S — ) has an orthonormal basis;
by the direct sum decomposition of V' into orthogonal subspaces, the union of these bases is an
orthonormal basis for V.



